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splines on the 12-split

The space Sr
d (∆12) of splines of degree

d and smoothness C r on the 12-split has
been studied by several authors:

Powell and Sabin (1977)
Schumaker and Sorokina (2005)
Alfeld and Schumaker
Speleers
etc.

Questions:

What is a “good” basis for Sr
d?

Can they be evaluated quickly?
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dimension formula for the 12-split

dimSr
d (∆12) C−1 C 0 C 1 C 2 C 3 C 4 C 5

d = 0 12 1
d = 1 36 10 3
d = 2 72 31 12 6
d = 3 120 64 30 16 10
d = 4 180 109 60 34 21 15
d = 5 252 166 102 61 39 27 21

Theorem

Let z+ := max{0, z}. For any d , r ∈ Z with d ≥ 0 and d ≥ r ≥ −1,

dimSr
d (∆12) =

1
2

(r + 1)(r + 2) +
9
2

(d − r)(d − r + 1)

+
3
2

(d − 2r − 1)(d − 2r)+ +
d−r∑
j=1

(r − 2j + 1)+
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macro-elements on the 12-split

Definition (macro-element)

A macro-element defined on a triangle T consists of a
finite-dimensional linear space S of functions defined on T , and a
set Λ of linear functionals forming a basis for the dual of S.

C 1 quadratics C 3 quintics

etc.
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PART II:

A Hermite Subdivision Scheme



a subdivision scheme for C 1 quadratics

Dyn and Lyche (1998) described a Hermite subdivision scheme for
evaluating C 1 quadratics on the 12-split.
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initialization

12×21 = 252 unknown B-coefficients.
3× (10 + 3) = 39 initial conditions.
270 smoothness conditions.

This system has a unique solution!
So we express the B-coefficients in
terms of the initial conditions, e.g.,

c1
050 = c2

050 = f (v1)
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initialization

From the beautiful book by Lai & Schumaker (2007):

Dum · · ·Du1p(v) =
d !

(d −m)!

∑
i+j+k=d−m

c(m)
ijk Bd−m

ijk (v),
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initialization: explicit formulas

With t = tC and m = mC :
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12×21 = 252 unknown B-coefficients.
3× 10 = 30 (< 39) initial conditions.
288 (> 270) smoothness conditions.

This system has a unique solution!
So we express the B-coefficients in
terms of the initial conditions, e.g.,

c1
050 = c2

050 = f (v1).
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Numerical Experiments



nodal basis function: refinement level 1



nodal basis function: refinement level 2



nodal basis function: refinement level 3



nodal basis function: refinement level 4



nodal basis function: refinement level 5



nodal basis function: refinement level 6
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flat and phong shading: level 3
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flat and phong shading: level 4
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flat and phong shading: level 5
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flat and phong shading: level 6

Flat shading Phong shading



Thank you!
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basis for directional derivatives

mCmC

nC

mAmA

nA

mBmB

nB

vA vB

vC

tC

tA

tB
tA + tB + tC = 0

nA+nB +nC = 0

mA+mB+mC = 0

mA =
1
2

(tB−tC )

tA =
2
3

(mC−mB)
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