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Abstract

We generalizethe construction of Gabber and Galil to essetially every unimodular matrix in
SL,(Z). It isshown that every parabolic or hyperbolic fractional linear transformation explicitly
de nes an expanderof boundeddegreeand constart expansion. Thusall but a vanishingly small
fraction of unimodular matrices de ne expanders.

1 Intro duction

It hasbeenrecognizedin the last 25 yearsthat certain combinatorial objects called expandersare
extremely useful in a number of computer scienceapplications. These include sorting networks,
superconcerrators and sparseconnection networks in general, pseudorandomgeneratorsand am-
pli cations and deterministic simulations, to name just a few.

An (n; k;d) expnder is a bipartite graph G = (L; R;E), with jLj = jRj = n and at most kn
edges,such that for every subsetX of L, the neighbor setin R hasj ( X)j [1+d(Q jXj=n)]jX]j.
Thus, for every subsetof input vertices of cardinality at most, say, n=2, its neighbor set expands
having cardinality at least a constart multiple more than jXj. It is generally desiredto have k and
d xed and n growing to in nit y.

The rst existencetheoremson expanderswereprovided by probabilistic courting argument [11][34].
Roughly speaking, such a proof starts by de ning a certain probability spaceof graphs, and then
one shows that the probability of such graphs is non-zero. In fact it is usually shovn that such
probability tendsto 1. Thus not only such graphsexist, but they exist in abundan@. The weakness
of such a proof is that it is not explicit.

Margulis [30] wasthe rst to give an explicit construction of a sequenceof graphsf G,g. This
major achievemert usesgroup represernation theory. Howewver, while his construction is explicit,
the constart of expansionwas not explicitly known. Gabber and Galil [21] in a beautiful paper
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gave an explicit construction of graphsf Gpg with an explicitly stated constart of expansion. The
Gabber-Galil proof also has the added advantage of being relatively elemerary. We will follow
the proofs of [21] closely There is an extensive literature on expandersand their applications to
the theory of computing, the referencesection contains an incomplete list of important works. It
was realized that expansion properties are closely related to the secondlargest eigervalues of the
graph (G) (see[36, 7]), and for d-regular graphsthe gap betweend and (G) provides estimates
for both upper and lower bound for the expansionconstart. The best construction was given by
Lubotsky, Phillip and Sarnak [29] and by Margulis [31], where asymptotically optimal (G) was
achieved. The proofsin [29] use deepresults from number theory, especially results of Eichler and
Igusa concerningthe Ramanujan conjecture.

We also mention the interesting construction of Ajtai, Komlos and Szemeedi [4], where they
shaved a randomly chosentransposition and a full cycle over the group S, alsosupply an expander.
If the original probabilistic constructions are one extreme of shawing the \abundance" of expander
graphs, the proof in [4] can be viewed as a construction with reduced randomness. The other
extreme is of coursethe explicit constructions mertioned above. Recerly, Reingold et. al. [35]
considereda new construction technique called zig-zaggraph product.

In this paper, we generalizethe construction of Gabber and Galil [21] to essetially every
unimodular matrix in SL2(Z). Our proofs are relatively elemenary. They dq provide a certain
\abundance" as well as being explicit, with the sameexpansionconstart 1 3=2 asin [21]. It
is shown that every parabolic or hyperbolic fractional linear transformation explicitly de nes an
expander of bounded degreeand constart expansion.

Regarding the complexity of deciding for a graph whether it is an expander, Blum et. al. [14]
have shown that it is coNP-complete. We will not discussthe complexity aspect in this paper.

Hereis an outline of the paper. In Section 2 we give somepreliminary remarks on the matrices
we will usein the construction. In Section 3 we prove Theorem 1 which summarizesthe rst key
property of the matrices we use. In Section 4 we further dewelop these properties of the matrices
which are summarizedin Theorem 3. This is our main combinatorial handle on the matrices we
usein our construction. Then we turn to analytic techniquesin Section 5, where we use Fourier
analysisto derivethe key estimatein Lemma 20. Herethe proof usesour combinatorial properties of
Theorem 3 and somebasic properties of Fourier analysis, including Parse\al's equality. In Section6
we give the construction of the family of graphsand prove that they are indeed expanders. Finally
in Section 7 we give somefurther geometric descriptions of the expanderswe constructed.

2 Preliminary Remarks

Let A = 2 3 be an integral unimodular matrix, i.e., A 2 SL2(Z), where a;b;c;d 2 Z and

detA = ad bc= 1.

We de ne a companion matrix A to be g Note that in terms of the mappings they
de ne on R?, A is merely an exchangeof the x and y coordinates. More formally, let R = (1) é

Then R = R 1is the matrix form of the permutation (12). Thus A = RAR.
We are going to considerthe set = fA; A;A ;A 1g. Wewill usethis setto de ne a constart
degreeexpander. To this end we want all 4 matricesin  to be distinct.

Lemma 1 A=Ai A= 1.
A=Ali A= 1.



A=A1i b+c=0.

For the other ‘2‘ possibilities, we note that A= RAR, and thus
Lemma 2A=Ali A=A1li b+c=0.
A=Kt A=Ati A= 1.
Al=g1i A=Ri A= I.

The goal in the next two sectionsis to prove the necessaryconmbinatorial properties of our
matrices in , assummarizedin Theorem 3. Regarding the choice of the matrices in  starting
from A, especially the de nition of the companion matrix A, one may think of the possibility

of choosing the transpose AT = instead as the companion matrix. However there are

a c

b d

exampleswhere Theorem 3 is not valid for this choice.
We will henceforthassumeA 6 | andb+ c6 0.

3 One less, three more

Our goal regarding the combinatorial properties of the set isto prove Theorem 3. In this section
we rst prove a partial result in Theorem 1.

We will assumenone of a;b;c;d is zero, and deal with the casewhere abcd= 0 just prior to
Theorem 3.

Let p= (x;y). De ne the max (or 1 -) norm jjpjj = maxfj xj;jyjg. The goalin this sectionis to
show that, under a mild condition, if one of the norms

fij Apji; jiApii; A pii;iiA *piig
is strictly lessthan the corresponding norm jjpjj, then the three other norms are all strictly greater
than jjpjj. The proof involvesan examination of all the caseswith reductions using suitable sym-

metries.
Let us start with the following Lemma:

Lemma 3 jjApjj < jipjj =) jiAPii > jjpij-

Given A = i g , for a contradiction assumejjApjj < jjpii and jjApjj  jipii, wherep = (X;y).

First let's assumejyj jxj, thusjjpjj = jyj. We have

jax+ byl <y
jex+dyj < jyj
jdx + cyj i
jbx + ayj iyi:
Let = § We note that since the strict inequality jjApjj < jjpjj holds, y 6 0. Dividing
through by y and a; b;c;d respectively, we get the rational approximations of
, b. < 1
J aJ iaj
. d . 1
J CJ id



ST
. C 1,
d g

(We recall that none of a; b;c;d is zero as assumed.) It follows that

.t_J. < 1
1] JaJ iaj
. .g. < 1
] JCJ i
oy =
b I}
.. . C 1.
Then
LIPSl R
a JEY
EESNCLES
jo jb
Thus, o o
g 1_ja+1
o ja
and

b 1_jaj+1
jaj b
If jbj < jaj then, being integral, we get jbj + 1 jaj and jh jaj 1, and so the following
contradiction follows o o
jg 1_jo+1
o jaj
If jaj < jbthenjaj+ 1 jb,jaj jb 1, and the following contradiction arises

1

LEE e
jaj jb
Henceit follows that jaj = jbj. Being a row of a unimodular matrix A, the gcd of (a;b) is 1. Thus
jaj = jb= 1.
The exact sameargumert can be made for the pair (c;d). We concludethat j¢j = jdj = 1 as
well. Hence
a;b;c;d=1 (mod 2):

It follows that
ad bc=0 (mod 2);

which is a contradiction to detA = 1.



Next we considerthe casejxj jyj. This is essetially symmetric. We have

jax+ by] < X
jex+dyj < jxj
jdx + cyj iX]
jbx+ ayj IXj:

Let = % Sincex 6 0 in this case, is well de ned. Dividing through by x and a;b;c;d
respectively, we get the rational approximations of
b ib
E' < i
b1
J aJ iaj
d 1
bod g
Then
JaJ__1<jj<JaJ_+1
jo jb
i 1 i jo+ 1
jaj TR
and thus
b 1_jaj+1
jaj o
jaj 1 _jh+1
jb jaj

The rest is the same.
This concludesthe proof of Lemma 3.
By the symmetry ofa$ dandb$ c, which e ects A $ A we also have the following Lemma,

Lemma 4 jjApjj < jjpij =) JiApij > jipjj-.
We next considerthe pair (jjApjj;jiA pij).
Lemma 5 Supmsejtr(A)j=ja+ dj 2, then
AP < jipii =) A i > jipi:
Before we give the proof of this lemma, we shall discussbrie y the condition on the trace.
The elemerts in SL,(Z) with trace ja+ dj < 2 are called elliptic elemeris, ja+ dj = 2 parabolic

elemerts, and ja+ dj > 2 hyperbolic elements. (A nal classcalled loxodromic elemeris for complex

linear fractional transformations z 7! 2;:5’ do not occur here sinceour matrix A is real.) We note

that for an integral matrix A, theseclassesare more simply stated as




Elliptic elemens: a+ d= 0; 1.
Parabolic elemerts: ja+ dj = 2.

Hyperbolic elemeris: ja+ dj > 2.

In view of the mapping properties of these classes,t is not surprising that we needed,for the
construction of expanders,the condition that the mappings be parabolic or hyperbolic, and not
elliptic. Using Cayley-Hamilton Theorem, it is easyto verify that for every elliptic A 2 SL»(2),
A'? = |, We also note that except for a vanishingly small fraction, virtually all elemeris are
hyperbolic.

We now turn to the proof of Lemma 5.

Assumefor a cortradiction that

iiApii < jipii and yet jiA *pij  jipij:

First let's assumethat jyj jxj. Then we have the inequalities

jax+ byj < jyj
jex+dyj < jyj
jdx by i
j ox+ ayj jyi:

With the secondand the fourth inequalities we get
jat d)yj jex+dyj+j cx+ayj< 2yj;

and thus
ja+ dj< 2

where we have also usedthe fact that y 6 0 asimplied by the strict inequality jjApjj < jipii = JYi.
This is a cortradiction to the assumptionthat A is not elliptic.
The remaining casefor Lemma5 is when jxj jyj. Then
jax+ by < jxj
jex+dyj < jxj
jdx by X
j cx+ ayj iXj:
This time with the rst and the third inequalities we again get
ja+ dj< 2

The proof of Lemma 5 is complete.
Exactly the sameargumert givesus the following

Lemma 6 Supmsejtr(A)j = ja+ dj 2 thenjjA *pjj < jipji =) iiApii > jipi-

We next consider the pair (jjApjj;jiA pjj). We now require the condition jb+ ¢ 2. This
condition is the sameasrequiring the trace of the permuted matrix RA to be at least 2 in absolute
value: jtr (RA)j = jb+ ¢ 2. In terms of the symmetry involved for x andy, this is quite natural.
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Lemma 7 Supmsejtr(RA)j = jb+ ¢ 2, then
iApi < jipii =) A *pij > jipi:
For the proof of Lemma 7, again we assumefor a corntradiction that
jiApji < jipij and yet jiA *pij  jipi:

First assumethat jyj jxj. Then

jax+ byl < jyj

jex+dyj < jyj

jax cyj 1Yj

i bx+dyj jyi:
With the rst and the third inequalities we get
j(b+yj=j(ax+ by (ax cy)j jax+byj+jax cyj< 2yj;

and thus
jot g <2

just as before.
Similarly if jxj  jyj, then we use the secondand the fourth inequalities to get the same
cortradiction
jb+ ¢ < 2

This completesthe proof of Lemma 7.
Exactly the sameargumert givesus the following

Lemma 8 Suppsejtr(RA)j = jb+ ¢ 2, then
iiA tpii < jipii =) jiApi > jipi:
Combining the 6 Lemmata above (Lemma 3 to Lemma 8), we concludethat under the condition
jtr(A)j=ja+ di 2andijtr(RA)j=jb+ ¢ 2, for eat of the 3 pairs

(i Apij: i Apil); GiARil A *pii); (AR IA *pii):;
involving jjApjj from the following set
fij Apii;iiApii; iA pil;iiA *piig

there can be at most one of the entry to be strictly lessthan jjpjj, and in that casethe other entry
of the pair is strictly greater than jjpjj.

This is not quite enough for the goal of this section as stated, which includes the remaining
3 pairs not involving jjApjj (and corresponding 6 Lemmata above). Howewver we will handle the
remaining proofs by symmetry.

For the pair (jjApjj;jiA *pjj) we apply the symmetry a$ d, b$ c, thusA $ A. This reduces
the pair (jjApjj;jjA pjj) to the pair (jjApji;jiA pjj) and Lemma 7, Lemma 8 give us respectively

Lemma 9 Supmsejtr(RA)j = jb+ ¢ 2, then jjApjj < jipii =) jiA *pii > jipij-
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and
Lemma 10 Suppsejtr(RA)j = jb+ ¢ 2, then jjA pjj < jipjj =) jiApij > jipii-

For the pair (jjApjj;jiA ‘pij) we apply the symmetry b$ ¢ (andc$ b a$ a, and
d$ d), thus,A$ A tand A$ A 1. Thus this reducesthe pair (jjApjj;jiA pij) to the pair
(GiA pij;jiApjj). Now Lemma 6, Lemma 5 give us respectively

Lemma 11 Supmsejtr(A)j = ja+ dji 2, then jjApij < jipii =) §iA *pij > jipij.
and
Lemma 12 Suppsejtr(A)j = ja+ dj 2, then jiA pjj < jipji =) jiApjji > jipii.

Finally for the pair (jiA pjj;jiA pij) we apply the samesymmetry b$ ¢ as above, which
transforms it to the pair (jjApjj;jjApjj). Then we apply Lemma 4, Lemma 3 respectively,

Lemma 13 jjA 'pjj < jipj =) jiA *pii > jipi-

and

Lemma 14 jiA 'pjj < jipij =) A *pii > jipi-
Combining Lemma 3 to Lemma 14 we have

Theorem 1 For any A 2 SL»(Z), where abcdé 0 and A, RA not elliptic, then if any one of the
following 4 entries
fij Apjj; jiApii; iA *pii;iiA *piig
is strictly lessthan the correspnding norm jjpjj, then the three other norms are all strictly greater
than jjpjj.
We note that the condition that none of a;b;c;d is zerois only technical, and will be handled
later. Only the conditions on the trace are real restrictions.

4 At most two equalities
As shown in Section 3 if there is any one among
fij Apjj; i Apii; iA *pii;iiA *piig
to be strictly lessthan jjpjj, then the three other norms are all strictly greater than jjpjj. In

particular there are no equalitiesin this case. Supposenow, for this section, that there are no one
among the four to be strictly lessthan jjpjj, i.e.,

JiAPj] Jipij (1)
JiApij Jipij (2)
A *pij Jipij 3)
A *pii Jipij: (4)

We count the number of equalities among these four inequalities. The goal in this section is to
show that, for p 6 0, there can be at most two amongthe four to be equalities. It follows that the
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other terms, at least two amongfour, are all strictly greater than jjpjj. Clearly the condition that

p 6 0is necessaryfor handling the equalities.

We prove this by contradiction. Supposethere are at least three amongthe four inequalities in
(1), (2), (3) and (4) are in fact equalities. Then there are the following two Alternatives.

Alternative (1):

ipj
Jipj

i1ARjj

1ADjj
both hold and at least one of the following holds
iiA pij iipij
iA tpii = dipil;

Alternative (2):
Both (7) and (8) hold and at least one of (5) and (6) holds.

In either Alternatives, without loss of generality we may assumethat jyj  jxj.

the symmetry x $ y exchangesand permutes the equalities
i1Apji = ikl $  jiARii = jipij
A tpii = jipi $ i i = jipi
respectively, and thus the assumptionjyj jxj is indeed without lossof generality.
Let us rst assumeAlternative (1).
Sincep 6 0,andjyj jxj, wehavey 6 0. The rst alternative leadsto
jax + by iyi
jox + dyj i
jdx + cyj i
jbx+ ayj vi;
and at least one of the following holds
jdx by i
j ox+ ayj 1y
or
jax  cyj 1Yj
j bx+dyj Jyi:
As in the proof of Lemma 3, denoting =
we get the rational approximations of

<X

b. 1
J a] J'EJ'
d. 1
J EJ J?J
a. 1
J bJ i
C. 1
J aJ ij

(5)
(6)

(7)
(8)

We note that

, and dividing through by y and a; b;c;d respectively,

(9)
(10)
(11)

(12)



Lemma 15 For any unimodular matrix A = i S either jaj 6 jb or jcj 6 jdj.
Assume instead both equalities hold jaj = jb and jcj = jdj. Since they form the rows of a
unimodular matrix, the gcd of both (a;b) and (c;d) are 1. Thus

ja = jbo=jg=jd=1
and taking modulo 2
a=b=c=d=1 (mod 2):

Howewer this leadsto
det(A) = ad bc=0 (mod 2)

which contradicts the unimodularity of A. Lemma 15 is proved.

Hencewe have two possibilities from Lemma 15: 1. jaj 6 jb or 2. j¢j 6 jdj. We show that in
either casesit leadsto jxj = jyj.

1. jaj 6 jh
Supposeab> 0, i.e., they are of the samesign, then g = J‘% and from the rational approxi-
mations to , o o
jB 1 jB+1
jaj ja
and also o o
ja 1 ja+1
i i

Note that thesetwo boundson are symmetric for a and b. Thus, without lossof generality
jaj > jbj. Then, by beingintegral, jaj j+ 1, it follows that

ja 1 ih+1
ib iaj
which meansthat theseinequalities are in fact all equalities,and = 1. By de nition of |,
X = y. This is true regardlessjaj > jlj or jaj < jb, aslong asab> 0.
The casewhere a and b are of opposite signs,i.e., ab< 0, is handled similarly with g = J%
and the corresponding rational approximations of . Sowe obtain = 1. Hencex = vy.

We concludein this casethat jxj = jyj.

2. jcj 6 jdj
This caseis handled by the symmetry a $ d and b $ c. Note that the set of rational
approximations in Eqn. (9) to Eqn. (12) is invariant under this substitution. Hencewe also

get jxj = jyj.

We now proceedto deal with the possibility jxj = jyj, which is 6 0, under the assumption that

jax + byj 1]
jex + dyj i
jdx + cyj 1]
jox+ ayj 1]
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and at least one of the following holds

jdx by i
j ox+ ayj 1y
or
jax cyj 1i
i bx+dyj 1yi:
Considertwo casesx = yandx = y:
Casel. x= vy
Dividing through by jyj we have
ja b 1
jc dj 1
and
jd+ b
jct g
From thesewe obtain
ja+ dj 2
jb+ ¢ 2:

By our condition on the trace of

Hencewe get

Thus we can write

where we let

and j = 1forijj =12

A and RA, i.e., they are not elliptic, we get

ja+t dj=jb+ ¢g=2

ja B =1
jc d = 1
jd+ g = 1
jc+a = 1L
b b a d
cc d a tE (13)
E= 11 12

In E the top row cannot be of the samesign, otherwisea+ d = 0. Similarly the bottom row
cannot be of the samesign, otherwisea+ d = 0 aswell.
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Furthermore, we obsene that
a+td+ (11 120=0

and
atd+ (21 22=0

Thusthe tracea+ d= 2i

_ +1 1
E= +1 1
and the tracea+ d= +2 i
E- 1 +1
- 1 +1
Howewer in either way we obtain
b+ c=0;

by adding the diagonal ertries in the matrix equation Eqn. (13).
Sounderja+ dji 2;jb+ ¢ 2 weconcludethat x = vy isimpossible.
Case2. x=vy

This caseis handled by the symmetry b$ bandc$ cin the above argumert for Case
1. with x = y. Thusx = y is alsoimpossible.

We have proved that Alternative (1) is in fact impossible.

Finally we considerthe secondalternativ e.
AssumeAlternative (2), we have: jyj jxj and,

jdx by iyi
j cx+ayj i
jax cyj i
j bx+ dyj iyi
and at least one of the following holds
jax + byj 1yi
jox + dyj i
or
jdx + cyj iyi
jbx + ayj Iyi:
Use = = § and the symmetry a$ d,andb$ b, c$ ¢, we concludethat the second

alternativ e is alsoimpossible.

Theorem 2 For any A 2 SL»(Z), where abcdé 0 and A, RA not elliptic, then for p& 0, among
fij Apji; i Apii;iiA *pii;iiA *piig

there cannot be more than two of them equal to jjpjj.
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We now briey handle the casewith abcd= 0. Supposea = Oord = 0. Then bc= 1 by
unimodularity. Being both integral, b= c¢= 1. Then b+ c¢= 0. This is excluded.
Supposeb = 0, then ad = 1 and being integral, a= d = 1. Thus the matrix we are dealing

with is A = c 1
The caseof c= 1 with b= 0is the matrix dealt with by Gabber and Galil [21]. They showved

that the matrix Lo does satisfy our statement in Theorem 3, and from that it de nes an

2 1
expander. In fact, basedon the properties of ; (1) , with somecare, they further showed that
1 1 alsode nes an expanderwith a smaller expansionconstart. We note however, that asfar

as Theorem 3 is concerned,the condition of RA being non-elliptic technically excludesthe matrix
10

11
For the generalc, it is not dicult to seethat the properties stated in Theorem 3 are valid

for jg 2 and b= 0. The bestway to seethis is to considerdirectly the mappings by matrices
in , which are \shears" along the x-axis or y-axis, respectively, on the set of lattice points with

i y)jjin =r forany r 1. (This is the Gabber-Galil proof for in [21].)

21
By symmetry, the sameis true for the casejlj 2 andc= 0.
Combining Theorem 1, Theorem 2, and the above discussionregarding abcd= 0, we have

Theorem 3 For any A 2 SL»(Z), where A, RA are not elliptic, i.e., ja+ di 2andjb+ ¢ 2,
and p 6 0, then among
fii Apii; i Apiis A pil;iiA *piig;
Either one is lessthan jjpjj and three others are greater than jjpjj,

Or no more than two are egual to jjpjj and the rest are all greater than jjpjj.

5 Analytic pro of of expansion

In this section we prove some explicit estimates using Fourier analysis. We will follow [21] and
adapt their proof for special matrices to generalmatrices.
Let B = A or A and let U = [0;1)%. B de nes a measurepreservingautomorphism = g of
U asfollows:
S(xy) 7! (x;y)B mod 1,

where mod 1 is taken componert-wise in the two-dimensionalrow vector (x; y)B. We will denote
= aand ~= L. It iseasyto chek that is a bijection on U with inversemap Yx;y) =
(x;y)B ‘mod 1. That it is measurepreservingfollows from the fact that the Jacobi of the map is
detB = 1.
For any function on U, we can de ne the function

B ()xy)= ( xy):

We will restrict our discussionto square integrable functions on U. For such the Fourier

coe cien ts are de ned as follows
Z

am ()= Coye 2™ (xy);
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where m;n 2 Z, and is the Lebesguemeasureon U. The next lemma relates the Fourier
coe cien ts of with that of B ( ).

Lemma 16
amy(B (1)) = agm( ):
Pro of:
Z ' .
am(B () = ( focyne 20 Gd ()
n ZU

( locy)e 2108 BG)d (xy)

We canreplace(x;y)B 1 by 1(x;y) in the exponert sincethe function exp[ 2 iX ] hasintegral
period 1. Hence,by a substitution of variables (x%y% =  1(x;y), and note that the Jacobiis 1,
we get

z

amy(B () (xSyde 2 1IBd (x%y9

3 (n)( )

Our goalis to obtain a non-trivial estimate for
x h .2 . 2I
Jaag A"t Jaxq  aq)”
q
P
where g rangesover Z2, and fagg is square summable qjaqj2 < 1. Note that A and A de ne

permutations on Z2 f0g while AO= A0 = 0. Thus the above sum can alsorange over Z2  f0g.
Let f;g be any complex squaresummable functions on Z2 f0g. The inner product is de ned
as

X -
Higi= (g 909,
q60

and the norm is

[ . 1=2 X . .2

jifii=Hfi== jf(j
q60

It follows that

it f AR+t f A= 47 C
where the crossterms
C=H;f Ai+H Afi+H;f A+H Afi;
thusjCj 2[hfj;jf Aji + hifj;jf  Aji].
Lemma 17

. L . P_ ...
it AR+t A2 (4 2 3)jifji%
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Pro of: We only needto showv an upper bound jCj 2p 3jjfjj2. De ne
8 po
@ 73 ifjdi < jipi
(o=, p_ifidi= i
1= 3 if jjaj > jjpij
By Caudy-Schwarz, 2j)XYj  jXj2+ 1jYj2. Notethat (p;g)= (q;p) %, andthusfor = A or
A,

X X h i
2 jf(if ¢ (@)] (g (@)if (@i*+ ( (@);ajf ( (@)}

qé0 g60

h i
= if@i (@ @+ (@ o) :
g60
Hence " #
iCj it (i (g (@) :
q60 2

P _
(Recall that = fA; A A BA” 1g.)p By Theorem 3, the sum of,four terms (g, (9) 2p 3

in all C%S(_as(being either 3+3= 3,or 4= 3,or 1+3= 3,0or 2+ 2= 3. It followsthat
iCi 2 3jifjz
Stated for fagg we have

P
Lemma 18 If ag= 0and g jagi®< 1, then
x h o " po X
jang  ad’tjag, ai® (4 23 jag*
q q

We next translate this lemmato integrals via Parse\al's equality.

R
Lemma 19 For squae integrablefunction on U with |, =0,
Z z p_ Z
O T S . o O T Y ) I I
u u u

Pro of: By Parsewl's equality, for squareintegrable

Z
2 _

L E anq( )i

R
where aqg( ) are the Fourier coe cien ts. Note that ag( ) = |, = 0. By linearity and Lemma 16,
ag(A () )=ag(A () agq( )= aag( ) ag( ). Lemma 19 follows from Lemma 18.
Recall the de nition of = g forB 2 , asamappingfrom U to U: for 2 U, 7! g()=
B mod 1.

Lemma 20 For measurablesetZ U,

X _
Z @ @ "3 @ @

B=AAK
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(z% onz

Pro of: Dene = (2) = (Z) onzc’

where 7 is the characteristic function on Z.

R
Then , =0, and z
UJ = (2) z9<1:

Let 2 U,anddenote A by ,ie., ()= A mod1l. Weobsene that

AC)) = (( @)
(2% for 2 (2)
(Z2) for 62 (2)
= zy (2)
It follows that
A() = (@ z

R
Hencefor jA () j, the integrand is 1 on the symmetric di erence (Z) Z, and O elsewhere.
So z

AC) P= 1@ zr
U

Howewer, (Z) Zz=1 (Z2) Z][ [Z (Z)]. Since is bijective and measurepreserving,

z @1 = [z]1 [z\ (2)]
= [ @) [z\ (2)
= [ (@) Z]
= [z Y(2)]
Thus Z

LA 0) =21z Y2

Similarly, denote ~= ., we have
z
L8O =21z -2

Then by Lemma 19,
X x < p_ % p_
[z g'2)= LJJ'B () ¥ @ 3 Uj =@ 3 (2) Z%:

B=AAK B=AA

NI~

6 The graph

In this section we give the construction of a family of bipartite graphs, constructed from every
matrix A consideredin Theorem 3, and prove an explicit expansionconstart for the graphs.

We will rst de ne a notion of neighborhood. Denote the unit squareby U = [0;1)2. For
p = (i;j) 2 Z?, the translated square by p is denoted by Up = p+ U. Wedene a set of
\neighborhood" points asfollows: For B = A; A,

Ng = fq2 Z?j [UB\ Ug] 6 Og; (14)
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where denotesthe Lebesguemeasure,and UB = f B j 2 Ugis the image of U under B.
For k 1, let the \mod k neighborhood" Ng.« be

Ng.kx = Ng mod k: (15)

Note that the cardinality of Ng. is at most that of Ng for every k. In particular since jNgj
is independert of k, [Ng.j is bounded in k. For any measurableset V R?2, denote its mod
k fold in the torus (R=kZ)? by (V)x = V modk. We will identify (Z=kZ)? with the subset
fo;1::::k 1g®2 Z?, and alsoidentify (R=kz)? with [0;k)?> R?2. Note that for q 2 (Z=kZ)?,
Ug [0;k)?, sothat (Ug)k = Ug.

We claim that

Nex = fa2 (Z=kz)?j [(UB)k\ Uq] 6 Og; (16)
where | is the Lebesguemeasureon the torus (R=kZ)?. Also
Nk = (fq2 Zj «[(UB)k\ (Ug)k] & Og) mod k: 17)

It is easyto see(16) and (17) are equivalert. Indeedlet q 2 (Z=kZ)?2. For any integral vector v,
(Ug+ kv)k = (Ug)k = Ug. Now if g belongsto the setde ned in (16), then clearly g also belongsto
the set de ned in (17). Conversely supposeq belongsto (17). Then there is someintegral vector
v, such that [(UB)k\ (Ugkv)k] 8 0. Then as (Ugkv)k = Ug, «[(UB)k\ Ug] 8 0. Soq also
belongsto the setde ned in (16).

To shaw that both (16) and (17) indeed de ne the set Ng , considerany q2 (Z=kz)2.

If 9 2 Ng, then there exists someintegral vector v, such that g+ kv 2 Ng, i.e., [UB\
Ugrkv] 8 0. Then [(UB)k\ (Ugskv)k] 8 0. Since(Ug:ky)k = Uq for g2 (Z=kz)?, it follows that

([(UB)K\ Ugl & 0.
Conversely suppose ¢[(UB)k\ Ug] 6 0. Then there exists someintegral vector v, suc that
[UB\ Ug+kv] 8 0. Henceq+ kv 2 Ng, and g2 Np .
Wealsonote that jNaj = JNgj andjNakj = N . This is becauseA = RAR simply exchanges
1

the x andy coordinatesfrom A, whereR = 10

,and R is -invariant, and UR = U isinvariant
under R.

We now de ne the family of graphs. For every k 1, the bipartite graph Gy = (L; R;E)
hasn = k? vertices on both sides,L = R = (Z=kZ)?. We will arbitrarily order the vertices in

Nax and N, asfqgj\':f“j and fqg{':f‘kj, then a vertex p 2 L is connectedto p 2 R and every

p = pA+ g modk, and pr = pA'+ & modk, for every ¢ 2 Nak, and & 2 Ny, . (The set
fpght*) consistsof jNayj distinct elemerts, sincefq glia* | consistsof jNayj distinct elemers;

- N . . :
similarly fpg{zf“ consistsof the samenumber of distinct elemerts. But the union of these two

setstogether with p 2 R may have repeated elemens. In casethere are repeated elemeris, we do
not place multiple edges.) It is clear that the maximum degreeof Gy is bounded, being at most
d= 1+ 2jNaj.

We denote by ¢ the identity map on (Z=kZ)?, and by - the permutation p 7! p- = pA +
¢ mod k. Similarly denote by ~ the permutation p 7! pr = pA+ & mod k. Thusfor p 2 L the
neighbor setof pin Ris (p) = fpg[ f i(p)j1 i jNakigl f~5(P)j1 j [Nakjg. (Thereis
only one edgefor every distinct elemert in the set ( p).)
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For B = A; A, we claim that the neighbors of p of the form p®= pB + gmod k are precisely
those satisfying

[(UpB)i\ Ug] & O: (18)
Moreover, if p°= pA+ g mod k, the measure
k[(UpA)k \ Upl = k[(UA)\ (Ug )il (19)

is independert of p (and dependson * only). We note that asq 2 (Z=kZ)?, (Ug )k = Ug, thus this
quantity is alsothe sameas y[(UA)x\ Uqg].

A similar statemert holds true for p°= pA+ & mod k.

In fact, for any subsetsS;T R?2, and any point x 2 R?, we claim

k(X Shd (x+ Thd = kl(S\ (Tl (20)

is independen of x.

Assuming (20) for now, we prove the assertionsin (18) and (19). We note that UpA = pA+ UA.
And for p°2 (z=kz)?, let q = (p° pA) modk 2 (Z=kz)2. Then Up = (Up)k = (Upa+ gk =
(PA + Ug)k, and (Ug)x = Ug. Thus, by (20)

k[(UpA)k \ Upo] = k[(PA+ UA)k\ (PA+ Ugdkl = «[(UA)K\ (Ugkl = «[(UA)\ Ugl:

Henceit is non-zeroi q2 Nax by (16), i.e., p°is of the form pA+ ¢ mod k 2 (Z=kZ)?, a neighbor
of p. This proves(18) and (19).

To prove (20), we may visualize it as follows: Imagine replicating S and T through out the
plane R? by a lattice vector of kZ?2, i.e., considerS+ kZ? and T + kZ2. Thesesubsetsare invariant
under shifts by kZ2. Now form the intersection = [S+ kZ?]\ [T + kZ?]. As an intersection of
subsetsinvariant under shifts by kZ?, it is easyto seethat

() k= \[0k)?

and also
() k= S\ (T

Now for any point x, considerthe shift x+ . Clearly x+ = [x+ S+ kZ?]\ [x+ T+ kZ?], also
an intersection of subsetsinvariant under shifts by kZ2. Then replacingx + for  above we get

(x+ ) k=[x+1\I[0k)?

and also
(X+ ) k= X+ S\ (x+ T):

Furthermore the measureof in any shifted squareof [0; k)2 is the same,i.e., for all x,
[ V[ x+[0k)= [ \[0k)2:
Then

k[(X+ S)\ (x+ T)i] k[(xX+ ) «l
klx+ 1\ [0k)3]

[[x+ 1\ [0k)?
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= [ \[ x+ [0k
= [ \[0Kk)?
=« \ [0k

= «lO)

= k(S (T)l:

This proves(20), and thus also (18) and (19). This concludesthe de nition of the graph G.

The next Lemma discretizesLemma 20.

Lemma 21 LetX L. Thereexists = -, or = ~,forsomel ~ jNakj, suchthat
: . P L .oec
i (X) Xj @ 3=2)iXjiX=n;

where n = k2.

Pro of: For X, de ne a subsetof the torus (R=kzZ)? by Y = Sp2X Up. Thusead point p= (i;j) 2
X is replacedby the translated squareUp. Clearly (Y) = jXjand (Y = jXC. If we shrink
Y by a factor of k, we may considerZ = %Y U, in which we can identify U with the unit torus
(R=2)2. Clearly (z)= %l and (z¢ = X1,

We next considerwhere doesthe small square %Up get mapped to under ; more speci cally,
for p°2 (Z=kz)?, we ask which $Uy cortains a subsetof an image of $Up, with non-zeromeasure.
For =1(;))+ (u;v)]=k 2 %Up, wherep = (i;j) and (u;v) 2 U,

() = Amod1l
(i+uj+v)Amodk.
” ;

So ()2 £Upi (i + u;j + v)Amodk 2 Up. Thus

1 1
(EUp) = E(UpA)ki

and 1 1 1
(EUp)\ EUpOZ E[(UpA)k\ Upa]:

It follows that
1 1 1
[ (RUp)\ EUpO]: n k[(UpA)k \ Upd]; (21)

and, by (19), this is non-zeroi pPis a neighbor of p of the form p°=-(p) = pA+ ¢ mod k. A
similar statemert is true for ~( ).

Let w» = [ (£Up)\ £U ] > O be the weight of intersection. Note that these weights
E,orrespondto disjoint slicesof (%Up) that together make up (%Up). Since is measurepreserving,

1) NaxjW = 1=n. One alsoobsenesthat w- is independert of p, by (21) and (19).
Similarly one can dg ne w- = [~(£Up)\ £U_(p]> 0, for A, and they alsosumto 1=n.
By de nition, Z = 7,y £Up. Within ead +Up, divide it accordingto
1 L1
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ead with weight w-.

2Z Y2yi [ 2z & ()62Z). For 22z, 2 %Up for a unique p 2 X, and within
tUpthose 2 (fUp)\  (fU .(p) aremappedto U (. Forthose , ()62 i -(p) 62X. It
follows that

X X
V4 Y2)]

p2X 1 " j Nakj
% J A,kg(

= W Lipox and - (p)6X]
1O Naed 2L

= WX X))
1 7j Naki
where 1 is the indicator function.
Similarly X
[z ~Y2)= wiX  ~ LX)
1 "j Naki
By Lemma 20,
D X iix G

z @+ z o -'en et

Hence,
w-jX (X)j+ wixX = (X)] (2 )X jjX j=n=:
1 "j Naki 1 "j Naxl

It follows that there exists "g, sud that either
X 0] @ 3=2)iX X S=n:

or p_
X1 @ 3=2)iXiX S=n;
P P
as -w = -w =1=n
In either casessince = -, or ~—, is a permutation, jX IX)j=1j (X) Xj, andthus

_ _ P-
j (X) Xj @ - 3=2)XjiX=n:

Lemma 21 is proved.
Now the neighbor set ( X) X [ (X), it follows that

JOX) = Xi+j(X) Xj
Xji+j (X) Xj
1+ (1 p§=2) 1 JXT‘ iXj:

This completesour construction and proof of the expander graphs.

a b

d
and jb+ ¢ 2, we can %xplicitly construct a family of expander graphs with bounded degree and

expmansion coe cient 1 3=2.

Theorem 4 For any A = 2 SL2(2), where A, RA are not elliptic, i.e., ja+ dj 2
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7 Some geometric descriptions
In this sectionwe give somefurther concrete geometric descriptions of the neighbor set
Ng = fq2 Z2j [UB\ Uy 6 Og

usedto de ne the expandergraph. In particular we derive an explicit upper bound on the degree
d of the expandergraphsin terms of the matrix B.

For a subsetS in R?, we denoteits setof boundary points by @5, its closureby S = S[ @5, and
its interior points by S° =S @ respectively. Consider the unit squareU and the parallelogram
UB. Clearly @ = f(x;y) 2 [0;1]% j either: [x = Oor 1], or: [y = Oor1]g, U = [0;1]% and
U° = (0;1)%. Also @UB) = (@)B, UB = (U)B, and (UB)° = (U°B.

Consider the parallelogram UB. We obsene that the condition on g2 Z?2

[UB\ Uy 6 O;

is equivalent when UB is replacedby either UB or (UB)°, sincethe measureof the boundary set
@UB) is 0. Similarly we can replace Uq by either U; = g+ U or Ug = g+ U° In particular we
have

Ng = fg2 z%j [UB\ Ug]6 0g: (22)
Next we claim that [UB\ Ug]6 0Ois equivalert to UB\ UJ 6 ;. Thus
Ng = fq2 z?jUB\ Ug 6 ;g: (23)

To seethis, let 2 UB\ Ug. If 2 (UB)° then clearly [UB\ Ug] 6 0. Suppose 2 @UB).
Then at least for a su cien tly small > 0, there exists one quarter of a small disk

D =f(x;y)2R%2jx>0y> 0;x>+ y?>< ?g;

whose image under a certain measure-preservinga ne linear map (which maps (0;0) to ) is
contained in (UB)°\ Ug. Hence [UB\ UJ]6 0 aswell.
It follows that, to identify Ng, we should collect all lattice points q 2 Z? sud that for some
2 U%q+ 2UB.
We can reversethis process.Start with an arbitrary z 2 UB, and \place" an open unit square
U° at z. As z runs through UB, we get a region as the union
_ [ _
UB + ( U9 = (z+( U%)=fz jz2UB; 2U°%%: (24)
z2UB
We look for all lattice points in this region. i.e.,
Ng = fq22Z2jq2 UB + ( U%g: (25)

The more interesting claim in this sectionis the following, which is valid for those B considered
in Theorem 4: In (24), it su ces to trace the point z along the boundary of UB only, i.e., there is
no needto place z in the interior of UB.

Lemma 22 For any A considered in Theorem 4, and B = A; A,
Ng =fq22%jq2 @UB)+ ( U%g: (26)
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cos sin

Let = sin cos denote the mapping (x;y) 7! (x;y) , which is a counter clockwise
rotation of onR? Let = _= 01 (1) .Then 2= = |, 3= s = and 4=,

The equality (26) in Lemma 22is in fact not valid for matricesin f1; ; 2; 3g. For examplefor
B =1, it canbeveried that @UB)+ ( U° = ( 1;1)> f(0;0)g, while UB + ( U° = ( 1;1)°
Simliarly for the other three matrices, the region @UB) + ( U°) is UB + ( U°) with a certer
point deleted.

However these matrices do not satisfy the requiremerts in Theorem 4 and henceare excluded.

We now prove that for any integral unimodular matrix B = 3 other than the 4 powers of

above, the equality in (26) holds.

Pro of: (of Lemma 22) First we consider whether there are any sidesof the parallelogram UB
which are parallel to the x-axis or the y-axis.

Supposefor both x-axis and y-axis, there are sidesof the parallelogram UB parallel to it. Then
a momernt re ection shows that B is one of the four powers of above, which are excluded in
Theorem 4.

Now supposefor either the x-axis or the y-axis, there is no side of the parallelogram UB parallel
to it. By symmetry we assumethere is no side of UB parallel to the y-axis. Label the four vertices
of the parallelogram UB asv; = (Xj;Vi), wherel i 4, such that x; = minfx;j1 i 4g,
and starting with vy, the four vertices counter clockwise are vi;Vz;V3; V4 in that order. Since no
side of the parallelogram UB is parallel to the y-axis, both x, and x4 are > x1. Moreover being a
parallelogram, x3 X1 = (X2 Xi1)+ (X4 Xi), it follows that

X1 < X2;Xg < Xa3.

Supposethere is a lattice point in z+ ( U°), wherez = (x;y) 2 UB. If z2 @UB), then we
are done. Supposez 2 (UB)°. Considerthe vertical line X = x wherex; X xs. It intersects
the parallelogram UB in a line segmen, possibly degenerate(i.e., a single point). At x = X1 or
X = X3 the intersection is the single point z, which is the vertex v, or vs of UB, and thus not in
(UB)°. (Besides,in this casez is a lattice point, and therefore no point in z+ ( U°) is a lattice
point.)

Therefore we need only to consider x; < X < xsz. Then the intersection is a (proper) line
segmen bounded by the upper end Z = (x; y) and the lower endz = (x;y). Note that y < y <y,
where the inequalities being strict becausez 2 (UB)°.

We obsene the following, which follows from the fact that UB is a parallelogram: As x
varies from x; to minfxz;Xx49, ¥ Yy is strictly monotonic increasing; it is constart when x varies
from minfX2; X49 to maxfxy;x4g; nally it is strictly monotonic decreasingwhen x varies from
maxf X2; X49 to x3. Of courseif x, = x4 then the middle interval [minf X2; X4g; maxf X2; X4g] is just
a single point.

Weclaimthat 0 y y 1throughout. For, if atany x,y y > 1,thenit issoat x = Xa.
Then there must be a lattice point of the form (x»;y ) in the interior of UB, wherey < y <y,
which contradicts the unimodularity of B. -

Moreover, if X, 6 X4, then we claim that 0 y y < 1 throughout. Supposeotherwise, then
the maximum value at minfxz;x4gisy y= 1. Considerthe vertical line at X = minf x2; x49. If
X2 < X4 theny = y; is integral, and if X2 > X4 then y = y, is integral. Then sincey y = 1,in
either case,both y and y are integral at minf xz; x49. If X2 < X4 then (x2;y) would be a lattice point
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on the boundary @UB) of the parallelogram but distinct from the vertices. This is a contradiction
to the unimodularity of B. Similarly if X, > X4 then (x4;y) would be sud a lattice point.

To cover a lattice point p2 z+ ( U°), we considerthe vertical slidesof z.

If X, 6 X4,thenasy y< 1,clearly eitherz+ ( U° orz+ ( UP°) coversp.

Supposex, = Xa. Sinceys Yy, > 0, beingintegral, andasy y 1always, wegetys Yy, = 1.
Soy y hasthe unique maximum value 1 at X, = x4. For any other X, y y < 1. But if z is
on the vertical line X = x»o(= X4), the x-coordinate is integral, thus there are no lattice points in
z+ ( U°). For z not onthis vertical line, y y < 1implies that the sliding argumert above works.

This completesthe proof of Lemma 22.

The rest of this section is dewted to giving an exact bound for jNgj, which is the number of
lattice points in @QUB) + ( U°).

We rst note that this bound will be exactly the same,if we usedoneof the four rotated/re ected
copiesof U°, i.e., we could have used @UB) + S, for S 2 fU%U°; U° U° g. This follows
from a more generalprinciple, namely, for any subsetsS and T in R2, whenwe usea \shifted" copy
x+ S for S, thereis anisometry betweenT+ S and T + (x+ S), which is atranslation by the vector x.
Now note that every S 2 fU° U°%; U?% UP° gisin fact a shifted copy x + ( U°) for somelattice
vector x. In fact, U% = (1;1)+( U9, U° = (0;1)+( U°,and U° = (1;0)+( UP°). Therefore
there are exactly the samenumber of lattice points in @UB) + S, for S2 fU°;U°; U° U° g

Now we compute [Ngj. We rst deal with the casewhere there are sidesof the parallelogram
UB which are parallel to the x-axis or the y-axis. As we saw in the proof of Lemma 22 that for
the matrices consideredin Theorem 4, not both x-axis and y-axis can have sidesof UB parallel to
it. By symmetry, supposesomeside of UB is parallel to the y-axis (but no sideis parallel to the
x-axis). Then one side of the parallelogram UB must be either the segmen f(0;y) jO y 1g
orf(O;y)j 1 'y 0Og. After a suitable re ection with respect to x-axis and/or y-axis we may

1 b
0 1 forb 1.
The re ections may have changed UP° to one of its four re ected copiesfU%;U°; U° U° g.

But aswe noted earlier, for courting the lattice points, we may cortinue to assumeit is U°.

For B = é tlj ,andb 1, it is quite straightforward to compute that the open set @UB) +

( U°) is a convex polygon with 6 vertices (seeFig 1.).

Counter clockwise starting from the lower left most corner, theseare: ( 1, 1);(0; 1);(1;b
1);(1;b+ 1);(0;b+ 1);( 1;1). There are 8 lattice points on the boundary of this cornvex polygon,
which are the above 6 points together with ( 1;0) and (1;b). But none of these 8 lattice points
should be included sincethey are not in the open interior of the corvex polygon @UB) + ( U°).
This interior is boundedby 1< x < 1. Thus the only lattice points in the interior hasx = 0.
Then it is clear that there are exactly b+ 1 lattice points in @UB) + ( U°).

assumethat UB is locatedin the rst quadrant (x;y 0), i.e., B is of the form

If we denote 2 3 = jaj+ jb + jcj + jdj, then we have jNgj = jBj 1in this case.
Next we consider a generalB = a 3 where no side of the parallelogram UB is parallel

to either the x-axis or the y-axis. As before, label the four vertices of the parallelogram UB as
Vi = (Xi;Yi), wherel i 4,sud that x; = minfx;jjl1 i 4g, and starting with vq, the four
vertices counter clockwise are vi;Vo; V3; Vs in that order. Sinceno side of the parallelogram UB is
parallel to the y-axis, both x, and x4 are > x;. As obsened before, X1 < X2;X4 < X3. Sinceno
side of UB is parallel to the x-axis either, y, 6 y; and y4 6 y;.

Weclaim that either both y»;y4 > y1 or both y2;y4 < y;. Otherwise, by drawing a horizontal line
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Fig. 1.

at Y = yi, we seethat (minf x2;x40;y1) would be a lattice point in the interior of the parallelogram
UB, which is a contradiction to B being unimodular. After a re ection we may assumeboth
Y2:¥a > Y1.

Now depending on which vertex amongf vi; vo; v3; v4g is the origin 0, we have the following four
cases.If v1 = 0, then all ertries a;b;c;d > 0, and (UB)° is properly cortained in the rst quadrant
(x;y> 0). If v, = 0,then a;b> 0and c;d < 0. In this caseby shifting UB with vector ( c; d),
c d

b
guadrant again. If vz = 0, then both a;b< 0 and c;d < 0. We can shift by ( (a+ ¢); (b+ d))

we may assumeour matrix is B = , and then (UB)° is properly cortained in the rst

and getB = in the rst quadrant. Finally if v4 = 0, then a;b< 0 andc;d> 0. By

b
shifting with ( a; b), we may assumeour matrix is B = ¢ db , back to the rst quadrant.
For all theseshifts, U° and jBj remain unchanged.
In terms of the matrix B, we have arrived at the form B = i 3 with all entries > 0.

Then the vertices of UB are (0;0), (a;b), (c;d) and (a+ c;b+ d) respectively. And it can be
computed that @UB) + ( U°) is an open corvex polygon with 8 vertices (seeFig 2.):

(1 1);(0; ;@b 1);(a+cb+d 1);(a+cb+d);(a+c Lb+d);(c 1;d);( 1,0):

Note that while all these 8 vertices are lattice points, none of which is counted in jNgj since
they are all not in the interior , and thus doesnot belongto the open set @UB) + ( UP°).

We can subdivide this convex polygon into 6 parallelogramsasin Fig 2. We now court lattice
points in @QUB) + ( U°) in ead of these 6 parallelograms.

On the boundary of region IV ( = (UB)°) there are 3 lattice points in @UB) + ( U°), namely
(0;0); (a;b); (c;d). Note that the fourth lattice point (a+ c;b+ d) of region IV is not in @UB) +
( U°). There are no other lattice points in @UB) + ( U°) which are on the boundaries of these
6 parallelograms.

Now in the interior of these 6 parallelograms:
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(1,1) 0, 1)

Fig. 2.

1. There are nonein regions| and IV.

2. For region I, consider horizontal lines Y = y, where y takes an integral values strictly
between0 and d. Sinceead sud horizontal line intersectsregion Il in an interval of length
exact 1, there is exactly one lattice point in the interior. (The lattice point cannot land on
the boundary for 0 < y < d, since otherwise we will have a lattice point on @UB) which
is distinct from the vertices of UB.) Thus region Il contributes d 1 lattice points in its
interior.

Similarly, for region Il , we also consider horizontal lines Y = y, wherey is integral and
d< y < b+ d. Then the sameproof givesb 1 lattice points in the interior of region Il .

3. For region V, we considervertical lines X = x, wherex is integral and 0 < x < a. The same
proof idea as above shows that there area 1 lattice points in the interior of region V.
Similarly, region VI hasc 1 interior lattice points.

Summarizing, there areexactly 3+ (a 1)+ (b 1)+ (¢ 1)+ (d 1)=|Bj 1 lattice points
in @UB) + ( UO).

Theorem 5 The degree d of the expander family constructed in Theorem 4 starting from matrix

A= 2 g isat most 2JAj] 1= 2(jaj+ jb+ jg + jdj) 1.
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