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Abstract

We generalizethe construction of Gabber and Galil to essentially every unimodular matrix in
SL 2(Z). It is shown that every parabolic or hyperbolic fractional linear transformation explicitly
de�nes an expanderof boundeddegreeand constant expansion. Thus all but a vanishingly small
fraction of unimodular matrices de�ne expanders.

1 In tro duction

It has beenrecognizedin the last 25 years that certain combinatorial objects called expandersare
extremely useful in a number of computer scienceapplications. These include sorting networks,
superconcentrators and sparseconnection networks in general,pseudorandomgeneratorsand am-
pli�cations and deterministic simulations, to name just a few.

An (n; k; d) expander is a bipartite graph G = (L; R; E), with jL j = jRj = n and at most kn
edges,such that for every subsetX of L , the neighbor set in R has j�( X )j � [1+ d(1 � jX j=n)]jX j.
Thus, for every subset of input vertices of cardinalit y at most, say, n=2, its neighbor set expands,
having cardinalit y at least a constant multiple more than jX j. It is generally desiredto have k and
d �xed and n growing to in�nit y.

The �rst existencetheoremson expanderswereprovided by probabilistic counting argument [11][34].
Roughly speaking, such a proof starts by de�ning a certain probabilit y spaceof graphs, and then
one shows that the probabilit y of such graphs is non-zero. In fact it is usually shown that such
probabilit y tends to 1. Thus not only such graphsexist, but they exist in abundance. The weakness
of such a proof is that it is not explicit.

Margulis [30] was the �rst to give an explicit construction of a sequenceof graphs f Gng. This
major achievement usesgroup representation theory. However, while his construction is explicit,
the constant of expansion was not explicitly known. Gabber and Galil [21] in a beautiful paper
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gave an explicit construction of graphs f Gng with an explicitly stated constant of expansion. The
Gabber-Galil proof also has the added advantage of being relatively elementary. We will follow
the proofs of [21] closely. There is an extensive literature on expandersand their applications to
the theory of computing, the referencesection contains an incomplete list of important works. It
was realized that expansionproperties are closely related to the secondlargest eigenvalues of the
graph � (G) (see[36, 7]), and for d-regular graphs the gap betweend and � (G) provides estimates
for both upper and lower bound for the expansionconstant. The best construction was given by
Lubotsky, Phillip and Sarnak [29] and by Margulis [31], where asymptotically optimal � (G) was
achieved. The proofs in [29] usedeepresults from number theory, especially results of Eichler and
Igusa concerningthe Ramanujan conjecture.

We also mention the interesting construction of Ajtai, Koml�os and Szemer�edi [4], where they
showed a randomly chosentransposition and a full cycleover the group Sn alsosupply an expander.
If the original probabilistic constructions are oneextreme of showing the \abundance" of expander
graphs, the proof in [4] can be viewed as a construction with reduced randomness. The other
extreme is of course the explicit constructions mentioned above. Recently , Reingold et. al. [35]
considereda new construction technique called zig-zaggraph product.

In this paper, we generalize the construction of Gabber and Galil [21] to essentially every
unimodular matrix in SL 2(Z). Our proofs are relatively elementary. They do provide a certain
\abundance" as well as being explicit, with the sameexpansionconstant 1 �

p
3=2 as in [21]. It

is shown that every parabolic or hyperbolic fractional linear transformation explicitly de�nes an
expanderof bounded degreeand constant expansion.

Regarding the complexity of deciding for a graph whether it is an expander, Blum et. al. [14]
have shown that it is coNP-complete. We will not discussthe complexity aspect in this paper.

Here is an outline of the paper. In Section2 we give somepreliminary remarks on the matrices
we will use in the construction. In Section 3 we prove Theorem 1 which summarizesthe �rst key
property of the matrices we use. In Section 4 we further develop theseproperties of the matrices
which are summarized in Theorem 3. This is our main combinatorial handle on the matrices we
use in our construction. Then we turn to analytic techniques in Section 5, where we use Fourier
analysisto derive the key estimate in Lemma 20. Herethe proof usesour combinatorial propertiesof
Theorem 3 and somebasicproperties of Fourier analysis, including Parseval's equality. In Section6
we give the construction of the family of graphs and prove that they are indeedexpanders.Finally
in Section 7 we give somefurther geometric descriptions of the expanderswe constructed.

2 Preliminary Remarks

Let A =
�

a b
c d

�
be an integral unimodular matrix, i.e., A 2 SL 2(Z), where a;b;c;d 2 Z and

det A = ad � bc= 1.

We de�ne a companion matrix ~A to be
�

d c
b a

�
. Note that in terms of the mappings they

de�ne on R 2, ~A is merely an exchangeof the x and y coordinates. More formally, let R =
�

0 1
1 0

�
.

Then R = R� 1 is the matrix form of the permutation (12). Thus ~A = RAR.
We are going to considerthe set � = f A; ~A; A � 1; ~A � 1g. We will usethis set to de�ne a constant

degreeexpander. To this end we want all 4 matrices in � to be distinct.

Lemma 1 A = ~A i� A = � I .
A = A � 1 i� A = � I .
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A = ~A � 1 i� b+ c = 0.

For the other
� 4

2

�
possibilities, we note that ~A = RAR, and thus

Lemma 2 ~A = A � 1 i� A = ~A � 1 i� b+ c = 0.
~A = ~A � 1 i� A = A � 1 i� A = � I .
A � 1 = ~A � 1 i� A = ~A i� A = � I .

The goal in the next two sections is to prove the necessarycombinatorial properties of our
matrices in �, as summarized in Theorem 3. Regarding the choice of the matrices in � starting
from A, especially the de�nition of the companion matrix ~A, one may think of the possibility

of choosing the transpose AT =
�

a c
b d

�
instead as the companion matrix. However there are

exampleswhere Theorem 3 is not valid for this choice.
We will henceforth assumeA 6= � I and b+ c 6= 0.

3 One less, three more

Our goal regarding the combinatorial properties of the set � is to prove Theorem 3. In this section
we �rst prove a partial result in Theorem 1.

We will assumenone of a;b;c;d is zero, and deal with the casewhere abcd= 0 just prior to
Theorem 3.

Let p = (x; y). De�ne the max (or 1 -) norm jjpjj = maxfj xj; jyjg. The goal in this section is to
show that, under a mild condition, if one of the norms

fjj Apjj ; jj ~Apjj ; jjA � 1pjj ; jj ~A � 1pjjg

is strictly lessthan the corresponding norm jjpjj , then the three other norms are all strictly greater
than jjpjj . The proof involvesan examination of all the caseswith reductions using suitable sym-
metries.

Let us start with the following Lemma:

Lemma 3 jjApjj < jjpjj =) jj ~Apjj > jjpjj .

Given A =
�

a b
c d

�
, for a contradiction assumejjApjj < jjpjj and jj ~Apjj � jjpjj , where p = (x; y).

First let's assumejyj � jxj, thus jjpjj = jyj. We have

jax + byj < jyj

jcx + dyj < jyj

jdx + cyj � jyj

jbx + ayj � jyj:

Let � = � x
y . We note that since the strict inequality jjApjj < jjpjj holds, y 6= 0. Dividing

through by y and a;b;c;d respectively, we get the rational approximations of �

j� �
b
a

j <
1

jaj

j� �
d
c

j <
1
jcj
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j� �
a
b

j �
1
jbj

j� �
c
d

j �
1

jdj
:

(We recall that none of a;b;c;d is zero as assumed.) It follows that
�
�
�
� j� j � j

b
a

j
�
�
�
� <

1
jaj

�
�
�
� j� j � j

d
c

j
�
�
�
� <

1
jcj

�
�
�
� j� j � j

a
b

j
�
�
�
� �

1
jbj

�
�
�
� j� j � j

c
d

j
�
�
�
� �

1
jdj

:

Then

jbj � 1
jaj

< j� j <
jbj + 1

jaj
jaj � 1

jbj
� j� j �

jaj + 1
jbj

:

Thus,
jaj � 1

jbj
<

jbj + 1
jaj

;

and
jbj � 1

jaj
<

jaj + 1
jbj

:

If jbj < jaj then, being integral, we get jbj + 1 � jaj and jbj � jaj � 1, and so the following
contradiction follows

1 �
jaj � 1

jbj
<

jbj + 1
jaj

� 1:

If jaj < jbj then jaj + 1 � jbj, jaj � jbj � 1, and the following contradiction arises

1 �
jbj � 1

jaj
<

jaj + 1
jbj

� 1:

Henceit follows that jaj = jbj. Being a row of a unimodular matrix A, the gcd of (a;b) is 1. Thus
jaj = jbj = 1.

The exact sameargument can be made for the pair (c;d). We conclude that jcj = jdj = 1 as
well. Hence

a;b;c;d = 1 (mod 2):

It follows that
ad � bc= 0 (mod 2);

which is a contradiction to det A = 1.
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Next we consider the casejxj � jyj. This is essentially symmetric. We have

jax + byj < jxj

jcx + dyj < jxj

jdx + cyj � jxj

jbx + ayj � jxj:

Let � = � y
x . Since x 6= 0 in this case, � is well de�ned. Dividing through by x and a;b;c;d

respectively, we get the rational approximations of �

j� �
a
b

j <
1
jbj

j� �
c
d

j <
1

jdj

j� �
b
a

j �
1

jaj

j� �
d
c

j �
1
jcj

:

Then

jaj � 1
jbj

< j� j <
jaj + 1

jbj
jbj � 1

jaj
� j� j �

jbj + 1
jaj

;

and thus

jbj � 1
jaj

<
jaj + 1

jbj
jaj � 1

jbj
<

jbj + 1
jaj

:

The rest is the same.
This concludesthe proof of Lemma 3.
By the symmetry of a $ d and b $ c, which e�ects A $ ~A we also have the following Lemma,

Lemma 4 jj ~Apjj < jjpjj =) jjApjj > jjpjj .

We next consider the pair (jjApjj ; jjA � 1pjj ).

Lemma 5 Suppose jtr (A)j = ja + dj � 2, then

jjApjj < jjpjj =) jjA � 1pjj > jjpjj :

Before we give the proof of this lemma, we shall discussbrie
y the condition on the trace.
The elements in SL 2(Z) with trace ja + dj < 2 are called elliptic elements, ja+ dj = 2 parabolic

elements, and ja+ dj > 2 hyperbolic elements. (A �nal classcalled loxodromic elements for complex
linear fractional transformations z 7! az+ b

cz+ d do not occur here sinceour matrix A is real.) We note
that for an integral matrix A, theseclassesare more simply stated as
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� Elliptic elements: a + d = 0; � 1.

� Parabolic elements: ja + dj = 2.

� Hyperbolic elements: ja + dj > 2.

In view of the mapping properties of theseclasses,it is not surprising that we needed,for the
construction of expanders, the condition that the mappings be parabolic or hyperbolic, and not
elliptic. Using Cayley-Hamilton Theorem, it is easy to verify that for every elliptic A 2 SL 2(Z),
A12 = I . We also note that except for a vanishingly small fraction, virtually all elements are
hyperbolic.

We now turn to the proof of Lemma 5.
Assumefor a contradiction that

jjApjj < jjpjj and yet jjA � 1pjj � jjpjj :

First let's assumethat jyj � jxj. Then we have the inequalities

jax + byj < jyj

jcx + dyj < jyj

jdx � byj � jyj

j � cx + ayj � jyj:

With the secondand the fourth inequalities we get

j(a + d)yj � jcx + dyj + j � cx + ayj < 2jyj;

and thus
ja + dj < 2;

where we have also used the fact that y 6= 0 as implied by the strict inequality jjApjj < jjpjj = jyj.
This is a contradiction to the assumption that A is not elliptic.

The remaining casefor Lemma 5 is when jxj � jyj. Then

jax + byj < jxj

jcx + dyj < jxj

jdx � byj � jxj

j � cx + ayj � jxj:

This time with the �rst and the third inequalities we again get

ja + dj < 2:

The proof of Lemma 5 is complete.
Exactly the sameargument givesus the following

Lemma 6 Suppose jtr (A)j = ja + dj � 2, then jjA � 1pjj < jjpjj =) jjApjj > jjpjj .

We next consider the pair (jjApjj ; jj ~A � 1pjj ). We now require the condition jb + cj � 2. This
condition is the sameas requiring the trace of the permuted matrix RA to be at least 2 in absolute
value: jtr (RA)j = jb+ cj � 2. In terms of the symmetry involved for x and y, this is quite natural.
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Lemma 7 Suppose jtr (RA)j = jb+ cj � 2, then

jjApjj < jjpjj =) jj ~A � 1pjj > jjpjj :

For the proof of Lemma 7, again we assumefor a contradiction that

jjApjj < jjpjj and yet jj ~A � 1pjj � jjpjj :

First assumethat jyj � jxj. Then

jax + byj < jyj

jcx + dyj < jyj

jax � cyj � jyj

j � bx + dyj � jyj:

With the �rst and the third inequalities we get

j(b+ c)yj = j(ax + by) � (ax � cy)j � jax + byj + jax � cyj < 2jyj;

and thus
jb+ cj < 2;

just as before.
Similarly if jxj � jyj, then we use the second and the fourth inequalities to get the same

contradiction
jb+ cj < 2:

This completesthe proof of Lemma 7.
Exactly the sameargument givesus the following

Lemma 8 Suppose jtr (RA)j = jb+ cj � 2, then

jj ~A � 1pjj < jjpjj =) jjApjj > jjpjj :

Combining the 6 Lemmata above (Lemma 3 to Lemma 8), we concludethat under the condition
jtr (A)j = ja + dj � 2 and jtr (RA)j = jb+ cj � 2, for each of the 3 pairs

(jjApjj ; jj ~Apjj ); (jjApjj ; jjA � 1pjj ); (jjApjj ; jj ~A � 1pjj );

involving jjApjj from the following set

fjj Apjj ; jj ~Apjj ; jjA � 1pjj ; jj ~A � 1pjjg

there can be at most one of the entry to be strictly lessthan jjpjj , and in that casethe other entry
of the pair is strictly greater than jjpjj .

This is not quite enough for the goal of this section as stated, which includes the remaining
3 pairs not involving jjApjj (and corresponding 6 Lemmata above). However we will handle the
remaining proofs by symmetry.

For the pair (jj ~Apjj ; jjA � 1pjj ) we apply the symmetry a $ d, b $ c, thus A $ ~A. This reduces
the pair (jj ~Apjj ; jjA � 1pjj ) to the pair (jjApjj ; jj ~A � 1pjj ) and Lemma 7, Lemma 8 give us respectively

Lemma 9 Suppose jtr (RA)j = jb+ cj � 2, then jj ~Apjj < jjpjj =) jjA � 1pjj > jjpjj .
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and

Lemma 10 Suppose jtr( RA)j = jb+ cj � 2, then jjA � 1pjj < jjpjj =) jj ~Apjj > jjpjj .

For the pair (jj ~Apjj ; jj ~A � 1pjj ) we apply the symmetry b $ � c, (and c $ � b, a $ a, and
d $ d), thus, A $ ~A � 1 and ~A $ A � 1. Thus this reducesthe pair (jj ~Apjj ; jj ~A � 1pjj ) to the pair
(jjA � 1pjj ; jjApjj ). Now Lemma 6, Lemma 5 give us respectively

Lemma 11 Suppose jtr( A)j = ja + dj � 2, then jj ~Apjj < jjpjj =) jj ~A � 1pjj > jjpjj .

and

Lemma 12 Suppose jtr( A)j = ja + dj � 2, then jj ~A � 1pjj < jjpjj =) jj ~Apjj > jjpjj .

Finally for the pair (jjA � 1pjj ; jj ~A � 1pjj ) we apply the samesymmetry b $ � c as above, which
transforms it to the pair (jj ~Apjj ; jjApjj ). Then we apply Lemma 4, Lemma 3 respectively,

Lemma 13 jjA � 1pjj < jjpjj =) jj ~A � 1pjj > jjpjj .

and

Lemma 14 jj ~A � 1pjj < jjpjj =) jjA � 1pjj > jjpjj .

Combining Lemma 3 to Lemma 14 we have

Theorem 1 For any A 2 SL 2(Z), where abcd6= 0 and A, RA not elliptic, then if any one of the
following 4 entries

fjj Apjj ; jj ~Apjj ; jjA � 1pjj ; jj ~A � 1pjjg

is strictly lessthan the corresponding norm jjpjj , then the three other norms are all strictly greater
than jjpjj .

We note that the condition that none of a;b;c;d is zero is only technical, and will be handled
later. Only the conditions on the trace are real restrictions.

4 A t most two equalities

As shown in Section 3 if there is any one among

fjj Apjj ; jj ~Apjj ; jjA � 1pjj ; jj ~A � 1pjjg

to be strictly less than jjpjj , then the three other norms are all strictly greater than jjpjj . In
particular there are no equalities in this case.Supposenow, for this section, that there are no one
among the four to be strictly lessthan jjpjj , i.e.,

jjApjj � jjpjj (1)

jj ~Apjj � jjpjj (2)

jjA � 1pjj � jjpjj (3)

jj ~A � 1pjj � jjpjj : (4)

We count the number of equalities among these four inequalities. The goal in this section is to
show that, for p 6= 0, there can be at most two among the four to be equalities. It follows that the
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other terms, at least two among four, are all strictly greater than jjpjj . Clearly the condition that
p 6= 0 is necessaryfor handling the equalities.

We prove this by contradiction. Supposethere are at least three among the four inequalities in
(1), (2), (3) and (4) are in fact equalities. Then there are the following two Alternatives.

Alternative (1):

jjApjj = jjpjj (5)

jj ~Apjj = jjpjj (6)

both hold and at least one of the following holds

jjA � 1pjj = jjpjj (7)

jj ~A � 1pjj = jjpjj ; (8)

Alternative (2):
Both (7) and (8) hold and at least one of (5) and (6) holds.

In either Alternatives, without loss of generality we may assumethat jyj � jxj. We note that
the symmetry x $ y exchangesand permutes the equalities

jjApjj = jjpjj $ jj ~Apjj = jjpjj

jjA � 1pjj = jjpjj $ jj ~A � 1pjj = jjpjj

respectively, and thus the assumption jyj � jxj is indeed without lossof generality.
Let us �rst assumeAlternative (1) .
Sincep 6= 0, and jyj � jxj, we have y 6= 0. The �rst alternativ e leadsto

jax + byj � jyj

jcx + dyj � jyj

jdx + cyj � jyj

jbx + ayj � jyj;

and at least one of the following holds

jdx � byj � jyj

j � cx + ayj � jyj

or

jax � cyj � jyj

j � bx + dyj � jyj:

As in the proof of Lemma 3, denoting � = � x
y , and dividing through by y and a;b;c;d respectively,

we get the rational approximations of �

j� �
b
a

j �
1

jaj
(9)

j� �
d
c

j �
1
jcj

(10)

j� �
a
b

j �
1
jbj

(11)

j� �
c
d

j �
1

jdj
: (12)
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Lemma 15 For any unimodular matrix A =
�

a b
c d

�
either jaj 6= jbj or jcj 6= jdj.

Assume instead both equalities hold jaj = jbj and jcj = jdj. Since they form the rows of a
unimodular matrix, the gcd of both (a;b) and (c;d) are 1. Thus

jaj = jbj = jcj = jdj = 1;

and taking modulo 2
a = b = c = d = 1 (mod 2):

However this leadsto
det(A) = ad � bc= 0 (mod 2)

which contradicts the unimodularit y of A. Lemma 15 is proved.

Hencewe have two possibilities from Lemma 15: 1. jaj 6= jbj or 2. jcj 6= jdj. We show that in
either casesit leadsto jxj = jyj.

1. jaj 6= jbj

Supposeab > 0, i.e., they are of the samesign, then b
a = jbj

jaj , and from the rational approxi-
mations to � ,

jbj � 1
jaj

� � �
jbj + 1

jaj
;

and also
jaj � 1

jbj
� � �

jaj + 1
jbj

:

Note that thesetwo bounds on � are symmetric for a and b. Thus, without lossof generality
jaj > jbj. Then, by being integral, jaj � jbj + 1, it follows that

1 �
jaj � 1

jbj
� � �

jbj + 1
jaj

� 1;

which meansthat these inequalities are in fact all equalities, and � = 1. By de�nition of � ,
x = � y. This is true regardlessjaj > jbj or jaj < jbj, as long as ab> 0.

The casewhere a and b are of opposite signs, i.e., ab< 0, is handled similarly with b
a = � jbj

jaj ,
and the corresponding rational approximations of � � . So we obtain � � = 1. Hencex = y.

We concludein this casethat jxj = jyj.

2. jcj 6= jdj

This case is handled by the symmetry a $ d and b $ c. Note that the set of rational
approximations in Eqn. (9) to Eqn. (12) is invariant under this substitution. Hencewe also
get jxj = jyj.

We now proceedto deal with the possibility jxj = jyj, which is 6= 0, under the assumption that

jax + byj � jyj

jcx + dyj � jyj

jdx + cyj � jyj

jbx + ayj � jyj
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and at least one of the following holds

jdx � byj � jyj

j � cx + ayj � jyj

or

jax � cyj � jyj

j � bx + dyj � jyj:

Consider two casesx = � y and x = y:

Case1. x = � y

Dividing through by jyj we have

ja � bj � 1

jc � dj � 1

and

jd + bj � 1

jc + aj � 1:

From thesewe obtain

ja + dj � 2

jb+ cj � 2:

By our condition on the trace of A and RA, i.e., they are not elliptic, we get

ja + dj = jb+ cj = 2:

Hencewe get

ja � bj = 1

jc � dj = 1

jd + bj = 1

jc + aj = 1:

Thus we can write
�

b b
c c

�
=

�
a � d
d � a

�
+ E; (13)

where we let

E =
�

� 11 � 12

� 21 � 22

�
;

and � ij = � 1 for i; j = 1; 2.

In E the top row cannot be of the samesign, otherwise a + d = 0. Similarly the bottom row
cannot be of the samesign, otherwise a + d = 0 as well.
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Furthermore, we observe that
a + d + (� 11 � � 12) = 0

and
a + d + (� 21 � � 22) = 0:

Thus the trace a + d = � 2 i�

E =
�

+1 � 1
+1 � 1

�
;

and the trace a + d = +2 i�

E =
�

� 1 +1
� 1 +1

�
:

However in either way we obtain
b+ c = 0;

by adding the diagonal entries in the matrix equation Eqn. (13).

So under ja + dj � 2; jb+ cj � 2 we concludethat x = � y is impossible.

Case2. x = y

This caseis handled by the symmetry b $ � b and c $ � c in the above argument for Case
1. with x = � y. Thus x = y is also impossible.

We have proved that Alternative (1) is in fact impossible.

Finally we consider the secondalternativ e.
AssumeAlternative (2) , we have: jyj � jxj and,

jdx � byj � jyj

j � cx + ayj � jyj

jax � cyj � jyj

j � bx + dyj � jyj

and at least one of the following holds

jax + byj � jyj

jcx + dyj � jyj

or

jdx + cyj � jyj

jbx + ayj � jyj:

Use � = � � = x
y , and the symmetry a $ d, and b $ � b, c $ � c, we conclude that the second

alternativ e is also impossible.

Theorem 2 For any A 2 SL 2(Z), where abcd6= 0 and A, RA not elliptic, then for p 6= 0, among

fjj Apjj ; jj ~Apjj ; jjA � 1pjj ; jj ~A � 1pjjg

there cannot be more than two of them equal to jjpjj .
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We now brie
y handle the casewith abcd = 0. Supposea = 0 or d = 0. Then bc = � 1 by
unimodularit y. Being both integral, b = � c = � 1. Then b+ c = 0. This is excluded.

Supposeb = 0, then ad = 1 and being integral, a = d = � 1. Thus the matrix we are dealing

with is A = �
�

1 0
c 1

�
.

The caseof c = � 1 with b = 0 is the matrix dealt with by Gabber and Galil [21]. They showed

that the matrix
�

1 0
2 1

�
does satisfy our statement in Theorem 3, and from that it de�nes an

expander. In fact, basedon the properties of
�

1 0
2 1

�
, with somecare, they further showed that

�
1 0
1 1

�
also de�nes an expanderwith a smaller expansionconstant. We note however, that as far

as Theorem 3 is concerned,the condition of RA being non-elliptic technically excludesthe matrix�
1 0
1 1

�
.

For the general c, it is not di�cult to seethat the properties stated in Theorem 3 are valid
for jcj � 2 and b = 0. The best way to seethis is to consider directly the mappings by matrices
in �, which are \shears" along the x-axis or y-axis, respectively, on the set of lattice points with

jj (x; y)jj1 = r for any r � 1. (This is the Gabber-Galil proof for
�

1 0
2 1

�
in [21].)

By symmetry, the sameis true for the casejbj � 2 and c = 0.
Combining Theorem 1, Theorem 2, and the above discussionregarding abcd= 0, we have

Theorem 3 For any A 2 SL 2(Z), where A, RA are not elliptic, i.e., ja + dj � 2 and jb+ cj � 2,
and p 6= 0, then among

fjj Apjj ; jj ~Apjj ; jjA � 1pjj ; jj ~A � 1pjjg;

� Either one is lessthan jjpjj and three others are greater than jjpjj ,

� Or no more than two are equal to jjpjj and the rest are all greater than jjpjj .

5 Analytic pro of of expansion

In this section we prove some explicit estimates using Fourier analysis. We will follow [21] and
adapt their proof for special matrices to generalmatrices.

Let B = A or ~A and let U = [0; 1)2. B de�nes a measurepreserving automorphism � = � B of
U as follows:

� : (x; y) 7! (x; y)B mod 1;

where mod 1 is taken component-wise in the two-dimensionalrow vector (x; y)B . We will denote
� = � A and ~� = � ~A . It is easy to check that � is a bijection on U with inversemap � � 1(x; y) =
(x; y)B � 1 mod 1. That it is measurepreserving follows from the fact that the Jacobi of the map is
det B = 1.

For any function � on U, we can de�ne the function

B � (� )(x; y) = � (� � 1(x; y)) :

We will restrict our discussion to square integrable functions � on U. For such � the Fourier
coe�cien ts are de�ned as follows

a(m
n ) (� ) =

Z

U
� (x; y)e� 2� i (mx + ny )d� (x; y);
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where m; n 2 Z, and � is the Lebesguemeasure on U. The next lemma relates the Fourier
coe�cien ts of � with that of B � (� ).

Lemma 16

a(m
n ) (B � (� )) = aB (m

n ) (� ):

Pro of:

a(m
n ) (B � (� )) =

Z

U
� (� � 1(x; y))e� 2� i (x;y )�(m

n )d� (x; y)

=
Z

U
� (� � 1(x; y))e� 2� i (x;y )B � 1B (m

n )d� (x; y)

We can replace(x; y)B � 1 by � � 1(x; y) in the exponent sincethe function exp[� 2� iX ] has integral
period 1. Hence,by a substitution of variables (x0; y0) = � � 1(x; y), and note that the Jacobi is 1,
we get

a(m
n ) (B � (� )) =

Z

U
� (x0; y0)e� 2� i (x0;y0)B (m

n )d� (x0; y0)

= aB (m
n ) (� ):

Our goal is to obtain a non-trivial estimate for

X

q

h
jaAq � aqj2 + ja ~Aq � aqj2

i
;

where q rangesover Z2, and f aqg is square summable
P

q jaqj2 < 1 . Note that A and ~A de�ne
permutations on Z2 � f 0g while A0 = ~A0 = 0. Thus the above sum can also range over Z2 � f 0g.

Let f ; g be any complex squaresummablefunctions on Z2 � f 0g. The inner product is de�ned
as

hf ; gi =
X

q6=0

f (q) � g(q);

and the norm is
jj f jj = hf ; f i 1=2 =

X

q6=0

jf (q)j2:

It follows that
jj f � f � Ajj2 + jj f � f � ~Ajj2 = 4jj f jj2 � C;

where the cross terms

C = hf ; f � Ai + hf � A; f i + hf ; f � ~Ai + hf � ~A; f i ;

thus jCj � 2 [hjf j; jf � Aji + hjf j; jf � ~Aji ].

Lemma 17

jj f � f � Ajj2 + jj f � f � ~Ajj2 � (4 � 2
p

3) jj f jj2:

14



Pro of: We only needto show an upper bound jCj � 2
p

3 jj f jj2. De�ne

� (p;q) =

8
><

>:

p
3 if jjqjj < jjpjj

1 if jjqjj = jjpjj
1=

p
3 if jjqjj > jjpjj

By Cauchy-Schwarz, 2jX Y j � � jX j2 + 1
� jY j2. Note that � (p;q) = � (q; p) � 1, and thus for � = A or

~A,

2
X

q6=0

jf (q)jj f (� (q)) j �
X

q6=0

h
� (q; � (q)) jf (q)j2 + � (� (q); q)jf (� (q)) j2

i

=
X

q6=0

jf (q)j2
h
� (q; � (q)) + � (q; � � 1(q))

i
:

Hence

jCj �
X

q6=0

jf (q)j2
"

X

� 2 �

� (q; � (q))

#

:

(Recall that � = f A; ~A; A � 1; ~A � 1g.) By Theorem 3, the sum of four terms
P

� 2 � � (q; � (q)) � 2
p

3
in all cases(being either �

p
3+ 3=

p
3, or � 4=

p
3, or � 1+ 3=

p
3, or � 2+ 2=

p
3.) It follows that

jCj � 2
p

3 jj f jj2.

Stated for f aqg we have

Lemma 18 If a0 = 0 and
P

q6=0 jaqj2 < 1 , then

X

q

h
jaAq � aqj2 + ja ~Aq � aqj2

i
� (4 � 2

p
3)

X

q
jaqj2:

We next translate this lemma to integrals via Parseval's equality.

Lemma 19 For square integrable function � on U with
R

U � = 0,
Z

U
jA � (� ) � � j2 +

Z

U
j ~A � (� ) � � j2 � (4 � 2

p
3)

Z

U
j� j2:

Pro of: By Parseval's equality, for squareintegrable  ,
Z

U
j j2 =

X

q
jaq( )j2;

where aq( ) are the Fourier coe�cien ts. Note that a0(� ) =
R

U � = 0. By linearit y and Lemma 16,
aq(A � (� ) � � ) = aq(A � (� )) � aq(� ) = aAq (� ) � aq(� ). Lemma 19 follows from Lemma 18.

Recall the de�nition of � = � B for B 2 �, as a mapping from U to U: for � 2 U, � 7! � B (� ) =
� B mod 1.

Lemma 20 For measurable set Z � U,
X

B = A; ~A

� [Z � � � 1
B (Z )] � (2 �

p
3) � (Z )� (Z c):
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Pro of: De�ne � = � Z � � (Z ) =

(
� (Z c) on Z
� � (Z ) on Z c , where � Z is the characteristic function on Z .

Then
R

U � = 0, and Z

U
j� j2 = � (Z )� (Z c) < 1 :

Let � 2 U, and denote � A by � , i.e., � (� ) = � A mod 1. We observe that

A � (� )( � ) = � (� � 1(� ))

=

(
� (Z c) for � 2 � (Z )
� � (Z ) for � 62� (Z )

= � � (Z ) � � (Z )

It follows that
A � (� ) � � = � � (Z ) � � Z :

Hencefor
R

U jA � (� ) � � j2, the integrand is 1 on the symmetric di�erence � (Z )� Z , and 0 elsewhere.
So Z

U
jA � (� ) � � j2 = � [� (Z )� Z ]:

However, � (Z )� Z = [� (Z ) � Z ] [ [Z � � (Z )]. Since� is bijectiv e and measurepreserving,

� [Z � � (Z )] = � [Z ] � � [Z \ � (Z )]

= � [� (Z )] � � [Z \ � (Z )]

= � [� (Z ) � Z ]

= � [Z � � � 1(Z )]

Thus Z

U
jA � (� ) � � j2 = 2� [Z � � � 1(Z )]:

Similarly, denote ~� = � ~A , we have
Z

U
j ~A � (� ) � � j2 = 2� [Z � ~� � 1(Z )]:

Then by Lemma 19,

X

B = A; ~A

� [Z � � � 1
B (Z )] =

1
2

X

B = A; ~A

Z

U
jB � (� ) � � j2 � (2 �

p
3)

Z

U
j� j2 = (2 �

p
3) � (Z )� (Z c):

6 The graph

In this section we give the construction of a family of bipartite graphs, constructed from every
matrix A consideredin Theorem 3, and prove an explicit expansionconstant for the graphs.

We will �rst de�ne a notion of neighborhood. Denote the unit square by U = [0; 1)2. For
p = (i; j ) 2 Z2, the translated square by p is denoted by Up = p + U. We de�ne a set of
\neighborhood" points as follows: For B = A; ~A,

NB = f q 2 Z2 j � [UB \ Uq] 6= 0g; (14)
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where � denotesthe Lebesguemeasure,and UB = f � B j � 2 Ug is the image of U under B .
For k � 1, let the \mo d k neighborhood" NB ;k be

NB ;k = NB mod k: (15)

Note that the cardinalit y of NB ;k is at most that of NB for every k. In particular since jNB j
is independent of k, jNB ;k j is bounded in k. For any measurableset V � R 2, denote its mod
k fold in the torus (R =kZ)2 by (V )k = V mod k. We will identify (Z=kZ)2 with the subset
f 0; 1; : : : ; k � 1g2 � Z2, and also identify (R =kZ)2 with [0; k)2 � R 2. Note that for q 2 (Z=kZ)2,
Uq � [0; k)2, so that (Uq)k = Uq.

We claim that

NB ;k = f q 2 (Z=kZ)2 j � k [(UB )k \ Uq] 6= 0g; (16)

where � k is the Lebesguemeasureon the torus (R =kZ)2. Also

NB ;k = (f q 2 Z j � k [(UB )k \ (Uq)k ] 6= 0g) mod k: (17)

It is easyto see(16) and (17) are equivalent. Indeed let q 2 (Z=kZ)2. For any integral vector v,
(Uq+ kv)k = (Uq)k = Uq. Now if q belongsto the set de�ned in (16), then clearly q also belongsto
the set de�ned in (17). Conversely, supposeq belongsto (17). Then there is someintegral vector
v, such that � k [(UB )k \ (Uq+ kv)k ] 6= 0. Then as (Uq+ kv)k = Uq, � k [(UB )k \ Uq] 6= 0. So q also
belongsto the set de�ned in (16).

To show that both (16) and (17) indeed de�ne the set NB ;k , considerany q 2 (Z=kZ)2.
If q 2 NB ;k , then there exists some integral vector v, such that q + kv 2 NB , i.e., � [UB \

Uq+ kv ] 6= 0. Then � k [(UB )k \ (Uq+ kv)k ] 6= 0. Since(Uq+ kv)k = Uq for q 2 (Z=kZ)2, it follows that
� k [(UB )k \ Uq] 6= 0.

Conversely suppose� k [(UB )k \ Uq] 6= 0. Then there exists someintegral vector v, such that
� [UB \ Uq+ kv ] 6= 0. Henceq + kv 2 NB , and q 2 NB ;k .

We alsonote that jNA j = jN ~A j and jNA;k j = jN ~A;k j. This is because~A = RAR simply exchanges

the x and y coordinates from A, whereR =
�

0 1
1 0

�
, and R is � -invariant, and UR = U is invariant

under R.

We now de�ne the family of graphs. For every k � 1, the bipartite graph Gk = (L; R; E)
has n = k2 vertices on both sides, L = R = (Z=kZ)2. We will arbitrarily order the vertices in

NA;k and N ~A;k as f q̀ gjN A;k j
`=1 and f ~q̀ g

jN ~A ;k j
`=1 , then a vertex p 2 L is connectedto p 2 R and every

p` = pA + q̀ mod k, and ~p` = p ~A + ~q̀ mod k, for every q̀ 2 NA;k , and ~q̀ 2 N ~A;k . (The set

f p`g
jN A;k j
`=1 consistsof jNA;k j distinct elements, since f q̀ g

jN A;k j
`=1 consistsof jNA;k j distinct elements;

similarly f ~p`g
jN ~A;k j
`=1 consistsof the samenumber of distinct elements. But the union of these two

sets together with p 2 R may have repeated elements. In casethere are repeated elements, we do
not place multiple edges.) It is clear that the maximum degreeof Gk is bounded, being at most
d = 1 + 2jNA j.

We denote by � 0 the identit y map on (Z=kZ)2, and by � ` the permutation p 7! p` = pA +
q̀ mod k. Similarly denote by ~� ` the permutation p 7! ~p` = p ~A + ~q̀ mod k. Thus for p 2 L the
neighbor set of p in R is �( p) = f pg [ f � i (p) j 1 � i � jNA;k jg [ f ~� j (p) j 1 � j � jNA;k jg. (There is
only one edgefor every distinct element in the set �( p).)

17



For B = A; ~A, we claim that the neighbors of p of the form p0 = pB + q mod k are precisely
those satisfying

� k [(UpB )k \ Up0] 6= 0: (18)

Moreover, if p0 = pA + q̀ mod k, the measure

� k [(UpA)k \ Up0] = � k [(UA)k \ (Uq` )k ] (19)

is independent of p (and dependson ` only). We note that as q̀ 2 (Z=kZ)2, (Uq` )k = Uq` , thus this
quantit y is also the sameas � k [(UA)k \ Uq` ].

A similar statement holds true for p0 = p ~A + ~q̀ mod k.
In fact, for any subsetsS;T � R 2, and any point x 2 R 2, we claim

� k [(x + S)k \ (x + T)k ] = � k [(S)k \ (T)k ]; (20)

is independent of x.
Assuming (20) for now, we prove the assertionsin (18) and (19). We note that UpA = pA+ UA.

And for p0 2 (Z=kZ)2, let q = (p0 � pA) mod k 2 (Z=kZ)2. Then Up0 = (Up0)k = (UpA+ q)k =
(pA + Uq)k , and (Uq)k = Uq. Thus, by (20)

� k [(UpA)k \ Up0] = � k [(pA + UA)k \ (pA + Uq)k ] = � k [(UA)k \ (Uq)k ] = � k [(UA)k \ Uq]:

Henceit is non-zeroi� q 2 NA;k by (16), i.e., p0 is of the form pA + q̀ mod k 2 (Z=kZ)2, a neighbor
of p. This proves(18) and (19).

To prove (20), we may visualize it as follows: Imagine replicating S and T through out the
plane R 2 by a lattice vector of kZ2, i.e., considerS + kZ2 and T + kZ2. Thesesubsetsare invariant
under shifts by kZ2. Now form the intersection � = [S + kZ2] \ [T + kZ2]. As an intersection of
subsetsinvariant under shifts by kZ2, it is easyto seethat

(�) k = � \ [0; k)2

and also
(�) k = (S)k \ (T)k :

Now for any point x, considerthe shift x + �. Clearly x + � = [x + S + kZ2] \ [x + T + kZ2], also
an intersection of subsetsinvariant under shifts by kZ2. Then replacing x + � for � above we get

(x + �) k = [x + �] \ [0; k)2

and also
(x + �) k = (x + S)k \ (x + T)k :

Furthermore the measureof � in any shifted squareof [0; k)2 is the same,i.e., for all x,

� [� \ [� x + [0; k)2]] = � [� \ [0; k)2]:

Then

� k [(x + S)k \ (x + T)k ] = � k [(x + �) k ]

= � k [[x + �] \ [0; k)2]

= � [[x + �] \ [0; k)2]

18



= � [� \ [� x + [0; k)2]]

= � [� \ [0; k)2]

= � k [� \ [0; k)2]

= � k [(�) k ]

= � k [(S)k \ (T)k ]:

This proves(20), and thus also (18) and (19). This concludesthe de�nition of the graph Gk .

The next Lemma discretizesLemma 20.

Lemma 21 Let X � L . There exists � = � ` , or � = ~� ` , for some1 � ` � jNA;k j, such that

j� (X ) � X j � (1 �
p

3=2)jX jjX cj=n;

where n = k2.

Pro of: For X , de�ne a subsetof the torus (R =kZ)2 by Y =
S

p2 X Up. Thus each point p = (i; j ) 2
X is replacedby the translated squareUp. Clearly � k(Y ) = jX j and � k(Y c) = jX cj. If we shrink
Y by a factor of k, we may considerZ = 1

k Y � U, in which we can identify U with the unit torus

(R =Z)2. Clearly � (Z ) = jX j
n and � (Z c) = jX c j

n .
We next consider where does the small square 1

k Up get mapped to under � ; more speci�cally ,
for p0 2 (Z=kZ)2, we ask which 1

k Up0 contains a subsetof an image of 1
k Up with non-zeromeasure.

For � = [(i; j ) + (u; v)] =k 2 1
k Up, where p = (i; j ) and (u; v) 2 U,

� (� ) = � A mod 1

=
(i + u; j + v)A mod k

k
:

So � (� ) 2 1
k Up0 i� (i + u; j + v)A mod k 2 Up0. Thus

� (
1
k

Up) =
1
k

(UpA)k ;

and
� (

1
k

Up) \
1
k

Up0 =
1
k

[(UpA)k \ Up0]:

It follows that

� [� (
1
k

Up) \
1
k

Up0] =
1
n

� k [(UpA)k \ Up0]; (21)

and, by (19), this is non-zero i� p0 is a neighbor of p of the form p0 = � ` (p) = pA + q̀ mod k. A
similar statement is true for ~� (� ).

Let w` = � [� ( 1
k Up) \ 1

k U� ` (p) ] > 0 be the weight of intersection. Note that these weights
correspond to disjoint slicesof � ( 1

k Up) that together makeup � ( 1
k Up). Since� is measurepreserving,

P
1� ` �j N A;k j w` = 1=n. One also observesthat w` is independent of p, by (21) and (19).

Similarly one can de�ne ~w` = � [~� ( 1
k Up) \ 1

k U~� ` (p) ] > 0, for ~A, and they also sum to 1=n.
By de�nition, Z =

S
p2 X

1
k Up. Within each 1

k Up, divide it according to

�
1
k

Up

�
\ � � 1

�
1
k

U� ` (p)

�
;
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each with weight w` .
� 2 Z � � � 1(Z ) i� [� 2 Z & � (� ) 62Z ]. For � 2 Z , � 2 1

k Up for a unique p 2 X , and within
1
k Up those � 2 ( 1

k Up) \ � � 1( 1
k U� ` (p) ) are mapped to 1

k U� ` (p) . For those � , � (� ) 62Z i� � ` (p) 62X . It
follows that

� [Z � � � 1(Z )] =
X

p2 X

X

1� ` �j N A;k j

w`1[� ` (p)62X ]

=
X

1� ` �j N A;k j

w`

X

p2 L

1[p2 X and � ` (p)62X ]

=
X

1� ` �j N A;k j

w` jX � � � 1
` (X )j;

where 1[�] is the indicator function.
Similarly

� [Z � ~� � 1(Z )] =
X

1� ` �j N A;k j

~w` jX � ~� � 1
` (X )j:

By Lemma 20,

� [Z � � � 1(Z )] + � [Z � ~� � 1(Z )] � (2 �
p

3)
jX j
n

jX cj
n

:

Hence,
X

1� ` �j N A;k j

w` jX � � � 1
` (X )j +

X

1� ` �j N A;k j

~w` jX � ~� � 1
` (X )j � (2 �

p
3)jX jjX cj=n2:

It follows that there exists `0, such that either

jX � � � 1
`0

(X )j � (1 �
p

3=2)jX jjX cj=n;

or
jX � ~� � 1

`0
(X )j � (1 �

p
3=2)jX jjX cj=n;

as
P

` w` =
P

` ~w` = 1=n.
In either cases,since � = � `0 or ~� `0 is a permutation, jX � � � 1(X )j = j� (X ) � X j, and thus

j� (X ) � X j � (1 �
p

3=2)jX jjX cj=n:

Lemma 21 is proved.
Now the neighbor set �( X ) � X [ � (X ), it follows that

j�( X )j = jX j + j�( X ) � X j

� jX j + j� (X ) � X j

�
�
1 + (1 �

p
3=2)

�
1 �

jX j
n

� �
jX j:

This completesour construction and proof of the expander graphs.

Theorem 4 For any A =
�

a b
c d

�
2 SL 2(Z), where A, RA are not elliptic, i.e., ja + dj � 2

and jb+ cj � 2, we can explicitly construct a family of expander graphs with bounded degree and
expansion coe�cient 1 �

p
3=2.
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7 Some geometric descriptions

In this section we give somefurther concretegeometric descriptions of the neighbor set

NB = f q 2 Z2 j � [UB \ Uq] 6= 0g

used to de�ne the expander graph. In particular we derive an explicit upper bound on the degree
d of the expander graphs in terms of the matrix B .

For a subsetS in R 2, we denoteits set of boundary points by @S, its closureby S = S[ @S, and
its interior points by So = S � @S respectively. Consider the unit squareU and the parallelogram
UB . Clearly @U = f (x; y) 2 [0; 1]2 j either: [x = 0 or 1]; or: [y = 0 or 1]g, U = [0; 1]2, and
Uo = (0; 1)2. Also @(UB ) = (@U)B , UB = (U)B , and (UB )o = (Uo)B .

Consider the parallelogram UB . We observe that the condition on q 2 Z2

� [UB \ Uq] 6= 0;

is equivalent when UB is replacedby either UB or (UB )o, since the measureof the boundary set
@(UB ) is 0. Similarly we can replace Uq by either Uq = q + U or Uo

q = q + Uo. In particular we
have

NB = f q 2 Z2 j � [UB \ Uo
q ] 6= 0g: (22)

Next we claim that � [UB \ Uo
q ] 6= 0 is equivalent to UB \ Uo

q 6= ; . Thus

NB = f q 2 Z2 j UB \ Uo
q 6= ;g : (23)

To seethis, let � 2 UB \ Uo
q . If � 2 (UB )o, then clearly � [UB \ Uo

q ] 6= 0. Suppose� 2 @(UB ).
Then at least for a su�cien tly small � > 0, there exists one quarter of a small disk

D � = f (x; y) 2 R 2 j x > 0; y > 0; x2 + y2 < � 2g;

whose image under a certain measure-preservinga�ne linear map (which maps (0; 0) to � ) is
contained in (UB )o \ Uo

q . Hence� [UB \ Uo
q ] 6= 0 as well.

It follows that, to identify NB , we should collect all lattice points q 2 Z2 such that for some
� 2 Uo, q + � 2 UB .

We can reversethis process.Start with an arbitrary z 2 UB , and \place" an open unit square
� Uo at z. As z runs through UB , we get a region as the union

UB + (� Uo) =
[

z2 UB

(z + (� Uo)) = f z � � j z 2 UB ; � 2 Uog: (24)

We look for all lattice points in this region. i.e.,

NB = f q 2 Z2 j q 2 UB + (� Uo)g: (25)

The more interesting claim in this section is the following, which is valid for thoseB considered
in Theorem 4: In (24), it su�ces to trace the point z along the boundary of UB only, i.e., there is
no needto place z in the interior of UB .

Lemma 22 For any A considered in Theorem 4, and B = A; ~A,

NB = f q 2 Z2 j q 2 @(UB ) + (� Uo)g: (26)
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Let � � =
�

cos� sin �
� sin � cos�

�
denote the mapping (x; y) 7! (x; y)� � , which is a counter clockwise

rotation of � on R 2. Let � = � �
2

=
�

0 1
� 1 0

�
. Then � 2 = � � = � I , � 3 = � 3�

2
= � � , and � 4 = I .

The equality (26) in Lemma 22 is in fact not valid for matrices in f I ; �; � 2; � 3g. For examplefor
B = I , it can be veri�ed that @(UB ) + (� Uo) = (� 1; 1)2 � f (0; 0)g, while UB + (� Uo) = (� 1; 1)2.
Simliarly for the other three matrices, the region @(UB ) + (� Uo) is UB + (� Uo) with a center
point deleted.

However thesematrices do not satisfy the requirements in Theorem 4 and henceare excluded.

We now prove that for any integral unimodular matrix B =
�

a b
c d

�
other than the 4 powers of �

above, the equality in (26) holds.

Pro of: (of Lemma 22) First we consider whether there are any sides of the parallelogram UB
which are parallel to the x-axis or the y-axis.

Supposefor both x-axis and y-axis, there are sidesof the parallelogram UB parallel to it. Then
a moment re
ection shows that B is one of the four powers of � above, which are excluded in
Theorem 4.

Now supposefor either the x-axis or the y-axis, there is no sideof the parallelogram UB parallel
to it. By symmetry we assumethere is no sideof UB parallel to the y-axis. Label the four vertices
of the parallelogram UB as vi = (x i ; yi ), where 1 � i � 4, such that x1 = minf x i j1 � i � 4g,
and starting with v1, the four vertices counter clockwise are v1; v2; v3; v4 in that order. Since no
side of the parallelogram UB is parallel to the y-axis, both x2 and x4 are > x1. Moreover being a
parallelogram, x3 � x1 = (x2 � x1) + (x4 � x1), it follows that

x1 < x2; x4 < x3:

Supposethere is a lattice point in z + (� Uo), where z = (x; y) 2 UB . If z 2 @(UB ), then we
are done. Supposez 2 (UB )o. Consider the vertical line X = x where x1 � x � x3. It intersects
the parallelogram UB in a line segment, possibly degenerate(i.e., a single point). At x = x1 or
x = x3 the intersection is the single point z, which is the vertex v1 or v3 of UB , and thus not in
(UB )o. (Besides,in this casez is a lattice point, and therefore no point in z + (� Uo) is a lattice
point.)

Therefore we need only to consider x1 < x < x3. Then the intersection is a (proper) line
segment bounded by the upper end z = (x; y) and the lower end z = (x; y). Note that y < y < y,
where the inequalities being strict becausez 2 (UB )o.

We observe the following, which follows from the fact that UB is a parallelogram: As x
varies from x1 to minf x2; x4g, y � y is strictly monotonic increasing; it is constant when x varies
from minf x2; x4g to maxf x2; x4g; �nally it is strictly monotonic decreasingwhen x varies from
maxf x2; x4g to x3. Of courseif x2 = x4 then the middle interval [minf x2; x4g; maxf x2; x4g] is just
a single point.

We claim that 0 � y � y � 1 throughout. For, if at any x, y � y > 1, then it is so at x = x2.
Then there must be a lattice point of the form (x2; y� ) in the interior of UB , where y < y� < y,
which contradicts the unimodularit y of B .

Moreover, if x2 6= x4, then we claim that 0 � y � y < 1 throughout. Supposeotherwise, then
the maximum value at minf x2; x4g is y � y = 1. Consider the vertical line at X = minf x2; x4g. If
x2 < x4 then y = y2 is integral, and if x2 > x4 then y = y4 is integral. Then since y � y = 1, in
either case,both y and y are integral at minf x2; x4g. If x2 < x4 then (x2; y) would be a lattice point
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on the boundary @(UB ) of the parallelogram but distinct from the vertices. This is a contradiction
to the unimodularit y of B . Similarly if x2 > x4 then (x4; y) would be such a lattice point.

To cover a lattice point p 2 z + (� Uo), we consider the vertical slidesof z.
If x2 6= x4, then as y � y < 1, clearly either z + (� Uo) or z + (� Uo) covers p.
Supposex2 = x4. Sincey4 � y2 > 0, being integral, and asy � y � 1 always, we get y4 � y2 = 1.

So y � y has the unique maximum value 1 at x2 = x4. For any other x, y � y < 1. But if z is
on the vertical line X = x2(= x4), the x-coordinate is integral, thus there are no lattice points in
z + (� Uo). For z not on this vertical line, y � y < 1 implies that the sliding argument above works.

This completesthe proof of Lemma 22.

The rest of this section is devoted to giving an exact bound for jNB j, which is the number of
lattice points in @(UB ) + (� Uo).

We�rst note that this bound will beexactly the same,if weusedoneof the four rotated/re
ected
copiesof � Uo, i.e., we could have used @(UB ) + S, for S 2 f Uo; Uo�; � Uo; � Uo� g. This follows
from a more generalprinciple, namely, for any subsetsS and T in R 2, when we usea \shifted" copy
x+ S for S, there is an isometry betweenT + S and T + (x+ S), which is a translation by the vector x.
Now note that every S 2 f Uo; Uo�; � Uo; � Uo� g is in fact a shifted copy x + (� Uo) for somelattice
vector x. In fact, Uo = (1; 1)+ (� Uo), Uo� = (0; 1)+ (� Uo), and � Uo� = (1; 0)+ (� Uo). Therefore
there are exactly the samenumber of lattice points in @(UB ) + S, for S 2 f Uo; Uo�; � Uo; � Uo� g.

Now we compute jNB j. We �rst deal with the casewhere there are sidesof the parallelogram
UB which are parallel to the x-axis or the y-axis. As we saw in the proof of Lemma 22 that for
the matrices consideredin Theorem 4, not both x-axis and y-axis can have sidesof UB parallel to
it. By symmetry, supposesomeside of UB is parallel to the y-axis (but no side is parallel to the
x-axis). Then one side of the parallelogram UB must be either the segment f (0; y) j 0 � y � 1g
or f (0; y) j � 1 � y � 0g. After a suitable re
ection with respect to x-axis and/or y-axis we may

assumethat UB is located in the �rst quadrant (x; y � 0), i.e., B is of the form
�

1 b
0 1

�
, for b � 1.

The re
ections may have changed � Uo to one of its four re
ected copies f Uo; Uo�; � Uo; � Uo� g.
But as we noted earlier, for counting the lattice points, we may contin ue to assumeit is � Uo.

For B =
�

1 b
0 1

�
, and b � 1, it is quite straightforward to compute that the open set @(UB ) +

(� Uo) is a convex polygon with 6 vertices (seeFig 1.).
Counter clockwise starting from the lower left most corner, theseare: (� 1; � 1); (0; � 1); (1; b�

1); (1; b+ 1); (0; b+ 1); (� 1; 1). There are 8 lattice points on the boundary of this convex polygon,
which are the above 6 points together with (� 1; 0) and (1; b). But none of these 8 lattice points
should be included since they are not in the open interior of the convex polygon @(UB ) + (� Uo).
This interior is bounded by � 1 < x < 1. Thus the only lattice points in the interior has x = 0.
Then it is clear that there are exactly b+ 1 lattice points in @(UB ) + (� Uo).

If we denote
�
�
�
�

�
a b
c d

� �
�
�
� = jaj + jbj + jcj + jdj, then we have jNB j = jB j � 1 in this case.

Next we consider a general B =
�

a b
c d

�
where no side of the parallelogram UB is parallel

to either the x-axis or the y-axis. As before, label the four vertices of the parallelogram UB as
vi = (x i ; yi ), where 1 � i � 4, such that x1 = minf x i j1 � i � 4g, and starting with v1, the four
vertices counter clockwise are v1; v2; v3; v4 in that order. Sinceno side of the parallelogram UB is
parallel to the y-axis, both x2 and x4 are > x1. As observed before, x1 < x2; x4 < x3. Since no
side of UB is parallel to the x-axis either, y2 6= y1 and y4 6= y1.

Weclaim that either both y2; y4 > y1 or both y2; y4 < y1. Otherwise,by drawing a horizontal line
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(0,-1)

(0,b-1)

(1,b)

(1, b+1)(0,b+1)

(-1,1)

(-1,0)

(-1,-1)

Fig. 1.

at Y = y1, we seethat (minf x2; x4g; y1) would be a lattice point in the interior of the parallelogram
UB , which is a contradiction to B being unimodular. After a re
ection we may assumeboth
y2; y4 > y1.

Now depending on which vertex amongf v1; v2; v3; v4g is the origin 0, we have the following four
cases.If v1 = 0, then all entries a;b;c;d > 0, and (UB )o is properly contained in the �rst quadrant
(x; y > 0). If v2 = 0, then a;b > 0 and c;d < 0. In this caseby shifting UB with vector (� c; � d),

we may assumeour matrix is B =
�

� c � d
a b

�
, and then (UB )o is properly contained in the �rst

quadrant again. If v3 = 0, then both a;b < 0 and c;d < 0. We can shift by (� (a + c); � (b+ d))

and get B =
�

� c � d
� a � b

�
in the �rst quadrant. Finally if v4 = 0, then a; b < 0 and c;d > 0. By

shifting with (� a; � b), we may assumeour matrix is B =
�

c d
� a � b

�
, back to the �rst quadrant.

For all theseshifts, � Uo and jB j remain unchanged.

In terms of the matrix B , we have arrived at the form B =
�

a b
c d

�
with all entries > 0.

Then the vertices of UB are (0; 0), (a; b), (c;d) and (a + c;b+ d) respectively. And it can be
computed that @(UB ) + (� Uo) is an open convex polygon with 8 vertices (seeFig 2.):

(� 1; � 1); (0; � 1); (a; b� 1); (a + c;b+ d � 1); (a + c;b+ d); (a + c � 1; b+ d); (c � 1; d); (� 1; 0):

Note that while all these 8 vertices are lattice points, none of which is counted in jNB j since
they are all not in the interior , and thus doesnot belong to the open set @(UB ) + (� Uo).

We can subdivide this convex polygon into 6 parallelogramsas in Fig 2. We now count lattice
points in @(UB ) + (� Uo) in each of these6 parallelograms.

On the boundary of region IV ( = (UB )o) there are 3 lattice points in @(UB ) + (� Uo), namely
(0; 0); (a; b); (c;d). Note that the fourth lattice point (a + c;b+ d) of region IV is not in @(UB ) +
(� Uo). There are no other lattice points in @(UB ) + (� Uo) which are on the boundariesof these
6 parallelograms.

Now in the interior of these6 parallelograms:
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(�1,0)

(�1,�1) (0,�1)

(a,b�1)

(a+c,b+d�1)

(a+c,b+d)(a+c�1,b+d)

(c�1,d)

Fig. 2.

I

II

III

IV

V

VI

1. There are none in regionsI and IV .

2. For region II , consider horizontal lines Y = y, where y takes an integral values strictly
between0 and d. Sinceeach such horizontal line intersects region II in an interval of length
exact 1, there is exactly one lattice point in the interior. (The lattice point cannot land on
the boundary for 0 < y < d, since otherwise we will have a lattice point on @(UB ) which
is distinct from the vertices of UB .) Thus region II contributes d � 1 lattice points in its
interior.

Similarly, for region III , we also consider horizontal lines Y = y, where y is integral and
d < y < b+ d. Then the sameproof givesb� 1 lattice points in the interior of region III .

3. For region V, we considervertical lines X = x, where x is integral and 0 < x < a. The same
proof idea as above shows that there are a � 1 lattice points in the interior of region V.

Similarly, region VI has c � 1 interior lattice points.

Summarizing, there are exactly 3 + (a � 1) + (b� 1) + (c � 1) + (d � 1) = jB j � 1 lattice points
in @(UB ) + (� Uo).

Theorem 5 The degree d of the expander family constructed in Theorem 4 starting from matrix

A =
�

a b
c d

�
is at most 2jAj � 1 = 2(jaj + jbj + jcj + jdj) � 1.
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