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Abstract

We introduce Fibonacci gates as a polynomial time computable primitive, and develop a theory of
holographic algorithms based on these gates. The Fibonacci gates play the role of matchgates in
Valiant’s theory [16]. We develop a signature theory and characterize all realizable signatures for
Fibonacci gates. For bases of arbitrary dimensions we prove a universal bases collapse theorem. We
apply this theory to give new polynomial time algorithms for certain counting problems. We also use
this framework to prove that some slight variations of these counting problems are #P-hard.



1 Introduction

L. Valiant [15, 16] introduced a marvelously original algorithmic design technique, called matchgate
computations and holographic algorithms. There are two main ingredients to this new theory. The
first is to use perfect matchings of planar graph fragments to encode and process information. The
second is to create exponential sums of these perfect matchings in a “holographic mix”, and achieve
exponential cancelations in the process. They lead ultimately to polynomial time algorithms by applying
the Fisher-Kasteleyn-Temperley (FKT) algorithm [9, 10, 13| for planar perfect matchings.

This methodology has produced some quite exotic polynomial time algorithms, called holographic
algorithms. The problems range from certain constrained satisfiability, to vertex cover, to other graph
problems such as edge orientation and node/edge deletion. These problems were not known previously
to be in P, and some minor variations are known to be NP-hard. For example, let #Pl-Rtw-Mon-3CNF
denote the problem of counting the number of satisfying assignments of a planar read-twice monotone
3CNF formula. This problem is #P-complete; the problem mod 2, #sPl-Rtw-Mon-3CNF, is known to
be NP-hard. Using holographic algorithms Valiant [17] showed that #7Pl-Rtw-Mon-3CNF (counting
modulo 7) is in P.

We will illustrate with an example the idea of creating a “holographic mix” by values of perfect
matchings. Suppose we wish to represent the Boolean OR function of 3 inputs. In the framework of
holographic algorithms this means that we want the “signature” (0,1,1,1,1,1,1,1) indexed by three
bits b1babs € {0,1}>. While this signature is not directly expressible by perfect matchings, it is possible
to express it indirectly as a linear “superposition” using perfect matchings. Figure 1 shows a finite
planar weighted graph (called a matchgate) I" with 3 external nodes vy, v, v3. This matchgate has a
“signature” (L' pypy) = i(O, 1,1,0,1,0,0,1)4, pypyef0,133- This means that, the “perfect matching poly-
nomial” >/ IT; jyenr w(i:3) = Dbypaps = 0 or 1/4, for bibobs € {0, 1}3, where the sum is over all perfect
matchings M of I after the removal of {v;|b; = 1}. (Note that if all edge weights w(7, ) = 1 in this sum,
then the perfect matching polynomial counts the number of perfect matchings.) Now we can choose
two linearly independent basis vectors 3 = Ki i_ Z) , <i>] , where w = ¢2™/3_ In the tensor product
space spanned by 8%3, we can represent the OR signature (0,1,1,1,1,1,1,1) by perfect matchings as
follows: We have
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It follows that (0,1,1,1,1,1,1,1) = (Tp,p,,)8%>. In this way each logical value O or 1in (0,1,1,1,1,1,1,1)
is expressed as a “superposition” or a “holographic mix” of pefect matching values in (I'p,p,5,)-

In this paper we go beyond matchgates, and extend the reach of holographic algorithms. In Section 5
we will show how to solve in polynomial time a certain coloring problem. Consider a 3-regular graph.
A 2-coloring (Black/White) of the edges is called walid if at each vertex the incident edges are not



monochromatic. It is an even (resp. odd) coloring if it is a valid 2-coloring with an even (resp. odd)
number of Black edges. The total number of valid 2-colorings is the sum of even and odd colorings. For
planar graphs this total number can be computed in P by holographic algorithms based on matchgates.
This is non-trivial, involving a similar “superposition” of pefect matchings as above. For general graphs,
we will show in Section 7 that this problem is #P-complete. However, instead of taking a sum, to
compute the difference of the numbers of even and odd colorings, even for planar graphs, the required
signatures based on matchgates provably do not exist. This fact not withstanding, we solve this counting
problem for the difference, even for general (non-planar) graphs, by holographic algorithms based on a
new primitive: Fibonacci gates.

Our main contribution in this paper is to extend the framework of holographic algorithms by intro-
ducing Fibonacci gates. They play the role of matchgates in Valiant’s theory, and constitute another
class of P-time computable primitives. We develop a corresponding theory of holographic algorithms
based on these Fibonacci gates. To understand what these Fibonacci gates can do in a computational
setting we must understand its signature theory. We derive a complete characterization of all realizable
signatures of Fibonacci gates under any choice of bases in GLs. We then apply this theory to some
non-trivial counting problems to obtain P-time algorithms. We note that the signatures used in these
holographic algorithms are not realizable by matchgates under any basis transformation, and therefore
we have properly extended the reach of holographic algorithms.

Next we consider the signature theory under more general bases. Here we prove a general bases
collapse theorem, showing that, for holographic algorithms based on Fibonacci gates, any holographic
algorithm using a two-vector basis in arbitrary dimension can be simulated by a two-vector basis in
dimension 2. These results parallel those obtained for matchgate signatures [3, 4].

Finally we prove some hardness results. We prove a minor variation of the problem we solved in
polynomial time using holographic algorithms based on Fibonacci gates is #P-hard. Our framework
of counting problems can discuss signatures which (unlike matchgates and Fibonacci gates) do not
necessarily correspond to P-time computable primitives. We use a technique called interpolation to
prove this hardness. In particular we make use of a technical lemma due to Vadhan [14]. An interesting
feature of these reductions is that they provide some natural examples where the Karp-type mapping
(or many-one) reductions seem to be weaker than the oracle query Cook-type reductions.

This paper is organized as follows: In Section 2 we define the framework of counting problems based
on signatures. In Section 3 we introduce Fibonacci gates, and prove that they form a P-time computable
primitive. In Section 4 we develop the signature theory for these Fibonacci gates. In Section 5, we
consider some counting problems solvable in polynomial time using the theory just developed. In
Section 6 we further develop the signature theory and prove a general bases collapse theorem. In
Section 7 we prove hardness results using interpolation reductions.

2 Counting Problems and Holographic Reductions

Many counting problems can be formulated in the following framework.

A signature grid Q@ = (H, F) is a tuple, where H = (V, E) is a graph, and F are functions assigned to
vertices of H. We consider every edge e € E as a Boolean variable, and every vertex v € V' is assigned
a function F, from F, where F, : {0,1}*%) — F, for some field F and d(v) is the degree of v. Given
an assignment o of all the edges, we have a valuation at each vertex v, which is the value of F, on o
restricted to the edges incident to v. The value of Q (or we simply say the value of H) under o is the
product of F, on ¢ over all v € V| and the value of 2 is the sum over all assignments . The counting
problem on Q is to compute this value.

Formally let £ = {1,2,...,m}, the edges connected to vertex v are denoted by 7,45, ... ,ig(v). Then



we define
Holantq = Z H Fy(ww, m, . .. 7‘Ti§(v))'
122 m€{0,1}m veV
We also write Holant ; when there is no confusion. We can view each function F,, as a truth table, and
then we can represent it by a vector in de(v), or a tensor in (F2)®4(") This is called a signature.

Many important counting problems can be viewed as computing Holantq for appropriate signatures
at each vertex. Consider, e.g., an assignment o to edges incident to v, and let F, (o) = 1 if wt(o) = 1,
and F,(0) = 0 otherwise. Then, Holantq is counting the number of perfect matchings in H. Suppose
instead Fy,(0) = 1 if wt(o) < 1, and F,(0) = 0 otherwise, then we are counting all matchings of the
graph H. Many counting problems not directly defined in terms of graphs can also be formulated as
holant problems. For example, for the #SAT problem, we can draw a bipartite graph for the formula,
where a variable node v, is connected to a clause node v¢ iff that variable x appears in the clause C.
Then, to count #SAT, for each variable x, we assign its signature at v, to be the equality function, and
for each clause C, the signature at vo is exactly its truth table.

Now we define the notion of an F-gate I' = (H,F), where H = (V,E, D) is a graph with some
dangling edges D. (See Figure 2 for one example.) Other than these dangling edges, an F-gate is the
same as a signature grid. The role of dangling edges is similar to that of external nodes in Valiant’s
notion, however we allow more than one dangling edges for a node. Consider a graph with dangling
edges H = (V, E, D), where each node is assigned a function in F (we do not consider “dangling” leaf
nodes at the end of a dangling edge among these), E are the regular edges, denoted as 1,2,...,m, and
D are the dangling edges, denoted as m + 1,m + 2,...,m + n. Then we can define a function for this
F-gate I' = (H, F),

D(y1,92,- - yn) = > H(z122 - Zmy1y2 - Yn),
z122-2me{0,1}™

where (y1,y2,...,yn) € {0,1}" denotes an assignment on the dangling edges and H(x122 -+ - Tpy1y2 -+ * Yn)
denotes the value of the signature grid on an assignment of all edges. We will also call this function
the signature of the F-gate I'. An F-gate can be used in a signature grid as if it is just a single node
with the particular signature. We note that even for a very simple signature set F, the signatures for
all F-gates can be quite complicated and expressive. Matchgate signatures are an example.

If we have F-gates I'y = (Hy,F1) and I'y = (Hs, F3), we can form a new F-gate I' = (H,F) by
merging some of their dangling edges to form regular edges. (See figure 3 for one example.) Suppose
|D1| = k + p, |D2| = k + q and the first k£ dangling edges of D; are merged with the first k& dangling
edges of D5y correspondingly. Then

C(yiy2.. . Ypzi22...2q) = Z Di(zize - xptnyz .. yp)la(zize . xpz122. .. 2g).
z122...2,€{0,1}F

We remark that a single node with a number of dangling edges can be viewed as the simplest F-gate;
also the whole signature grid Q2 = (H, F) can be viewed as an F-gate with zero dangling edges, and its
Holantg, is exactly its signature (here it is only a single value).

A signature is called symmetric, if each signature entry only depends on the Hamming weight of the
input. The signatures we defined above for matching or perfect matching or Boolean OR all have this
property. We use a more compact notation [fo, f1,. .., fn] to denote a symmetric signature on n inputs,
where f; is the value on inputs of Hamming weight i.

A counting problem is now generally defined to be the computation of Holantg for some singature
grids € from some family of graphs and signatures on its vertices.

We will mostly consider bipartite graphs H = (V1, Vo, E) here. For any general graph, we can make
it bipartite by adding an additional vertex on each edge. The signature for each new vertex is the
equality function (1,0,0,1) on 2 inputs, or in symmetric notation [1,0, 1].



We use #H : G|R to denote all the counting problems, expressed as holant problems on bipartite
graphs H = (V, V;, E'), where the graph H is from the graph family H, and each signature for a vertex
in V4 or V5 is from G or R, respectively. If H consists of all bipartite graphs, we will simply use #G|R
to denote the holant problem. An input instance of the holant problem is a signature grid and is
denoted as 2 = (H,G|R). Signatures in G are called generators, which are denoted by column vectors
(or contravariant tensors); signatures in R are called recognizers, which are denoted by row vectors (or
covariant tensors) [5].

Much of the power of Holographic Algorithms is derived from custom-made cancelations in tensor
spaces, as illustrated in Section 1. Let 7" = [n, p], where n and p are two linearly independent vectors
in the vector space F2" of dimension 2% over F. Such a basis is called a basis of size k. Then we can
define a holographic reduction as follows. Suppose #H : G|R and #H : G'|R’ are two holant problems
defined for the same family of graphs. Suppose there exists a basis T" and a polynomial time computable
mapping o, such that: for every generator G € G of arity g, o(G) is an F-gate with gk dangling edges
(not necessary a single node) whose signature G’ € G, for every recognizer R € R of arity r, o(R) is an
F-gate with rk dangling edges whose signature R’ € R/, and G/ = T®9G and R = R'T®". Then we say
that there is a holographic reduction from #H : G|R to #H : G'|R’. (Notice the reversal of directions
when the transformation 7" is applied. This is the meaning of contravariance and covariance.)

Theorem 2.1 (Holant Theorem). Suppose in a holographic reduction a signature grid Q is mapped to
a signature grid V', then
Holantg = Holantg .

The proof of this theorem is omitted here. It follows from general principles of contravariant and
covariant tensors and their contractions [5]. In particular, if there is a holographic reduction from
#H : G|R to #H : G'|R/, and there is a P-time algorithm for #H : G'|R’, then there is a P-time
algorithm for #H : G|R. Similarly, if the first holant problem is #P-hard, then so is the second.

In holographic algorithms proposed by Valiant [16], we reduce a given problem to the planar perfect
matching problem, which has the FKT algorithm. Using that, many interesting problems are proved to
be polynomial time solvable [16, 17, 2]. But in the framework of holographic reductions, we can reduce
a given problem to any other holant problem, which is polynomial time solvable. In the next section,
we will introduce another family of polynomial time solvable holant problems.

3 Fibonacci Gates

In this section, we introduce a new set of signatures called Fibonacci gates. Then we give a polynomial
time algorithm for holant problems on these signatures.

Let {fi}, be a sequence, satisfying fri1o = fry1 + fi for all £ = 0,1,...,n — 2. For any initial
values fo and f1, such a sequence will be called a Fibonacci sequence. For any arity n a Fibonacci
sequence defines a symmetric signature F' = [fo, f1,..., fn]. This defines a function on n Boolean
inputs F': {0,1}" — F such that F(0) = fy(s), for all o € {0,1}". We call such functions Fibonacci
gates or Fibonacci signatures. We use F to denote all the Fibonacci signatures.

Theorem 3.1. For any graph H, the holant problem #(H,F) can be computed in polynomial time.

Proof: We only need to consider connected graphs as inputs. If Hy, Hs,..., H; are all the connected
components of a graph H, obviously Holanty = Hézl Holanty,, so the holant problem is polynomial
time computable iff it is polynomial time computable on all signature grids with Fibonacci gates where
the underlying graph is connected.

Suppose H has n nodes and m edges. First we cut all the edges in the graph H. A node with degree
d can be viewed as an F-gate with d dangling edges. Now step by step we connect two dangling edges



into one regular edge in the original graph, until we recover H after m steps. Our plan is to prove
that all the intermediate F-gates still have Fibonacci signatures and at every step we can compute the
intermediate signature (we only need to compute the first two values of the signature) in polynomial
time. Finally we get H, an F-gate without any dangling edges, its signature (only one value) is the
holant we want to compute. To carry out this plan, we only need to prove that it is true for one single
step. There are two cases, depending on whether the two dangling edges to be connected are in the
same component or not. These two operations are illustrated in Fig. 4 and Fig. 5.

In the first case, the two dangling edges belong to two components before their merging (Fig. 4).
For notational simplicity, we will consider exactly the case in Fig. 4, where gate F' has 4 dangling edges
Y1,Y2,Y3, 2 and gate G has 3 dangling edges y4,ys, 2, and after merging the dangling edge z with 2/,
we have a new gate H with 5 dangling edges 41, y2,¥3,y4,¥y5. We already know that the signatures of
gates ' and G are both Fibonacci functions. We show that the resulting gate H also has a Fibonacci
signature.

Let’s prove H is symmetric. We only need to show that the value of H is not changed if the value
of two inputs are exchanged. Because F' and G are symmetric, if both inputs are from {y1,y2,y3} or
from {y4,y5}, the value of H is clearly not changed. Suppose one input is from {yi,y2,y3} and the
other is from {y4,ys5}. Again by symmetry of F' and G we may assume these two inputs are y; and
y4. Thus we will fix an arbitrary assignment for s, y3 and ys5, and we want to show H (0, y2,ys, 1,y5) =
H(17 Y2,93,0, y5)'

As ys,y3 and ys are fixed, we can suppress them and denote F, . = F(y1,y2,93,2), Gy,» =
G(ya,ys,2), and Hy,y, = H(y1,Y2,Y3,Y4,y5). Then by the definition of Holant, Hy, = F0Gpo + Fu1 G,
for a,b € {0, 1} In particular, Hypy = FooG1o + Fo1G11, and Hig = Fi10Goo + F11Go1.-

Because F' and G are Fibonacci functions, Fy1 = Fo1 + Fog and G11 = Gor + Gog. We have

Hy = FooGio + Fo1Gor + Fo1Goo, and  Hig = FioGoo + Fo1Gor + FooGor-

By symmetry of F' and G, Hyy = Hyp.

Now we show that H(y1,y2,ys3, ¥4, Yys5) is also a Fibonacci function. Since we have proved that H is
symmetric, we can choose any two inputs to prove it being Fibonacci. Again, we choose y; and y4. For
any fixed value of all the other inputs ys, y3, y5, we have Hog = FpoGoo+ Fo1Got, Hor = FooGro+ Fo1 G,
and Hy, = F19G19 + F11G11. Now using the fact that both F' and G are Fibonacci functions, it is easy
to show that Hyg + Ho1 = H1;.

The above proof can clearly be generalized to any number of dangling edges in F' and G.

If the first two terms of the signatures of F' and G are fy, f1 and gg, g1 respectively, then the first two
terms of the signature H can be easily computed as following: hg = fogo + fig1 and h1 = figo + fog1 =
f1g0 + (fo+ f1)g1-

Next we consider the second case, where the two dangling edges to be merged are in the same
component (Fig. 5). Obviously, the signature for the new gate H is also symmetric. If F' = [fo, f1,..., fn]
is the Fibonacci signature before the merging operation, then the signature after the merging operation
is H=[fo+fo, fi+f3,..., fn—o+ fn]. It follows that H is also Fibonacci and we have already computed
its signature. g

Now we can use Fibonacci signatures and this algorithm to solve new problems.

Definition 3.1. A generator G (resp. recognizer R) with arity n is realizable as a Fibonacci gate on
basis T iff there exists a Fibonacci signature F' such that F* = T®"G (resp. R = FT®").

4 Realizability

In this section, we characterize all holant problems which can be solved by holographic algorithms with
Fibonacci gates. Here we only consider bases of size 1, but the result is actually universal. In Section 6,



we will prove a bases collapse theorem, which shows that any holographic algorithm with Fibonacci
gates using bases of size k can be simulated on bases of size 1.

Let ¢ (the golden ratio) and ¢ be the two roots of X2 — X —1 = 0. Then for any Fibonacci sequence
{fi}I,, there exist two numbers A and B such that f; = A¢'+B¢', wherei = 0,1,...,n. It follows that
for any Fibonacci signature I, there exist two numbers A and B such that F = A(1,¢)®" + B(1, $)®"

Let T = [ZO Z 0} € GL; be a basis, then for any realizable recognizer signature R, we have
1 D1
R=(A(1,¢)*" + B(1,¢)*")T*" = A(ng + n1¢, po + p16)*" + B(ng + n16,po + p16)*"
So R is also symmetric, and writing in symmetric notation R = [xg, z1,...,2Z,], we have

z; = A(ng +119)" (o + p16)" + B(no +n10)" " (po + p19)". (1)

A matrix T' € GLgy defines a Mébius function 7 (z) = giz—m, then x; = A'({1(¢))" + B'({1(9))?, for
some constants A’ and B’.
When we replace T by (T~HT, all results for recognizers work for generators. In particular, if

G = [x0,21,...,2,]T is realizable as a Fibonacci gate on a basis T', then
zi = A(pr — pog)" " (=n1 4+ n08)" + B(p1 — pod)" " (—n1 + nog)’. (2)
Theorem 4.1. A symmetric signature [zg,21,...,x,] (for generator or recognizer) is realizable as a

Fibonacci gate on some basis of size 1 iff there exist three constants a,b and c, such that b*> — dac # 0,
and for all k, where 0 < k <n — 2,

ary + bxrpy1 + crpio = 0. (3)

Proof: Here we only prove it for recognizers; the case for generator is similar. B
“=": From (1), we choose a = (po +p19)(po +p1¢), b = —(no +n19)(po +p1¢) — (po +p19)(no +n19)

and c= (ng +n1¢)(ng + n1¢). Then b? — 4ac # 0 and we can verify that (3) is satisfied.

“<": If ¢ # 0, then {x;} is a second-order homogeneous linear recurrence sequence. Since b* — 4ac # 0,
{xl} has the form x; = A'a’ + B/ for some o # 3. By the theory of M&bius transformations, there
exists a T' € GLy such that £7(¢) = a and f7(¢) = 8. More explicitly, in (1), we can choose A = A’,
B=B,ny=1,n1=0,py = BZ f and p; = ¢:g. This implies that {z;} is realizable. The case a # 0
is smular If a = ¢ =0, then b # 0. In this case all the z; = 0 except 2y and x,,. Then in (1), choosing
A= = ¢)n, B = (¢ Sy o = ¢, n1 = —1, pg = ¢ and p; = —1, we can show that {x;} is realizable. g

Theorem 4.2. A set of symmetric generators Gy, Ga, ...,Gs and recognizers Ry, Ro, ..., Ry are simul-
taneously realizable as Fibonacci gates on a same basis of size 1 iff there exist three constants a,b and

¢, such that b> — 4ac # 0 and the following two conditions are satisfied: '
1. For any recognizer R; = [$§2),l‘g), . :ng)] and any k=0,1,...,n; — 2, aa:l(;) + b:r,(;}rl + cxl(ﬁ)_2 0.

2. For any generator G [yg ),yéj), . 7?]7(713] and any k=0,1,...,m; — 2, cy,gj) — by,(wz1 + ay,(wz2 =0.

Proof: “=": Let T = ZO Z 0} be a basis on which they are simultaneously realizable. Then all the
1 P

[ (@) @)

recognizers I; = 277,25, ... 737%) | have the form (1). For each R;, we can choose the same a,b and ¢

as in Theorem 4.1. Then for any £ =0,1,...,n; — 2, aml(;) + bxg_l + ca;,(;}rz =0.

For the generators, replace 7' by (T~1)T, we have the same result. If we define o/, ¥’ and ¢’ according
to (T~1)T, then we can verify that o' = —c/det?(T), v/ = b/ det?(T) and ¢ = —a/det?(T). This uses
properties of ¢ and ¢, where ¢ is the golden ratio. It follows that cy,(f ) by,(izl + ay,(f JZQ = 0.



“«<7: If ¢ # 0, then each recognizer sequence is a second-order homogeneous linear recurrence sequence.
Since b? — 4ac # 0, let «, 3 be the two distinct roots of ¢X? 4+ bX + a. Each {3:](;)} has the form

, o . Bo—ad
:E](;) = A;o* + B;3F. Then all the R; = [xgl),xgl), . ,xﬁfi)] are realizable on T = g ] as in the
p—¢
above proof. ' ‘
Since cy,(f ) _ by,(fll + ay,(izz = 0 and ¢ # 0, each reversed generator sequence is a second-order

homogeneous linear recurrence sequence. Then —a and —/3 are the two roots of ¢X? —bX + a. As a
result, we know that each generator {y,(f )} has the form y,(j ) = A;»(—oz)mj_k + B;(—ﬁ)mi_k . Then it is
easy to verify that they are also realizable on T as generators.
The case a # 0 is similar. Finally if a = ¢ = 0, then b # 0. In this case all the sequences have the
‘ol

form [#,0,0,...,0,%], and they are all realizable on T' = [_1 1

5 Some Problems

In a formal sense, we already have a complete characterization of the power and expressibility of holo-
graphic algorithms with Fibonacci gates. In this section, we show some concrete problems formulated
as holant problems which can be solved by our new holographic algorithms. All the problems, even
restricted to planar structure are not solvable by original holographic algorithms with matchgates.
Furthermore, some variations of the problem are # P-complete, which will be proved in Section 7.

5.1 A Coloring Problem

Given a 3-regular graph, A 2-coloring (Black/White) of the edges is called wvalid if at each vertex the
incident edges are not monochromatic. It is an even (resp. odd) coloring if it is a valid 2-coloring with
an even (resp. odd) number of Black edges.
Input: A 3-regular graph.
Output: The number of even colorings minus the number of odd colorings.
Solution: For every edge we use the signature [1,0,—1]T as a generator, and for every vertex we use
the signature [0,1,1,0] as a recognizer. By choosing a = ¢ = 1,b = —1 in Theorem 4.2, we know that
they are simultaneously realizable. So we have a holographic algorithm with Fibonacci gates for this
problem.

Here we have some comments for this problem:

1. The same signatures [1,0,—1] and [0, 1,1, 0] are not simultaneous realizable as matchgates.

2. Computing the number of all valid colorings is #P-hard.

3. If we only consider planar graphs, then the number of all valid colorings can be computed in
polynomial time by a holographic algorithm with matchgates. (Signatures [1,0,1] and [0,1,1,0] are
simultaneous realizable as matchgates.)

5.2 A Satisfiability Problem

We consider Rtw-CNF formulas, where “read twice” means that each variable appears in exact 2 clauses.
Here we allow that the assignments of the same variable may differ from each other in two clauses. When
one variable is assigned differently in two clauses, we call it a lying variable.

Input: A Rtw-CNF formula.

Output: The number of satisfying assignments with an even number of lying variables minus the
number of satisfying assignments with an odd number of lying variables.

Solution: For each variable, if it appears both positive or both negative in two clauses, we use the



signature [1, —1,1]T as a generator; if one is positive and one is negative, we use the signature [—1, 1, —1]"
as a generator. For every clause with k variables, we use the signature [0,1,1,...,1] (k 1’s) as a
recognizer. By choosing a = 0,b=1,¢c = —1 in Theorem 4.2, we know that they are all simultaneously
realizable. So we have a holographic algorithm with Fibonacci gates for this problem.

5.3 Parity Problems

Here we consider a family of holant problems I' = (G, P), where each function in P has the property
that its value only depends on the parity of its input. Thus we have signatures of the form [a, b, a,b, .. .].
We show that these problems can all be solved by holographic algorithms with Fibonacci gates.
Input: A signature grid I' = (G, P) with parity signatures.

Output: Holantr.

Solution: Applying the standard method to make the problem bipartite, for every edge we use the
signature [1,0,1]T as a generator. For every vertex, we keep its signature and is viewed as a recognizer.
By choosing a = 1,b = 0,¢ = —1 in Theorem 4.2, we know that they are all simultaneously realizable.
So we have a holographic algorithm with Fibonacci gates for this problem. We note that the choice of
Fibonacci gates are different from the previous problems as different parameters a,b and ¢ are used.

6 Bases Collapse

In this section, we prove a basis collapse theorem for holographic algorithms with Fibonacci gates.
These results parallel those obtained for matchgate signatures [3, 4]. But the proof techniques are quite
different. In the proof for matchgates, we construct size 1 bases and matchgates from the given high
dimensional bases and matchgates, then prove that they realize the same signatures. Here we make use
of Theorem 4.2, which characterizes all the signatures simultaneously realizable on a size 1 basis. We
prove the collapse theorem by showing that signatures realizable on high dimensional bases also satisfy
the conditions of Theorem 4.2. Here the properties of the golden ratio ¢ and its conjugate ¢ are crucial.

Theorem 6.1. Let T' = [n,p] be a basis of size k. A set of symmetric generators G1,Ga,...,Gs and
recognizers Ry, Ro, ..., Ry are simultaneously realizable as Fibonacci gates on T. Then they are also
simultaneously realizable on a basis of size 1.

Proof: For any recognizer R;, there exists some Fibonacci signature Fj such that R; = F;T%".
Ri = (Ai(1,0)%" + By(1, )%™ )T%"
= Ai(1,¢)°"FT®" + Bi(1, ¢)¥mETE"

where we denote (-,-) for inner product. Let ® = (1,¢)®*, & = (1,$)®* be row vectors, and R; =
ot e, afl)). Then @i = Ay(®,n)""(@, p)"" + B;(®,m)" (P, p)". Choose a = (P, p)(®,p) =
pr®T®p, b = —(<I>,p>(<1>, n> — <<I>,n><<1>, p) = —p'®T®én — nT®Tdp, and ¢ = (®,n)(®,n) = n"®Tdn, we
can verify that ax,(;) + bwg Tt cxll;)_2 = 0 are satisfied for all recognizers.

For the generators, we have F jT =T G;. If m; = 1, then Gj is of arity 1 and it is realizable on
any size 1 basis. Now we consider the case m; = 2. Then G is of arity 2 and we can assume that
G; =190, 91,91, 92)". Then we have

Fl=(T®T)Gj=gm®n+g(n®p+p®an)+gpap.
1192k 1182
Assume F} = A’ LJ + B LZ—J , we have for any z,y € {0, 1}*,
gonaNy + g1 (n:cpy + p:cny) + goDxpy = A;¢wt(w)+wt(y) + B;éwt(w)+wt(y)' (4)
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By the sufficiency condition of Theorem 4.2, we only need to prove cgg — bgy + ago = 0. Substituting
a,b and ¢ in the above equation, we have the following:

cgo — bg1 + aga

= Z |:90nmny¢wt(m)¢_5Wt(y) + 9 (pxny¢wt(m)¢_5Wt(y) + nmpy¢wt(m)¢_5Wt(y)) + g2pxpy¢Wt(x)¢§wt(y)]
z,ye{0,1}*
= Y D¢ (gonany + g1(napy + Pany) + gapzpy)
z,ye{0,1}*
_ Z @wt(m)(j_SWt(y) (A9¢wt(x)+wt(y) + B;éwt(w)—i—wt(yh
z,ye{0,1}+
_ A; Z ¢2wt(z)(_1)wt(y) + B; Z (_1)wt(x)q§2wt(y)
z,ye{0,1}* z,ye{0,1}*
_ A; Z ¢2wt(m) Z (_1)wt(y) + B; Z (_1)wt(m) Z ¢_52wt(y) =0,
ze{0,1}F ye{0,1}F ze{0,1}F ye{0,1}F

proving the theorem for m; = 2. Here we used the crucial relation dp = —1.
Now we can assume that m; > 3. Again we have FjT = T®MiG,. Since rank(T) = 2, we can find

some T = [g}, such that TT = 1. So G; = T®mﬂ'F]T.

~7 ®m; @mjk @m;k ~ =T Om; ~ & T ®my
. ~@m; T n / 1 / 1 o / n@ / n@
e I b R 2 e e e R

3 B ®@mg; Xm;
Denoting o = 2d?, § = p&’, v = 2d" and § = pP’, we have G; = A} [g} + B [H )

Here if A;» =0 or B; = 0, then G can be decomposed into an arity 1 tensor and is realizable on
any size 1 basis. So we can assume that A”B’ # 0.
Substituting this back to FjT = T®™iG;, we have

1 @m;k 1 ®@m;k
A M + B M = Aj(om + Bp)®™ + Bj(yn + 6p)°".
From Lemma 8.1, we know that am + #p = w1 ®T, m + dp = wy®T, where w; and w, are roots of
— B’ 2
unity ! = wf =1, or an + p = w|®T, 0+ dp = wHd", where (w))" = 5 and (wh)" = H -
J J
In the following proof we will assume the first case, the second case is similar. Since G; =

[ygj), yéj), . ,y,(ﬂg.], we have y,(Lj) = A;amf’_hﬁh—i-B}’ymj_héh. Now we verify that cygj) - by}i)_l +aygj4)_2 =

0. cygj) _ byﬁﬂl 4 ayf(ﬁz _ an)thnygj) 4 (pT(I)T(i)n 4 an)T@p)ngll 4 pT(I)T(i)py}L];i)_T
We substitute yf(Lj ). Here we only do the calculation on the A;- part here. The B; part is similar.
The coefficient of A
— n'®Tdna™ihgh 4 (p'®®n + nT@T(i)p)amj—h—lﬂh-i-l 4 pTOTBpa h2 g2
= nTTdna™i "B 4 nTOTDpa P | pTTEna™i Tl gl 4 pTeTpa i h2ght?
_ Ozmj_h_lﬁhan)T(T)(Ozn + ﬁp) + amj—h—2ﬁh+lpT(I)T§>(an + ﬁp)
_ amj_h_lﬁhwlan)T(I)(I)T + Oémj_h_2ﬁh+lwlpT(I)T<I>q)T —0.
The last equation uses the fact that ®®” = 0. So by Theorem 4.2, we know that all the symmetric

generators G, G, ..., G and recognizers Ry, Rs, ..., R; are simultaneously realizable as Fibonacci gates
on a basis of size 1. This completes the proof. g



7 Hardness of Some Problems

In this section, we prove that counting all valid colorings in the coloring problem introduced in Section 5
is #P-complete. In the holant language, we prove the following theorem.

Theorem 7.1. The holant problem #(3-regular-graphs,{[0,1,1,0]}) is # P-complete.

Note that each edge in a 3-regular graph is assigned a truth value, which corresponds to a Black/White
edge coloring, and at every vertex it is subjected to the Not-All-Equal gate [0,1,1,0].

Our starting point is #NAE-3SAT. It is #P-complete by the dichotomy theorem [7] on Constrained
Satisfiability Counting Problems, which says that #CSP(I') is polynomial time computable, if all
Boolean relations in I' are affine, otherwise it is #P-complete.

Our first step is to represent this problem #NAE-3SAT as a holant problem over the signature set
{[0,1,1,0],[1,0,0,1]}. Given an instance of #NAE-3SAT we represent it by a graph with variable nodes
and NAE-clause nodes as follows: For each NAE-clause node, we use the NAE signature [0, 1, 1,0]. For
a variable node, if it occurs just once, we use the gadget in Fig. 6 to realize the equality gate [1,1]. If
a variable occurs twice, we can represent it by an edge, and append it with the gadget in Fig. 8 if it
is once positive and once negative. If a variable occurs in d > 3 clauses as literals, we use the gadget
in Fig. 7, and each negated literal occurrence is further appended the gadget in Fig. 8. Note that the
Holant of this matchgrid evaluates to exactly the answer #NAE-3SAT. It follows that

Lemma 7.1. The holant problem #(3-regular-graph, {[0,1,1,0],[1,0,0,1]}) is #P-complete.

The next step in the proof uses a technique called interpolations. Given a matchgrid €2 for the above
holant problem, we will construct a sequence of matchgrids §2; for the holant problem #(3-regular-graph,
{[0,1,1,0]}). And we show that from a polynomial number of queries to Holtantq,, where ¢ = 0,1, ...,
we can compute Holtantq in polynomial time. This will prove Theorem 7.1.

Let n be the number of nodes in © with the signature [1,0,0,1]. Let x; be the number of truth
assignments to all edges of €2 where there are exactly j nodes among those n nodes which receive an
assignment (0,0,0) or (1,1,1) on its three incident edges, and on all other nodes in € (which have a
signature [0, 1, 1,0]) the truth assignment satisfies the local ternary NAE condition. Clearly the answer
we seek is Holtantg = x,,.

Consider the sequence of {[0,1,1,0]}-gate N; in Fig. 9. The sequence N; is recursively constructed.
Ny is simply a single node with the signature [0, 1,1, 0] and 3 dangling edges. For i > 1, we construct N;
by inscribing a copy of N;_; inside of a triangle as shown in Fig. 9. Every node in the {[0, 1, 1, 0]}-gate
N; is assigned the signature [0, 1,1,0] as we must. Obviously N; has a symmetric signature as can be
seen recursively by a geometric rotation or reflection directly on the picture. If we denote the signature
of N; by [a;,b;,c;,d;], there is in fact a further symmetry. We claim that a; = d; and b; = ¢;, which we
prove recursively. Clearly Ny has this property. Assume this holds for N;_1. For Nj;, if we flip all 0 and
1 bits, we get a 1-1 map on all satisfiable truth assignments counted in a; or d; and all satisfiable truth
assignments counted in b; or ¢;. Thus the signature of N; is [a;, b;, b;, a;].

Now we construct our sequence of matchgrids €);: For each of those n nodes in €2 with a signature
[0,1,1,0], we replace it by a copy of N;. It is easy to see that Holtantg, = > 7_, z;jalb; 7. Thus from
the values Holtantg, for « = 0,1,...,n, we get a linear system in zg, x1,...,z,. Provided the coefficient
matrix is non-singular, we can compute all these z;, and Holtantg = x,, is what we want.

To show that it is non-singular, we derive a recurrence relation for (a;, b;). To compute a;1, fix all
three inputs x;41, ¥;+1, 2i+1 of the gate N;11 to 1, and then fix one of the eight possible assignments to
i, Yi, %, the inputs of N;, then multiply the number of satisfiable truth assignments for the remaining
six edges in N;;1 with the value of N; on this input (it is either a; or b;), then sum over all eight
assignments, we get a;+1 = 20a; + 60b;. (This takes some careful accounting.) And similarly we have
bi+1 = 20a; + 75b;. By this relation and Lemma 8.2 by Vadhan [14], we know that the coefficient matrix
of the above linear system is non-singular (Vandemonde). This finishes the hardness proof.
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8 Appendix

Lemma 8.1. Let a, b, c,d be four vectors and c,d are linear independent with each other. If for some
n > 3 we have a®" +b&" = c®" 4 d®". Then a = wic and b = wad or a = wid and b = woc for some
wi =wy = 1.

Proof: First we prove that a,b € span{c,d}. Since c,d are linear independent with each other, so
if the vector space is of dimension 2, this is obliviously true. Now we assume that the dimension is
larger than 2. Now we assume for contradiction that bc,d are linear independent. Then we can design
a linear transform S to map b to ez as well as ¢ to e; and d to es. also a maps to > c¢;e;. We apply
the operator S®"to the equation in the assumption and we get

( E ciei)®” + 63®n = el®” + ez®”.

®n ®n—1

, we know that cg # 0. Comparing the coefficient of eg e1, we
@ we have 0 = 1, a

Comparing the coefficient of eg
have cg_lcl = 0, which implies ¢; = 0, Then comparing the coefficient of e
contradiction.

So now we may assume a and b are both linearly dependent on ¢ and d. In terms of S, we may
assume

Sa = aije; + asesg,
Sb = bjeq + boes.

And we have
(a1e1 + agen)®" + (breg + boea)®" = 1% + ex®".
So we have
al +b} =1,
ay + b5 =1,
akadi P 4ok F =0, k=1,2,--- ,n—1

If a; = 0 then we know b1by = 0 from the third equation. But for the first equation, we know b1,
so by # 0. So we have by = 0 and then aj = 1. As a result we have Sa = azes = a25d and
Sb = bie; = asSc. So a = asd and b = byc. This is one of the desired cases for the lemma. Similarly
we can show that as = 0 will imply the other desired case for the lemma.

The remaining cases is ajas # 0. We prove that this is impossible. Assume for contradiction that
ajas # 0, then b1by # 0 from the third equation. Since n > 3, we can choose k = 1,2 in the third
equation. Combining the two equations, we will have aj/as = b1 /be and then a} = —b}, but this is a
contradiction with the first equation. This contradiction completes the proof. g

Lemma 8.2 (Vadhan). Let A, B,C,D,xzo and yo be rational numbers. Define the sequences (x;,y;)
recursively by x;11 = Ax; + By; and y;+1 = Cx; + Dy;. Then the sequence {z; = x;/y;} never repeats
as long as all of the following conditions hold:

AD — BC

D? —2AD + A% + 4BC
D+ A

D? 4+ AD + A? + BC

D? + A% +2BC

D? — AD + A% + 3BC
Byg — Cg — (A — D)zoyo

RN N N N N N | N
coocococoo
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Figures

Figure 1: A matchgate with signature %(O, 1,1,0,1,0,0,1).

a N

L%

Figure 2: An example of an F-gate with five dangling edges.
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N /

Figure 6: The signature for every node in this {[0, 1,1, 0], [1,0,0, 1]}-gate is [1,0,0, 1]. And the signature

of the gate is [1,1].
/ \ | see | / \

Figure 7: This gate realizes the equality signature [1,0,0,...,0,1] of more than 3 variables. The
signature for every node in this is [1,0,0, 1]. There are d — 2 nodes in the gate if we want to realize the
equality signature for d variables.
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[1001] i : [ 0110]

o /

Figure 8: An {[0,1,1,0],[1,0,0, 1]}-gate with signature [0, 1, 0].




N, N, N.

Figure 9: The recursive construction of the {[0,1,1,0]}-gates N;. The signature for every node in these
gates is [0,1,1,0].
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