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Abstract We present a local convergence analysis of the method of multipliers for
equality-constrained variational problems (in the special case of optimization, also
called the augmented Lagrangian method) under the sole assumption that the dual
starting point is close to a noncritical Lagrange multiplier (which is weaker than
second-order sufficiency). Local Q-superlinear convergence is established under the
appropriate control of the penalty parameter values. For optimization problems, we
demonstrate in addition local Q-linear convergence for sufficiently large fixed penalty
parameters. Both exact and inexact versions of the method are considered. Contribu-
tions with respect to previous state-of-the-art analyses for equality-constrained prob-
lems consistin the extension to the variational setting, in using the weaker noncriticality
assumption instead of the usual second-order sufficient optimality condition (SOSC),
and in relaxing the smoothness requirements on the problem data. In the context of
optimization problems, this gives the first local convergence results for the augmented
Lagrangian method under the assumptions that do not include any constraint qual-
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112 A. F. Izmailov et al.

ifications and are weaker than the SOSC. We also show that the analysis under the
noncriticality assumption cannot be extended to the case with inequality constraints,
unless the strict complementarity condition is added (this, however, still gives a new
result).

Keywords Variational problem - Karush—Kuhn-Tucker system - Augmented
Lagrangian - Method of multipliers - Noncritical Lagrange multiplier - Superlinear
convergence - Generalized Jacobian

1 Introduction

In this paper we are concerned with local convergence and rate of convergence prop-
erties of the augmented Lagrangian (multiplier) methods for optimization, and their
extensions to the more general variational context. Augmented Lagrangian methods
for optimization date back to [13] and [30]; some other key references are [2,5,7,8].
Methods of this class are the basis for some successful software such as LANCELOT
[28] and ALGENCAN [1] (the latter still under continuous development). Their global
and local convergence properties remain a subject of active research; some significant
theoretical advances rely on novel techniques and are therefore rather recent; see [2—
4,11,15,25], discussions therein, and some comments in the sequel.
Given the mappings F: R” — RR” and i: R"” — R/, consider the variational
problem
xeD, (F(x),§ =0 V§eTp), ey

where
D ={x eR" | h(x) =0},

and Tp (x) is the contingent (tangent in the sense of Bouligand) cone to the feasible set
D atx € D (see,e.g., [9,37]). Throughout the paper we assume that  is differentiable
and that F and k' are Lipschitz-continuous near the point of eventual interest. In
particular, we avoid the differentiability of F and the twice differentiability of 4. We
point out that this gives a setting which is rather natural for the multiplier methods,
since the iterative subproblems of those methods do not involve these derivatives of
the problem data (nor any substitutes or approximations of these derivatives). Another
consideration is that problems satisfying our relaxed smoothness hypotheses emerge in
many applications, for example: stochastic programming and optimal control (the so-
called extended linear-quadratic problems [32-34]), semi-infinite programming and
primal decomposition procedures (see [27,31] and references therein), smooth and
lifted reformulations of complementarity constraints [18,19,38], etc.
Associated to (1) is solving the primal-dual system

Fx)+ (W)™ =0, h(x) =0, )

in the variables (x, 1) € R” x IR!. In the context of multiplier methods we naturally
assume this system to have solutions, which is guaranteed under appropriate constraint
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qualifications (CQs) [37], but may also be the case regardless of any CQs. No CQs
will be assumed in our developments. Any A € IR’ satisfying (2) for some x = ¥ will
be referred to as a Lagrange multiplier associated with the primal solution x; the set
of all such multipliers will be denoted by M (x).

The problem setting (1) covers, in particular, the necessary optimality conditions
for equality-constrained optimization problems

minimize f(x) 3)
subject to h(x) = 0,

where f: R" — IR is a given function. Specifically, every local solution x € R”
of the problem (3), such that f is smooth near x, necessarily satisfies (1) with the
mapping F defined by

F(x) = f'(x) “)

for all x € RR” close enough to x. We start our discussion with this optimization
setting.
Define the Lagrangian L: R" x R/ — R of problem (3) by

L(x, ) = f(x) + (&, h(x)),

and the augmented Lagrangian L, : R” x R! — IR by
1 2
Lo(x, 1) = L(x, A) + — [,
20

where o > 0 is the (inverse of) penalty parameter. Note that in this setting the first
equation in (2) becomes

oL
—x, ) =0,
ax

and (2) is then the standard Lagrange optimality system for the optimization problem
(3).

Given the current estimate A* € IR’ of Lagrange multipliers and o > 0, an iteration
of the augmented Lagrangian method applied to (3) consists of computing the primal
iterate x**1 by solving

minimize L4, (x, kk)
subject to x € R",

perhaps to approximate stationarity only, in the sense that

oL
H 2B < o, )
0x
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for some error tolerance t;y > 0, and then updating the multipliers by the explicit
formula

AL gk ih(xk-i-l)‘
Ok

In the optimization setting, the sharpest known results on local convergence of the
augmented Lagrangian method are those in [11] (for problems with twice differen-
tiable data) and in [15] (for problems with Lipschitzian first derivatives). Both these
works establish Q-(super)linear convergence (for general equality and inequality con-
straints) under the sole assumption that the multiplier estimate is close to a multiplier
satisfying an appropriate form of second-order sufficient optimality condition (SOSC).
We point out that the earlier convergence rate statements all assumed, in addition, the
linear independence CQ (and in the presence of inequality constraints, usually also
strict complementarity). Various versions of such statements can be found, e.g., in [5,
Prop. 3.2 and 2.7], [29, Thm. 17.6], [35, Thm. 6.16]. It is interesting to mention that in
the case of twice differentiable data, the so-called stabilized sequential quadratic pro-
gramming (sSQP) method, and its counterpart for variational problems, also require
second-order sufficiency only [10], with no CQs, just like the augmented Lagrangian
method. Moreover, for the special case of equality-constrained optimization, local
convergence of sSQP is established under the assumption that the Lagrange multi-
plier in question is noncritical [23], which is weaker than second-order sufficiency.
(We shall recall definitions of all the relevant notions in Sect. 2 below.) In this paper
we show that for the exact and inexact versions of the multiplier method applied to
problems with equality constraints, second-order sufficiency can also be relaxed to
the noncriticality assumption. In addition, we perform the analysis of the method of
multipliers in the more general variational setting, and relax smoothness assumptions
on the problem data.

We next state our framework of the method of multipliers for the variational setting
of the problem (1). Define the mapping G : R” x R’ — R",

G(x, 1) = F(x) + (W (x)"2, (6)

and consider the following iterative scheme, which we shall refer to as the method of
multipliers for solving the variational problem (1). If the current primal-dual iterate
(x*, A%) € R" xIR! satisfies (2), stop. Otherwise, choose the inverse penalty parameter
or > 0 and the error tolerance parameter 7; > 0, and compute the next primal-dual
iterate (x**1, A¥+1) € R" x IR! as any pair satisfying

1

”G(xk“, 26y + - (' YT | < 1, 7

1
)\’k+1 — )\’k 4 —I’Z(Xk+1). (8)
Ok

Clearly, in the optimization setting, (7) corresponds to the usual approximate sta-
tionarity condition (5) for the augmented Lagrangian L, (-, 1%). More generally, the
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iterative scheme given by (7), (8) also makes sense: the constrained variational prob-
lem (1) is replaced by solving (approximately) a sequence of unconstrained equations,
still in the primal space. A similar variational framework for multiplier methods was
used in [3], but in the context of global convergence analysis.

The rest of the paper is organized as follows. In Sect. 2 we briefly review the abstract
iterative framework developed in [12], which is the basis for our convergence analysis.
This section also recalls some notions of generalized differentiation and the definition
of noncritical Lagrange multipliers. In Sect. 3, we establish local Q-superlinear con-
vergence of the method of multipliers for equality-constrained variational problems
under the sole assumption that the dual starting point is close to a Lagrange multiplier
which is noncritical, and provided that the inverse penalty parameter is appropriately
managed. For equality-constrained optimization problems, we also prove local Q-
linear convergence for sufficiently large fixed penalty parameters. As discussed above,
these are the first convergence and rate of convergence results for methods of the type
in consideration which employ an assumption weaker than second-order sufficiency
and do not require any CQs. The analysis under the noncriticality assumption cannot
be extended to the case when inequality constraints are present, as demonstrated in
Sect. 4. However, the assertions hold if the strict complementarity condition is added
to noncriticality. This still gives a new result: compared to [11,15] noncriticality is
used instead of second-order sufficiency (though at the price of adding strict com-
plementarity), while compared to the already cited classical results in [5,29,35] the
linear independence CQ is dispensed with and second-order sufficiency is relaxed to
noncriticality (strict complementarity is needed in both approaches). Finally, in Sect. 5
we compare the obtained results with the related local convergence theory of sSQP,
and summarize some remaining open questions. The Appendix contains lemmas con-
cerning nonsingularity of matrices of certain structure, some of independent interest,
that are used in our analysis.

Our notation is mostly standard, and would be introduced where needed. Here, we
mention that throughout the paper || - || is the Euclidean norm, and B(u, §) is the closed
ball of radius § > O centered at u € R”. The distance from a point # € IR to a set
U C R is defined by

dist(u, U) = inf |ju — v].
velU

From now on, when talking about (super)linear convergence, we mean the Q-rate
(without saying so explicitly).

2 Preliminaries

In this section, we outline the general iterative framework that would be used to
derive local convergence of the method of multipliers. We also recall some notions
of generalized differentiation, the definition of noncritical Lagrange multipliers, and
their relations with second-order sufficiency conditions.
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2.1 Noncritical Lagrange multipliers
According to [26, (6.6)], for a mapping ¥ : R? +— R” which is locally Lipschitz-

continuous at u € IR?, the contingent derivative of ¥ at u is the multifunction C¥ ()
from IR? to the subsets of R”, given by

CYw)(w)={weR" | I{n}C Ry, {} - 0+
{(Y(u+1v) =¥ W)/} — wh
In particular, if ¥ is directionally differentiable at u in the direction v then C¥ (u)(v)

is single-valued and coincides with the directional derivative of ¥ at u in the direction
v. The B-differential of ¥ : R” — R" at u € IR” is the set

Y (u) = {J € R™*P | 3{u*} C Sp such that {u*} — u, (&' W)} — J},

where Sy is the set of points at which ¥ is differentiable. Then the Clarke generalized
Jacobian (see [6]) of ¥ at u is given by

0¥ (u) = convag¥ (u),

where conv V stands for the convex hull of the set V. Observe that according to [26,
(6.5), (6.6), (6.16)],

Ywe C¥u)(v) 3J € 0¥ (u) suchthat w = Jv. )

Furthermore, for a mapping ¥ : R” x IR? > IR”, the partial contingent derivative
(partial Clarke generalized Jacobian) of ¥ at (u, v) € IR” x R? with respect to u is
the contingent derivative ( Clarke generalized Jacobian) of the mapping ¥ (-, v) at u,
which we denote by C, ¥ (u, v) ( by 9,¥ (u, v)).

Let (X, 1) € IR” xIR! be a solution of the system (2). As defined in [16], a multiplier
A € M(X) is called noncritical if

C,G(E, NE)NImK GENT =0 VE ekerh' (%) \ {0} (10)

We shall call A a strongly noncritical multiplier if
VJ € d,G(x, 1) itholdsthat J& ¢ im(h'(¥))T V& ekerh'(x)\ {0}. (11)
From (9) it is evident that the property (11) is no weaker than noncriticality (10), and in
factitis strictly stronger; see [16, Remark 3]. If the mappings F and 4’ are differentiable

near x, with their derivatives continuous at x, then the above two properties become
the same, and can be stated as

z;—f(f, WE ¢ im( (0)" VE € ker /(%) \ {0},
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Local convergence of the method of multipliers under noncriticality 117

which corresponds to the definition of a noncritical multiplier in [14,21]. We refer
the reader to [16,20-23] for the role this notion plays in convergence properties of
algorithms, stability, error bounds, and other issues.

Here, we emphasize that as can be easily seen, essentially observing that
im(7'(¥)T = (ker h' (X)L, the strong noncriticality property (11) (and hence non-
criticality (10)) is implied by the second-order condition

VJ e d,G(, ) itholdsthat (J&, &) >0 V& ekerh(¥)\ {0}, (12)

but not vice versa. In the optimization setting, i.e., when (4) holds, the condition (12) is
the SOSC introduced in [27]. Moreover, for sufficiently smooth problem data, (12) is
just the usual SOSC for equality-constrained optimization. It should be stressed again,
however, that SOSC is much stronger than noncriticality. For example, in the case
when f and & are twice differentiable near x, with their second derivatives continuous
at x, noncritical multipliers, if they exist, form a relatively open and dense subset of the
multiplier set M (x), which is of course not the case for multipliers satisfying SOSC.

2.2 Fischer’s iterative framework
We next recall the abstract iterative framework from [12] (see also [24, Chapter 7])
for superlinear convergence in case of non-isolated solutions. This framework was
designed for generalized equations; here we present the restriction of this theory to the
usual equations, which is sufficient for our purposes. At the same time, we also make
a modification to include the linear rate of convergence in addition to superlinear.
To this end, defining the mapping @ : R” x R! — R” x R/,

P (u) = (G(x, A), h(x)), (13)

where u = (x, 1), the system (2) can be written in the form

®(u) = 0. (14)

Note also that by (6) and (7), (8), it follows that in the exact case of 7y = 0, the iterate
uktl = (xk+1, Ak+1) of the method of multipliers satisfies the system of equations

B, (1F, u) =0, (15)
where @, : R! x (R" x R!) — R” x R/ is the family of mappings defined by
Py (b, 1) = (G(x, 1), h(x) =0 (= 1)), (16)

with o > 0. Observe that @, (5», -) can be regarded as a perturbation of @ defined
in (13). Therefore, the iteration subproblem (15) of the method of multipliers is a
perturbation of the original system (14) to be solved.
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118 A. F. Izmailov et al.

Consider the class of methods for (14) that, given the current iterate uk e R,
generate the next iterate u**! € IR¥ as a solution of the subproblem of the form

AWk, u) >0, (17)

where for any # € R”, the multifinction A(#, -) from IRY to the subsets of R” is some
kind of approximation of @ around u. For each &z € R define the set

U@w)={uecR"| A, u) > 0}, (18)

so that U (u¥) is the solution set of the iteration subproblem (17). Of course, without
additional (extremely strong) assumptions this set in principle may contain points arbi-
trarily far from relevant solutions of the original problem (14), even for u* arbitrarily
close to those solutions. As usual in local convergence studies, such far away solutions
of subproblems must be discarded from the analysis. In other words, it must be speci-
fied which of the solutions of (17) are allowed to be the next iterate. Specifically, one
has to restrict the distance from the current iterate u* to the next one, i.e., to an element
of U (u*) that can be declared to be u**! (the so-called localization condition). To this
end, define

Uiy ={u e UG) | |lu—i| < cdist(@, U)}, (19)

where ¢ > 0 is arbitrary but fixed, and U is the solution set of the Eq. (14). Consider
the iterative scheme
Kl evuwh), k=01, .... (20)

The following statement is essentially [ 12, Theorem 1], modified to include the case of
linear convergence in addition to superlinear. A proof can be obtained by a relatively
straightforward modification of that of [12, Theorem 1].

Theorem 1 Let a mapping @ : R” +— RRY be continuous in a neighborhood of u €
RY. Let U be the solution set of the Eq. (14), and let ii € U. Let A be a set-valued
mapping from RY x R" to the subsets of R". Assume that the following properties
hold with some fixed ¢ > 0

(i) (Upper Lipschitzian behavior of solutions under canonical perturbations) There
exists £ > 0 such that for r € R", any solution u(r) € R" of the perturbed
equation

D) =r,
close enough to u, satisfies the estimate

dist(u(r), U) < £]|r].

(ii) (Precision of approximation of @ in subproblems) There exists € > 0 and a
Sfunction w: R” x R” — R such that for

q = Lsup{w(i, u) | i € B(i, &), |lu— il < cdist(i, U)}
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Local convergence of the method of multipliers under noncriticality 119

it holds that

1= 1+¢’

and the estimate
sup{wl | w € @) — A, u)} < w(i, u)dist(i, U)

holds for all (ii, u) € R" x RY satisfying it € B(ii, &) and ||u — it|| < cdist(ii, U).
(iii) (Solvability of subproblems with localization condition) For any u € R close
enough to u the set U¢ (i) defined by (18), (19) is nonempty.

Then for any starting point u® € R" close enough to i there exists a sequence
(uk} ¢ R satisfying (20); every such sequence converges to some u* € U, and for
all k the following estimates are valid:

Y] k’ k+1 _
bt g < S D) Gk, Gy < 4
l—gq l—gq
dist" ", U) < to@®, u** Y distu®, U) < q dist(®, U).

dist(u*, U),

In particular, the rates of convergence of{uk} to u* and of{dist(uk, U))} to zero are
linear. Moreover, they are superlinear provided that w (u*, u*t')y — 0ask — oo. In
addition, for any € > 0 it holds that |u* — ii|| < & provided u® is close enough to ii.

To use the above theorem for the analysis of the multiplier method, we setv = n+1
and define @ by (6), (13). Furthermore, suppose that the inverse penalty parameter oy
and the tolerance parameter tx in (7), (8) are chosen depending on the current iterate
only:

or = o (xk, b, =1k A, (21)

with some functions o : R” x R/ > Ry and 7: IR” xR/ — R . Then the multiplier
method can be viewed as a particular case of the iterative scheme (20) with A given
by

A(it, u) = (G(x, 1) + B(0, T(X, 1)), h(x) — o (%, L)L — 1)), (22)

where i = (%, X).

Let (¥, ») € R” x IR be a solution of the system (2). It follows from [16, Corol-
lary 1] that assumption (i) of Theorem 1 with iz = (¥, 1) is implied by noncriticality
of the multiplier 1, i.e., by the property defined in (10). Hence, the same implication
holds also under the strong noncriticality property defined in (11). Moreover [16],
noncriticality is equivalent to the error bound

dist((x, 1), {x} x M(x)) = O(p(x, 1)) (23)
as (x, 1) = (X, 1), where the residual function p: R" x R! — R of the system (2)

is given by
p(x, A) = [(G(x, 1), h(x))]|. (24)

@ Springer
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In particular, in this case the solution set U of (14) locally (near ) coincides with
{x} x M(x).

Concerning assumption (ii), suppose that the function 7 (-) satisfies
T(x, A) = o(dist((x, ), {x} x M(x))) (25)

as (x, A) — (¥, A). In this case, for any function o (-) such that o (x, A) is sufficiently
small when (x, 1) is close to (¥, A), and for A defined in (22), assumption (ii) of
Theorem 1 holds, at least when U locally coincides with {x} x M (x). As discussed
above, the latter is automatic when A is a noncritical multiplier. Note that constructive
and practically relevant choices of a function 7 (-) with the needed properties can be
based on the residual p. Specifically, if

T(x, A) = o(p(x, 1))

as (x, A) — (¥, 1), then (25) holds.

As usual (see [10,23], where this framework of analysis is used in the context of
sSQP), the main difficulties are concerned with verification of assumption (iii). This
will be the central issue in Section 3, where in particular we have to consider more
specific rules for choosing the penalty parameters oy.

3 Main results

In this section we prove local convergence of the method of multipliers under the
assumption of the dual starting point being close to a noncritical multiplier. For the gen-
eral case of variational problems, we establish superlinear convergence if the inverse
penalty parameter oy is controlled in a special way suggested below. Restricting our
attention to the case of equality-constrained optimization, we prove in addition local
convergence at a linear rate assuming that the inverse penalty parameter is fixed at a
sufficiently small value.

Our developments use results concerning nonsingularity of matrices of certain struc-
ture, that are collected in the Appendix.

Lemma 1 Let F: R" — RR” be locally Lipschitz-continuous at x € R", and let
h: R" — R! be differentiable in some neighbourhood of X with its derivative being
locally Lipschitz-continuous at x. Let . € M(X) be a strongly noncritical multiplier.

Then for every M > 0 there exists y > 0 such that for every sufficiently small
o > 0, every A € R! close enough to A, and every x € R" satisfying |x — x| < o M,
it holds that

VJ € dGx, D) H(JJré(h/(X))Th’(X))E > yllE] VE e R,

where the mapping G : R" x R! — R”" is defined according to (6).
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Local convergence of the method of multipliers under noncriticality 121

Proof Assume the contrary, i.e., that for some M > 0 there exist sequences {ox} C IR
of positive reals, {(x¥, A¥)} ¢ R” x R/, {J;} of n x n-matrices, and {£¥} C R" such
that ||x* — %|| < oxM and J; € 3,G(x¥, A¥) for all k, {ox} — 0, {A¥} — X, and

(h+£§w@ruWuh—M@quﬁOsﬂ=h#
)T (g
Ok
= o(I€" I

ask — o0. Since F and /' are locally Lipschitz-continuous at X, the mapping G (-, A¥)
is locally Lipschitz-continuous at x* for all sufficiently large k, and moreover, due to
the boundedness of {A*}, the corresponding Lipschitz constant can be chosen the same
for all such k. Since the norms of all matrices in the generalized Jacobian are bounded
by the Lipschitz constant of the mapping in question, it then follows that the sequence
{Jx} is bounded, and therefore, we can assume that it converges to some n x n-matrix J.
Then by means of [17, Lemma 2], and by the upper-semicontinuity of the generalized
Jacobian, we conclude that J € 3, G (X, X). (For the properties of Clarke’s generalized
Jacobian see [6]).
Furthermore, due to local Lipschitz-continuity of 4’ at X,

17 (5 — 0 (@®)) = o(Ix* — %) = O(ow),

implying, in particular, that the sequence {(h'(x*) — h’(X))/oy} is bounded.
A contradiction now follows from Lemma 3 (in the Appendix) applied with H =
J,B=n(x),H=J, B=hx", 2 =0x" —h&)),andr = 1/0y. o

Lemma 1 says, in particular, that if A € R’ is close enough to X, then for any
sufficiently small o > 0 there exists a neighbourhood of x such that

VJ € 0,G(x, A) itholds that det (J + é(h’(x))Th/(x)) #0 (26)

for all x in this neighborhood. The following simple example demonstrates that, gen-
erally, this neighbourhood indeed depends on o.

Example 1 Letn =1=1,h(x) = x2/2, and let F: R — IR be an arbitrary function
differentiable in some neighbourhood of x = 0, with its derivative being continuous at
this point, and such that F(0) = 0. Then M(0) = IR, and any A € M(0) \ {—F’(0)}
is (strongly) noncritical.

Fix any A < —F’(0) and an arbitrary sequence {x} C IR convergent to 0, and set
o = —(xk)z/(F’(xk) + 1) > Oforall k large enough. Clearly, o — 0. However,
(26) does not hold with A = A, o = oy, and x = x* for all k. Therefore, the radius of
the neighbourhood in which (26) is valid cannot be chosen the same for all sufficiently
small o > O evenif A = A.
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122 A. F. Izmailov et al.

Fig. 1 Nonsingularity areas

1/o

In contrast, as can be easily shown by contradiction, if A satisfies the SOSC (12),
then (26) holds for all sufficiently small o > 0 and for all (x, A) € R" x R/ close
enough to (X, A). The situation is illustrated by Fig. 1. The black dots correspond to a
sequence of points from Example 1. Vertically hatched are the areas of nonsingularity
(i.e. where (26) holds provided that X is close enough to 1) given by Lemma 1 applied
with three different values of M : M; < M, < Ms3. Finally, the slope hatching
demonstrates the rectangular nonsingularity area that would exist if A were to satisfy
the SOSC (12).

3.1 Superlinear convergence

We first consider the case of the penalty parameter controlled as in (21), where the
function o (-) = oy (+) is of the form

op(x, A) = (p(x, )7, 27)

with p(-) being the problem residual defined in (24), and 6 € (0, 1] being fixed.

Remark 1 For any o > 0, any A€ R/, and any u = (x, A) € R" x R such that
F and k' are locally Lipschitz-continuous at x, for the mapping @, defined in (16) it
holds that

/ T
@y (i, 1) = ( (h,{x) (h_(z)l) )‘ 7 €3,G(x, x)],

where [ is the [ x [/ identity matrix. Indeed, from [17, Lemma 2] it follows that the
left-hand side is contained in the right-hand side. The converse inclusion is by the fact
that a mapping of two variables, which is differentiable with respect to one variable
and affine with respect to the other, is necessarily differentiable with respect to the
aggregated variable (cf. [17, Remark 1]).

Making use of Lemma 1, we obtain the following

Corollary 1 Under the assumptions of Lemma 1, for any ¢ > 0 and any 6 € (0, 1],

for the function oy (-) defined in (27) it holds that all matrices in 9, 9500 G5 (A, u) are
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Local convergence of the method of multipliers under noncriticality 123

nonsingular if (x, %) € R" x R is close enoughto (x, 1), X # X or x & M(x), and
ifu=(x, A) € R" x R/ satisfies

[(x — %, & — W) < e(dist((X, 1), {¥}) x M(¥))). (28)

Proof Fix any ¢ > 0 and 6 € (0, 1]. According to the error bound (23) which is valid
under (strong) noncriticality, for all (x, )1) e R” x R/ close enough to (x, X) and
such that x # ¥ or A & M (X) it holds that p(¥, ) > 0, and hence, according to (27),
og(%, ) > 0. Moreover, g (%, A) — Oas (¥, 1) — (X, A).

Furthermore, employing again the error bound (23), for any (x, 1) € R"” x R/
satisfying (28) we obtain the estimate

lx — Xl < llx — F|| + IF — x|
= 0(p(F, 1)
= 0 (ow(® Do 2)'~)
= O(0p(F, 1))

as (¥, &) — (&, ). Finally, (28) implies that A — A as (X, ) — (X, A).

Then, applying Lemma 1, we conclude that whenever (%, 1) € R” x R/ is close
enough to (¥, 1) and ¥ # X or A & M(%), for any u = (x, A) € R" x IR’ satisfying
(28) the matrix

1
J+———H )
+ T (h(x))" ' (x)

is nonsingular for all J € d,G(x, 1). According to Remark 1, the latter implies that
every matrix in o, @ o0 (5. 5) (A, u)hasa nonsingular submatrix of the form —oy (x, 8
with nonsingular Schur complement, and hence, it is nonsingular (see, e.g., [36,
Prop. 3.9]). Therefore, all matrices in 9, @ o0 (F. %) ()2, 1) are nonsingular. O

For a given ¢ > 0, define the function §.: R" X R — Ry,
c(x, A) = c(dist((x, A), {x} x M(X))). (29)
For any A € R/, let 7 (1) be the orthogonal projection of A onto the affine set M (¥).
Lemma 2 Let F: R" — RR” be locally Lipschitz-continuous at x € R", and let
h: R" — R! be differentiable in some neighbourhood of X with its derivative being
locally Lipschitz-continuous at x. Let A € M(x) be a noncritical multiplier.
Then for any ¢ > 0, any 6 € (0, 1], and any y € (O,~1), there exists € > 0 such
that for the function g (-) defined in (27) and for all (%, 1) € R" x R! satisfying
I =% A=Wl <e, (30)
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the inequality
1D, .5y s ) = Dy 55, (F, TOI = you (X, DlI(x =%, A =7 ()] B1)
holds for allu = (x, ») € R" x IR! satisfying
l(x =%, A= D)l < 8%, 2,

with 8.(-) defined in (29).

Proof Arguing by contradiction, suppose that there exist ¢ > 0,6 € (0, 1],y €
(0, 1), and sequences {(x*, 2*)} € R” x R" and {(x*, 2%)} € R” x R’ such that
{(F%, %)} — (&, 1), and for each k it holds that (x*, 1%) € B((¥*, 1%), &) and

@0, A5, (xF, 25)) — @, GF, &, xGFN)| < yorlF = 2, 2 — 2 GF)IL, (32)

where oy = oy (X%, XK), 8 = 8.3k, AK).

Set rp = ||(xF — x, A¥ — w(A%))||. The inequality (32) implies that o3 > 0 and
tr > 0. Observe further that oy — 0 as k — o0, and according to (6) and (16), it
holds that

)|

Tk k k Tk = Tk —
||¢(Tk()" ) (x ) A )) - ¢Uk()\' ) (-x1 ﬂ()\. )))” - H (h(.xk) _Gk()\k _7'[(5\.]()))

Therefore, (32) implies that
IGGE, A9 < yortx = o(tx) (33)

and y
17 (x*) — h(Z) — o WX — (N < youtk = o(ty), (34)

as k — oo. ~
Set ék =k -3 /te and r}k = O\ — 7 (08 /tr. Without loss of generality, we

may assume that the sequence {(& k. nkyy converges to some (¢, n) € R" x R’ such
that

&, mi=1. (35)

From (34) it then easily follows that
& e ker b (x). (36)
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Moreover, again taking into account (6), we obtain that

Gk, W) = GGk, n () — GG, (R + Gk, AR — Gk, w(3R))
=GO N = GE M)+ W = @) @G - )

+ W DTS = ()

= G(¥ + &, 2) — GE, 1)+ ik N 0" + oI 1)
= G(x +u&, 1) — G, 1) + (W' )" + 0@ )g* - &)

+ o(ulIn* 1D, (37)
where in the last transition we have taken into account that under our assumptions the
mapping G (-, 1) is locally Lipschitz-continuous at x. Combining (33) and (37) we
derive the existence of d € CG(x, A)(§) satisfying

d+ (W) =0. (38)
Since A possesses the property (10), relations (36) and (38) imply that £ = 0, and in

particular, (€} — 0.
Furthermore, from (34) we have that

1
= — (5 - h@) + ¢, (39)
Oy lk

where §~k e R/ satisfies ||c¥|| < . Note also that since it holds that (x*, AF) €
B((x*, %K), 8;), by (29) we obtain that

ot = F) <l = 5+ 15 = F < e+ Dist(E A, {7) x M)
Employing again the error bound (23), we then obtain the estimate
I =%l = 0", X)), (40)
Let P be the orthogonal projector onto (im 4’ (X)) in R!. Applying P to both sides of

(39), making use of the mean-value theorem and taking into account the assumption
that 4’ is locally Lipschitz-continuous at X and (27), (40), we obtain that

1
1Pkl < — sup PR E 4+ t(x* =) = E)IIE + 1P|

Ok 7¢l0, 1]
Ik — E (8]
—IP¢H + 0 (—
ok

= IPZ5 I+ O((pGF, A0 1ER ). 1)

As ||2¥|| < y forall k, passing onto a subsequence if necessary, we can assume that the
sequence ek converges to some ¢ € R/ satisfying ||¢ || < y. Then, since (5} > 0,
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passing onto the limit in (41) yields
IPoll = IPCIl =Sl =y <1 (42)

However, since & = 0 it follows that d € C,G (¥, A)(0), and hence, d = 0. Then by
(38) it holds that n € ker(#'(x))T = (im 4’ (x))*. Therefore, Py = 5 and hence, by
(42), Inll < 1. Since & = 0, this contradicts (35). O

We are now in position to prove that the subproblems (15) of the exact (and hence,
of the inexact) multiplier method have solutions possessing the needed localization
properties if the inverse penalty parameter is chosen according to (21) with o () =
09 (-) defined in (27), and if the current point is close enough to a solution (¥, A) of
the system (2), such that A is a strongly noncritical multiplier.

Forany § > 0,0 > 0,x € R", and % e R, let Us(o, X, X) stand for the solution
set of the optimization problem

minimize || Py (A, u)|?

~ 43
subject to ||[(x — X, A —A)|| <6, “3)

in the variable u = (x, 1) € R" x IR'. Note that the solution set of (43) is evidently
nonempty, since this is a problem of minimizing a continuous function over a nonempty
compact set.

Proposition 1 Under the assumptions of Lemma 1, for any ¢ > 3, any 6 € (0, 1],
and each (x, A) € R" x R/ sufficiently close to (x, A), the equation

Py, .7y 0 ) =0 (44)

with the function og(-) defined in (27) has a solutionu = (x, A) € R" x R’ satisfying
(28).

Proof Observe first thatif x = x and A € M (%), then the needed assertion is evidently
valid taking x = x and A = A. In the rest of the proof we assume that X # X or
A g M(X).

Fix any y € (2/(c — 1), 1). From Lemma 2 it follows that there exists ¢ > 0
such that for all (x, A) e R" x R/ satlsfymg (30), the inequality (31) holds for
allu = (x, 1) € UMX %) (op (x, A), X, A) with §.(-) defined in (29). According to
Corollary 1, reducing ¢ if necessary we can assure that the set 9, D5y (A, u) does
not contain singular matrices. We now show that for all (X, ):)~e R" x R/ satisfying
(30) with the specified ¢, any u = (x, 1) € USL_();,;) (og(X, A), X, A) is a solution
of (44). From the definition of U e ;\)(69 (x, )N\), X, 5») it then will follow that (28)
holds as well.
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If |(x — X, A — A)| = 8.(%, X), then by (29) it holds that

[(x =%, A =70 = I(x =%, A= D) = |G =%, A — 7))
=(c—D|E-%, A—7@)]
> (c— DA =@l
= (c — D dist(A, M(x)).

Employing (31), we then derive

1D, . 5) G ) = By 55y b (&, TON = yop(F, DII(x = X, 2 =R
> y(c — Do (%, X)dist(h, M(¥))
> 204 (%, M) dist(h, M(X)),  (45)
where the choice of y was taken into account.

On the other hand, by (29), ||(x — X, n(k) — M| < 8:(%, M), and since u is a
solution of the problem (43) with o = oy (X, A) and § = J.(x, k) it holds that

1@, .5 G ) = Py 5 s (&, TON < NP, 7)o W]
+ 1D, ;.5 &, 7))
<2|®, ;50 & 7O
= 209(X, DIk — 7 Q)
= 209(%, M) dist(h, M(X)),
which contradicts (45). ; _
Therefore, ||(x — X, A — A)|| < 8.(X, A), and hence, u is an unconstrained local

minimizer of the objective function in (43). According to [6, Proposition 2.3.2], this
implies that

0 (12, 7,0 wI2),

and according to the chain rule in [6, Theorem 2.6.6], the latter means the existence

of J € 8,4@09(;,1)():, u) such that

TT®, 50 u) = 0.

o (X, A
By the choice of ¢, the matrix 7 is nonsingular, and hence, u is a solution of (44). O

Combining Proposition 1 with the considerations in Section 2 concerning assump-
tions (i) and (ii) of Theorem 1, we conclude that all the assumptions of Theorem 1 are
satisfied. This gives the main result of this section.

Theorem 2 Under the assumptions of Lemma I, let T: R" x R! — R, be any
function satisfying (25).
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Then for any ¢ > 3 and any 6 € (0, 1], for any starting point (x%, 19 e R" x R/
close enough to (X, 1) there exists a sequence {(x*, 2X)} ¢ R" x R! generated by
the multiplier method with oy and Ty computed according to (21), (27), satisfying

[ — XK, AT a8y < edist((xF, A5, 0) (46)

for all k; every such sequence converges to (x, \*) with some \* € M(X), and the
rates of convergence of the sequences {(x*, 3X)} to (x, A*) and of {dist((x*, A¥), {x}x
M(X))} to zero are superlinear. In addition, for any ¢ > 0 it holds that |\* — X|| < &
provided (x9, 19 is close enough to (x, ).

3.2 Fixed penalty parameters, optimization case

We now turn our attention to the optimization setting of (4), and consider the case
when the parameter oy is fixed at some value o > 0, that is,

o(x, ) =0 VY(x, »)eR"xR.

The motivation for this additional study of the optimization case is that in com-
putational implementations, boundedness of the penalty parameters is considered
important to avoid ill-conditioning in the subproblems of minimizing augmented
Lagrangians.

Proposition 2 Ler f: IR" — R and h: R" — R! be differentiable in some neigh-
bourhood of x with their derivatives being locally Lipschitz-continuous at x. Let X be
a solution of the problem (1) with the mapping F: R" +— R" given by (4), and let
X € M(%) be a strongly noncritical multiplier:

Then for any ¢ > 2 it holds that for any sufficiently small o > 0 there exists a
neighbourhood of (%, ) suchthatif (%, 1) € R" xR belongs to that neighbourhood,
the equation

Dy(h, u) =0 47)

has a solution u = (x, 1) € R" x R! satisfying (28).

Proof For any o > 0 the point i = (X, 1) is a solution of the equation
Dy, u) =0.

Furthermore, by Remark 1 and Lemma 1 we conclude that if o is small enough, then
every matrix in the set d,®, (A, i) has a nonsingular submatrix with nonsingular
Schur complement, and therefore, every matrix in 9, @, (i, u) is nonsingular. Then
Clarke’s inverse function theorem [6, Theorem 7.1.1] guarantees that for any such o
there exist neighbourhoods U, of u and V,; of zero such that for every r € V, the
equation

Do (h, u)=r (48)
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has in U, the unique solution u, (r), and the function u, (-): V; + U, is Lipschitz-
continuous v!ith some constant £, .
Define (1) € R” x R/ by

- 0
ri) = <—a(I\ - X))'

If » € R'is closg enough to A, the vector r():) belongs}o Vs, and therefore, the Eq.
(48) with r = r(A) has in U, the unique solution u, (7 (A)). Observe that

U= ug(r(h) (49)

satisfies (47). Moreover, since u, (0) = u, it holds that
lu — il = Jua (r(R) = ue O] < Lo rM)| = €50 |12 — 4] (50)
We now show that for any sufficiently small o > 0 there exists a neighbourhood of

(x, i) such that for every u = (X, i) € R" x R/ from that neighbourhood, u defined

by (49) satisfies the estimate (28). Suppose that this is not the case. Then there exist

¢ > 2, M > 0, and sequences {oy} of positive reals and {ii*} ¢ R” x R/, i* =

(&%, XKy, such that oy — 0, {ii*} — i, and for all k it holds that £, [|i#* — i| < M,
and uf = Ug, (7 ()N\k)) violates (28), that is,
luk — || > cdist@®, {X} x M(X)). (51)
Observe that (50) then implies that for all k£
Ix* — % < ox M. (52)

Furthermore, taking into account that @, (ik, uF) = 0and @ (X, n():k)) = 0 (recall
that 7 is a projector onto M (X)), we can write

o, (04, uh) = 0o, G, (&, (3 = (0, —ox G = 7(3H).

Employing the mean-value theorem (see, e.g., [9, Proposition 7.1.16]) and Remark 1,
we derive the existence of u%! in thelline segment connecting uk and (¥, 7(35)),
ok, i > 0, and matrices Ji ; € 3, G(xki Akiy i =1, ..., n,suchthat Sk =
1 and

S e i (z h«m)
i=1 i=1

n
Zak,ih/(xk’i) —opl
i=1

_ 0
oAk — (k)

xk—x
A — (3R
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for all sufficiently large k. Since {03} — 0, {u¥} — i1, and (52) holds, from Lemma 1
it follows that for all sufficiently large k the matrix in the left-hand side of the above
equation is nonsingular (as a matrix containing a nonsingular submatrix with nonsin-
gular Schur complement). Then

f—x N\ (& BTY 0
WK — (k) T \ By —oxl —or Ok — (k) )

where J; and By stand for 3| ajx Jix and D | cixh’ (x%), respectively. Writing the
inverse matrix in the above formula in terms of the inverse of the Schur complement
of —aoy I (see, e.g., [5, Section 1.2]), we obtain that

1ot - T
k_ = (Jk + _Bk Bk) Bk 5 »
)= ok . (A — 2GRy, (53)
AC— (W) 1 I r T
—I+ —By | Jk + — B Bk B
O Ok
Foreachi =1, ..., n we have that, since f’ and h’ are locally Lipschitz-continuous

at ¥, the mapping G (-, A% %) is locally Lipschitz-continuous at x*? for all sufficiently
large k, and moreover, due to the boundedness of {A%/} the corresponding Lipschitz
constant can be chosen the same for all such k. Since the norms of all matrices in the
generalized Jacobian are bounded by the Lipschitz constant of the mapping in question,
it then follows that the sequences {Ji, ;} are bounded, and therefore, we can assume
that they converge to some n x n-matrices J; as k — oo (passing onto a subsequence
if necessary). Then by means of [17, Lemma 2], and by the upper-semicontinuity of
the generalized Jacobian, we conclude that J; € 9,G(x, ). Furthermore, without
loss of generality we may assume that o ; tend to some o; > 0. Then Z?:l o =1,
and setting J = Z:’l:] @i Ji, we have that {J;} — J and J € 3,G (%, A).

Furthermore, due to the fact that 4’ is locally Lipschitz-continuous at x, and using
also (52), we obtain that

D e (W (51 — 1 (%))

i=1

1B — B (D) =

D e illh R — B @)

i=1

n
O(Zak,iux’“ - in)
i=1
n
= O(Zak,iuxk —fu)
i=1

= O(o1)

IA
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as k — o0o. Now, applying Lemma 4 (in the Appendix) with H = J, B = h(x), H =
Ji, B = By, 2 = By — h/(x), and t = 1/oy, we conclude that

-1
J i T T
k + — By B Byt — 0. 54)
Ok

Finally, note that since (4) holds, the matrices J and Ji for all k are symmetric. Then
employing Lemma 5 (in the Appendix) with H, B, H, §2 and ¢ set the same as for the
application of Lemma 4, we obtain that

1
B,;F — 1. (55)

1 It
—Bi | J + — By B
Ok Ok

Combining (53) with (54) and (55), we conclude that for any constant ¢ > 1 it holds
that

luf — &, 7N < Ak — 2 RH| < elak — &, =G5

for all sufficiently large k. Then due to the error bound (23), we conclude that for all
k large enough

luf — k| < [lu* — &, 2QEN |+ a3k — &, 7G5l
< (14 &) dist((xF, 75, {x} x M(X)).

This gives a contradiction with (51), completing the proof. O

We mention, in passing, that if f and & are twice differentiable with their second
derivatives being continuous at X, it can be shown that the assertion of Proposition 2
holds for any ¢ > 1 (instead of ¢ > 2).

Assumption (iii) of Theorem 1 is therefore verified for the augmented Lagrangian
method with fixed penalty parameter, under the stated conditions. Combining this with
the discussion in Sect. 2 of assumptions (i) and (ii), we obtain the following.

Theorem 3 Under the assumptions of Proposition 2, let T: R” x R! > R be any
function satisfying (25).

Then for any ¢ > 2 there exists ¢ > 0 such that for any o € (0, &) the following
assertion is valid: for every starting point (x°, 10) € R"” x R! close enough to (¥, 1)
there exists a sequence {(x*, A¥)} ¢ R" x R! generated by the multiplier method
with oy = o for all k, and with t;, computed according to (21), satisfying (46) for all
k; every such sequence converges to (X, A*) with some A* € M(X), and the rates of
convergence of {(xF, A} 1o (x, A*) and of {dist(x*, 1¥), {x} x M(X))} to zero are
linear. In addition, for any ¢ > 0 it holds that |\* — X|| < € provided (x°, 1°) is close
enough to (x, ).
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4 Inequality constraints

In this section we exhibit that the results above under the noncriticality assumption
cannot be extended to problems with inequality constraints, even in the optimization
case with arbitrarily smooth data. That said, the extension is possible if the strict
complementarity condition is added.

Consider the variational problem (1) with D defined by

D={xeR"|h(x)=0, g(x) <0}, (56)

where g: R” +— R™ and # as specified before. If & and g are smooth, associated to
this problem is the primal dual Karush—Kuhn-Tucker (KKT) system

Fx)+ R )™+ ()T =0, hx)=0, 57)
w=>0, gx)<0, (u, gx))=0

in the variables (x, A, u) € R" x R! x R”. Define G: R" x R! x R™ > R" by
G(x, A, p) = F(x)+ B )+ (g (x) .

For a solution (X, A, 1) € R” x IR/ x IR of the KKT system (57) define the index
sets

A=A@® ={i=1,...,m|g(F) =0l
Ap=Av@E ) =i € A®) | @ > O,
Ag = Ao(x, p) ={i € A(x) | w; =0},

of active, strongly active and weakly active constraints, respectively.

Using again the terminology introduced in [16], a multiplier (A, ) is said to be
noncritical if there is no triple (£, 7, ¢) € R" x R! x IR”, with & # 0, satisfying the
system

d+H @)+ @@ =0, KEE=0, g, ()§=0,

(a2 0, gl (DE <0, G(gl(D), 6) =0, i€Ag, G mpa=0 OO

with some d € C,G(X, X, ) (). The multiplier (x, [) is said to be strongly non-
critical if for each matrix J € 9, G (%, A, L), there is no triple (&, n, ¢), with & # 0,
satisfying (58) with d = J&. In the case when there are no inequality constraints,
these properties are equivalent to their counterparts stated previously; see (10) and
(11). Again, it can be easily verified that (strong) noncriticality is strictly weaker than
second-order sufficiency for the problem at hand.

An iteration of the multiplier method for the problem (1) with D defined in
(56) is the following procedure. If the current primal-dual iterate (xk , Ak, ,uk) €
R" x R! x R satisfies (57), stop. Otherwise, choose the inverse penalty parameter
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o > 0 and the tolerance parameter t; > 0, and compute the next primal-dual iterate
(KL ARHL Rty e R x R! x IR™ as any triple satisfying

HF(xk+1) T k)T (Ak + Uih(x"“))
k

, 1
+ (¢’ F1) T max [o, k4 gg(x’“l)]

< Tk, (59)
1 1

)\’k+1 — )»k + ;h('xk+l)9 /’Lk+] — max I07 /‘Lk + O—_g(xk+])}’ (60)
k k

where maximum is taken componentwise. In the optimization case, this is again the
usual augmented Lagrangian method with approximate solution of subproblems.
Similarly to the previous interpretations for the equality-constrained case it can be
seen that if o} and 7} are computed as functions of the current iterate, the method
in question can be embedded into the framework of [12]. Moreover, it satisfies the
counterparts of assumptions (i) and (ii) of Theorem 1, provided the multiplier in
question is noncritical. However, no reasonable counterpart of assumption (iii) holds
for the exact multiplier method in the inequality-constrained case (in general). Local
solvability of subproblems is not guaranteed by noncriticality, as demonstrated by the
following example. The problem in this example is taken from [23, Example 2].

Example2 Letn = 1,1 = 0,m = 2, f(x) = —x?/2,g(x) = (—x, x3/6). The
corresponding KKT system (57) with F defined according to (4) has the unique primal
solution X = 0, and the associated multipliers are u € IR? such that w1 =0, uy > 0.
The multiplier ;£ = 0 is noncritical.

For a current dual iterate u* = i and for oy = o > 0, from (59), (60) it can be
seen that the next iterate (x**!, **1) must satisfy the system

1,
—x—,u1+§x n2 =0,
u1 =0, x+o(u—i) =0, wu(x+ou —j)) =0, (61)
1 . 1 N
n2 >0, 8)63—0(#2—#2)50, M2(6x3—0(M2—M2) =0.

Let i1 > 0 and 1, = 0.

1. If w1 = pp = 0 then from the first relation in (61) it follows that x = 0. But then
the second line in (61) contradicts the assumption | > O.

2. If u1 > 0, uo = 0, then the first relation in (61) implies that x = —p1, and
therefore, by the second line in (61),

—u1(l —0o) =01 >0,
which can not be true if o < 1.

3. If w1 = 0, up > 0, then by the first relation in (61) either x = 0 or xup = 2. In
the former case, the second line in (61) yields —o ft; > 0, which again contradicts
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the assumption ft; > 0. On the other hand, the latter case is not possible whenever
(x, p) is close enough to (x, i).

4. Finally, if 1 > 0 and py > 0, then by the third line in (61), up = x3/(60), and
hence x > 0. Moreover from the firstline in (61) it follows that u; = —x—+x22/2,
and therefore, | < —x + x2/2 < 0 whenever y < 1 and x € (0, 2).

Therefore, in every neighbourhood of [ there exists a point j such that the system
(61) does not have solutions in some fixed neighbourhood of (x, %) if o > 0 is small
enough. Consequently, assumption (iii) of Theorem 1 cannot hold with any ¢ > 0 for
the exact multiplier method, neither if the penalty parameter oy is chosen in such a
way that it tends to zero as the current primal-dual iterate tends to (x, i), nor if it is
fixed at a sufficiently small value.

Observe, however, that in Example 2 the strict complementarity condition is vio-
lated: i = 0, and in fact, all Lagrange multipliers have a zero component correspond-
ing to an active constraint. Assuming the strict complementarity condition f14 > O,
the phenomenon exhibited in Example 2 would not be possible, as we discuss next.

Under the strict complementarity assumption, the KKT system (57) reduces locally

(near (x, A, @)) to the system of equations
F)+ R )+ (4N Tua =0, h(x) =0, gax)=0,  (62)

with the additional equation pi(1, ... mpa = 0. This primal-dual system corresponds to
the equality-constrained variational problem (1) with

D={xeR"|h(x) =0, ga(x)=0}. (63)

Observe that under strict complementarity, the multiplier (A, ) is (strongly) noncrit-
ical for the original problem (1), (56) if, and only if, the multiplier (A, fi4) associated
to the primal solution x of the system (62) is (strongly) noncritical.

Furthermore, under strict complementarity, iteration (59), (60) equipped with a
reasonable localization condition not allowing (x¥*1, AK*1 15 +1) to be too far from

(xk, 2K ,uk ), evidently subsumes that if the latter is close enough to (x, A, i), and
if oy > 0 is small enough, then

k+1

|
T =u’§\+g—kgA(xk+l), K

Mit, o ompa = 0.

This means that the multiplier method for the general problem (1), (56) locally reduces
to the multiplier method for the equality-constrained problem (1), (63). Employing this
reduction, Theorems 2 and 3 can be extended to the case when inequality constraints
are present, assuming strict complementarity, and with an appropriate control of o.
A formal exposition of this development and formal convergence statements would
require certain technicalities, which we prefer to omit here.

We finish with recalling that even adding strict complementarity to noncriticality
of the multiplier still gives new and meaningful results, as discussed in Sect. 1.
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5 Concluding remarks and open questions

As mentioned in Sect. 1, contemporary local convergence theory of the augmented
Lagrangian methods is closely related to that of sSQP. This is actually not surprising,
as the two methods are indeed related: in some sense, sSQP can be regarded as a “lin-
earization” of the exact augmented Lagrangian method. That said, there are also some
subtle but remarkable differences in the results currently available. We highlight these
next. For simplicity, we shall refer to the equality-constrained optimization problem
(3) only.

Under the SOSC (12) and without any CQs, the (apparent) “ideal” for local con-
vergence of the augmented Lagrangian methods for optimization was achieved in
[11,15]: the linear rate if the inverse penalty parameter oy is small enough, becoming
superlinear if it tends to zero (in an arbitrary way!). For sSQP, Example 1 can be used
to show that oy (for sSQP it plays the role of a stabilization parameter) cannot be
driven to zero arbitrarily fast: if done so, iteration subproblems may have no solutions
satisfying the localization condition of the kind (28). In other words, the augmented
Lagrangian subproblem may possess some “good” solutions whose “counterparts” are
missing for the sSSQP subproblem.

The same Example 1 can be used to show that assuming noncriticality instead of
SOSC, the iteration subproblems of sSQP may have no solutions at all if oy is driven
to zero too fast, and that for a fixed sufficiently small value of this parameter, the
neighborhood of appropriate starting points can be shrinking as this value tends to
zero. We are not aware of such examples for the augmented Lagrangian methods.
In particular, it is an open question whether the local superlinear convergence result
of Theorem 2 remains valid if the inverse penalty parameter is driven to zero in an
arbitrary way, and whether the local linear convergence result of Theorem 3 actually
requires the neighborhood of appropriate starting points to be dependent on the fixed
inverse penalty parameter value.

Finally, unlike for the augmented Lagrangian methods, all the existing results for
sSQP assume twice differentiability of the problem data, and attempts to relax smooth-
ness were not successful so far. The reason is that under the weaker smoothness
hypotheses (Lipschitz-continuity of the first derivatives, for example), assumption (ii)
of Theorem 1 (precision of approximation) cannot be established for sSQP. Possible
relaxations for this assumption that might do the job are not clear.

Acknowledgments The authors thank E. I. Uskov for a useful discussion on the relations between results
obtained in this work and other existing local convergence theories for multiplier methods.

6 Appendix

This appendix contains lemmas concerning nonsingularity of matrices of certain struc-
ture, used in the analysis above. The first one is a refined version of [23, Lemma 1].

Lemma 3 Let H be an n x n-matrix, B be an | x n-matrix, and assume that

Ht ¢ im BT V& e ker B\ {0}. (64)
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Then for any M > O there exists y > 0 such that
[(7+1B+27B)¢| =il veer

for every n x n-matrix H close enough to H, every | x n-matrix B close enough to B,
everyt € R such that |t| is sufficiently large, and for every | x n-matrix §2 satisfying
21 < M/lzt].

Proof Suppose the contrary, i.e., that for some M > 0 there exist sequences { Hy} of
n x n-matrices, { By} and {§2;} of [ x n-matrices, {f;} C R, and {£¥} ¢ IR\ {0}, such
that {Hy} — H,{Bx} — B, |tx| = 00, ||£2¢]|| < M/|t] for all k, and

Hig* + 1B + 20T Big® = o(JIE4) (65)

as k — o0o. Without loss of generality we may assume that ||£¥|| = 1 for all k and that
{& k} — & # 0. Then (65) means the existence of a sequence {wk } € IR” such that
{wr} — Oand

Hig* + 1tk (B + $20) T Beg® = wy (66)

for all k. Therefore, it must hold that BTBéE = 0, since
T k 1 k T k 1 k
B Bi& =—t—Hk‘§ — §2 Bi& +t—w
k k

tends to 0 as k — oo. Consequently, £ € ker B.
On the other hand, (66) implies that

Hig* + 5.2 Bre* — wh = —4, BTBig* € im BT

for all k, where the second term in the left-hand side tends to zero as k — oo because
{(tx 2t} is bounded and {By&¥} — B& = 0. Hence, H¢ € im BT by the closedness of
im BT. This completes a contradiction with (64). O

Lemma 4 Under the assumptions of Lemma 3, for any M > 0 and any ¢ > 0 it
holds that for every n x n-matrix H close enough to H, every | x n-matrix B close
enough to B, every real t such that |t| is sufficiently large, and for all | x n-matrices
$2 satisfying ||$2|| < M/|t|, the matrix H+1t(B+2)"Bis nonsingular and

H (4 +1B+278) B+ 67)

Proof Fix arbitrary M > 0 and ¢ > 0. The assertion regarding nonsingularity of the
matrix H +1(B + £2)T B follows s directly from Lemma 3. Therefore, we only have to
prove that (possibly by making H closer to H, B closer to B, and |¢| larger) one can
additionally ensure (67).

By contradiction, suppose first that there exist sequences { Hy} of n x n-matrices,
{By} and {§2;} of [ x n-matrices, {f;} of reals, and {#*} c R”, such that {H;} —
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H,{B} — B, |tix| —> oo, 2]l < M/|tx], [n*|| = 1 and det(Hg+1x (B+82¢)" By) #
0 for all k, and for

8 = (Hy + (B + 20) "B ' (B + 20 (68)

it holds that
IEX] > e (69)

for all k. By (68) we have that
(B + 2u)"n* = Hig" + 0e(B + 20T Br&*. (70)

Due to (69), the sequence {n*/[£||} is bounded. Without loss of generality we may
assume that the sequence {Sk/||§k||} converges to some & € IR” such that ||£] = 1.
Then dividing both sides of (70) by #||& k|l and passing onto the limit as k — co, we
obtain that BTBE = 0, and hence, £ € ker B.

Furthermore, by (70), it holds that

Hk% - QkT"—],: 4 zksszBk% — LkBT(nk — 4 Bt") € im BT
&~ IEX| X 1&g~

for all k. The second term in the left-hand side tends to zero because {||£2¢||]} — O
while the sequence {n*/||£¥||} is bounded. Moreover, the third term in the left-hand
side tends to zero as well, because {2} is bounded while {Bx£%/||£¥||} — B& = 0.
Therefore, by closedness of im BT, it follows that H & €im BT, which contradicts
(64). O

Lemma 5 [In addition to the assumptions of Lemma 3, let H be symmetric.

Then for any M > 0 and any ¢ > 0 it holds that for every symmetric n X n-
matrix H close enough to H, every real t such that |t| is sufficiently large, and for all
| x n-matrices 2 satisfying ||$2|| < M/|t|, the matrix H+1(B+2)YB+Q)is
nonsingular and the following estimate is valid

~ —1
(B+2) (A+1B+2TB+2) B+2)T| <1+ 7D

Proof Again, nonsingularity of H + #(B 4+ £2)"(B + £2) is given by Lemma 3. If
at the same time the estimate (71) does not hold, there must exist sequences {H}
of symmetric n x n-matrices, {£2;} of [ x n-matrices, {f;} of reals, and {#*} c R”",
such that {H;} — H, |tx| — oo, and for all & it holds that || £2x|| < M/|t|, k| =
1, det(Hy + (B + $2)T(B + 1)) # 0, and

-1
w(B+ 20 (He+ 0B+ 20T(B+20)  B+207¢| > 1+e  (72)
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For each k set

Wi = (B + 21) (Hk + 0B+ 207 (B + .Qk))_l

. T
= ((Hk + 0B+ 20T (B+20) B+ 9k>T) , (73)

where the symmetry of Hy was taken into account. Due to Lemma 4 we have that
{Wi} — 0.
Furthermore, for each k the vector nk can be decomposed into the sum

n* =k + 0k,

where n¥ € ker BT = (im B)* and n% € im B. Observe that t Wi (B + 24)"n* =
Wi (2 .QkT) X 77]1‘, and since the sequences {77]1‘} and {t £2; } are bounded, and {W;} — O,
we conclude that {t; Wy (B + .Qk)Tnll‘} — 0. On the other hand, as né € im B, there
exists éé‘ € IR” such that Béf = nlz‘ and the sequence {EéC } is bounded. Therefore,
employing (73),

Wi + 20Tk | = [ Wi (s + 207 BéS |

IA

Wic(Hi + (B + 207 (B + 20)k|

+ H Wi (Hy + t;(B + -Qk)T-Qk)&f H

= | B + 208 + | Wit + 0B + 207208 |

IA

81+ 12651+ | Wi + (B + 20T 2085

IA

L 128 + | We e+ (B + 2072088 |

The last two terms in the right-hand side tend to zero because the sequences {Sé‘} and
{H; + 1t (B + $21)T 2} are bounded, while {§2;} — 0 and {W;} — 0. Therefore,

lim sup Htk Wi (B + 21) Tk H < lim Htk Wi(B + 21Tk ”
—00

k— 00

+ limsup Htk Wi (B + -Qk)Tﬁ]ﬁ H
k—o00
S 11

which contradicts (72). O
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