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PARTITIONED DYNAMIC PROGRAMMING FOR OPTIMAL
CONTROL*

STEPHEN J. WRIGHT?

Abstract. Parallel algorithms for the solution of linear-quadratic optimal control problems
are described. The algorithms are based on a straightforward decomposition of the domain of the
problem, and are related to multiple shooting methods for two-point boundary value problems. Their
arithmetic cost is approximately twice that of the serial dynamic programming approach; however,
they have the advantage that they can be efficiently implemented on a wide variety of parallel
architectures. Extension to the case in which there are box constraints on the controls is simple.
The algorithms can be used to solve linear-quadratic subproblems arising from the application of
Newton’s method or two-metric gradient projection methods to nonlinear problems.
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1. Introduction. The unconstrained N-stage discrete-time optimal control prob-
lem with Bolza objectives has the form

N
(1) min F'(u) E oni(@na) + > bi(wi,ui)
i=1

(2) Tit1 = fi(mi,w;), i=1,--+,N, z1 = a (fixed);

where z; e R*, i =1,---,N+1,and u; € R™, i =1,---,N. The z; variables are
usually referred to as states and the u; as controls. (The costates p; are the Lagrange
multipliers corresponding to the constraints (2).) In Dunn and Bertsekas [5] and
Wright [14], algorithms which exhibit local quadratic convergence to nondegenerate
minimizers of (1)-(2) are discussed. These algorithms are Newton’s method (Algo-
rithm IIT of [14]), and variants of sequential quadratic programming (Algorithms I
and II of [14]), and they all require the solution of a linear-quadratic subproblem of
the following form at each iteration:

mingy YN, r7v; + 2Ty + 24T Qiyi + 2uT Rivi + vT Siv;)
(3) +z11\}+1yN+1 + %yzq\}+1QN+1yN+1,
Yi+1 = Asyi + Bivi + 84, i=1,---,N, Y1 = So.

Here, y;, v;, q; denote the steps in x;, u;, p;, respectively,

02L 02L oL
Qi— 5{;?—, Ri— axiauia 1—5&?,
_of _of _9oc, _ oL,
(4) Ai = oz;’ Bi = Ou;’ = ox;’ "= Ou;’
8i = —Tip1 + fi(®i, ui),
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and L is the Lagrangian for (1)—(2), specifically:

N N
(5) L(u,z,p) = In+1(TN+1) + Zei(xia w) = Y Prya (@ig1 — filzs, u)).

i=1 =1

The first-order conditions for a set of vectors y;, v;, ¢; to be a solution of (3) are the
following system of linear equations:

(6) ri + R} y; + Sivi + B g1 = 0, i=1,---,N,
(7) zi + Rivi + Qivi — ¢i + AT ¢iz1 = 0, i=1,---,N,
(8) ZN+1 + @N+1YN+1 — gN+1 = 0,

(9) 8i — Yi+1 + Asyi + Biv; = 0, i=1,---,N.

When the initial value y; = s¢ is included, the unknowns are ordered as

(QD Y1,Y1,492,Y2,02, " 'an+1,yN+l)a

and the equations are ordered appropriately, the coefficient matrix for this linear
system becomes

-0 -1 -
-1 @, R, AT
RT s, BT
A, By 0 ~I
-I Q2 R, A]
RY S, BY
(10) Ay, B, 0 —I
-I Qs Rs A7
RT S BI
As By 0 -—I
-1 Q4
L .c .. |
with a right-hand side of
(11) (_sgv "‘z,ip’ _,,,’.11” _3:111’ -—zf, —r%", —sga M) "37]\;'? —zli\;+1)T'

The matrix is symmetric, with dimension 2n(N + 1) + mN, and a half-bandwidth of
(2n+m—1).

A necessary and sufficient condition for (3) to have a unique, finite solution is
that

N
1 1
(12) > §(yiTQiyz' + 27 Ryvi + v] Sivi) + §y£+1QN+1yN+1 >0
i=1
for all y;, v; which satisfy
(13) Yi+1 = Aiyi + Byv;, i=1,---,N, y1 =0.

Under this assumption, the point which satisfies the first-order conditions (6)—(9) is
identical to the solution of (3). Second-order sufficient conditions for the vectors z},
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ul, p} to be a solution of (1)-(2) include the requirement that (12)—(13) be satisfied
when Q;, R;, etc., are defined by (4), evaluated at z}, u}, pf. When the functions ¢;
and f; are sufficiently smooth, then (12)—(13) will also hold in some neighborhood of
this optimal point. If (12)-(13) fails to hold, then the solution of (6)—(9) may be a
saddle point for (3), and hence may not be a suitable search direction for the nonlinear
algorithm. Clearly, modifications to the basic algorithms of [5] and [14] are needed to
ensure that satisfactory global convergence properties will hold. Dunn and Bertsekas
[5] suggest a Levenberg-Marquardt strategy, in which damping terms are added to
the matrices S; of (10). This does not destroy the structure of the matrix (10).

Another possible difficulty arises when the second derivatives of the functions
fi and 4; are difficult to obtain. In this case, “pointwise” quasi-Newton methods,
or finite differencing, can be used to replace the matrices Q;, R;, S; by suitable
approximations. (See Kelley and Sachs [8] for a pointwise quasi-Newton method for
the infinite-dimensional analog of (1)—(2).) Again, the linear algebra task remains the
same.

When pointwise constraints are applied to the controls u; (for example, bounds
on their magnitudes), projected gradient or active set methods give rise to linear
systems similar to (10)—(11), in which transformation of the variable space leads to
“reduction” of S;, R;, B;, r;. This is discussed further in §4.

From the above discussion, it should be clear that, implicitly or explicitly, the task
of solving a problem of the form of (3) (or, alternatively, (10)—(11)) is at the heart
of most practical algorithms for solving (1)—(2). Indeed, computationally speaking,
it is usually the most time-consuming task. In this paper, we focus on this “inner
loop,” and present methods for efficiently solving (10)-(11) on multiprocessor com-
puters. These methods take more account of the structure of the problem than the
approach of [14], in which a general parallel bandsolver, with some modifications, was
applied directly to (10)—(11). They are therefore faster, and lend themselves better to
recursive, or “multilevel,” implementation (see §3.3). The tradeoff is that, in contrast
to the bandsolve approach, they may fail to find a solution to the system (10)-(11),
even when the coefficient matrix is nonsingular. Such an occurrence is anticipated to
be rare (it has not yet been observed on any test problems), but it would be wise to
retain the bandsolve approach as a backup strategy.

The remainder of the paper proceeds as follows. In §2, known serial algorithms for
efficiently solving (6)—(9) are described. Partitioning of the problem by what amounts
to a domain decomposition, and corresponding modifications of the algorithms, are
described in §3. In §4 we show how to modify the algorithms when constraints on the
controls u; are present, while in §5 some timing analysis of the performance of recursive
implementations of these algorithms on multiprocessor architectures is given. Some
results from an implementation on a shared-memory architecture are presented in §6.
Finally, in §7, we discuss the continuous-time analog of (3), namely, the problem of
finding functions y : [0,7] — R™ and v : [0,T] — R™ such that

(14) f(;‘r 1@®)T Q) () +y(®)TRE)v(t) + 3v(t)TS(E)v(2) + v(t)Tr(t) + y(t)T2(t) dt
+39(T)T QY (T) + y(T) 24,
where gy = A(t)y + B(t)v+s(t), y(0)=1yo

is minimized. Here @, R, S, r, z, A, B, and s are functions of appropriate dimen-
sionality defined on the interval [0,7]. We show how the algorithms of §§2 and 3 can
be adapted to this case.

A recent paper by Chang, Chang, and Luh [3] proposes a parallel algorithm for
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(1)—(2) which has a similar flavor to the methods discussed here. They use an approach
that is similar to multiple shooting for two-point boundary value problems, defining
the state variables for certain equally spaced values of the index 7 as unknowns in a
reduced optimization problem. The Hessian of this problem can be formed in parallel,
and Newton steps are calculated by using cyclic reduction. The main differences from
our algorithms are that, in [3], the problem is partitioned at the level of the nonlinear
problem, and the algorithm consists of two distinct levels (whereas our methods can
be implemented in up to [log, N levels). We believe that exploiting parallelism at
the level of the linear algebra allows more flexibility to enhance the algorithm at the
nonlinear level (for example, by modifying it to handle constraints, to ensure global
convergence, or to use approximate Hessians), without causing complications.

2. Dynamic programming. It is known that linear systems with dimension M
and bandwidth K can be solved by using Gaussian elimination in O(M K?) operations.
For the system (10)—(11), this translates to O(N(m3 +n3)) operations. The dynamic
programming approaches described below have just such a complexity bound; in fact,
they can be thought of as specialized block elimination algorithms for this system.

One algorithm, described by Polak in [10], proceeds by first eliminating the v;
using equation (6). Substitution in (7)-(9) yields the system

(15) Qivi + ATqiy1 —qi +1i =0, i=1,---,N,
(16) — Yi+1 + Ay + Jigiv1 + 8, = 0, i=1,---,N,
where

A; = A~ Bi(S)™'R],

Ji = —Bi(8:)7' BT,

Qi = Qi — Ri(Si)"'R{,

b = 2 = Ri(S) 7',

8 =8 — B,:(S,')_l'ri.

Then, a Riccati substitution is made for g;; that is, we seek matrices K; and vector
b; such that

1) ¢ = K;y; + b;.

Clearly, from (8), Kn+1 = Qn+1 and by4+1 = 2y+1. By combining (15), (16), and
(17), we can obtain expressions of the form

(18) Wiy + w; =0, i=1,---,N,

where W; depends on K; and K;41, and w; depends on b; and b;+1. Since (18) must
be satisfied for all values of y;, we deduce that W; = 0 and w; = 0. This yields
recurrence relations for the K; and b;, which give rise to the following algorithm.

Algorithm RI
Knt1 < QN+1, bN+1 < 2N 413
for i=N,..-,2
K; « AT[I - K1 Ji| ' KiAi + Qs
bi — AT — Kip1 i) (K18 + biga) + 65
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Y1+ 0;
for i=1,---,N

yir1 — (I — Kiy1Js) "T[Asyi + 3 + Jibiya);

recover g;+1 from (17); recover v; from (6).

Note that the factorizations of the matrices (1 —K;11J;) (needed in the first loop)
can be re-used as factors of (I — K;41J;)T in the second loop.

In counting the higher-order terms in the operation count for this algorithm, we
assume that advantage is taken of symmetry, where appropriate (K, Ji, and Q; are
all symmetric), and that additions, multiplications, and divisions each count as one
operation. We find that approximately

(19) N(7n® + 4n®m + 4nm? + Im?)

operations are needed for Algorithm RI.
We note for later reference that this algorithm can be trivially modified if a term
involving g;+1 is introduced into equation (9). If (9) is replaced by

(20) 8i — Yit1 + As¥i + Bivi + Jigi1 =0,

we need only modify the definition of Ji to J; — B;(S;)"'BF. The remainder of the
algorithm is unchanged.

From the outset, RI depends on the nonsingularity of the matrices S;. Although
an analogous property is usually assumed to hold in the continuous-time problem (as
we note in §7), Dunn and Bertsekas have noted that in the discrete-time case, this
property may not hold even when (3) has a unique, finite solution. The algorithm
described in [5] will, on the other hand, produce a solution for (3) whenever one exists.
It proceeds by finding matrices 6; and I';, and vectors §; and +;, such that

¢ = 0;y; + Bi, i=1,---,N+1
vi=riyi+7ia ’i'—'l,"',N.

Substitution into the equations (6)-(9), and some manipulation, gives the following
algorithm.

Algorithm DP

ON+1 — QN+15 BN+1 < 2N+13

fori=N,---,1
Iy « =[S+ BF6;41B;] " (RT + B 6,414)),
Yi — —[Si+ Bl 0:iy1Bi] " (ri + B (0i115i + Bir1)),
0 — (Qi+AT0ip1 )+ (Ri+ AT0, BTy (i #1),
Bi — Al6i1(Bivi+s)+AfBipi+2zi+Rivi  (i#1).

The steps v; and y; can then be recovered in the following loop:

y1 =05
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fori=1,---,N
vi — Diyi + 7
Yi+1 — Aiyi + Bivi + si.

The following operation count is obtained:
(21) N(3n® + 5n°m + 3nm? + im?®) + O(N(m? + n?)).

As they stand, these algorithms can only exploit parallelism and vectorization
within each iteration (i.e., in the matrix multiplications and factorizations), and hence
reasonable efficiency can be expected only when m and n are fairly large. When the
matrix (10) is sparse within its band, the situation is complicated further by a need
for parallel sparse linear algebra algorithms. Moreover, the number of stages N is
typically quite large. This is the motivation for considering parallelism across the
loop, which we proceed to do in the next section.

3. Partitioned dynamic programming. Here we describe variants of the al-
gorithms above which are more arithmetically expensive, but more amenable to paral-
lel implementation. The problem is broken up into P partitions, where each adjacent
pair of partitions is separated by a single stage. Within each partition, a variant of
either DP or RI is used to express the “internal” variables for each partition in terms
of the variables in the adjoining separator stages. A reduced problem consisting of P
stages is then formed, and the process is repeated, possibly recursively. A detailed
analysis of the possibilities appears in §5.

3.1. Partitioned version of DP. The initial partitioning is done by choosing
“separator indices” Iy, I3,---,Ip,Ipy1 that lie in the range 1,2, -, N + 1 and satisfy
the relationships

L =1 Ij+12Ij+2a (j=1a"'3P); Ipy1=N+1

It follows from these requirements that P cannot exceed (N + 1)/2. Usually, the
separator indices are chosen to be spaced approximately equally, in which case they
are approximately (N +1)/P stages apart. The variables gr;, y1, and vr;, j = 1,---, P
will be referred to as “separator variables.” For these, it is convenient to use the
notation

. def . def _ def
(22) G = a0 S g 7; = vy,

These variables are the unknowns in the reduced system. Each partition consists of
the indices strictly between two separators; partition j will consist of stages I; + 1 to
Ij4; — 1 inclusive.

Within each partition, we start by seeking matrices 6;, I';, D;, and F; and vectors
B; and ; such that

(23) ¢ = 0;y; + Diq1,, + Bi, i=Ii+1, -+, Ij41 — 1,
(24) v = Fiyi + Finj+1 + Yis 1= Ij +1,-- ’Ij+1 -1

Proceeding as in DP, using the equations (6)—(9) and (23)-(24), we can compute these
matrices and vectors as follows.

Algorithm PDP
(25) 0Ij+1 - 0; /6114.1 - O; DIj+1 - I
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fO!‘i=Ij+1—1,Ij+1—2,"',Ij+].

(26) T « —[Si + Bf6;11Bi]"*(RT + BT 011 4;),
(27) Y —[8i + Bl 0,41 Bi] " (ri + BT (8i418i + Bit1)),
(28) F; « —[S; 4+ Bl 6,41 B;]"* BT D; 4,

(29) D; — (A; + BiT))TDj 1,

(30) 0; — (Qi + AT0i114;) + (Ri + AT 6,11 B;)Ty,
(31) Bi — AT0:i41(Bivi + 8i) + AT Biy1 + zi + Rivi.

We now aim to construct a reduced system in which only the separator variables
are unknown. One equation can be deduced from (9) with ¢ = I;;; — 1, namely,

8Ij+1—1 + A1j+1—1y1j+1-—1 + BIj+1—1UIj+1—1 = ij+1-

The variables vy, ,, -1 and yr,,, -1 can be eliminated by substituting from (24) with
i = Ij41 — 1, and then (9) with ¢ = I;;; — 2. This substitution yields an equation
in which the unknowns on the left-hand side are YI1,4,—2 and v, 2. This process
is repeated for ¢ = I;; — 2 down to 4 = I;, at which point §; and ¥; appear. The
resulting equation is

(32) A;gj + B + Jj@is1 + 85 = 41,

where

-
4; = DF 144,
S

B; = DY By,

Ijt1-1
- T
Jj" Z Di+1BiFi,
i=Ij+1
Ij41-1

§ = Y Dfi(Bivi+si)+Df s,
i=I;+1

A second equation is derived by setting i = I; in (7), i =I; +1in (23), and i = I; in
(9):

(33) B + Ry + Qs5; — 4 + AT §j11 = 0,
where

Ej = 2y +A£ (0Ij+18Ij +IBI,'+1)7
Rj =Ry + A£01j+131p
QJ = QIj +A'£~0Ij+1AIj'

A third equation is derived by setting ¢ = I in (6), i = I; + 1 in (23), and i = I; in
(9):

(34) 7 + R + 8j8; + B] §j41 =0,
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where
Tj=rr + Bﬂ (01, 4181; + Br;+1), Sj =Sy, + BE 61,+1Br;,

and R; and Bj are as defined above.
Two additional equations, for the first and last partitions, complete the system.
From the initial condition, we have

(35) 1 = S0,
while from (8), using Ip4; = N + 1, we have
(36) dp+1 = QN+19pP+1 + 2N+1.
If the separator variables are ordered as
(G1, §1, D1, G2, G2, V2, -+ +, GP+1, TP+1),s
and the right-hand sides are ordered as
(—s0, —t1, =71, =81, ++, —tp, —Fp, =8P, —2ZN+1),

the coefficient matrix for (32)—(34), (35), and (36) has the following form:

0 —-r
-1 Q1 B A7
Rf S BY
A B H -1
-1 Q; Ry, A}
(37) RT 8§, BY
RL 8p B
Ap Bp Jp -1
L -I Qn+1 |

In comparison with DP, the main additional expenses in this partitioned algorithm
involve calculation of the matrices F;, D;, J], A,, B], Q,, and R Savings can
be made in the first iteration of each loop (25)-(31) by taking note of the initial
values of 07, and Dj;. Again, if lower-order terms are ignored, the operation count is
approximately

(38) (N = P)[6n® + 9n®m + 5nm? + 1m3].

All of the above constitutes phase I of the algorithm. The remaining phases
consist of solving the reduced system (phase II) and recovering the internal states y;
from (9) and the internal controls and Lagrange multipliers v; and ¢; from (23) and
(24) (phase III). The total operation count for phase III is O(N(m? + n?)), so its
cost is dominated by that of phase I unless m and n are very small. We do not take
account of phase III in the timing analyses below. Phase II takes O(P(m3 +n3)) and,
therefore, may be significant; this situation will be discussed further.
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Unfortunately, in doing the partitioning of the dynamic programming algorithm,
we lose the property that the inverses of the operators [S; + BY 6;11B;] exist for all i.
This phenomenon is similar to rank deficiency in the submatrices obtained by parti-
tioning nonsingular banded linear systems (see, for example, [13]). The robustness of
a parallel code could therefore be improved by including the algorithm of Wright [14]
as a backup, in case PDP fails.

3.2. Partitioned version of RI. We now specify a partitioned version of RI
applied to the equations (6), (7), (8), and (20). The controls can be eliminated as
before, and the system (15)-(16) can be obtained, with the appropriate modification
to the definition of J;. For i in the range I; to I;4; — 1, we make the following
“Riccati” substitution for g;:

(39) ¢ = Kiyi + L] §j41 + bi.

Manipulating the equations in the usual way, we obtain the following scheme for
calculating K;, L;, and b;.

Algorithm PRI (part 1)
KIj+1 <0, LIj+1 1, bIj+1 0
for i=1TIj1 — 1,141 -2,--+,1;
K; « AT[I-KinJ) 'K Ai + Qs
LT « AT[I-KinJi)'LT,,
b — AT[I - Kip1Ji] 7 (Kisa 8 + big1) + i

Again, we need to define a reduced system. One equation in this system can be
found by setting ¢ = I; in the formula (39), giving

(40) §j = K1, §; + LT, Gj+1 + by,

The second equation is derived by seeking matrices H; and M;, and vectors h;, such
that for ¢ = I;,- -+, I;41 — 1,

Hiyi + Mi@j+1 — §j+1+ hi =0.
This can be achieved by the following loop.
Algorithm PRI (part 2)
My, —=0,Hy,,, — I, hy;,, < 0.

for ¢ = Ij+1 - 1,Ij+1 - 2,' o ,Ij

Hi « Hia(I-JiKi) 4,

M; — M1+ Hip (I = JiKiy1) ' iLiga,

hi —  hipr + Higa(I = JiKig1) ™ (Jibia + 8).

It is easy to see that H; = L; for all i. Of course, parts 1 and 2 can be combined in
the same loop. Setting i = I;, we obtain the second equation of the reduced system:

(41) Ly, §; + M1;Gj+1 — Yj+1 + hr; = 0.
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It is important in this context to distinguish between the K, , used as an initial

value for the partition-j calculations (that is, K, , = 0), and the Ky, , obtained

as the end product of the partition-(j + 1) calculations. In constructing the reduced

system, we assume the latter. Below, the notation K is used for Ky,, and so on, and

we again use the additional equations (35)—(36) for the first and last partitions.
Ordering unknowns as

(@191, G2s F2s - -+ GP+1, TP+1),
and the right-hand side as
(=80, —b1, —h1,=ba, -+, ~bp,—hp, —2N+11),

we get as the coefficient matrix for the reduced system

0 -1 )
-1 K I
Ly M; -I
(42) T
Lp Mp -I
i —I Qn+1 ]

In counting operations for the algorithm so far, we note that S; 1 ji, fli, and
Qi must be calculated for all N stages. Savings can be made by noting that the first
iteration of each of the loops above (that is, calculation of Ky, , 1, L1, , -1, M1,,,-1)
is virtually free; hence we multiply the cost for each iteration of these loops only by
(N — P). The higher-order terms sum to

(43) N[15n® + 3n*m + 5nm? + 3m®] — P[15n3].

3.3. Recursive implementation. The two partitioned algorithms above can
be used in conjunction with the serial algorithms of §2 to devise recursive methods
for solving (3). We note the following two facts:

e both the serial and partitioned dynamic programming algorithms have lower

operation counts than the corresponding Riccati-based algorithms, but

e Algorithms RI and PRI can be used when (9) has been replaced by (20).
If we apply PDP to solve the original system (as we should, because of the first fact),
we obtain a reduced system which contains equations of the form (20) instead of (9).
Hence, because of the second fact, the reduced system, and any other reduced systems
which arise at subsequent levels of recursion, can be solved only by using RI or PRI.
In general, the optimal strategy for solving (3) consists of an application of PDP,
followed by repeated applications of PRI (on fewer and fewer processors), followed by
an application of RI on a single processor. Recall that we have the constraint that
the size of the reduced system must decrease by a factor of at least 2 at each level of
recursion; hence the theoretical limit on the number of levels is [logy N|. In §5, we
discuss “optimal” strategies for multiprocessor implementation.

The variant of the method in which the maximal number of levels is used is,
effectively, a specialized form of cyclic reduction. It may be worth considering im-
plementation of this variant on vector architectures, particularly when n and m are
very small, so that factorizations involving individual blocks cannot be vectorized
efficiently. We do not pursue this issue here, but refer the reader to Wright [15], in
which cyclic-reduction-like algorithms for linear systems arising from general two-
point boundary value problems are implemented and discussed.
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4. Constrained problems. Usually, additional constraints are applied to the
controls and/or states in the problem (1)—(2). The partitioned methods of the previous
section can be extended in a straightforward way to the control-constrained case; this
is the topic we discuss in this section.

Suppose that in (1)-(2) we have the additional constraints

(44) 9i(ui) <0, i=1,---,N.

Often these constraints are simple bounds, or Cartesian products of simple geometric
shapes such as spheres or cones (see Gawande and Dunn [6]). Algorithms such as two-
metric gradient projection, or sequential quadratic programming with an active set
strategy, may then be applied to solve (1), (2), and (44). It is not our aim to discuss
the properties of these methods here, but rather to focus on the main computational
tasks and their implementation. Both methods give rise to subproblems of the form
(3), with the additional constraints

(45) Giv; + gi = 0,

where the vector g; in (45) may contain only a subset of the components of g;(u;)
from (44). The terms in the objective function of (3) must be defined in terms of the
modified Lagrangian

N N N
L(u,2,p) = Ingr(ene1) + Y (@i, wi) = D P (@iss — fil@i, wi) + D 47 gi(wi).
i=1 i=1 i

=1
First-order necessary conditions for (3), (45) yield the equations (7), (8), (9), (45),
while (6) is replaced by
(46) ri+R?y’i+Sivi+B;’FQi+1+G1.Tu"i=01 i=1a"'aN~

Standard null-space techniques can now be used to eliminate the u; and obtain a
system of the form (6)—(9). Assuming without loss of generality that the G; have full
row rank, we can define orthogonal matrices U; and upper triangular matrices T; such

that
UGT = [ A ] .
Partitioning U; in the obvious way as
Ui = [ g:l ] )
and writing
%1 = Unv;, Uiz = Uigv;,

we obtain by substitution in (7), (9), (20), (45), and (46) the system

(47) Fi2 + R5yi + Sizatiz + Bhgiv1 = 0, i=1,---,N,
(48) t; + Riotia + Qiyi — ¢ + AT git1 = 0, i=1,---,N,
(49) ZN+1+ QN+1YN+1 — qN+1 = 0,

(50) 8i — Yi+1 + Aiyi + Bialia = 0, i=1,---,N.
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Here Ria, Bia, Siz2 are parts of the transformed matrices
R.=U.R: = R B. =B = Biy g —717.0.77T — Sii1 Sia
Rz - Usz - [ Riz ] ) Bt - Usz - [ Bi2 ) Sz - U¢S1,Ui - 5'1'21 5'1222 )
while
Fio = Uigr; + Si210i1,
ti = z; + Ri1i1,
3; = 8; + Bi10i1.
The vectors 7;; and y; can be found from
v = =T Tgi,
pi = =T Uari + Riyi + Si; + BT gi1).

Clearly, the serial and parallel methods discussed in §§2 and 3 can be applied to
solve (47)—(50), and this is typically the most expensive part of each major iteration.
However, gradient projection algorithms for (1)—(2) perform two other significant
calculations at each iteration. These are solution of the adjoint equation

pN+1 = VENs1(TN41),

afiT 9L ,
(51) p1,=a_£z' pi+1+55§, Z=N"'°,1
(which is needed as part of the calculation of VF(u)), and the evaluation of the
nonlinear recurrence (2) for a given set of controls u;. The technique for parallelizing
(51) is essentially the same as that used in §3. The stages are partitioned into P

groups, and within partition j, matrices E; and vectors e; are sought such that
Di =Eip1j+1 + e, i=Ij+1 "'1’°",Ij+1'

Recurrence relations for E; and e; can be derived.
When the state equations f; are all linear, an identical technique can be used to
speed up evaluation of (2). Here, in partition j, we seek H; and h; such that

(52) z; = Hixy, + hi, t=Ii+1,--,Ijy1 — 1.

When the f; are nonlinear, it is impossible to derive such linear relationships between
the z; which are the basis of the speedup techniques described in this paper. It is
possible, in principle, to develop nonlinear analogs of (52), but implementation of
these would require nonnumerical computing techniques which are outside the scope
of this paper. One way around this bottleneck could be to use a two-level algorithm.
At each outer iteration, the “IQP variant” of sequential quadratic programming is
applied to (1), (2), and (44) to obtain a subproblem (3), with the additional linear
inequality constraints

Givi +9i <0, i=1,---,N.

This linearized problem (with linearized state equations) can then be solved by using
two-metric gradient projection.

For problems with additional constraints on the states, quite different techniques
from those above are required. This requirement is discussed in Psiaki and Park
[11], who propose a recursive method involving variable elimination and pairwise
combination of stages. We note that their method can be extended to allow merging
of any number of successive stages at each level of recursion (not just 2), but refer the
reader to [11] for details.
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5. Optimal multiprocessor implementation. The operation count expres-
sions derived in earlier sections can be used to give some insight into optimizing the
number of levels of recursion, and optimizing the allocation of processors within each
level for the algorithm of §3.3. The results of this section apply to the unconstrained
problem, and to the cost of solving the reduced system (47)—(50) for the constrained
problem. We start by introducing new notation for the operation counts of §§2 and
3. Since it is usually true that m < n, we write

m = an,

where a € (0,1]. Then, scaling in each place by n3, (19), (21), (38), and (43) can be
replaced by

Algorithm RI: NA,,
Algorithm DP: NB,,
Algorithm PRI: NC, — PD,,
Algorithm PDP: (N — P)E,,

where
Ay =T+ 40+ 402 + %as,
By = 3+5a +3a® + 3a°,
Co = 15430+ 50® + 302,
D, = 15,

Eq =6+ 9a+5a° + o3

In the remainder of this section, quantities denoted by 7 can be converted to
absolute runtimes by multiplying by n36, where § is the time required for one floating-
point operation. For simplicity, however, we refer to the 7 themselves as “runtimes.”

5.1. Shared-memory machines. We start by discussing implementation on
shared-memory multiprocessors. This is the simplest case, as we do not need to take
account of interprocessor communication costs, so the operation counts above will give
a reasonable indication of the elapsed time needed to solve a problem (3). However,
when n is small, we also need to take into account the lower-order terms that were
discarded earlier. When the total amount of data in the problem (O(Nn?)) is large,
the presence of hierarchical memory may also affect the times. This effect should at
least be consistent as N increases, since in all algorithms, the data is processed in two
or three sequential sweeps. Other costs which are ignored are costs of array indexing
and manipulation of data structures, particularly the manipulation necessary to build
up the reduced systems. The ratio of these costs to the arithmetic costs varies like
1/n, so they may be significant when n is small.

On a shared-memory machine, the number of available processors P will typically
be substantially smaller than the number of stages N. It seems reasonable, therefore,
to consider a o-level algorithm, in which PDP is first performed on all P processors,
and then the reduced systems are solved by using PRI on fewer and fewer processors,
until finally at the lowest level, RI is performed on a single processor. In general, at
level k, a problem with Py stages is solved on Pjy—; processors (P, = N, P,_; = P,
Py =1). The runtime is proportional to

N-P = Pa—iCa - Pa—l—'iDa
(53) To = P E, + ; P 1 + P A,.
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TABLE 1
Theoretical optimal processor allocations and scaled run-
times, where P =16, a = .5 and N > 32.

o| A P P P Ps| Toopt—TDP
2 | 16.0 161
3| 53 16.0 91.9
4| 3.7 7.7 16.0 81.1
5] 31 53 9.2 16.0 78.4
6| 28 43 6.6 10.3 16.0 78.1
Minimizing 7, with respect to P,_2,:--, P, we find that the optimal values for the

Py, are

C.\ C=1=R)/(e=1)
) pr/(e=1), k=1,-,0-2,

(54) Py ,opt = (A_Z

giving an optimal runtime of

AP 1/(e~1)
(55) To,opt = (—];- - 1) Ey+ (0 -1)C, ( Ca ) — (6 —2)D,.

To illustrate this analysis, we insert some typical values of the parameters. Setting
a = .5 and P = 16, and assuming N > 32, values of Py opy and 7, 0pt are given
in Table 1. We actually tabulate 7, opt — Tpp, Where 7pp = ((N/P) — 1)E,, (that
is, we exclude that part of the runtime expression which is independent of o). The
theoretical minimizing o is 5.62, for which an adjusted runtime of 78.0 is obtained.
Because we have the constraints that o and the Py are integers, that Py > 2Py_1, and
that, preferably, Px/Py_1 are integers, we use Table 1 as a guide and look for a nearby
feasible schedule. The schedule o = 4, P, = 4, P, = 8, P; = 16 produces a near-
optimal adjusted runtime of 81.3. The five-stage schedule Py = 2, P, = 4, P; = 8,
P, = 16 gives a time of 81.8. (We call this a “cyclic reduction” schedule, since after
the initial execution of PDP on 16 processors, the size of the reduced system is halved
at each level, as occurs in cyclic reduction applied to block-tridiagonal systems. See,
for example, Golub and Van Loan [7].)

Finally we note that for systems with small numbers of processors, the scheduling
above is in the nature of fine-tuning, since most of the work takes place at the top level
in PDP. As mentioned, we have discounted the time required for this phase from the
calculations in Table 1. In this example, ((N/P) — 1)E, would be 177 when N = 256
and 1498 when N = 2048.

5.2. Message-passing machines. We turn now to implementation on message-
passing architectures. Here, we need to take into account the communication overhead
needed in moving from one level of the algorithm to the next, and the availability of
more processors than are typically found on shared-memory machines. Fortunately,
the communication pattern is quite regular.

We assume that, at the top level of the algorithm, each of the P processors
contains the data needed to execute its share of PDP. Processor j needs to have Ay,
Bk, Qk, Rk, Sk, Sk, 2k, and ry for k = I;,---,I;11 — 1. After doing its computation,
this processor contributes the blocks flj, Bj, jj, Qj, Rj, 5}, 55, fj, and 7; to the
reduced system. If processor j is not among the P,_, processors which will be used
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at the next level, it needs to send these blocks to another processor. The total length
of the message will be n®F,, where F, = (3 + 2a + a?)/n + (2 + a)/n? words.

During the final phase, in which values of yx, vk, and gx are being recovered,
communication takes place in the reverse direction: processor j needs to know the
values of Gj41 and §;. These may need to be sent from one of the P,_y processors
which were used at the next lower level. A total of (P,—; — P,_3) messages of length
n3G, words is involved, where G, = 2/n?.

In general, communication between level 7 + 1 and level i requires a total of
P; — P;_; messages of length n®F, to be sent (concurrently) during the first phase,
and P; — P;_; messages of length n®G, to be sent (concurrently) during the second
phase.

We assume that the time required to send a message of length M eight-byte words
can be approximated by the formula

(56) ¥+ BM,

where M is the number of words. This timing model has often been used for transfer
of data between adjacent (i.e., directly connected) processors. However, newer hy-
percubes, such as the Intel iPSC/2 and the Ncube, use a routing mechanism which
makes (56) a reasonable timing model for transfer between any two processors.

By modifying (53), we model the total runtime for a distributed-memory machine
as

67 ro=(——1)E +§M3+PA — (6= 2)Da + (0 — VH.
o= Pa-—l [ 2 P, 1 1Aa « o as

where
Ho=2-L 4+ (Fa+Ga)2.
(67 n35 a [e3 6

Note that the new term is independent of Py, - - - P,_; and so, for fixed o, the optimal
processor allocation will be the same as in the shared-memory case (54). Again we
focus on the case in which the number of available processors P is less than N/2. For
the optimal processor schedule (54), the runtime will be

oP 1/(o-1)
To,opt = (% - 1) E, + (0' - l)Ca (AC ) — (0’ - 2)Da + (0' - l)Ha.

Again, we use some reasonable parameter values to obtain a feeling for perfor-
mance. The experiments of Dunigan [4, Tables 3 and 6] show that, for double-precision
arithmetic, approximate values of «, 3, and § for the Ncube are

v = 384pus, B = 20.8us, 6 = 7.8us.

We give predicted results for this machine, on an example in which N = 2048 and
a = .5. The number of available processors P is varied, as is the dimension of the
state vector n. Most of the entries in Tables 2 and 3 are relative times, which are
calculated by dividing each absolute time by the time required for serial algorithm
DP, executed on a single processor of the system, and multiplied by 100 percent.
Table 2 gives the theoretical optimal values for o and 7, together with the time
Tpp required for the top level of the process, namely, execution of algorithm PDP



PARTITIONED DYNAMIC PROGRAMMING 635

TABLE 2
Ncube: optimal number of stages and
normalized runtimes for N = 2048, a = .5,
and various P and n. Runtimes expressed as
percentages of runtime for Algorithm DP on a
single processor.

P nlo opt | Topt “7TDP  TDP

16 3 | 3.59 .83 11.63
5 | 4.28 71
10 | 4.91 .65

64 3 | 5.22 1.28 2.84

5 | 6.35 1.08
10 | 7.36 0.99

TABLE 3
Ncube: best feasible schedules and normal-
ized runtimes for N = 2048, a = .5, and various
P and n. Runtimes expressed as percentages of
runtime for Algorithm DP on a single processor.

P n | o | schedule Te — TDP

16 3 |4 |48,16 .84
5 | 4| 4,8,16 .71
10 | 5 | 2,4,8,16 .67

64 3 |5 | 4,8,32,64 1.34
5 |6 48,16,32,64 1.09
10 | 6 | 4,8,16,32,64 1.00

on the P available processors. Here, Topy = To,0pt With 0 = ogp. Since the ratio of
communication cost to computation cost is not too high for this machine, the oopt
values are quite close to the cyclic reduction maximum of ¢ = log, P + 1. Table 3
gives the best feasible schedules for the various P and n; it can be observed that the
times required are very close to the theoretical optima from Table 2.

Efficiency of a P-processor algorithm can be defined by the general formula

efficiency = Ts /(P * Tp),

where T is the execution time for the best serial algorithm on a single processor, and
Tp is the execution time for the P-processor parallel algorithm. From Table 2, we
see, for example, that when n = 10 and P = 16, the parallel algorithm requires 12.3
percent of the execution time of the serial method. Hence, Tp/Ts = .123, and the
efficiency is .51. When n = 10 and P = 64, the efficiency is still .41. These are quite
competitive with the efficiencies attained in the shared-memory case.

A recently released hypercube, based on the Intel i860 chip, is characterized by
a very high ratio of communication cost to computation cost. Despite this, a similar
timing analysis on the problem above with the i860 parameters in place of the Ncube
parameters showed that efficiencies of .42 and .21 could be still attained on 16 and
128 processors, respectively, for the problems in Tables 2 and 3. These results are
very encouraging, given the fine-grained nature of the latter calculation.

6. Computational results. Results of the implementation of the algorithms
on shared-memory and distributed-memory machines are given here. We use two
simple test problems with small state and control dimension, but with a large number
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of stages N. Both are discretizations of continuous-time problems, with an Euler
discretization being applied to the original state equation

.’L‘(t) = f(xa U, t)'
PROBLEM 1 (Bertsekas [2]). (m =1, n =2.) Choosing h = 1/N,
. N
min h Y7, 6uf + 2f‘”z?+1,1 + 212

s.t. $i+1=[_1h ’{]xi+[g]m, i=1,---,N.

PROBLEM 2 (Russell [12]). (m=2,n=3.) h=1/N,

: N 2 2 T
min kY57, duiy +uis + Ty 1 QTN+,

st.  @ip1 = (I 4+ hA)z; + hBu;,

where
5.2478 —5.2896 0
Q= | —5.2806 7.5183 -—1.6938 |,
i 0 -1.6938 1.3119
. [ —2 2 0 R —.873 0
A=1| -25 -21706 1.8752 |, B = 0 —.873
| O -1 -1 0 0

We also use both problems to test the constrained algorithms by imposing bounds
on the components of u;.

The Alliant FX/8, an eight-processor shared-memory machine, was used in the
tests described below.

For the unconstrained problem, the following algorithms were implemented:

o Algorithm RI;

e Algorithm DP;

e The two-level algorithm consisting of PDP on eight processors, followed by
RI to solve the reduced system,;

e The three-level algorithm consisting of PDP on eight processors, followed by
PRI on four processors and, finally, RI on a single processor.

The “serial” algorithms were compiled by using the -0g FORTRAN compiler
option to run on a single processor, and also with the -Ogc option to run on all eight
processors (and hence to reveal any parallelism in the algorithms). In the parallel
version of RI, the initial elimination and final recovery of the state variables were done
in a parallel loop. The two- and three-level parallel algorithms were also compiled
to run both on a single processor and in concurrent mode. LINPACK routines were
used to perform the various matrix factorizations and triangular solves.

Results are given in Table 4. Some improvement can be noted in the serial algo-
rithms in concurrent mode, particularly for RI, because of the elementary optimization
described above. The one-processor timings of the two- and three-level methods give
an idea of how much “overhead” is involved in PDP, in the formation of matrices D;,
F;, and J;, and so on. It is seen that runtime increases by about 50 percent over serial
DP. The eight-partition, eight-processor version of the two-level algorithms is about
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TABLE 4
Alliant FX/8 runtimes (in seconds) for unconstrained Problems 1 and 2 (N = 2000).

Problem 1 Problem 2
1 processor 8 processors | 1 processor 8 processors
RI 3.15 1.90 6.56 3.25
DP 1.57 1.25 3.82 2.30
PDP—RI 2.48 .361 5.95 .820
PDP—PRI—RI 2.61 379 6.27 877
TABLE 5

Alliant FX/8 runtimes (in seconds) for gradient projection algorithm, Problem 1 (N = 2000).

ubound=1.0 (18.4% active) | ubound=0.1 (81.5% active)
1 processor 8 processors | 1 processor 8 processors
RI 11.8 7.94 17.8 10.1
DP 7.45 6.35 11.7 8.05
PDP—RI 12.2 2.18 14.2 2.76
PDP—PRI—RI 12.0 2.14 14.0 2.7

6.4 times faster than the eight-partition, one-processor version for the first problem
and 7.1 times faster for the second problem. This speedup lags behind the ideal fig-
ure of 8, mainly because solution of the reduced system is a serial bottleneck. The
three-level version of the algorithm took slightly longer, possibly because the overhead
involved in additional levels of subroutine calls was not justified by the small amount
of computation needed to solve the reduced system.

Defining “speedup” to be the ratio of the time taken by the best serial algorithm
on one processor to the time taken for the best parallel algorithm on eight processors,
we obtain a figure of 4.5 for the first problem and 4.6 for the second. These figures
correspond well to the theoretical predictions of §5.

For the bound-constrained problem, the two-metric gradient projection framework
from Bertsekas [2] is used, with each of the four unconstrained algorithms being used
to solve the reduced system (47)—(50). The results are given in Tables 5 and 6. In
the multiprocessor versions of the four codes, solution of the adjoint equation and
evaluation of the states and objective function are parallelized as discussed in §4.
The results are qualitatively similar to the unconstrained case, except that here the
three-level algorithm has a slight advantage. Two factors inhibit perfect speedup in
going from one to eight processors in the two- and three-level codes. The “serial”
parts of these codes are proportionately more significant than in the unconstrained
case, because of the small m and n values. There is also a load-balancing problem.
An equal number of stages is assigned to each processor, but processing times for each
partition vary because different numbers of u; components are at their bounds within
each partition. This means that the decrease factor in runtime in going from one to
eight processors may be as low as 5.1 (as in Problem 1 with ubound = 0.1).

The number of iterations (i.e., solutions of reduced systems) is between 2 and 4
in each case. The sequence of iterates generated by each algorithm was the same,
with the minor exception of the two serial methods, which because of roundoff error
required an extra function evaluation of the last iteration of Problem 1 when the
control bound was 0.1.

Speedups (ratio of best serial time to best parallel time) range from 3.5 to 4.3
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TABLE 6
Alliant FX/8 runtimes (in seconds) for gradient projection algorithm, Problem 2 (N = 2000).

ubound=0.2 (6.8% active) | ubound=0.05 (70.0% active)
1 processor 8 processors | 1 processor 8 processors
RI 32.5 16.9 40.9 23.9
DP 21.4 14.3 27.8 17.8
PDP—RI 36.2 5.83 42.7 7.28
PDP—PRI—RI 35.3 5.63 42.0 7.13

and do not seem to depend strongly on the proportion of active constraints at the
solution.

7. Continuous-time problems. The discrete-time problem and the algorithms
discussed above have continuous-time analogs which we briefly describe in this section.
These have an interesting relationship to known algorithms for two-point boundary
value problems in ordinary differential and differential algebraic equations.

Given the problem (14), we can introduce the costate function ¢ and apply stan-
dard constrained optimization techniques to obtain the following set of necessary
conditions:

(58) r(t) + R(t)Ty + S(t)v + B(t)Tq = 0,
(59) i+ AT Tq+QM)y+ Rt +2(t) =0,  ¢(T) = Qsy(T) + 2,
(60) y—Alt)y— B(t)v—s(t) =0,  y(0) = yo.

This is a system of semi-explicit differential algebraic equations in ¢, v, and y; it will
have index 1 if S(t) is uniformly nonsingular on [0, T]. In fact, a standard second-order
condition (the strengthened Legendre-Clebsch condition) for (14) to have a unique
minimizer is that

(61) S(t) is positive definite a.e. on [0,T].

It is, therefore, reasonable to use (58) to eliminate v from the system above and obtain
the two-point boundary value problem

(62) g=A@y+JMa+301),  y(0) =1,
(63) §=-AM)Tqg - QW) —2(t), a(T)=Qsy(T)+ 2,
where

A=A-BS'RT, Jj=-BS'BT, (Q=Q-RS'RT,
s—BS™1r, 2=2—-RS"r.

A continuous version of Algorithm RI can be deduced by making the Riccati
substitution

(64) g = K(t)y + b(2).
Combining (64) with (62)—(63), we obtain final value problems in K and b:
(65) ( = —At)TK - KA(t) - KIt)K - Q(t), K(T)=Qy,

(66) b=~[A®)T - K@&)JOl - [K®)3@) +5@1)],  b(T) = 2.
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Substitution into (62) then yields the following initial value problem for y:
(67) g = [A®) + JOK Oy + [J0p@®) +50),  (0) = vo.

Hence it may be possible to solve (14) by integrating backward to solve (65) and (66),
then integrating forward to solve (67), and finally obtaining ¢ and v by substitution
in (64) and (58), respectively. Of course, for this algorithm to work, we must be able
to find a finite solution K (t), t € [0,T], of (65). In the literature it is often simply
assumed that such a solution exists (see, for example, Maurer [9]). However, Russell
[12] and Polak [10] show that a finite K(¢) exists provided that, in addition to (61),
we have

(68) [ RQ(g?_p }Szgg ] is positive semidefinite a.e. on [0, 7.

It is not difficult to derive an analog for Algorithm PRI. We first partition the
interval [0,7] into P subintervals using meshpoints t1,s, - -,tp+1 which satisfy
0=t <tg < <tpy1=T.

Now we introduce the notation §; = y(;) and § = ¢(¢;), i = 1,---, P+ 1. The aim
is now to express y(t) and ¢(t) purely in terms of §; and §;, i = 1,---,P + 1, and to
derive a “reduced” linear algebraic system in which the §; and §; are the unknowns.
On each interval [t;,t;+1] we make the “Riccati” substitution

(69) q= K,’(t)y + bi(t) + Li(t)tji.g_l, te [ti,t“_l].
The usual manipulation yields final value problems for K;, b;, and L;:

(70) K; = —A(t)TK; - K;A(t) - KiJ()K; — Q(¢), Ki(tiy1) =0,
(11) b = —[A(t) + Ki(8)J(0)]bs — [Ki(£)3(t) + 2(2)],  biltiy1) =0,
(72) Li = —[A@®)T + K;(t)J()|Li,  Li(tig1) = 1.

By setting L; = L;(t;), K; = K;(;), and b; = b;(t;), we deduce from (69) the following
equation:

G = Kifji + bi + LiGis1.

To obtain another equation which relates the §; and §;, we seek H;(t), M;(t), and
hi(t) such that for t € [t;, t;+1],

(73) H;(t)y + M;i(t)Gi+1 — Ji+1 + hi(t) = 0.
Substitution into (62) and (63) shows that

(74) H;(t) = Li(t)",

and we obtain final-value problems in M; and h;:

(75) M= —L()TIOL(),  Mi(tir) =0,
(76) hi = —Li@)T[J@)bi(t) + 8(1)],  hi(tiv1) =0.

By setting t = t; in (73) and using the notation M; = M;(t;), h; = hi(t;), we obtain

LT§ + MiGisr — Gigr + hi = 0.
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When the boundary conditions for i, §p+1, and §p41 are included, we obtain a
reduced linear system with unknown vector

(77) ((71,171,@2,?72,"‘a(fP+1,Z7P+1)»
right-hand side
(78) (—yg’ _BilT', —Bfa Tt _ﬁg’ _Z?)Ta

and coefficient matrix

B )
-1 K, L,
Lr s -1
(79) —-I K; L,
LT Mp -I
A -1 Qjy |

_ The partitioned algorithm can be summarized as follows: we first obtain R’i, l~),~,
L;, M;, and h;, for ¢ = 1,---, P by integration of (70), (71), (72), (75), and (76),
respectively. Then, (77)-(79) is solved to find §;, 9, ¢ = 1,---, P + 1. Finally, y(¢)
and ¢(t) can be recovered by substituting into (73) and (69).

The scheme just described can be placed in the framework of “theoretical multiple
shooting” applied to the boundary value problem (62)—(63) (see Ascher and Mattheij
[1]). We are effectively solving a set of P subproblems, one on each interval [t;,¢;+1],
and for the i¢th subproblem we enforce the separated end conditions '

(80) q(tiy1) = Giv1,  y(t:) = G-

(At this point, of course, §;+1 and §; are unknowns.) This approach contrasts with
“standard” multiple shooting in which only initial conditions are enforced for each
subproblem. We are effectively using Riccati substitution techniques to find solutions
to the particular and fundamental problems

yp,i = A(t)yp,i + j(t)Qp,i + '§(t), yp,i(ti) =0,
dpi = —At) T gpi — Q) yp,i — 2(2), @p,i(tiy1) = 0,

Yii = A@)Y1,i + J(t) Py, Y1,i(t;) =0,
P = —A@t)TP; — Q(t)Ya,, Pyi(tiv1) =1,

Yai = A(t)Yz, + J(t) Py, Ya,i(ts) =1,
Pyi = —A(t)T Py — Q(t)Yay, P;,i(ti+1) = 0.

It can be shown that the following identities hold:

Yii(tiv1) = M;, Yai(tiv1) = LT, Yp,i(tit1) = hi,
-i/i,

Pl,i(ti) = P2,'I,(tl) = I~{i, qp,i(ti) - Ei.
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Given this connection to multiple shooting, we can briefly address the remaining
issues associated with the partitioned method. One is the existence of solutions of
the subproblems on each interval. Again, the conditions (61), (68) restricted to the
interval [t;,t;+1] are sufficient for the existence of a finite solution K; to (70). Then,
under weak assumptions on the coefficient functions in (14), we can deduce existence
of solutions to (71), (72), (75), and (76).

A second important issue is the stability of this procedure. It is easy to see from
(72) and (75) that there is a possibility of exponential growth in L; (and hence M;). A
large body of literature has appeared in recent years on stability of numerical methods
for two-point boundary value problems; from this we can state, loosely speaking, that
if (62)-(63) is well conditioned (that is, not too sensitive to perturbations in the
boundary conditions), then the method outlined above will be stable provided that
the interval lengths are sufficiently small, and the reduced system (77)—(79) is solved
in a stable way. The system (77)—(79) has the same form as the system (15)-(16)
arising from Algorithm RI, and hence could be solved by the discrete algorithms
RI or PRI If such a procedure turns out to be unstable (something which is easily
detected substituting the calculated solution into (77)—(79) and finding the residual),
a stable parallel solver along the lines of those discussed in Wright [15] can be used
instead.

Finally, we note that the partitioned algorithm just outlined, with its special
choice of boundary conditions on each interval, is by no means the only possible
parallel algorithm for (62)—(63), though it does seem to be a reasonably intuitive one.
Another possibility is to use a global finite-differencing scheme to set up a large block-
banded matrix, and then to use parallelism at the level of the linear algebra (again,
see [15] for details).

8. Conclusions. We have described parallel methods for optimal control prob-
lems, and described their implementation on various parallel architectures. In the
discrete-time case, the parallelism is implemented at the computationally intensive
“inner loop” in which a linear-quadratic regulator problem (3) must be solved. This
allows flexibility in the choice of nonlinear optimization framework to be used to solve
the problem (1)-(2). Good speedups over the best serial algorithms were observed
on a shared-memory machine, and some simple timing analysis shows that good re-
sults can also be expected on distributed-memory architectures. Under appropriate
assumptions, the continuous-time “limit” of the partitioned algorithms is a special
multiple shooting algorithm.
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