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Abstract

We propose a new method for selecting a common subset of explanatory variables
wherethe aim is to model severl responsevariables. The ideais a natural extensionof the
LASSO technique proposedby Tibshirani (1996) and is basedon the (joint) residual sum
of squareswhile constraining the parameter estimatesto lie within a suitable polyhedral
region. The properties of the resulting cornvex programming problem are analyzedfor the
special caseof an orthonormal design. For the generalcase,we developan e cien t interior
point algorithm. The method is illustrated on a data set with infra-red spectrometry
measuremets on 14 qualitativ ely di erent but correlated responsesusing 770wavelengths.
The aim is to selecta subsetof the wavelengthssuitable to useas predictors for as many
of the responsesas possible.
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1 Intro duction

Many practical (linear) regressionproblemsare ill-conditioned. When the problem cortains a
large number of highly correlated predictors, the needto selectpredictors carefully, or other-
wiseregularize the problem, is well-known. Sometraditional techniquesusedfor this purpose
are direct variable selection (Miller, 1990; Burnham and Anderson, 1998), ridge regression
(see,among others, Hocking, 1996;Draper and Smith, 1998) and partial least squares(Wold,
1984; Martens and Naes, 1989; Brown, 1993). The latter is typically usedif the number of
explanatory variables s large relative to the number of obsenations. Newer techniques that
have beenproposedinclude the non-negative garotte by Breiman (1995) and the least absolute
shrinkage and seletion operator (LASSO) by Tibshirani (1996). Below we shall discussthe
LASSO in more detail, and proposea method that extends the LASSO methodology in a
natural way to the problem in which seeral related responsevariables are obsened and the
researtiers desires, either becauseof available a priori information or for other reasons,to
model theseresponsevariables using the samecommon subsetof predictors.

Breiman and Friedman (1997) discussvarious applications in which the aim is to model
seeral related responsevariablesusing the sameset of predictors, and proposea method that
usesthe relationship betweenthe responsevariablesto nd a \simultaneous" model for eah
responsevariable. They show that sud a simultaneous model can outperform an approad in
which eat responsevariable is modelled separately Howewver, their approacd usesall available
predictors to build simultaneously models for all of the responsevariables and they do not
addressthe question of variable selection.

Using a Bayesianapproad, Brown et al. (1998, 1999, 2002) addressthe question of vari-
able selectionin the setting where one has seeral related responsevariable and a (large) set
of predictors to choosefrom. Howewer, their methods require the use of quite sophisticated
MCMC algorithms for which the choice of tuning parametersand the monitoring for conver-
gencedoes not appear to be trivial. By way of cortrast, the method that we propose for
variable selectionin this setting is basedon a regularization approad inspired by the LASSO
methodology. Although we are aware that many variable selectionproceduresthat usea reg-
ularization approad, including the LASSO, can be explained via a Bayesianframework (see,
for example, Leamer, 1978), we do not dewvelop a Bayesian interpretation for our method in
this paper.

The LASSO technigue minimizes the residual sum of squareswhile bounding the L 1 norm
of the coe cien t vector by a speci ed value. Supposethat we obsene data on a response

( ;xi =0and ixﬁ:n = 1forall | = 1;:::;p). Then the LASSO estimates are given by
the solution to the following optimization problem

1 X xP .
5 Yi it b (1.1a)

minimize
by

subject to jhj t (1.1b)



Tibshirani (1996) shavsthat this approac hasfeaturesin commonwith both ridge regression
and variable selection. As in ridge regression,the solution fi of (1.1) tends to shrink to zero
ast goesto zero. On the other hand, the non smooth nature of the L; norm, which is is non
di erentiable whenany componerts by are zero,tendsto force someof the solution componerts
ﬁ's to be zero. In this sensethe outcomeis similar to variable selection.

In this paper we proposea method that extendsthe LASSO methodology in a natural way
to the problem in which seeral related responsevariables are obsened and the researter's
aim is to nd predictors for all of them from a common subset of variables. The data set
that motivated this researén and which we will useto illustrate our methodology was kindly
provided by Dr Bronwyn Harch of CMIS/CSIR O in Adelaide. In this data set, experimenters
used24 soil samplesto take measuremets on 14 quartities (EC, pH, pHCaCl2 CLecq Org.C
NLecq extP, Ca Mg, Na, K, TotalCations CECand CaCOgJ at 770di erent wavelengths. The
aim is to identify those wavelengths (explanatory variables) that are the most informativ e for
detecting and quartifying the presenceof a particular quantity, say organic C (Org.Q.

If we apply the LASSO methodology to ead responsevariable of this data set, choosing
valuesfor t betweenO and 1, we obtain the results shovn in Figure 1.1. Here, the 770di erent
wavelengths, approximately equally spacedalong a spectrum, were labeled X1 to X770 for
simplicity. In ead panel, the abscissais the constraint bound t in (1.1b) and the ordinate
is the coe cien t value. (Since the predictors are scaledto zero mean and unit variance, the
coe cien ts are also on comparable scales.) Note that for most of the responsevariables only
a very few of the coe cien ts are non-zero for any given value of t, but the set of non-zero
coe cien ts dependsstrongly ont. Typically a regressorenters the model (that is, has a non-
zero coe cien t) and drops out again to be replaced by a \nearby" regressor. For example,
consider the panel for CaCO3 Initially , for small t, X116 is selectedby the LASSO. As t
increasesto about 0.8, X116 is replaced by X117, which in turn is replaced by X119 as't
approades 1. Thesethree regressorsare highly correlated:.

A feature in Figure 1.1 that is not soobviousis that at t = 1, the set of variables selected
for most responsevariables includes only a few regressorvariables. Moreover, the indices of
theseregressorvariables are mostly in a few particular regionsof the spectrum.

Figure 1.2 shows a pairwise scatterplot of the 14 responsevariables. We obsene at least
some correlation between most of the response variables; in particular, between EC, pH,
pHCaCl2 Clecq Org.C Nlecq Ca TotalCation and CEC With regardto NLecowe would also
like to point out that one obsenation, nhamely the 10th, appearsto be an outlier.

The correlation between the response variables and the results of the separate LASSO
analysissuggestthat possibly a single set of regressorvariablesis su cien t to model all (or at
least most) of the responsevariables. One may alsoexpect that by usingall responsevariables
simultaneously to selecta single set of regressorvariables, it is possibleto avoid over tting,
which is potentially a seriousproblem if we selecta separateset of regressorvariables for eah
responsevariable.

1Given this high correlation betweenregressors,another recertly proposedmodi cation of the LASSO, the
\elastic net" (Zou and Hastie, 2003) might be more appropriate if one wants to model the response variables
separately.
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Figure 1.1: Applying the LASSO to ead variable separately

1.1 Extending the LASSO to multiple responses

We proposeto extend the LASSO methodology to achieve simultaneousvariable selection. To
X notation, supposethat we have n obsenations on k responsevariablesyj; , and p explana-
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areaswell; that is, ;y; = Oand iyijz- =n= 1forall j = 1;:::;k. We might interpret the
regressionparameter by; asthe \explanatory power" that the I-th regressorvariable hason the
j -th responsevariable. It seemsnatural to take b, = max(jb1j;:::;jbkj) asa measureof the
\sim ultaneous explanatory power" of the I-th regressoron all k responsevariables. Following
the approach of Tibshirani (1996) we may now imposea constraint on the sum of the b},.,,
| = 1;:::;p, in order to identify the regressorvariables that simultaneously best explain all



responsevariables. Thus, we arrive at the following problem

minimize 5 Yii Xil D ; 1.2a
P53 pk j=1 i=1 =1
xP
subject to max(jbj;:::;jbkj)  t (1.2b)

=1

Note that if k = 1, (1.2) reducesto the LASSO (1.1). It should also be noted that we
proposeto use(1.2) asan exploratory tool to identify a suitable subsetof regressorvariables.
Once this subsetis identi ed, we suggestthat its suitability for modelling most (or all) of
the responsevariables is assessedurther using standard statistical techniques, and that the
selectedregressorvariablesbe usedin unconstrained (linear) models. It is not clearto usthat
the actual parameter estimatesat the solution of (1.2) have any inherent meaning or use.

While for the data set that we useto illustrate our methodology it was not crucial that
the sameset of predictors can be usedto model all responsevariables, there may be situation
where the ability to identify a set of predictors to model all responsevariablesis crucial. For
example?, amanufacturer of high-frequencymeasuremen devicesproducesan instrument that
is designedto meet seweral di erent speci cations (lik ely correlated) for all carrier frequencies
in agivenrange. Howewer, production engineersvould not beableto a ord to test every single
frequency(e.g. 1IMHz, ..., 500 MHz) to verify that the instrument comingo the production
line passesall specications at all frequencies. It would be to their advantage to nd a
small subsetof frequenciesthat can be usedto verify performanceat all speci cations. The
engineerswould be able to save enormousamournts of time by setting their signal generators
to only a few frequencies,and to test the instrument responseto all specications as the
frequencyis changedfrom one setting to the next. We suggestthat our methodology might
be helpful in identifying sud a subsetof frequencies.

The rest of the paper is structured as follows. In Section 2 we provide some further
motivation for the method that we proposeand discusshow it relatesto similar work by others.
In Section 3 we give an exact characterization of the solutions to (1.2). We also describe a
homotopy algorithm that calculates all solutions (as functions of t) in the casewhere the
design matrix is orthonormal and dewelop an interior point algorithm for the general case.
Using the latter algorithm, we reanalyzethe infra{red spectrometry data in Section4. Further
discussionon how this method can be extended is given in Section 5 and some conclusions
are o ered in Section 6.

2 Some motiv ation and discussion of related work

The proposedmethodology can be viewed as a way to selectgroups of regressionestimates.

the index set = f1;:::;mg into p disjoint sets, |, such that = [, |, and seekthe \most
signi cant" groups of parameters. We allow ; to be nonzeroonly if i belongsto one of the
selectedgroups .

In Section 3 we show that our problem can be viewed from this perspective. Another

2The authors would like to thank Prof. K. Kafadar for bringing this example to their attention.



problem that ts into this setting is variable selectionin generalizedadditive models (Hastie
and Tibshirani, 1990)asdiscussedby Bakin (1999). In this case,ead nonparametric function
in the generalizedadditive model is built from a B-spline basis, and the corresponding coef-
cients are collected into a group. By deciding which groups are \signi can t," Bakin (1999)
essetially identi es thoseregressorvariablesthat have a signi cant in uence on the response
variable.

How can sudch a groupwise selectionof regressionparametersbe achieved? By generalizing
other methods studied in the statistical literature (Leamer, 1978;Frank and Friedman, 1993;
Tibshirani, 1996), one might considerimposing the following constraint onto the parameter
estimates 0 1.

X X xP
@ jijA = K

1=1 i2 =1

kK (2.1)

wheret 0 is someconstart,  is the vector consisting of those ;s for which i 2 |,
and k k isthe L -norm. If 1, the feasibleregionin (2.1) is a corvex subsetof R™.
This property is advantageousfrom both numerical and theoretical points of view. It ensures
that a solution exists if the parameter estimates are de ned as the minimizer of a (strictly)
corvex function. In fact, for a strictly corvex objective function the solution is unique. If the
objective function is not strictly corvex then one can ensurethat the solution is unique under
further regularity conditions, provided t is small enough; seefor example the discussionin
Osborne et al. (2000b) for the special caseof the LASSO.

When t is small enough, the solution of the regressionproblem with constraint (2.1) lies
on the boundary of the feasible set, that is, equality holds in (2.1). Thus, it is clear that
imposing a constraint like (2.1) shrinks the parameter estimates towards zero ast goesto
zero. The sizeof this shrinkageand the manner in which the parameter estimatesare shrunk

to zero, howewer, dependson the particular choiceof . For = 1 we have
xP x X ox
k k = = =k k
=1 =1 i2 =1

and the constraint (2.1) reducesto the L 1-norm of the completevector of parameter estimates,
which is the constraint usedby Tibshirani (1996) in his LASSO method. Given the behavior
of the LASSO method (Tibshirani, 1996;Osborne et al., 2000a,b), it is clear that this choice

does not adieve the desired \simultaneous" variable selection, so the choice = 1 is not
interesting in this cortext.
Arguably, the most obvious choicesfor > 1would be = 2and = 1. The former

choice was studied by Bakin (1999), while we study the latter choice = 1 in this paper.
Bakin (1999) notesthat the useof = 2 can be interpreted as a hybrid betweenthe LASSO
(if p= m, i.e. each | contains exactly one index) and ridge regression(if p = 1). Likewise,
the useof = 1 leadsto a hybrid betweenthe LASSO (p = m) and interval-restricted least
squares(p = 1; Clark and Oshorne, 1988). We note that the optimization problem with = 2
cannot be handled as e ectiv ely with currently available optimization techniques as can the
problem with = 1 . The latter leadsto a corvex quadratic program, for which interior
point methods can be devisedthat exploit its special structure, as we shaw in this paper.
The former leadsto a second-ordercone program (see,for example,Lobo et al., 1998). While



software is now available for problems of this type (see,for example, Sturm, 1999), it is less

able to take advantage of the structure of the problem and asa consequenceanvill probably be
lesse cien't in practice.

3 Numerical aspects of the estimator

We now return to (1.2). To avoid somecumbersomenotation, we introduce the following
matrix notation:

0o 1 0 1
Yij )~’1
%=%5§2R”; =1k y= ;§2R”k;
Ynj y
0 1 0 1 3.1)
X11 il Xgpp X
x:%; ;§;andX‘=lk x:% §2R”kpk;
Xn1 i1 Xpp X
where denotesthe Kronecker product. We arrangethe regressionparametershy; in a matrix
to implicitly de ne vectors 91; D ;}:} 2 RP and 9(1); T ;E(p) 2 Rk:
0 1 0 1 0 1
bur i b j j | o |
% : : § = @b, qﬁ = % : § ;
b i bk ] j | b, |
and then de ne the vector b by 0o 1
b
b= %§ 2 RPK:
B
Using this notation we write (1.2) as
. - - T
minimize flh=2 y Xb y Xb (3.2a)
ke Rk ~ ~ ~ = ~
xXP
subject to gb =t kgl)kl 0: (3.2b)
I=1
We also de ne the vector of residuals as follows:
rh=y Xb

Remark 3.1: A refereepointed out that occasionally a covariance matrix for errors across
responsestypically is incorporated in multiv ariate regressionproblems. This amourts in
changing the objective function in (3.2a) to % y Xb TW y Xb whereW is a suitable
(symmetric positive semide nite) weight matrix. We can accommadate this generalization
easily by pre-multiplying y and X by W 2. Sinceit is simple to incorporate a weigh
matrix W in our formulation, our method can be extended to other models in which the



objective function is not the residual sum of squaresbut rather is obtained from an iterativ ely
(re)weighted least squaresprocedure;for example, generalizedlinear models (McCullagh and
Nelder, 1989).

Remark 3.2 As stated above, we generally assumethat the explanatory variables and the
responsevariables are certered and standardized to have (sample) mean zero and (sample)
variance one. Given the previous remark about the possibleincorporation of weights, suc
standardization may seemquestionable. Obviously, just asfor the LASSO and other statistical
techniquesthat are in wide use, our proposedmethod is not invariant under rescaling of the
variables (be they explanatory variables or response variables). Thus, we suggestthat by
default the variables should be certered and standardized unless the researtier has good
reasonsnot to do so.

3.1 Characterization of solutions

We now useresults from corvex analysis (Rockafellar, 1970; Osborne, 1985; Clarke, 1990) to
characterize solutions of (3.2). Introducing a Lagrange multiplier ~ for the constraint (3.2b),
we write the Lagrangian for (3.2) asfollows:

Lo )=f(B  gO; (3.3)

where 0. If we x 0, then L(b ) is a corvex function in b and b minimizes L(b )
if, and only if, the pk-dimensional null-vector 0 is an elemen of the subdi eren tial @,L(b )
(Osbhorne, 1985, p. 23). From (3.3), we have

@L(b )= X“Tr~+ v

form:

P
If kb(l)kl > 0, then Viy = (Vi1;::;vik) T where J —1 Jviji=land, forj = 1;:::;k, we
havevi;  0if bj = kb, ky , vij  0if by = k bki andv; = Oif jh;j 6 k~(|)kl :
P -
If Kbk = 0, then v,y = (viz;:::;vik)T where w1
Thusif b minimizes L (b; ) for a given value of ,
0= XTr+ v; (3.4)

for somev of the form described above, and r= r(b) =y X“b The properties of v imply

P
that va— -1 kbyyke , soit follows from (3. ) that

xpP
=r"Xb= kb

~(|)k1 : (35)
=1

For bto be a solution of (3.2), we require not only that (3.4) holds for somevector v satis-
fying the propertiesabove, but alsothat bsatis es the constraint (3.2b), that satisfying (3.5)



has 0, and that the following complemenarity condition holds:
!

k]_ =0

xP

gB= t Ky,
=1

In the caseof = 0, we have from (3.4) that X Tr = 0, indicating that bis the unconstrained
least-squaresminimizer of (3.2a). - -

Although equation (3.4) givesa characterization of the solution for (3.2), the highly non-
linear way in which v dependson b makesit impossibleto calculate the solution directly from
the characterization | just described. Somesort of iterativ e algorithm is needed. For general
X, an interior-p oint algorithm is developed in Section 3.3 belown. The next section discusses
the special casein which X is an orthonormal matrix.

3.2 The orthonormal design case

In this sectionwe assumethat X is orthonormal, and that n > p, sothat X TX = I,. For the
LASSO, we can nd explicit formulae for the LASSO estimate basedon the unconstrained
least squaresestimate. Unfortunately, similar formulae do not seemto be available for the
current problem. We can, howewer, dewelop a homotopy method, in which the constraint
bound t becomesthe homotopy parameter, and we can examine the behavior of the solution
to (3.2) ast varies. A similar analysisis given by Osborne (1992) for the caseof quartile
regression,and by Osborne et al. (2000a) and Efron et al. (2004) for the LASSO. Speci cally,
the analysis shaws that the solution b of (1.2) is piecewiselinear as a function of t and gives
further insight into how our method selectsvariable simultaneously.
We start by noting that, sinceXTX = | ok, the unconstrained minimizer of (3.2a) is

bO — (b_l_ ..... bp )T — X-Ty
Assumingthat the b s are, for somenonnegative quartities |, | = 1;:::; ; p, of the form
bj = sign®@) min(jklj; 1); l=2L::0p; =10k (3.6)

we now shaw, by specifying the dependenceof these s ont, that (3.6) indeed yields the
solution of (3.2). Obsenethat, aslong as | kb(l)kl ,forl=1;:::;p, wehave | = kb(l)kl .
By using X 'X = I ok again, we rewrite f (b) as follows:

f(?):% yX“EOTy X90+909T909: (3.7)

From (3.6), we have that jb}  bjj = (jf}j 1)+ where (x). = max(0;x). By using this
obsenation in conjunction with (3.7), we reformulate (3.2) as follows:

XP
m|n|m|ze : i 03 (3.8a)

subject to | =t (3.8b)



We now de ne fl,:::;pgsuchthat if | 2 then | = 0,thatis, isthe setofindicesl for
which | may bedierent from zero. Furthermore, foreat | = 1;:::;p,let | f1;:::;kgbe
the set of indicesj sud that jbﬁj > | if, andonlyif, j 2 |. Wethen rewrite (3.8) asfollows:

minimize : (i 03
12 j2
X
subject to | =t
12
Of course,we alsorequirethat |  Ofor| 2 . By introducing a Lagrange multiplier  for

the constraint in this problem, we obtain from the optimality conditions that the solution
must satisfy the following relations:

0 1
X X
= (0] =@ oA n 12 and >0 (3.9a)
g(z | j2 |
t = I (3.9b)
12
wheren; = j |j denotesthe number of elemerns in the set |, 1= 1;:::;

We shall now usethe Karush{Kuhn{T ucker (KKT) conditions (3.9) to shawv that the s
(and hence, by (3.6), the b; s) are piecewiselinear functions of t. Speci cally, we show that
there is a sequenceof \knots" 0= tg < t; < tp < < tm sud that the s arelinearint
fort2 [t; 1;ti]fori= 1;2;:::;m. At ead of the t;s either changesby adding one or more
indices,oneor more s changeby dropping oneor more indices, or both theseewerts happen.

Fortg = 0, weset = fl: kg?,)kl = maXi=1 ::p k_tgg)klg and ((to) = Ofor |l = 1;:::;p.
Clearly, this is the optimal solution for t = 0 and ful lls the KKT conditions (3.9). We now
describe the homotopy algorithm iterativ ely as follows:

Assumethat we are at tj, and then de ne for each | 2

1 1
)= () + P———=(t t):
I() |(I) » 1=n, nl( |)
: . . . P P
Note that ead | is alinear function of t and that if |, (tj) = t;, then |, ((t) =t for
all t > t;, provided the set doesnot change. Hence,these |sfulll the KKT condition (3.9b)
for t betweent; and tj+; .
Furthermore, for each | 2 , we de ne
0 1
=@ oA np(b):
i2
Becauseof the de nition of the (t)s, this de nition ensuresthat the optimality condi-
tion (3.9a) holds for t > t; whenewr it holds at tj, as long as none of the sets | change.
That is, |,(t) = ,(t)= (t) foranyls;l>2
We conclude that the |(t) de ned above are the solutions to (3.8) for all t betweent;
and tj+1 . It remainsto determine the next knot tj;+;. To nd tj.;, we calculate | sud that

()= minj I(jtﬂj), foreah | 2 . Let = min, | bethe constraint boundt at which
oneor more of the s changeby dropping one or more indices.
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Furthermore, for somelg 2 let (t) = |,(t). (As noted above, the ((t), | 2 are

all identical.) Then, provided that not all variables have yet entered the model (that is,
6 f1;:::;pg), we calculate Y such that ( ¥Y) = max» k_tz?l)kl. In other words, VY is the
constraint boundt at which changesby adding one or more indices. In the alternative case
of = f1;:::;pg, wecalculate Y suchthat ( ¥)= 0. That is, Y isthe constraint bound at

which we read the unconstrained solution.

We then settizy = min( ; Y) > tj. If tjyzz = Y and (ti+1) 6 0, we update to
= [ fl: k??l)kl = (ti+1)g. If (ti+1) = O, then we have reached the unconstrained

solution and the algorithm stops; otherwiseit cortinuesas described above.

We conclude from this analysis that for X orthonormal, the solution vector b of (1.2) is
a (continuous) piecewiselinear function of the constraint parametert. This pro;;erty of the
solution vector b also holds for general X, if X hasfull column rank. The proof of the more
general result is omitted but is available on request from the authors. We conjecture that
the samestatemert holds for generalX, asis the casefor the LASSO (Osborne et al., 2000a;
Efron et al., 2004). Howewer, proof of this conjecture for general X in the current setting
appearsto be a somewhatmore di cult prospect.

This analysisalso givessomeinsight into how our method selectsvariables. In the caseof
an orthonormal designit essetially ordersthe variables suc that

0 0 0 0 0 .
kpﬂl)kl k3|2)k1 k9(|3)k1 k?ﬂp 1)k1 k_tg(lp)kl,
and then selectsthe variables x; ,; Xii,; :::; Xil,, » wherem dependson t, using this ordering.

Note that the unconstrained coe cien t estimates _tz?l) are sorted accordingto their L* norm.
This shows that the constraint that we proposeachievesits \simultaneous" variable selection
by measuringthe over all corntribution of an explanatory variable by summing its (absolute)
contribution over all of the k regressions.The variable that is bestwith respectto this measure
is selected rst, followed by the variable that is secondbestwith respect to this measure,and

soon.

3.3 The general case

In this section we dewelop an interior point algorithm for solving (1.2) for general X. First,
to expressthis problem as a convex quadratic program, we de ne

Q=XTX; c¢= XTy2RP d=1yTy;

and useu, to denote an |-dimensional vector with all ertries equalto one. By introducing an
auxiliary vector z 2 RP, we now write (3.2) as follows:

minitr)nize %E)TQ9+ ET9+ d (3.10a)
subject to U z 9 9 (3.10b)
U, z+ 9 9 (3.10c¢)
t uz O (3.10d)
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It is well known that convex quadratic programming problems can be solved e cien tly
using primal-dual infeasible-irterior-p oint algorithms (Roos et al., 1997; Wright, 1997; Ye,
1997). We now presen a brief derivation of the interior-point approad, as applied to our
speci ¢ problem (3.10).

Using the Lagrange multipliers NI 2 R¥P and 2 R, the Lagrangian for (3.10) is

L(bz; ;7 ;i )=3b'Qb+cTb+d '(u z b [(u z+b (t u;z):

The optimality conditions for b to solve (3.10) are

Qb+ c+ =0

(l_:I_-kr Ip)__u (l_zl,-kr Ip)~l+ l_fl_ng;

u, Z b O

Uy z+b O

T .

t %z O

v o 0 0;

LUz D=0y z+h=0 (t yz=0

Since the problem is a convex quadratic program, these conditions are su cien t as well as
necessary By introducing slak variables s, and s, in RP, and 2 R, we restate these
conditions in a form that is more conveniert for developmert of the interior point approad:

Qb+ c+ | (=0 (3.11a)

(EI 1p) 4 (‘if |~p)~|~+ Qp: §; (3.11b)

4oz b =0 3110)

u  z+b s=0; (3.11d)

) t ~Lig2 = 6; (3.11e)

USUupk = 9 |S|lipk = 9; =0 (3.111)

" 0; 0 0; S, 0 s 9 0: (3.119

(Here we usea standard notational convertion from the interior point literature, namely, that
if a lowercaseand an uppercaseletter are used at the sametime, then the lowercaseletter
indicates a vector and the uppercaseletter a diagonal matrix whosediagonal elemeris are the
elemerts of the corresponding vector.) Primal-dual interior-point methods view (3.11) as a
constrained system of nonlinear equations. They seeka root of the function F de ned by the

12



equality conditions in (3.11), that is,

Q9+ c+ u

0
(U o)y (g 1p) o+ g
u z b
u z+b
F(bz, i 5 58,i8: )= "t T, = 0; (3.12)

Ry

l

t ~P -
uSu L__J,pk

1S1Upy

over the setde ned by the inequalities listed in (3.11g). An important conceptin primal-dual
methods is the central path, which is de ned asthe solution of the following perturb ed variant
of (3.12), for someparameter > 0,

1

F(oiz v )5 i8Sy )= ; (3.13)
u_~pk
U ok

~p

el eoh ool o)

over the strict interior of the feasibleregion de ned by (3.11g), that is,

u>0; >0 > 0; §u>9; §|>9; > 0 (3.14)
Maintenance of strict positivity of these variables at ead iteration is the origin of the term
\in terior-p oint."

Interior-p oint methods of the path-following type (such asthe one we use here) nd the
solution of (3.119g), (3.12) by following the certral path (3.13), (3.14) as decreasedo zero.
Rather than calculate the certral path point exactly for ead value of , path-following meth-
odstake a single Newton-like step toward a point on the certral path that is, in a sensecloser
to the solution than the current iterate. We de ne the certral path point corresponding to
the current iterate by de ning  asfollows:

TS+TS+

S u-u .
ook 1 : (3.15)

(Note that this is the average value of the pairwise products ;sy; and s, i =
1;2;:::;pk, and ) We then choosea centering parameter 2 (0;1), and apply a modi ed
Newton step toward the certral path point de ned by (3.13), (3.14) in which s replaced
by . The modication (due to Mehrotra, 1992, and detailed below) enhancesthe approx-
imation of (3.12) on which the Newton step is based, making it approacd a second-order
approximation rather than the usual rst-order (linear) approximation. By requiring to be
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strictly lessthan 1, we ensurethat the stepaims at a point further alongthe certral path than
the point corresponding to the current iterate. A heuristic for choosing is also described in
Mehrotra (1992) and detailed below. Practical variants of this algorithm may cortain other
important features, such as techniques for determining the distanceto move along the calcu-
lated step, a method for calculating the starting point, and possibly third- and higher-order
modi cations to the seard direction.

We now focus on the system of equations obtained from the modi ed Newton step for
(3.13). By dening the residuals at the current point from (3.12), with the appropriate
adjustments for the certral path perturbation (the terms involving ) and for higher-order
enhancemen (the terms ﬁhi, ﬁo’ and i ), we obtain

0o 1 0 1
"y Qb+c+ ,
r, (e To)_y (U 1o)  +
Lu lil_k E 9 §.U
r u z+b s
Nyoge K- ; (3.16)
I t UpZ
M uSulp Ut My
o 151Uy U+ fio
r + P

The modi ed Newton systemis then
0 10 1 1

Q Ipk Ipk
T T
U Ip U lpu

I -~

Su

U_ —
~ T
=
11 <
~ o~
|
T .
- ©
©
c 5
=~
-
x~
H
wi» LN o
1
@m o
:_Tq ~ 1= l;:_‘ W o

e
o .

(3.17)

Thus, at ead iteration of our interior point algorithm we haveto solve systemsof equations
of the form (3.17). Although this systemof equationsis very large, it is alsohighly structured,
and by performing someblock elimination we can reduce its dimension greatly. Details of
thesealgebraic manipulations are given in the technical report, available from the authors on
request, on which this paper is based.

We continue with somedetails of our implementation of the Mehrotra algorithm, which
actually solves two systemsof the form (3.17) at ead iteration, with the same coe cien t
matrices but di erent right-hand sides(3.16). In the rst of thesesystems,we set = 0and
i =0, f:lo = 0,and i = 0, to obtain the a ne-sc aling direction. This direction, which we

denote by

u’ |1 [ § B

( Ea, Za; a . a . a . Sa. Sla, a) (318)

is simply the pure Newton direction for the system of equationsF givenin (3.12). We then
nd the largest step length 5 2 (0;1] suc that a step of length 5, along this direction
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from the current iterate satis es the conditions (3.11g). We then calculate the value
from (3.15) that would occur if we actually took this step, and set

a

= = (3.19)

where is calculated using the current iterate. We use this value of to form the right-
hand side for the secondsystem, and also usethe componerts of (3.18) to de ne the residual
modi cations:

i = o Su Uy o = PSP Uy rPpo= 22 (3.20)

We then solve (3.17) with the new right-hand sideto obtain the actual seard direction. The
heuristic for  in (3.19) yields a value closeto 0 when the pure Newton direction appears
to be a pro table seart direction. Thus the calculated step will not be much di erent from
the pure Newton direction, and will move quite aggressiely to reducethe value of on this
iteration. When the a ne-scaling direction doesnot make much progressin reducing , the
heuristic yields a consenative choice of , closerto 1.

The steplength alongthe seard direction is chosenby meansof a heuristic dueto Mehrotra
(1992, Section 6) and described in Wright (1997, p. 205). The heuristic is modied in an
obvious way to accournt for the fact that our objective function is quadratic rather than
linear. This choice of step ensuresthat the strict inequalities (3.14) are satis ed by the new
iterate.

We terminate the algorithm when and the residualsin (3.16) becomesu cien tly small.
(In our code, we apply the simple test < 10 8) We obtain a starting point by simply
setting z = 0 and b= 0, while the componerts of N

Syt S and are all setto some
value, in our code 10°.

u’

An outline of the overall algorithm is as follows:
1. Choosea starting point.
2. Calculate from (3.15). If is small enough, STOP.

3. Calculate the a ne-scaling direction (3.18) by solving the system (3.16), (3.17) with
= 0 and zeroresidual modi cations.

4. Usethe a ne-scaling direction to calculate accordingto (3.19) and the residual mod-
i cations accordingto (3.20).

5. Solve (3.16), (3.17) with the new RHS to obtain the actual step.
6. Calculate the step length and take the step.
7. Return to 2 and iterate.

When the algorithm terminates, the nal iterate is usually closeto the solution of (1.2), but
has all its componerts non-zero. We use a heuristic to determine which of these componerts
represen indices of the variablesthat should be in the model. Speci cally, we set

| = fl: kb ke > 110 1=1::::pg
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01 02 025 03 04 05 06 0.7 075 0.8 09 1.0

X81

X82

X84

X85

X86
X112
X113
X114
X118
X220
X622
X623
X662 —
X667
X672
X673
X691 —

Table 4.1: Selectedvariables using the complete data set

and all b with | 21 are setto zero. For the casek = 1, there is someevidencethat this
heuristic is too liberal, in the sensethat coe cien ts that are zero at the exact solution are
somedistance from zeroat the nal interior-point iterate. However, this occursonly for some
values of t, namely some of those at which variables enter or drop out of the model. This
behavior is, thus, not of great concernsince, as argued earlier, we regard the methodology as
exploratory only.

4 The infra{red spectrometry data revisited

We implemerted the algorithm described in Section 3.3 in C and applied it to the infra{red
spectrometry data discussedin Section 1. Our hope is that, by using all responsevariables
simultaneously to selecta single set of regressorvariables, we can avoid problemsof over tting
and high variabilit y.

As remarked earlier, Figure 1.2 indicates that one obsenation in NLecq namely the 10th,
is suspiciousand possibly an outlier. Hence,we ran our analysis twice, once using all obser-
vations and oncewith the 10th obsenation removed from all the variables. In this way we
alsohopedto get someinsight into the robustnessof the proposedmethodology with respect
to outliers.

We usedseveral valuesfor the tuning parametert, namely t = 0:1, 0:2, 0:25, 0:3, 0:4, 0:5,
0:6, 0:7, 0:75, 0:8, 0:9 and 1.0. The results are summarizedin Table 4.1 for the complete data
setand in Table 4.2 for the data set with the 10th obsenation missing. Each table lists all
chosenregressorvariables for various valuesof t. The horizontal lines link the valuesof t for
which ead coe cien t remains non-zeroin the solution.

Note that the tables are quite similar, showing essetially the same group of variables
selectedover the rangeof t values. Only X691from Table 4.1is replacedby X690in Table 4.2
and X87is added. Thus, at least for this extreme example, the method appearsto be fairly
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01 02 025 03 04 05 06 0.7 075 0.8 09 1.0

X81
X82
X84
X85
X86
X87 —
X112
X113
X114
X118

X220 —

X622
X623
X662
X667
X672
X673
X690 —

Table 4.2: Selectedvariables without the 10th obsenation

robust with respect to the outlier in the 10th obsenation of NLeca

Although there still appearsto be somevariation, and se\eral variables are identi ed as
being non-zerofor only a few values of t, the method consistenly picks regressorvariables
from only three separate ranges of the spectrum. Roughly speaking, these ranges are the
81st{87th, the 112h{118th and the 622nd{691st frequencies.Within ead of theserangesthe
regressorvariables are highly correlated. The minimum correlation in the group X81, X82,
X84, X85, X86, and X87 is larger than 0.9989, while the minimum correlation in the group
X112 X113 X114 and X118is larger than 0.9993. For the last group X622, X623 X662 X667,
X672 X673 X690, and X691, the minimum correlation is larger than 0.9431. Sincethis group
spansa wider range of frequencies,it is not surprising that its correlation is slightly smaller
than the others.

Given the high correlations, there are essetially two ways how one could proceed. Either
one selectsone regressorvariable from ead group or one averagesover the variablesin eah
group. Here, for illustrativ e purp oseswe usethe rst method and choosethose variablesthat
are selectedfor most values of t, i.e. X85, X114 and X622 Both Table 4.1 and Table 4.2
suggestusing this set of explanatory variables.

To investigate how well this selectionof variables performs, we t linear regressionmodels
to ead of the responsevariables using thesethree regressorvariables. The resulting ts are
shown in Figure 4.1, for the casein which all obsenations are used;and in Figure 4.4 for the
casein which the 10th obsenation is removed. Figures 4.2 and 4.5 show the corresponding
plots of the jackknifed residuals, while Figures 4.3 and 4.6 show the normal quartile plots
basedon thesejackknifed residuals.

From these gures it seemsthat a linear regressionmodel using these three predictors
is satisfactory, at least in most cases. Of course,in the gures that are produced from the
complete data set, the outlier in NLecois clearly visible. The residual plot for Na shows a
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All obsenations Without 10th obsenation
Intercept X85 X114 X622 | Intercept X85 X114 X622

EC *k% * *k*k *
p H *%k% *%k% * *% *%k%k *%k% * *
p H Cac I 2 *k% *k% *% *k% *k% **
C LeCO *%k% *%k%k *% * *%k% *%k% *%* *
O rg i C *k% *k% * *k% *%* *
N L e C 0 *%k% *k%k *%k%k *
eXtP *k% *k*k
Ca *%k% *%k% *%k%k *%k%k *%* *%k%
M g *k% *k% *k% *k*% *k*% *k%
N a *%k% * * )%k * *
K *%k% )%k
TotaICatlonS *k*k *k*% *k*% *k% *% *k*k
C EC *%k% *%k% *%k%k *k%k *%k% *%k% *%k%k *k%k
CaC03 *k% ** *k% *k% ** *k*k

Table 4.3: Signi cance of selectedvariablesin ead model
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Figure 4.1: Linear ts using 3 explanatory variables (all obsenations)

lot of structure, but this is due to the granularity of this response variable. Modelling of
Na clearly is a dicult task, sincethis responsevariable takesonly v e distinct values, with
eighteen replications of the smallest value and three replications of the median.

The results of signi cance tests for ead parameter in ead of the linear models is sum-
marized in Table 4.3. An entry of \**" in this table meansthat in the linear model for
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Plots of jackknifed residuals
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Figure 4.2: Residual plots (all obsenations)

the responsevariable (given in the left-most column), the p-value for the t-statistics of the
parameter estimate for the regressorvariable (given in the top row) was below 0.1%. If the
p-valuesis between0.1% and 1%, the entry is \**" and a \*" denotesthat the p-value was
between 1% and 5%.

The results in Table 4.3 show that, if all obsenations are used, then none of the three
regressoris signi cant for NLeca This is hardly surprising, asthe outlying obsenation grossly
in ates the residual sum of squares. Table 4.3 also shaws that, exceptfor EC, extP, and K, at
least two of the three regressorvariablesthat we have chosenare signi cant for ead response
variable. In the caseof K, this obsenation is not surprising, given the results of the LASSO
summarizedin Figure 1.1. When the LASSO method is applied to ead response variable
separately the regressorvariables chosenfor K, with t = 1 are essetially X54 and X220. For
EC, the selectedregressorvariableswith t = 1 are X87, X108 and X694 whereasfor extP the
LASSO selectsX1, X118 X345 and X732 It is surprising that X114 is not signi cant (if used
together with X85 and X622 for either EC or extP in Table 4.3.

For all other response variables, Figure 1.1 shows that for t = 1, the LASSO selects
regressorvariables that are closeto the set X85 X114 and X662 Howewer, from these
individual resultsit is much harder to selecta single set of regressorvariables.
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Normal Q Q plots of jackknifed residuals
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Figure 4.3: Normal quartiles plot for the residuals (all obsenations)

5 Possible extension

In Section4 the infra{red spectrometry data were analyzedtwice|with and without the 10th
obsenation. As shown in Figure 1.2, this obsenation appearsto be an outlier for the response
variable NLeca With respect to the other variables, howewer, it does not seemsuspicious.
Even though the result of the analysisin Section 4 does hot seemto be in uenced by the
outlier, it may be preferablein other situations to mark suc obsenations as missing values.
This would allow us to usethe obsenations for the other responsevariablesin the analysis.

Theoretically, the methodology proposedherecanbemodi ed easilyto take missingvalues
in the responsevariablesinto accourt. One way to modify the procedurewould be to remove
the corresponding rows from y and X in (3.1). We plan to investigate this modi cation in a
future project. However, given the similarity of the resultsin Section4, regardlesson whether
the outlying obsenation was deleted, we believe that application of this modi cation on the
data set studied here would not be of high interest.

The implementation describedin this paper has put somestrain on our computational re-
sources.A rough analysisshows that the algorithm, asdescribedin Section3.3, needsmemory
of the order O(p? + np + kn?) and the number of operations per iteration is roughly O(p3 +
kn3+ kpn?). A detailed description of the implemertation of our algorithm can be found in
the technical report, available from the authors on request, on which this paper is based.

Implementation of the maodi cation with missingrows could be performedwithout increas-
ing the computational demands appreciably, though the complexity of the implementation
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Fits of all models
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Figure 4.4: Linear ts using 3 explanatory variables (without 10th obsenation)

would increase. We would still needto store only a single copy of the matrix X, together with
a list of missing valuesfor ead obsenation.

For the infra-red spectrometry data, the dimensionsare k = 14 and p = 770. All results
shown in this manuscript were calculated on a 450MHz Pertium PC with 128MB of RAM
running Linux. Becauseof the size of p for this data set, ead iteration of the interior point
algorithm used roughly 10.4 secondsand, depending on the value of t, we neededbetween
2 and 5 minutes to calculate the solution of (1.2). By way of cortrast, the results shovn
in Figure 1.1 were calculated using the algorithm described in Osborne et al. (2000b). That
algorithm is an active setalgorithm speci cally designedto calculate the LASSO estimate fast
and e cien tly. Each panelin Figure 1.1is basedon 80 equispacedvaluesfor t between0 and
1. For a single responsevariable, the time to calculate the solutions of (1.1) for all 80 values
of t wasroughly 3.2 seconds.Unfortunately, the active setalgorithm of Osborne et al. (2000b)
can not be adapted readily to the more generalproblem (1.2). Given the large di erence in
performance,however, we believe that it would be worthwhile to develop an active set method
to solve (1.2).

6 Conclusions

Tibshirani (1996) shaved that restricting parameter estimatesto a polyhedral region while
minimizing the residual sum of squaresyields a method that successfullyconbines elemerns
of ridge regressionand subset selection. In this paper we extended his idea to the situation
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Figure 4.5: Residual plots (without 10th obsenation)

in which we seeka subset of regressorvariables that is useful for seweral responsevariables
simultaneously. This extension leads again to a convex programming problem; we describe
an interior point algorithm for solving this problem.

Application of this method to the infra-red spectrometry data shows that this method
can be quite useful in identifying a single subsetfor simultaneous modelling purposes. The
example chosento motivate and illustrate much of what we have done here was extreme in
the sensethat the number of regressorss huge, the number of responsesis moderate and the
number of obsenations is almost unrealistically small. We contend that in lessextreme cases
the computational load will be more manageableand the methodology will be just as useful.
Testing the method on more data setswould be enlightening.
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