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Abstract

This paper provides the customized MVA equations for an analytical model for evaluating architectural alternatives for
shared-memory multiprocessors with processors that aggressively exploit instruction-level parallelism (ILP). Compared to
simulation, the analytical model is many orders of magnitude faster to solve, yielding highly accurate system performance
estimates in seconds.

1 Introduction

In [8], wepresentedananalyticalmodelfor evaluatingspecifictypesof architecturaltrade-offs for shared-memorysystems
with ILP processors.As shown in thatpaper, theanalyticalmodelvalidatesextremelywell againstdetailedsimulationand
producesresultsin a few seconds.

Theprincipalaspectsof themodelare:� TheILP processorandits associatedtwo-level cachesystemareviewedasa blackbox thatgeneratesrequeststo the
memorysystemandintermittentlyblocksafteradynamicallychangingnumberof requests.� Weiteratebetweentwo submodels;onerepresentstheblockingbehavior dueto loadmissesthatcannotberetireduntil
thedatareturnsfrom memory, andtheothersubmodelrepresentstheblockingbehavior dueto thehardwareconstraint
on thetotal numberof outstandingmemoryrequests.� In eachsubmodel,the memorysystemis viewed as a systemof queues(e.g., the memorybus, DRAM modules
andassociateddirectories,andnetwork interfaces)anddelaycenters(e.g.,switchesin the interconnectionnetwork).
We createa set of intuitive customized meanvalue analysis(CMVA) equationsto obtain estimatesof throughput
(instructionspercycle) in eachsubmodel.TheCMVA techniquehasprovento beaccuratein validationexperiments
for anumberof simplerarchitecturalmodels[9].

Thepurposeof this technicalreportis to provide thedetailsof thecustomizedMVA equationswhichwereomittedin [8]
dueto spaceconstraints.Section2 of this reportprovidesthemodelinput parameters.Section3 providesanoverview of
the analyticalmodel,andSection4 presentsthe customizedMVA equations.Furtherdiscussionof the model, including
validationandapplications,canbefoundin [8].�

This researchis supportedin part by DARPA/ITO under ContractN66001-97-C-8533and by the National ScienceFoundationunder Grants
HRD-9896132, MIP-9625558, CDA-9623632, CCR-9410457, CCR-9502500, CDA-9502791, andCDA-9617383. SaritaV. Adve is alsosupportedin
partby anIBM UniversityPartnershipawardandby theTexasAdvancedTechnologyProgramunderGrantNo. 003604-025. Vijay S.Pai is supportedby a
FannieandJohnHertzFoundationFellowship.
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parameter description�
numberof nodes� memorymodulespernode	�

�
numberof MSHRs������������� �
NI sendoccupancy for request����� ������� �
NI sendoccupancy for data� ����� � � �
NI receiveoccupancy for request� ��� � � � �
NI receiveoccupancy for data�"!�#%$'& (
busoccupancy for request�"!�#%$'& )
busoccupancy for data��*,+�*
memory/directory(DRAM) access�.-0/�1
L2 tagcheck� $ ��2 -03 

per-headernetwork switchoccupancy

Table 1. System Architecture Parameters

Parameter Description4 Averagetimebetweenread,write, or upgraderequeststo memory, notcountingthetimewhen
theprocessoris completelystalledor is spin-waitingonasynchronizationevent57698
Coefficientof Variationof 4:;$�<>= 3 
@?A� ( 2 - +
Fractionof write requeststhataregeneratedby atomicread-modify-writeinstructionsor that
coalescewith at leastonelaterread:;B
Fractionof processorstallsthatfind

	
MSHRswith outstandingreadrequestsC (D+ / )FE C � ( 2 - +GE C #IH 1 ( / )�+

Probabilitythata memoryrequestis a read,write, or upgradeCJ� !
Probabilitythata reador write requestcausesawritebackof a cacheblockCJK"L M
Probabilitydirectoryis local for a type N transaction;N =read,write, upgrade,writebackC B L M & <
Probabilityhomememorycansupplythedatafor a type N EPO

request;N =read,write;
O
=localhome,remotehomeCJQ 

R H L M
S = R - ? *,+�* R ('<

Probabilitythata requestof type N to a remotehomeis forwardedto a cacheata third node;N =read,writeT
Averagenumberof network switchestraversedby apacketU
Averagenumberof invalidatescausedby awrite or upgradeto a cleanline

Table 2. Application Parameters

2 System Architecture and Model Parameters

2.1 System Architecture

The architecturemodeledis a cache-coherent,releaseconsistentshared-memorymultiprocessorsystemwherethe pro-
cessingnodesareconnectedby a meshinterconnectionnetwork [8].

2.2 Model Parameters

Model parameterscanbe classifiedas eitherdescribingthe systemor describingthe application. Table1 definesthe
systemparameters,while Table2 summarizestheapplicationparameters.Fromtheparametersin Table2, we cancompute
theprobabilitiesof theprotocoltransactionsin Table3.

Thefirst four parametersin Table2 characterizetheability of theprocessorto overlapmultiple memoryrequestswhile
runninga givencompiledapplication(or setof applications).Theseparameters,referredto asILP parameters,arediscussed
in moredetailbelow. Theotherparametersin thetablearestandardparametersfor modelsof architecturesbasedondirectory
coherenceprotocols[1]. Notethattheparametersaredefinedfor homogeneous applications; that is, eachprocessorhasthe
samevaluefor eachparameterin the table,andmemoryrequestsareassumedto beequallydistributedacrosstherelevant
memorymodules(local or remote)due to interleaving and effective data layout. Thereis a naturalextensionof these
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parametersfor non-homogeneousapplications,but for simplicity in themodelexpositionweusethegivenparameters.
Theparameter4 is theaveragetime betweenrequestsgeneratedby theprocessorto the(main)memorysubsystem,not

includingthetime that theprocessoris stalledor is spin-waiting on a synchronizationeventsuchasa lock release,flag, or
barriercompletion.Wealsomeasurethecoefficientof variationof 4 ,

57698
. 4 is well-definedfor simpleprocessorsthatblock

on eachloadandstore,whereasthenotion thata complex modernprocessoris stalledhasseveralpossibledefinitions.For
therobustparameter4 thatis neededfor themodel,theprocessoris definedto bestalledwhenit is completely stalled; thatis,
thefunctionalunitsarecompletelyidle, no further instructionscanberetiredor issueduntil datareturnsfrom memory, and
all outstandingcacherequestsarewaiting for datafrom mainmemory. Thefractionof timeaprocessoris completelystalled
is oneof theperformancemetricsestimatedby theanalyticmodel.Theparameter4 doesnot includethis time.

The
: $�<I= 3 
@?A� ( 2 - +

parameteris the fraction of write requeststhat aresynchronous;that is, they aregeneratedby read-
modify-write requestsor they coalescewith at leastonelaterreadmiss.Readmissesthatcoalescewith earlierreadrequests
arecompletelyinvisible to the modelbecausethey do not generateany memorysystemtraffic, andthey do not causeany
new blockingbehavior. Thus,a parameterfor thefrequency of read-readcoalescingis not needed.Likewisefor writesthat
coalescewith previousmisses.

The setof parameters
: B E 	 VXW

, arethe fractions of processor stall events that have
	

MSHRsoccupiedwith read
misses.Thesefractionsaredefinedandmeasuredfor asystemwith anumberof MSHRslargerthanthemaximumvaluethat
will be evaluatedwith themodel. We will refer to sucha systemasan “infinite MSHR” system.Note that if a readmiss
occursfor a line thathasa prior write missoutstanding,thenthemissis countedasa readmisswhenmeasuring

	
. Also

notethatmisspeculatedreadsarecountedin
	

. The
:@B

parametersareuniqueto a systemwith non-blockingloads.
We have verified that theapplicationinput parametersarerelatively insensitive to changes in the memory system archi-

tectural parameters thatcanbevariedin themodel(e.g.,thenumberof MSHRs,thespeedof thebusandinterconnection
network switches,mainmemoryconfiguration,etc.).However, theapplicationparametersaresensitiveto variousparameters
of theprocessorandcachearchitecture.For example,4 ,

576 8
,

: B
, and

: $�<>= 3 
@?.� ( 2 - +
aresensitive to theinstructionwindow

size.

3 The Analytic Model

Theprincipaloutputmeasurecomputedby themodelis thesystemthroughput,measuredin instructionsretiredpercycle
(IPC). This throughputis computedasa function of the input parametersthat characterizethe workloadandthe memory
architecture.ThecustomizedMVA equationsdefinedin thisreportassumethatthedirectorylookupis coupledwith memory
access,soasingleservicetimeappliesto theparallelmemoryanddirectorylookup.

3.1 Model Overview

We usethetermsynchronous for readrequests(andfor read-modify-writerequests)becausethedatamustreturnbeforea
load(or read-modify-write)instructionis retiredfrom theinstructionwindow. Otherrequests(writes,upgrades,writebacks,
invalidates,andacknowledgments)areasynchronous. Table3 definesall of thememorysystemtransactions.

A key questionin developingtheanalyticmodelis how to computethroughputasa functionof thedynamicallychanging
numberof outstandingmemoryrequeststhatcanbe issuedbeforethe processormuststall waiting for datato returnfrom
memory. We addressthis issueby iteratingbetweenthefollowing two submodelsfor eachvalueof

	
,

WZY[	]\^	_
I�
:� the synchronous blocking submodel (SB) that computesthe fraction of time the processoris stalleddue to load or

read-modify-writeinstructionsthatcannotberetireduntil thedatareturnsfrom memory,� the MSHR blocking submodel (MB) thatcomputestheadditional fractionof time theprocessoris stalledpurelydueto
theMSHRsbeingfull.

For
	a`b	 

�

, wecomputethroughputfrom amodifiedversionof theMSHR-blockingsubmodelalone,asexplainedbelow.
Oncethesethroughputsarecomputed,wecomputetheweighted sum of thethroughputs,weightedby thefrequency of each
throughputvaluethatwould beobservedfor thenumberof MSHRsin thesystem.This frequency canin turn becomputed
from themodelinput parameters,

:;B
. Theremainderof this sectiongivesthemostpertinentdetailsof the two submodels

aswell ashow slowdown dueto synchronizationdelaysis computed;thefull setof equationsfor thesubmodelsis givenin
Section4.
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Reads Upgrades

localhome remotehome local remote
memory remote memory cache cacheat

cache athome non-home

transactionname LC LHCC RC RHLCC RHRCC LUPG RUPG

Writes Writebacks

local home remotehome local remote
memory remote memory cache cacheat

cache athome non-home

transactionname LCINV LHCCwr RCINV RHLCCwr RHRCCwr LWB RWB

Table 3. Protocol Transactions

3.2 The Two Submodels

Eachof thetwo submodels(SBandMB) containssimilarsetsof customizedMVA equationsto computetheresponsetime
for a transactionin thememorysubsystem(seesection4). Theonly differencesbetweenthesubmodelsarein theequations
for theoverallresidencetime, c , andtheprocessorresidencetime, c H
+

. Wediscussthesedifferencesin thissectionandthen
discusstheCMVA equationsthatarecommonto bothsubmodelsin Section4.c consistsof the residencetimes at the processor, network, network interface(NI), bus (both local and remote),and
memory. It also includesa term, d , which representsthe latenciesat resourceswith negligible contention(e.g., cache
tag check). The differencein the equationsfor c , besidesthe differencein c HI+

, is that cfehg is the sumof the residence
timesof thesynchronoustransactions,whereasc B g is thesumof theresidencetimesof theasynchronoustransactionsplus
theresidencetimesof thereadsthataresynchronousin theMB submodel(thiswill bediscussedbelow). Theseequationsare:cZehg ` c H
+ji
kml c $n<>= 3 
��oqp l c $�<>= 3 
��� l c $�<>= 3 
!r#%$ l c $�<>= 3 
*,+�* l d $�<>= 3 


c B g ` c H
+jstkml c / $�<>= 3 
��oup l c / $�<I= 3 
��� l c / $�<>= 3 
!�#%$ l c / $�<>= 3 
*�+n* l d / $�<I= 3 

l C $n<>= 3 
@? (D+ / ) ? B gwv c $�<>= 3 
��oqp l c $�<I= 3 
��� l c $n<>= 3 
!�#%$ l c $�<>= 3 
*,+�* l d $�<>= 3 
Fx

In theSB submodel,thenumberof customersperprocessoris equalto themaximumnumberof readrequeststhatcan
be issuedbeforethe processorblocks (i.e., one of the observed valuesof

	
). The processor(and its associatedcache

subsystem)is a FCFSqueuethat initially hasmeanservicetime equalto 4 . Note that this queueis only idle when
	

memoryreadrequestsareoutstanding;otherwiseit is generatingmemoryrequestsat rate
W%y 4 . If therequestis a write miss,

thecustomeris routedimmediatelybackto theprocessorwhile simultaneouslyforking anasynchronousmemorywrite or
upgradetransaction,usingatechniquesimilarto thatproposedby HeidelbergerandTrivedi[5]. Thus,the c $�<>= 3 
M

and d $n<>= 3 

termsareonly non-zerofor readrequests(seeSection4).

In theMB submodel,thenumberof customersperprocessoris equalto thenumberof MSHRs,
	�

�

. MSHRscanbe
occupiedby read,write, or upgraderequests;however, for architectureswith non-blockingstoresandin-orderretirementof
loadsandfor

	z\{	�

�
, theblockingtimewhenMSHRscontain

	
readrequestsis accountedfor in theSBsubmodel.The

additionalblockingtime thatneedsto becomputedby theMB modelis for thecasethattheMSHRscontain
	�

�

requests
of which less than

	
arereadrequests.That is, we canmeasure

	
readrequestsfor the“infinite MSHR” system,but the

systemwith
	 

�

MSHRscouldblock with fewer than
	

readsin theMSHRsbecausesomeregistersarefilled with other
requests.All writesandupgrades,plus somereadrequests,mustbe synchronousin the MB submodelto accountfor this
additionalblockingbehavior.
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The following four equationsaccountfor the readrequeststhat shouldbe synchronousin the MB submodel| . The
first equationestimates

C"}
, the probability that only ~ of the

	
readsthat were measuredin the “infinite MSHR” sys-

tem,
W�Y ~ \�	

, arein the first
	 

�

MSHRs. Thesecondequationestimatesthe utilization of the processorin the SB
submodel,andthis utilization is usedin the third equationto compute�Z�HI+

, which is an estimateof the probability that a
customerleaving theprocessorin theSB submodelis leaving behinda non-emptyprocessorqueue.Thethird equationhas
a term, � ehg , which is theprobabilitythata processorin theSB submodelis not stalled,andit will beexplainedbelow. By
multiplying

C }
by �Z�H
+

andsummingover ~ , we obtaintheprobability thata readshouldbeconsideredsynchronousin the
MB submodel,asshown in thelastequation.

C"}
= Prob[j readsin MSHRs � at least1 readin MSHRs]=

�� 	�

���^W
~ �_W

�� v Cu� ( 2 - +�l C #IH 1 ( / )�+ x�� Bw�'� ?�}P� C � }>? | �(D+ / )
� H
+ ` B�8� iIk
� �H
+ ` �;�'� s,�h�s�;�'� s��h�s�� | ? � i
kC $�<>= 3 
%? ('+ / ) ? B g = Prob[readis synchronousin MB submodel]= � B �'� ? |}P� | C"} �Z�H
+
The readmissesthat arenot synchronousin the MB submodelareimmediatelyroutedbackto the processor(sincethe

processorcannotstall on thesereadmissesin thissubmodel)while simultaneouslyforking a readtransactionto thememory
system,againusinga techniquesimilar to thatin [5].

As mentionedabove,theotherdifferencein theequationsbetweenthetwo submodelsconcernsc H
+
. Thisdifferencearises

from how we representtheprocessorstall time that is estimatedby onesubmodelin theothersubmodel.That is, themean
time thateachcustomeroccupiestheprocessorin theMB submodelis equalto 4 B g , where4 B g is 4 adjustedto reflectthe
fractionof time that theprocessoris stalleddueto loador read-modify-writeinstructionsthatcannotberetired(computed
from theSB model). That is, 4 B g ` 8� i
k . Oncethemeasuresarecomputedfrom theMB model,theSB modelis solved
againusing 4 ehg ` 8� stk , where � B g is thefractionof time thattheprocessoris notstalledin theMB submodel.��ehg ` B� i
k 8� stk

� B g ` B� stk 8� iIk
Thealternatingsolutionof eachsubmodelis repeateduntil theestimatedthroughputsconverge. This approachmight be

namedthe“methodof surrogateservicetime inflation,” analogousto themethodof surrogatedelays[4, 6].
Theequationsfor c HI+ s�k

and c HI+ iIk
areshown below. Theprocessorresidencetime consistsof thecustomer’s service

timeandtheamountof time thatthecustomerwaitsfor the
	��_W

othercustomersthatmightbeeitherwaitingor in service
at thesameprocessor. Thefirst term,

� �'�� � 8� , is theestimatedfractionwho arewaiting,and
8� is theestimatedfractionin

service.c H
+jstk ` 4 B gw� W l v 	��^W x v � �'� stk� s�k � 8 s�k� s�k x�� l v 	 �^W x v 8 stk� stk x 4 B g � �r¡ � �n�>¢j£
c H
+ i
k ` 4 ehg � W l v 	��^W x v � �'� iIk� i
k � 8 i
k� i
k x�� l v 	¤�^W x v 8 i
k� i
k x 4 ehg � ��¡ � ���>¢P£
4 eFg � ��¡ � ���>¢j£

and 4 B g � �r¡ � �n�>¢j£
representthe residuallife of the customerbeingserved at the processorwhenan arriving

customerarrives.As explainedin [8], thestandardequationfor residuallife undertheassumptionof Poissonarrivalsis not
accuratesincearrivalsat the processorarenot at randompointsin time;¥ therefore,we usean interpolationsuggestedby
DerekEager[3].

For thecasethat
	¦`§	�

�

, all processorstallscanbeattributedto full MSHRs. In this case,we solve a modifiedMB
modelin which thereare

	_
I�
customersper processorandthesecustomersrepresentthe behavior of all read,write and¨

Thereadsin theMB submodelhave only a smalleffect on estimatedthroughput(lessthan4%reductionin throughputfor all applicationsvalidatedin
[8], exceptFFToptwhichhasa10%reduction),andthey arenotdiscussedin [8].©

Theestimatedmeanresiduallife for randomarrivalsequalsthesecondmomentof servicetimedividedby ªD« [7].
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upgradememorysystemtransactions.For any of thesememoryrequests,the customerleavesthe processorandvisits the
appropriatememorysystemresources.

Oncethroughputis computedfrom theweightedaverageof thevalueat each
	

, synchronizationeffectsareaccounted
for asdescribedin [8].

4 The Customized MVA Equations

As explainedabove, theSB andMB submodelsusea setof customizedMVA (CMVA) equationsto computethemean
delayfor eachtypeof transactionat thelocal andremotememorybuses,local andremotedirectories(andassociatedmem-
ory modules),andnetwork interfaces. Fixed delaysareassumedat resourcesthat have negligible contention(e.g.,cache
tag checks,coherencepacket generation),andfor the approximatedelayat eachnetwork switch (observedacrossseveral
applications).

Theequationslisted in this section,alongwith theequationsfor c and c H
+
thatwerepresentedin theprevioussection,

completelydefineboth submodels.The equationsin this sectionarethe samefor both submodels,andthey caneasilybe
modifiedto modeldifferentmemorysystemarchitectures,aswasdonein [8].

To make the equationsmorereadable,we have adoptedsubscriptsandsuperscriptsto denotethe possiblevariationsin
the termto which they areattached.Theresourceis alwaysthefirst subscripton a term,whetherit is residencetime ( c ),
waiting time ( ¬ ), utilization ( � ), or servicetime (

�
). For example,c ���

is theresidencetimeat thenetwork interface.For
theNI, therecanbeanadditionalkeyword ( ­ ) appendedto the

��®
to indicatethatthis termcanvarydependingon whether

theactionis at theoutputqueue( ­ = ¯G°A± ) or the input queue( ­ = ²�³ ) of theNI. For many terms,thereis a subscriptof ´0¯%µ
or ¶%· � to indicatewhethertheactionis at thelocal nodeor a remotenode.Thevariable

O
denotesthetransactiontype(see

Table3). Thevariable N denotesthe typeof message(requestor data)that is on thebusor at theNI. Lastly, a superscript
variablȩ denoteseithersynchronousor asynchronous.

For example, �Z¹����º £»��¼�� ½D� ¾
is theutilization of queue­ (out or in) at the local NI by a transactionof type

O
. The N and ¸

denotewhetherthepacket is arequestpacketor adatapacketandwhetherthetransactionis synchronousor asynchronous.It
is importantto notethata synchronoustransactioncanhave anasynchronouspart(e.g.,anacknowledgmentmessageto the
homenodethatoccursin a 3-hopcacheto cachereadrequest).For example,c / $n<>= 3 
��� 2 =@� �r¿ � ÀFÁAÂ%ÃÄÃh� ¾ refersto theresponsetime
at theinputqueueof theremoteNI for theasynchronousrequestor datamessagefrom thesynchronoustransactionRHLCC.

Latencies at Resources with Negligible Contentiond $�<>= 3 
 ` v C K�ÅÆl C � Å x v � -0/D1 x l v C K�ÇtÅuÅÆl C � ÇÈK�ÅqÅÆl C � Ç � ÅqÅ x v � -0/D1 l � 3 RD
 +�(D+�= 3 + x
d / $�<I= 3 
 ` v C KÉÅ �D�ËÊ l C � Å �D�ËÊ l C K �.Ì"Í l C � �.ÌqÍ l C K9Î g l C � Î g x v � -0/D1 x

l v C K�ÇtÅuÅ � ( l C � ÇÈK�ÅuÅ � ( l C � Ç � ÅqÅ � ( x v � -0/D1 l � 3 R'
 +�(D+�= 3 + x

Network

Notethat
� $ ��2 -03 


is themeasuredaverageper-switchdelayin thenetwork,measuredacrossseveralapplicationsin agiven
classof applications.

� $ ��2 -03 

couldalsobeestimatedby amoredetailedMVA modelof theinterconnectionnetwork.�"�Èoup `ÏT � $ ��2 -03 


c $�<I= 3 
��oqp ` � < c $�<>= 3 
��oup & <
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c / $n<>= 3 
��oqp ` � < c / $�<>= 3 
�Èoup & <
c $�<I= 3 
��oqp & < `ÑÐ C <@Ò;� ��oqp

y=RC,LHCC,RHLCCC <%Ó ����oqp
y=RHRCC

c / $n<>= 3 
��oqp & < `zÔÕÕÖ ÕÕ×
C < �"�Èoup

y=RWBC < ÒF����oqp
y=RCINV,LHCCwr,RHLCCwr,LUPGC <%Ó ����oqp
y=RHRCCwrC <GØ ����oqp
y=RUPG

Network Interface

Below arethevisit countequationsfor theNI. For example,
6 $�<>= 3 
��� R # - £»��¼�� ½D� � is thevisit countat theoutputqueueof thelocal

NI of requestmessagesassociatedwith thesynchronouspartof a transactionof type
O
.6 $�<>= 3 
��� R # - £»��¼�� ½D� � ` W

y=RC,LHCC,RHLCC,RHRCC6 $�<>= 3 
��� 2 = £»��¼�� ½�� � ` W
y=RC,LHCC,RHLCC,RHRCC6 / $�<>= 3 
��� R # - £»��¼�� ½D� � `�Ð W

y=RCINV,RUPG,LHCCwr,RHLCCwr,RHRCCwrU
y=LCINV,LUPG6 / $�<>= 3 
��� R # - £»��¼�� ½D� � ` W

y=RWB

6 / $�<>= 3 
��� 2 = £»��¼�� ½�� � ` ÔÖ ×
U

y=LCINV,LUPGW
y=RUPGW
y=LHCCwr6 / $�<>= 3 
��� 2 = £»��¼�� ½�� � ` W

y=RCINV,LHCC,LHCCwr,RHLCCwr,RHRCCwr6 $�<>= 3 
��� R # -�� �0¿ � ½�� � ` v |� ? | x
y=RHRCC6 $�<>= 3 
��� R # - � �0¿ � ½�� � ` v |� ? | x
y=RC,LHCC,RHLCC,RHRCC6 $�<>= 3 
��� 2 =@� �r¿ � ½D� � ` v |� ? | x

y=RC,LHCC,RHLCC,RHRCC6 $�<>= 3 
��� 2 = � �r¿ � ½D� � ` v |� ? | x
y=RHRCC

6 / $�<>= 3 
��� R # - � �0¿ � ½�� � ` ÔÕÕÕÕÖ ÕÕÕÕ×
vÚÙ� ? | x

y=LCINV,LUPGv ¥ Ù� ? | x
y=RCINVv ¥ Ù � |� ? | x
y=RUPGv |� ? | x
y=LHCCwr,RHLCCwrv ¥� ? | x
y=RHRCCwr6 / $�<>= 3 
��� R # - � �0¿ � ½�� � ` v |� ? | x

y=RCINV,LHCC,RHLCC,RHRCC,LHCCwr,RHLCCwr,RHRCCwr

6 / $�<>= 3 
��� 2 =@� �r¿ � ½D� � ` ÔÕÕÕÕÖ ÕÕÕÕ×
vÛÙ� ? | x

y=LCINV,LUPGv ¥ Ù � |� ? | x
y=RCINV,RUPGv |� ? | x
y=LHCCwrv ¥� ? | x
y=RHLCCwrv Q� ? | x
y=RHRCCwr6 / $�<>= 3 
��� 2 = � �r¿ � ½D� � ` v |� ? | x

y=RWB,RHLCC,RHRCC

7



Theresidencetimeat theNI is composedof theresponsetimesat theoutputqueueandtheinputqueue.c $�<I= 3 
��� ` c $�<I= 3 
��� R # - l c $�<>= 3 
��� 2 =
c / $n<>= 3 
��� ` c / $�<>= 3 
��� R # - l c / $�<>= 3 
�È� 2 =
Theresidencetime at theoutput(input) queueis thesumover all transactiontypes

O
of the residencetimesat the local

andremoteoutput(input) queues.For eachtransaction,we includeboth typesof messages(i.e., requestanddata)thatare
generatedby thesynchronouspartof thetransaction.cZ¹��� R # - ` � < v cZ¹�È� R # - £»��¼�� ½D� � l cf¹��� R # - £»��¼�� ½D� � x l v �Ü�^W x � < v cZ¹��� R # -�� �0¿ � ½D� � l cZ¹��� R # - � �0¿ � ½�� � x

c ¹��� 2 = ` � < v c ¹��� 2 = £»��¼�� ½�� � l c ¹��� 2 = £»��¼�� ½D� � x l v �X�_W x � < v c ¹��� 2 = � �r¿ � ½D� � l c ¹��� 2 = � �r¿ � ½D� � x
Thenext setof equationsdescribetheresidencetimesof thedifferenttypesof messagesat the input andoutputqueues

of theNI. For example, c $�<>= 3 
�È� R # - £»��¼�� ½D� ¾ is theresidencetime at theoutputqueueof the local NI of a messageof type N that
is associatedwith the synchronouspart of a transactionof type

O
. This time equalsthe probabilityof transaction

O
times

thevisit countat this queuetimesthe sumof theper-visit waiting time andthe servicetime that this type N messagewill
experience.c $�<I= 3 
��� R # - £»��¼�� ½D� ¾ ` C < 6 $�<>= 3 
��� R # - £»��¼�� ½D� ¾ v ¬ �È� R # - £»��¼ l ����� R # - & M x

y=RC,LHCC,RHLCC,RHRCCc $�<I= 3 
��� 2 = £»��¼�� ½�� ¾ ` C < 6 $n<>= 3 
�È� 2 = £»��¼�� ½D� ¾ v ¬ �È� 2 = £»��¼ l �"�È� 2 =Ä& M x
y=RC,LHCC,RHLCC,RHRCC

c / $n<>= 3 
��� R # -0£»��¼�� ½D� ¾ ` C < 6 / $�<I= 3 
��� R # - £»��¼�� ½D� ¾ v ¬ �È� R # - £»��¼ l ����� R # - & M x
y=RWB,RCINV,RUPG,LCINV,LUPG,

LHCCwr,RHLCCwr,RHRCCwrc / $n<>= 3 
��� 2 = £»��¼�� ½�� ¾ ` C <@6 / $�<>= 3 
�È� 2 = £»��¼�� ½D� ¾ v ¬ �È� 2 = £»��¼ l � �È� 2 =Ä& M x
y=RCINV,RUPG,LHCC,LCINV,LUPG,

LHCCwr,RHLCCwr,RHRCCwrc $�<I= 3 
��� R # -�� �0¿ � ½�� ¾ ` C <@6 $n<>= 3 
�È� R # -�� �r¿ � ½D� ¾ v ¬ �È� R # - � �r¿ l � ��� R # - & M x
y=RC,LHCC,RHLCC,RHRCCc $�<I= 3 
��� 2 = � �r¿ � ½D� ¾ ` C <@6 $�<>= 3 
��� 2 = � �r¿ � ½D� ¾ v ¬ �È� 2 =@� �0¿ l � ��� 2 =Ä& M x

y=RC,LHCC,RHLCC,RHRCC

c / $n<>= 3 
��� R # -�� �0¿ � ½�� ¾ ` C < 6 / $�<>= 3 
�È� R # - � �r¿ � ½D� ¾ v ¬ �È� R # -�� �r¿ l ����� R # - & M x
y=LHCC,RHLCC,RHRCC,LHCCwr,RHLCCwr,

RHRCCwr,LCINV,LUPG,RCINV,RUPGc / $n<>= 3 
��� 2 =@� �r¿ � ½D� ¾ ` C < 6 / $�<>= 3 
��� 2 =@� �r¿ � ½D� ¾ v ¬ �È� 2 = � �0¿ l ����� 2 =Ä& M x
y=RWB,RHLCC,RHRCC,LHCCwr,RHLCCwr,

RHRCCwr,LCINV,LUPG,RCINV,RUPG

Thefollowing equationsdescribetheutilization of thequeuesof theNI. Thenotationis similar to that for theresidence
timesof theNI.� ���Dº £»��¼�� ¾ ` � < � $�<I= 3 
����º £»��¼�� ½D� ¾ l � < � / $n<>= 3 
����º £»��¼�� ½D� ¾

� ���Dº � �r¿ � ¾ ` � < � $�<>= 3 
����º�� �r¿ � ½D� ¾ l � < � / $n<>= 3 
����º�� �0¿ � ½�� ¾
Theutilizationof resource­ of thelocal (remote)NI by messagesof type N duringa transactionof type

O
is equalto the

throughputof type
O

transactions(
Ì ½� ) multipliedby theaveragenumberof type N messagespertype

O
transactionthatvisit

this resource(
6 ¹����º £»��¼rÝ�� �r¿ � ½D� ¾ ), multiplied by theservicetime of thesemessages.The ¸ distinguishesbetweensynchronous

andasynchronoustransactions.�7¹���Dº £»��¼�� ½�� ¾ ` v Ì ½� x 6 ¹����º £»��¼�� ½D� ¾ �����Dº & M
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�7¹���Dº�� �r¿ � ½D� ¾ ` v Ì ½� x 6 ¹���Dº�� �r¿ � ½D� ¾ �����Dº & M
Thenext equationsareusedto calculatethewaiting time of a customerwho arrivesat oneof theNI’s queues.¬ ����º £»��¼

is thewaiting time at queue­ of thelocal NI. It is thesumof thewaiting timedueto locally generatedmessages( ¬ßÞ R 3����º £»��¼
)

andremotelygeneratedmessages( ¬ (D+�*����º £»��¼
). Thesubscriptis theresourcewherethewaiting occurs,andthesuperscriptis

for themessagesthatcausethewaiting. For ¬ ����º � �0¿ , thewaiting timeatqueue­ of theremoteNI is dueto “others” (other
processors- theprocessorthatgeneratedthearriving requestandall otherprocessorsexcepttheonethatis local to thegiven
remoteNI) and“remote” (theprocessorat thegivenremoteNI).¬ ����º £»��¼ ` ¬ßÞ R 3����º�£»��¼ l ¬ (D+�*���Dº�£»��¼

¬ ����º�� �r¿ ` ¬ R - 
 +�('$���Dº�� �r¿ l ¬ (D+�*���Dº�� �r¿¬ßÞ R 3����º £»��¼
is thewaiting time at queue­ of the local NI dueto locally generatedmessages.It is composedof thewaiting

timesatthisqueuedueto locallygeneratedmessagesfrom thesynchronouspartandtheasynchronouspartof all transactions.¬ßÞ R 3����º £»��¼ ` � < v ¬ Þ R 3 & < i����º £»��¼ l ¬ Þ R 3 & <Ià���Dº £»��¼ x
¬ (D+�*����º £»��¼ ` � < v ¬ ('+�*w& < i����º £»��¼ l ¬ (D+�*w& <Ià�È��º £»��¼ x
¬ R - 
 +�(D$����º � �r¿ ` � < v ¬ R - 
 +�('$D& < i���Dº�� �r¿ l ¬ R - 
 +�('$D& <Ià���Dº�� �r¿ x
¬ (D+�*����º � �r¿ ` � < v ¬ (D+�*w& < i���Dº�� �r¿ l ¬ (D+�*w& <Ià���Dº�� �r¿ x
The next equationis usedto calculatethe waiting time at queue­ of the local NI dueto the synchronouspart of the

transactionsof type
O

generatedby thelocalprocessor. Breakingtheequationdown,wenotethat(
� iá.â�ã £»��¼�� ½D� ¾� � � e����º £»��¼�� ½D� ¾ x

is theaveragenumberof customersin thequeueminusthenumberof customersbeingserved(i.e., theutilization,a number
betweenzeroandone). We have to wait for all of thesecustomersto complete,so this queuelengthis multiplied by the
servicetime. For thecustomerin service,we wait for its residuallife in service,which is equalto half theservicetime for
a deterministicservicetime. Without thesummationandfactorof v 	a�{W x

, we have thetraffic dueto only onecustomer’s
messagesof type N . Therefore,wesumover themessagetypes,andwemultiply by a factorof v 	��^W x

becauseanarriving
customerwaitsfor thetraffic of the v 	X�äW x

othercustomersof theprocessorlocalto theNI. Theotherwaitingtimeequations
aresimilar to theonedescribed.

¬ Þ R 3 & < i����º £»��¼ ` � M v 	¤�_W x � v � iá.â�ã £»��¼�� ½�� ¾� � � e����º £»��¼�� ½D� ¾ x ������º & M l v � e�È��º £»��¼�� ½D� ¾ x v e á.â�ã � ¾¥ x��
Thenext equationhasafactorof

	
, insteadof

	å�æW
, sinceagivenlocalcustomercanwait for theasynchronousrequests

generatedby all
	

customersof thelocalprocessor(i.e.,includingthearriving customer).Notethat |� C <
is therateatwhich

anasynchronoustransaction
O

is forked.Multiplying this throughputby theresidencetime ata queuegivesthemeanqueue
lengthfor anasynchronoustransaction.Thus,the form of thesecustomizedequationsis very similar for synchronousand
asynchronoustransactions.

¬ Þ R 3 & <Ià����º £»��¼ ` � M 	 � v � à á.â�ã £»��¼�� ½D� ¾� � �Zç�È��º £»��¼�� ½D� ¾ x � ����º & Mwl v �7ç���Dº £»��¼�� ½�� ¾ x v e á.â�ã � ¾¥ x��
¬ (D+�*w& <Iè����º £»��¼ ` � M v �é�^W x 	 � v � è á.â�ã � �0¿ � ½�� ¾� � �Z¹�È��º � �r¿ � ½D� ¾ x � �È��º & Mêl v �Z¹����º � �r¿ � ½D� ¾ x v e á.â�ã � ¾¥ x��
¬ R - 
 +�(D$'& < i����º�� �r¿ ` � M � v 	 �_W x l 	 v �X� Ò x�� � v � iá.â�ã � �0¿ � ½�� ¾� � � e����º � �0¿ � ½�� ¾ x � �È��º & Mêl v � e����º � �r¿ � ½D� ¾ x v e á.â�ã � ¾¥ x��
¬ R - 
 +�(D$'& <Ià����º�� �r¿ ` � M � 	 l 	 v �X� Ò x�� � v � à á.â�ã � �r¿ � ½D� ¾� � �Zç����º � �r¿ � ½D� ¾ x � ����º & Mêl v �Zç�È��º � �r¿ � ½D� ¾ x v e á.â�ã � ¾¥ x��
¬ (D+�*w& <Iè����º�� �r¿ ` � M 	 � v � è á.â�ã £»��¼�� ½�� ¾� � � ¹����º £»��¼�� ½D� ¾ x ������º & M l v � ¹�È��º £»��¼�� ½D� ¾ x v e á.â�ã � ¾¥ x��
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Bus

The notationandequationsfor the bus andthe othermemorysubsystemresourcesarevery similar to thoseof the NI.
Theseequationsaregivenwithout furtherexplanation.� $�<>= 3 
!r#%$ £»��¼�� ½�� � ` � !�#%$'& (

y=LC,RC,LHCC,RHLCC,RHRCC� $�<>= 3 
!r#%$ £»��¼�� ½�� � ` �"!�#%$'& )
y=LC,RC,LHCC,RHLCC,RHRCC� / $�<>= 3 
!r#%$ £»��¼�� ½�� � ` �"!�#%$'& (
y=LHCC,RHLCC,RHRCC,LUPG,LCINV,RUPG,RCINV,LHCCwr,RHLCCwr,RHRCCwr� / $�<>= 3 
!r#%$ £»��¼�� ½�� � ` �"!�#%$'& )
y=LHCC,RHLCC,RHRCC,LCINV,RCINV,LWB,RWB,LHCCwr,RHLCCwr,RHRCCwr� $�<>= 3 
!r#%$ � �r¿ � ½D� � ` � !�#%$'& (
y=RC,LHCC,RHLCC,RHRCC� $�<>= 3 
!r#%$ � �r¿ � ½D� � ` � !r#%$'& )
y=RC,LHCC,RHLCC,RHRCC� / $�<>= 3 
!r#%$�� �r¿ � ½D� � ` � !�#%$'& (
y=RHLCC,RHRCC,LCINV,LUPG,RCINV,RUPG,LHCCwr,RHLCCwr,RHRCCwr� / $�<>= 3 
!r#%$ � �r¿ � ½D� � ` � !r#%$'& )
y=RHLCC,RHRCC,RWB,RCINV,LHCCwr,RHLCCwr,RHRCCwr6 $�<>= 3 
!�#%$ £»��¼�� ½D� � `�Ð W

y=LC,RC,RHLCC,RHRCCÒ
y=LHCC6 $�<>= 3 
!�#%$ £»��¼�� ½D� � ` W

y=LC,RC,LHCC,RHLCC,RHRCC

6 / $�<>= 3 
!�#%$ £»��¼�� ½D� � ` ÔÕÕÕÕÖ ÕÕÕÕ×
W

y=RCINV,RHLCCwr,RHRCCwrÒ
y=RUPGÓ
y=LHCCwrÒ U l Ò
y=LUPGÒ U l W
y=LCINV6 / $�<>= 3 
!�#%$ £»��¼�� ½D� � `ìë W

y=LCINV,RCINV,LWB,RWB,LHCC,LHCCwr,RHLCCwr,RHRCCwr

6 $�<>= 3 
!�#%$ � �0¿ � ½D� � ` ÔÖ ×
v |� ? | x

y=RC,LHCCv ¥� ? | x
y=RHLCCv Q� ? | x
y=RHRCC6 $�<>= 3 
!�#%$ � �0¿ � ½D� � ` v |� ? | x

y=RC,LHCC,RHLCC,RHRCC

6 / $�<>= 3 
!�#%$ � �0¿ � ½D� � ` ÔÕÕÕÕÕÕÕÖ ÕÕÕÕÕÕÕ×

v ¥� ? | x
y=LHCCwrv§í� ? | x
y=RHLCCwrvïî� ? | x
y=RHRCCwrv í Ù � |� ? | x
y=RCINVv í Ù � ¥� ? | x
y=RUPGv ¥ Ù� ? | x
y=LCINV,LUPG6 / $�<>= 3 
!�#%$ � �0¿ � ½D� � `ÑÐ v |� ? | x

y=RWB,RCINV,LHCC,LHCCwr,RHLCCwr,RHRCCwrv ¥� ? | x
y=RHLCC,RHRCCc $�<I= 3 
!�#%$ ` � < v c $�<I= 3 
!�#%$ £»��¼�� ½D� � l c $�<>= 3 
!r#%$ £»��¼�� ½�� � x l v �X�_W x � < v c $n<>= 3 
!�#%$ � �0¿ � ½�� � l c $�<>= 3 
!�#%$ � �r¿ � ½D� � x

c / $n<>= 3 
!�#%$ ` � < v c / $�<>= 3 
!�#%$ £»��¼�� ½D� � l c / $�<I= 3 
!�#G$ £»��¼�� ½D� � x l v �X�_W x � < v c / $�<>= 3 
!�#%$ � �r¿ � ½D� � l c / $�<>= 3 
!r#%$ � �r¿ � ½D� � x
10



c $�<I= 3 
!�#%$ £»��¼�� ½D� ¾ ` C <F6 $�<>= 3 
!�#%$ £»��¼�� ½D� ¾ v ¬ !r#%$ £»��¼ l � $�<>= 3 
!�#%$ £»��¼�� ½D� ¾ x
y=LC,RC,LHCC,RHLCC,RHRCC

c / $n<>= 3 
!�#%$ £»��¼�� ½D� ¾ ` C <F6 / $�<>= 3 
!�#%$ £»��¼�� ½D� ¾ v ¬ !r#%$ £»��¼ l � / $�<I= 3 
!�#%$ £»��¼�� ½D� ¾ x
y=LUPG,LCINV,LWB,RWB,RCINV,RUPG,LHCC,

RHLCC,RHRCC,LHCCwr,RHLCCwr,RHRCCwrc $�<I= 3 
!�#%$ � �0¿ � ½D� ¾ ` C <@6 $n<>= 3 
!r#%$ � �r¿ � ½D� ¾ v ¬ !r#%$�� �r¿ l � $n<>= 3 
!�#%$ � �r¿ � ½D� ¾ x
y=RC,LHCC,RHLCC,RHRCCc / $n<>= 3 
!�#%$ � �0¿ � ½D� ¾ ` C < 6 / $�<>= 3 
!r#%$ � �r¿ � ½D� ¾ v ¬ !r#%$ � �r¿ l � / $�<>= 3 
!�#%$ � �r¿ � ½D� ¾ x
y=RWB� !�#G$ £»��¼�� ¾ ` � < � $�<>= 3 
!�#G$ £»��¼�� ½D� ¾ l � < � / $�<>= 3 
!�#%$ £»��¼�� ½D� ¾

� !�#G$ � �r¿ � ¾ ` � < � $�<>= 3 
!�#%$ � �0¿ � ½�� ¾ l � < � / $�<>= 3 
!�#%$ � �0¿ � ½D� ¾
�7¹!�#G$ £»��¼�� ½D� ¾ ` v Ì ½� x 6 ¹!r#%$ £»��¼�� ½�� ¾ � ¹!�#%$ £»��¼�� ½D� ¾
�7¹!�#G$ � �r¿ � ½D� ¾ ` v Ì ½� x 6 ¹!�#%$ � �0¿ � ½�� ¾ � ¹!�#%$ � �r¿ � ½D� ¾
¬ !�#%$ £»��¼Ë` � < v ¬ Þ R 3 & < i!r#%$ £»��¼ l ¬ Þ R 3 & <Ià!�#%$ £»��¼ l ¬ ('+n*ê& < i!�#%$ £»��¼ l ¬ (D+�*w& <Ià!r#%$ � Þ R 3 x
¬ !�#%$�� �0¿ ` � < v ¬ R - 
 +�(D$'& < i!�#%$ � �0¿ l ¬ R - 
 +�(D$'& <Ià!�#%$ � �0¿ l ¬ ('+�*w& < i!�#%$ � �0¿ l ¬ ('+n*ê& <
à!�#%$ � (D+�* x
¬ Þ R 3 & < i!�#%$ £»��¼ ` � M v 	¤�_W x � v � ið � ¡ £»��¼�� ½D� ¾� � � e!�#%$ £»��¼�� ½D� ¾ x � e!�#G$ £»��¼�� ½D� ¾ l v � e!�#%$ £»��¼�� ½D� ¾ x v e ið � ¡ £»��¼�� ½D� ¾¥ x��
¬ Þ R 3 & <Ià!�#%$ £»��¼ ` � M 	 � v � àð � ¡ £»��¼�� ½D� ¾� � �Zç!�#%$ £»��¼�� ½D� ¾ x � ç!�#%$ £»��¼�� ½D� ¾ l v �7ç!�#G$ £»��¼�� ½D� ¾ x v e àð � ¡ £»��¼�� ½D� ¾¥ x��
¬ (D+�*w& <Iè!�#%$ £»��¼ ` � M v �Ü�^W x 	 � v � èð � ¡ � �r¿ � ½D� ¾� � �Z¹!�#%$�� �0¿ � ½D� ¾ x � ¹!�#%$�� �0¿ � ½�� ¾ l v �Z¹!�#%$�� �0¿ � ½�� ¾ x v e èð � ¡ � �0¿ � ½D� ¾¥ x��
¬ R - 
 +�(D$'& < i!�#%$ � �0¿ ` � M � v 	 �_W x l 	 v �X� Ò x�� � v � ið � ¡ � �r¿ � ½D� ¾� � � e!�#%$�� �0¿ � ½�� ¾ x � e!r#%$�� �r¿ � ½D� ¾ l v � e!r#%$�� �r¿ � ½D� ¾ x v e ið � ¡ � �r¿ � ½D� ¾¥ x��
¬ R - 
 +�(D$'& <Ià!�#%$ � �0¿ ` � M � 	 l 	 v �X� Ò x�� � v � àð � ¡ � �0¿ � ½�� ¾� � �7ç!�#G$ � �r¿ � ½D� ¾ x � ç!�#%$ � �0¿ � ½�� ¾ l v �Zç!�#%$ � �0¿ � ½�� ¾ x v e àð � ¡ � �0¿ � ½D� ¾¥ x��
¬ (D+�*w& < è!�#%$ � �0¿ ` � M 	 � v � èð � ¡ £»��¼�� ½�� ¾� � �Z¹!r#%$ £»��¼�� ½�� ¾ x � ¹!�#%$ £»��¼�� ½D� ¾ l v �Z¹!�#%$ £»��¼�� ½D� ¾ x v e èð � ¡ £»��¼�� ½D� ¾¥ x��

Memory

If adecoupleddirectoryis desired,thefollowing equationscanalsobeusedfor thedirectory, with theappropriatechanges
to thevisit counts.� $�<>= 3 
*�+n* £»��¼�� ½ ` ��ñ � ç B

y=LC� / $�<>= 3 
*�+n* £»��¼�� ½ ` ��ñ � ç B
y=LCINV,LWB,LHCC� $�<>= 3 
*�+n* � �r¿ � ½ ` �"ñ � ç B
y=RC� / $�<>= 3 
*�+n*È� �r¿ � ½ ` � ñ � ç B
y=RWB,RCINV,RHLCC,RHRCC6 $�<>= 3 
*,+�* £»��¼�� ½ ` |* y=LC,LHCC
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6 / $�<>= 3 
*,+�* £»��¼�� ½ ` |* y=LCINV,LUPG,LWB,LHCC,LHCCwr6 $�<>= 3 
*,+�*�� �0¿ � ½ ` |� � ? | � * y=RC,RHLCC,RHRCC6 / $�<>= 3 
*,+�* � �0¿ � ½ ` |� � ? | � * y=RCINV,RUPG,RWB,RHLCC,RHRCC,RHLCCwr,RHRCCwr

c $�<I= 3 
*,+�* ` � c $�<>= 3 
*�+n* £»��¼ l v �X�^W x � c $�<>= 3 
*�+n* � �r¿c / $n<>= 3 
*,+�* ` � c / $�<I= 3 
*,+�* £»��¼ l v �X�^W x � c / $�<I= 3 
*,+�* � �r¿c $�<I= 3 
*,+�* £»��¼ ` � < c $n<>= 3 
*,+�* £»��¼�� ½
y=LCc / $n<>= 3 
*,+�* £»��¼ ` � < c / $�<>= 3 
*,+�* £»��¼�� ½
y=LCINV,LWB,LHCCc $�<I= 3 
*,+�*�� �0¿ ` � < c $�<>= 3 
*�+n*È� �r¿ � ½

y=RCc / $n<>= 3 
*,+�*�� �0¿ ` � < c / $�<>= 3 
*�+n*È� �r¿ � ½
y=RCINV,RWB,RHLCC,RHRCCcZ¹*,+�* £»��¼�� ½ ` C <@6 ¹*�+n* £»��¼�� ½ v ¬ *�+n* £»��¼ l � ¹*,+�* £»��¼�� ½ x

y=LC,LCINV,LWB,LHCC

c ¹*,+�* � �0¿ � ½ ` C <F6 ¹*,+�* � �0¿ � ½ v ¬ *�+n* £»��¼ l � ¹*,+�* £»��¼�� ½ x
y=RC,RCINV,RWB,RHLCC,RHRCC�7¹*,+�* £»��¼�� ½ ` Ì ½� v 6 ¹*,+�* £»��¼�� ½ � ¹*,+�* £»��¼�� ½ x

�7¹*,+�* � �r¿ � ½ ` Ì ½� v 6 ¹*,+�* � �0¿ � ½ � ¹*�+n* � �r¿ � ½ x
¬ *,+�* £»��¼ ` ¬ßÞ R 3*�+n* £»��¼ l ¬ ('+n**,+�* £»��¼
¬ *,+�* � �0¿ ` ¬ R - 
 +�(D$*,+�*�� �0¿ l ¬ ('+�**,+�*�� �0¿¬ßÞ R 3*,+�* £»��¼ ` � < v ¬ßÞ R 3 & < i*,+�* £»��¼ l ¬ßÞ R 3 & <Ià*�+n* £»��¼ x
¬ (D+�**,+�* £»��¼ ` � < v ¬ (D+�*w& < i*,+�* £»��¼ l ¬ (D+�*w& <Ià*,+�* £»��¼ x
¬ R - 
 +�(D$*,+�* � �0¿ ` � < v ¬ R - 
 +�(D$'& < i*,+�*�� �0¿ l ¬ R - 
 +�(D$'& <Ià*,+�*�� �r¿ x
¬ (D+�**,+�* � �0¿ ` � < v ¬ ('+�*w& < i*,+�*�� �0¿ l ¬ (D+�*w& <Ià*�+n*È� �r¿ x
¬ Þ R 3 & < i*,+�* £»��¼ ` v 	 �^W x � v � ¿u�0¿ £»��¼�� ½ i� � � *�+n* £»��¼�� ½ i x ��*,+�* £»��¼�� ½ i l v � *,+�* £»��¼�� ½ i x v e ¿q�r¿ £»��¼�� ½ i¥ x��
¬ßÞ R 3 & < à*,+�* £»��¼ `ò	 � v � ¿q�r¿ £»��¼�� ½ à� � � *,+�* £»��¼�� ½ à x ��*,+�* £»��¼�� ½ à l v � *�+n* £»��¼�� ½ à x v e%¿q�r¿ £»��¼�� ½ à¥ x��
¬ (D+�*w& <Iè*,+�* £»��¼ ` v �Ü�^W x 	 � v � ¿q�r¿ � �0¿ � ½ è� � � *,+�* � �r¿ � ½ è x ��*,+�* � �r¿ � ½ è l v � *,+�* � �r¿ � ½ è x v e%¿q�r¿ � �0¿ � ½ è¥ x��
¬ R - 
 +�(D$'& < i*,+�* � �0¿ ` � v 	¤�^W x l 	 v �X� Ò x�� � v � ¿q�r¿ � �0¿ � ½ i� � � *,+�* � �r¿ � ½ i x ��*,+�* � �r¿ � ½ i l v � *�+n* � �r¿ � ½ i x v e%¿u�0¿ � �r¿ � ½ i¥ x��
¬ R - 
 +�(D$'& <Ià*,+�*�� �0¿ ` � 	 l 	 v �é� Ò x�� � v � ¿u�0¿ � �r¿ � ½ à� � � *,+�* � �0¿ � ½ à x � *,+�* � �r¿ � ½ à l v � *,+�* � �r¿ � ½ à x v e ¿q�r¿ � �r¿ � ½ à¥ x��
¬ (D+�*w& <Iè*,+�*�� �0¿ `Ï	 � v � ¿u�0¿ £»��¼�� ½ è� � � *,+�* £»��¼�� ½ è x ��*,+�* £»��¼�� ½ è l v � *,+�* £»��¼�� ½ è x v e%¿q�r¿ £»��¼�� ½ è¥ x��
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