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1 Problem Settings

Recall the problem setup for a two-layer neural network from the last leture. For the con-
tinuous setting:

flw,p,z) = / o6, 2)0(6)p(0)d6

mfinQ(f) = L(f) + R(f), R(f) = M E1(f) + AaRa(f)
R, = / 1 (@(8)p(0)dB, 1 (w) = [Jw]]
Ry = / ra(w(8))p(0)d8, 71 (6) = ||9]

where p(0) is the probability density over 6.
For the discrete setting:
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where 7 is the weight of jth neuron, and ¢’ is the weight factor of jth neuron.

2 Discrete NN

Noisy Gradient Descent (NGD) Consider training the constructed network with the
objective denoted as Q(u, #), and solving it by NGD, the steps are decribed as follows:

e Initialize: Sample 6, u) (from distribution).

e Update ¢/ '
01,1 = 0] — AV [Qur, 0,)] — VA€



e Update u: . A .
Uiy = up — AV [Que, )] — vV As(f

o & ~ N(0,V2At1,), ¢ ~ N(0,V2At)

Fokker-Plank Recall the Fokker—Planck equation:
e The stochastic differential equation (SDE): dX; = 6(xy, t)dt + /25 1XdB;
o Let p(z,t) : density of X,

0 b2) L
o =~V ol 15X )] + 5V p(z,t)

Fokker-Plank gives the evolution of density p(z,t).

Lemma 1 (NCD). V¢t >0, (67,u]) ~ pi(6,u),j € [m]. Then Vz, we have
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Furthermore, let At — 0, m — 0o, we can derive

dpi(0, u)

= Vo (0, w)gn(t, 0, w)] = Vulpe(0, ) g1 (.6, w)] + AV Ipi(6,0)] (1)

where ¢, go satisfy

g1 = —Euy[l'(f(wr, pr 7). y)o (0, )] = M Vulri (u)]
92 = —Ezy[l'(f(wi, pr, ), y)uV0 (0, 2)] — A2 V[ra(0)]

and

pu(6) = / pi(0, ), 01(0) = Elul6]

Lemma 1 implies that p;(6, u) becomes a diffusion process due to the injection of the random
noise.

Proof: The update of (6, u;) can be written as:
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Let At — 0, we have
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Let m — oo, we obtain
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We can also write down the evolution of p;, and w; as follows.

Lemma 2 (Evolution of p;,w;). Assume p;(6,u) is as in previous lemma. Then

dp;—,(f) = =V - [pu(0)ga(t,0,0:(0))] + A3V (6) (2)
dw;ie) — gl(t7 9,0.),5(9)) — Vewt(Q) . gz(t, ejwt(e))
+ A3 Vow(0) + ;TA;)[VM(G)][VM(&))]
1
_ mvg : {/p(e,u)u[gg(tﬁ,u) — go(t, 0, w(0))]du (3)

Proof: Let go1 : g2(t,0,u) = g1 (t, 0)u — AaVora(6).
For Equation (2):

According to Equation (1)

dp; (0
Pctli ) __ / Vo - [p4(0, w)gs(t, 6, u)]du — / Vo lpo(6, w)gn (£, 0, u)]du + / sy (60, )] du
— I+ 1+ I (4)
Then, for I,
-1, = /Ve : [pt(gﬂ CU = )\2V97“2(9)] du
=Vy- { / prgaudu — / AzptVerz(Q)dU}
= Vg - [ga1prwr — A2 Vr2(0) pe(0)]
= Vo - [p(0)ga(t,0,w(0))]
For I,
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since |g1] < Li(Ch||0]] + C2) + A2|ul

Tii_{noof(um 9t7$) = f(wbpta $)
For I3,

Is = /)gith(H,u)du

=)\3 [ / Vapidu + / Viptdu}
=\ {vg / prdu+ V2 / ptdu]

= )\3V§Pt(9)

Then, plug I3, I3, I3 into Equation (4),

dp;iH) =~V - [p(0)g2(t, 0, w:(0))] + AsV2p(6)

Thus, Equation (2) is proved.

For Equation (3), define u;(0) = wi(0)p:(0) = [ up:(6, u)du, then
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For ]5,
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Since
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Then, plug Iy, I5 into Equation (5),

dw,(0) Aaor(6) "
o = 91(8,0,w(0)) = Vowr(0) - ga(t, 0, 01(0)) — ™0 25T 2),(0) + o 2320 (0)pu(6)
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Thus, Equation (3) is proved.

Please refer to [1] to see more proof details.
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