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1 Problem Settings

Recall the problem setup for a two-layer neural network from the last leture. For the con-
tinuous setting:

f(ω, ρ, x) =

∫
σ(θ, x)ω(θ)ρ(θ)dθ

min
f

Q(f) = L(f) +R(f), R(f) = λ1R1(f) + λ2R2(f)

R1 =

∫
r1(ω(θ))ρ(θ)dθ, r1(ω) = ∥ω∥2

R2 =

∫
r2(ω(θ))ρ(θ)dθ, r1(θ) = ∥θ∥2

where ρ(θ) is the probability density over θ.
For the discrete setting:

f̂(u, θ, x) =
1

m

m∑
j=1

ujσ(θj, x)

Q̂(u, θ) = L̂(u, θ) + λ1R̂1 + λ2R̂2

R̂1 =
1

m

m∑
j=1

r1(u
j)

R̂2 =
1

m

m∑
j=1

r2(θ
j)

where uj is the weight of jth neuron, and θj is the weight factor of jth neuron.

2 Discrete NN

Noisy Gradient Descent (NGD) Consider training the constructed network with the

objective denoted as Q̂(u, θ), and solving it by NGD, the steps are decribed as follows:

• Initialize: Sample θj0, u
j
0 (from distribution).

• Update θjt :

θjt+1 = θjt −∆t∇θj [Q̂(ut, θt)]−
√
λ3ξ

j
t
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• Update uj
t :

uj
t+1 = uj

t −∆t∇uj [Q̂(ut, θt)]−
√

λ3ζ
j
t

• ξjt ∼ N(0,
√
2∆tId), ζ

j
t ∼ N(0,

√
2∆t)

Fokker-Plank Recall the Fokker–Planck equation:

• The stochastic differential equation (SDE): dXt = δ(xt, t)dt+
√

2β−1ΣdBt

• Let p(x, t) : density of Xt

∂

∂t
= −∇ · [p(x, t)δ(Xt, t)] +

ΣΣT

β
∇2p(x, t)

Fokker-Plank gives the evolution of density p(x, t).

Lemma 1 (NGD). ∀t ≥ 0, (θjt , u
j
t) ∼ pt(θ, u), j ∈ [m]. Then ∀x, we have

lim
n→∞

f̂(ut, θt, x) = f(ωt, ρt, x)

Furthermore, let ∆t → 0,m → ∞, we can derive

dpt(θ, u)

dt
= −∇θ · [pt(θ, u)g2(t, θ, u)]−∇u[pt(θ, u)g1(t, θ, u)] + λ3∇2[pt(θ, u)] (1)

where g1, g2 satisfy

g1 = −Ex,y[l
′(f(ωt, ρt, x), y)σ(θ, x)]− λ1∇u[r1(u)]

g2 = −Ex,y[l
′(f(ωt, ρt, x), y)u∇θσ(θ, x)]− λ2∇θ[r2(θ)]

and

ρt(θ) =

∫
pt(θ, u)du, ωt(θ) = E[u|θ]

Lemma 1 implies that pt(θ, u) becomes a diffusion process due to the injection of the random
noise.

Proof: The update of (θt, ut) can be written as:[
θt+1

ut+1

]
=

[
θt
ut

]
+∆t

[
ĝ2(t, θ, u)
ĝ1(t, θ, u)

]
+
√

2λ3∆t

[
N(0, Id)
N(0, 1)

]
Let ∆t → 0, we have

d

[
θt
ut

]
=

[
ĝ2
ĝ1

]
dt+

√
2λ3dBt

Let m → ∞, we obtain

ĝ1 → g1, ĝ2 → g2

We can also write down the evolution of ρt and ωt as follows.
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Lemma 2 (Evolution of ρt, ωt). Assume pt(θ, u) is as in previous lemma. Then

dρt(θ)

dt
= −∇θ · [pt(θ)g2(t, θ, ωt(θ))] + λ3∇2ρt(θ) (2)

dωt(θ)

dt
= g1(t, θ, ωt(θ))−∇θωt(θ) · g2(t, θ, ωt(θ))

+ λ3∇2
θωt(θ) +

2λ3

ρt(θ)
[∇θρt(θ)][∇θωt(θ))]

− 1

ρt(θ)
∇θ ·

[∫
p(θ, u)u[g2(t, θ, u)− g2(t, θ, ωt(θ))]du

]
(3)

Proof: Let g21 : g2(t, θ, u) = g21(t, θ)u− λ2∇θr2(θ).
For Equation (2):

dρt(θ)

dt
=

d

dt

∫
pt(θ, u)du =

∫
d

dt
pt(θ, u)du

According to Equation (1)

dρt(θ)

dt
= −

∫
∇θ · [pt(θ, u)g2(t, θ, u)]du−

∫
∇u[pt(θ, u)g1(t, θ, u)]du+

∫
λ3∇2[pt(θ, u)]du

= I1 + I2 + I3 (4)

Then, for I1,

−I1 =

∫
∇θ · [pt(g21 · u− λ2∇θr2(θ)] du

= ∇θ ·
[∫

ptg21udu−
∫

λ2pt∇θr2(θ)du

]
= ∇θ · [g21ρtωt − λ2∇θr2(θ)ρt(θ)]

= ∇θ · [ρt(θ)g2(t, θ, ωt(θ))]

For I2,

I2 =

∫
∇u [pt, g1] du

= pt(θ, u)g1(t, θ, u)du|+∞
u=∞

= 0

since |g1| ≤ L1(C1∥θ∥+ C2) + λ2|u|

lim
m→∞

f̂(ut, θt, x) = f(ωt, ρt, x)
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For I3,

I3 =

∫
λ3∇2pt(θ, u)du

= λ3

[∫
∇2

θptdu+

∫
∇2

uptdu

]
= λ3

[
∇2

θ

∫
ptdu+∇2

u

∫
ptdu

]
= λ3∇2

θρt(θ)

Then, plug I1, I2, I3 into Equation (4),

dρt(θ)

dt
= −∇θ · [pt(θ)g2(t, θ, ωt(θ))] + λ3∇2ρt(θ)

Thus, Equation (2) is proved.

For Equation (3), define ut(θ) = ωt(θ)ρt(θ) =
∫
upt(θ, u)du, then

ut(θ)

dt
=

∫
d

dt
(u · pt)du =

∫
u(

d

dt
pt)du

ut(θ)

dt
=

dωt

dt
· ρt + ωt ·

dρt
dt

=

∫
−u∇θ[ptg2]du−

∫
u∇u[ptg1]du+

∫
λ3u∇2ptdu

=

∫
−u∇θ[ptg2]du+ I4 + I5 (5)

For I4,

−I4 =

∫
u∇u[ptg1]du

=

∫
[pt(θ, u)g1(θ, t, u)]du

=

∫
pt(θ, u)g11(θ, t)− pt(θ, u)λ1udu

= ρt(θ)g1(t, θ, ωt(θ))

For I5,

I5 =

∫
λ3u∇2ptdu

= λ3∇2
θ

[∫
upt(θ, u)du

]
+ λ3

∫
u∇u[pt(θ, u)]du

= λ3u∇2ptdu
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Since

dut(θ)

dt
= ρt

dωt(θ)

dt
+ ωt

dωt(ρ)

dt

= ρt
dωt(θ)

dt
+ ωt{−∇θ · [ρ(θ)g2(t, θ, ωt(θ))] + λ3∇2

θρt(θ)}

Then, plug I4, I5 into Equation (5),

dωt(θ)

dt
= g1(t, θ, ωt(θ))−∇θωt(θ) · g2(t, θ, ωt(θ))−

λ3ωt(θ)

ρt(θ)
∇2

θρt(θ) +
λ3

ρt(θ)
∇2

θωt(θ)ρt(θ)

− 1

ρt(θ)
∇θ ·

[∫
p(θ, u)ug2(t, θ, u)− ρt(θ)ωt(θ)g2(t, θ, ωt(θ))

]
= g1(t, θ, ωt(θ))−∇θωt(θ) · g2(t, θ, ωt(θ)) + λ3∇2

θωt(θ) +
2λ3

ρt(θ)
[∇θρt(θ)][∇θωt(θ))]

− 1

ρt(θ)
∇θ ·

[∫
p(θ, u)u[g2(t, θ, u)− g2(t, θ, ωt(θ))]du

]
Thus, Equation (3) is proved.

Please refer to [1] to see more proof details.
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