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Newton Interpolation

The Newton basis functions can be derived by considering the problem of build-
ing a polynomial interpolant incrementally as successive new data points are
added. Here is the basic idea:

Step 0: Define a degree-0 polynomial Py(x) that just interpolates (xo, yo).
Obviously, we can achieve that by simply selecting

Po(x) = yo

Step 1: Define a degree-1 polynomial P;(z) that now interpolates both
(x0,y0) and (z1,y1). We also want to take advantage of the previously
defined Py(z) by constructing P as

Py(z) = Po(z) + My(x)
where M (z) is a degree-1 polynomial and it needs to satisfy
P1(zo) = Po(xo) +Mi(zo) = Mi(z9) =0
—_— =
=Yo =Y0
Thus, M (z) = ¢1(z — zp). We can determine ¢; using:

Pi(z1) — P ~P
Pi(1) = Po(x1) + c1(w1 — x0) = 1 = 1{en) o) = olz1)
xr1 — X r1 — Xo

Step 2: Now construct Py (z) which interpolates the three points (zo, yo),
(z1,y1), (x2,y2). Define it as:

732(1‘) = 731(113) + MQ(I')

where My () is a degree-2 polynomial. Once again we observe that

Pa(z0) = Pi(zo) + Moa(zo)
— SN——

=Yo =Yo _ _
Po(x1) = Pi(w1) + Ma(xr) = My(z0) = Ma(z1) = 0
S—— ——

=Y =Y1



Thus, Ms(z) must have the form:
Ma(z) = co(x — zo)(z — 21)
Substituting x < x2, we get an expression for cg

y2 = Pa(z2) = Pi(x2) + ca(w2 — 20)(x2 — 1)
Y2 *Pl(zz)

(z2 — @0) (72 — 21)

= C2 =

e Step k: In the previous step, we constructed a degree-(k — 1) polynomial
that interpolates (2o,%0), .., (@x—1,yr—1). We will use this Py_1(z) and
now define a degree-k polynomial Py (x) such that all of (xg,v0), - - -, (Tk, yx)
are interpolated. Again,

Pr(x) = Pr—1(z) + Mg(x)

where My (z) is a degree-k polynomial.
Now we have for any i € {0,1,...,k — 1}

Pr(z;) = Pr—1(z;) + My (x;) = My(x;) =0
—— Y
=Yi =Yi
Thus, the degree-k polynomial Mj must have the form
Mp(z) = ex(z —x0) ... (T — Tp—1)
Substituting x < x gives

ye = Prlar) = Pr—1(zr) + cx(zr — 20) ... (2 — T—1)
Yr — Pr—1(xk)

120 (@x — )

Every polynomial M;(x) in this process is written as

= Cr =

M;(z) = ¢;N;(z) where N;(z)= 1:[(3; — ;)

j=0
After n steps, the interpolating polynomial P, (z) is then written as:
Pa(x) = coNo(@) + c1N1(2) + ... + N (2)
where
No(z) = 1
M) = z—=x
No(z) = (z—m0)(z— 1)

Nie(z) = (@—x0)(w—21)... (T —2K_1)



These are the Newton polynomials (compare with the Lagrange polynomials
l;(x)). Note that the x;’s are called the centers.

We illustrate the incremental Newton interpolation by building the Newton
interpolant incrementally as the new data points are added. We begin with
the first data point (zo,y0) = (=2, —27), which is interpolated by the constant
polynomial

Po(z) = yo = —27

Incorporating the second data point (x1,y;) = (0, —1), we modify the previous
polynomial so that it interpolates the new data point as well:

Pi(z) = Po(z) + Mi(x) =Po(z) + c1(z — x0)

= nm»+%g§%?@—mw
B 1 (=27)

= 27+ 13(z+2)

Finally, we incorporate the third data point (z3,y2) = (1,0), modifying the
previous polynomial so that it interpolates the new data point as well:

Po(z) = Pi(x)+ Ma(x) =Pi(x) + calx — z)(x — 21)
Y2 — Pi(x2)
(xz - wo)($2 — I

012
= WA BEAY+ T SHya o)

= =274+ 13(x +2) —4(x + 2)z

= P+ j = o) (@ — )

(z = (=2))(z - 0)

So far, we saw two ways of computing the Newton interpolant, triangular
matrix and incremental interpolation. There is, however, another efficient and
systematic way to compute them, called divided differences. A divided difference
is a function defined over a set of sequentially indexed centers, e.g.,

Ly Ljd1yeeyLidj—1yLTitj
The divided difference of these values is denoted by:

f[$i7$i+17 sy mi+j717xi+j]

The value of this symbol is defined recursively as follows. For divided differences
with one argument,

With two arguments:



With three:

flrivy, wiya] — flri, viga]

flxi, Tig1, Tigo] =

Ti42 — X4
With j 4+ 1 arguments:
f[$‘+1,...7l"+'] — f[l",...,l"+'_1]
floiwivr, o Tigjo1, Tigg] = = = : =
LTiqj — T4
The fact that makes divided differences so useful is that f[z;,...,z;4;] can

be shown to be the coefficient of the highest power of x in a polynomial that
interpolates through

(mi, Z/z‘)7 ($i+1, yi+1)7 ) ($i+j—1, yi-i-j—l); ($i+j, yi+j)

Why is this so useful?

Remember, the polynomial that interpolates

('I07y0)a sy (xkvyk:)

is
Pr(x) = Pr—1(x) + clx—x0)...(x —xp_1)
——
highest power=z*-1 =cpzk+lower powers
Thus, ¢, = f[zo,z1,22,...,2x)! Or, in other words,

Pn(x) = f[ﬂﬁo]
+  flzo, z1](x — o)
Jr

f[x0,$17x2](x - l‘o)((L’ - ml)

+ Sflro,x1, .. xn)(@ —xg) ... (T —2p_1)



So, if we can quickly evaluate the divided differences, we have determined P,,(x)!
Let us see a specific example:

(z0,50) = (—2,-27)
(z1,91) = (0,—1)
(z2,y2) = (1,0)
flzo] = yo = =27
fle]l =y = -1
flza] =y2 =0
flea] = flwo]  —1—(=27)

Mol == =0y =0y
f[$1,1‘2] _ f[x;j :£££C1] - 0 Iffol) 1
Sz, @] — fleo, ] 113
flxo, @1, m2] = pra— =12 =4
Thus,
Pa(z) = flwol + flwo, z1](z — x0) + flwo, 71, 22](z — 20) (2 — 71)

—27 4+ 13(z +2) — 4(z + 2)z



Divided differences are usually tabulated as follows:

zo | flzo]
x1 | fle1] | flzo,x1]
xy | floa] | flw1, 2] | flwo, 71, 22]
x3 | fls flza, z3 flz1, 2, 23
2y | floa] | flws, x4 | flre, 3,74

The recursive definition can be implemented directly on the table as follows:

x;'s yi's

Q —— o

a—>b
c—d




For example, for the sample set (xg,y0) = (—2,—27), (z1,y1) = (0,-1),
(I27y2> = (1a0)a

x;’s | yi’s
-2 | =27
0 -1 |13
1 0 1| —4

Easy evaluation

P4(£E) = Cp
+ c(z—x9)
+ o —xo)(xr —21)
+ c3(x—xo)(z — 1) (x — 22)
+ ez —x0)(x — 1) (2 — x2) (T — T3)

=co+ (@ —zo)ler + (2 —a)lea + (v — wa)les + (0 —23) 4 ]I
Qu(z)

Qs ()

Qa2 ()

Q1 ()

Qo ()

Pa(x) = Qo(x)
Recursively: Define 9, (z) = ¢,,. Then
Qn—l(x) =cCp-1+ (SC - zn—l)Qn(x)

The value of P, (x) = Qp(z) can be evaluated (in linear time) by iterating this
recurrence n times. We also have

Qn-1(z) = cno1+ (T —2p-1)Qn(7)
= 1(z) = Qu(@)+(z—2,-1)Q(2)

Thus, once we have computed all the Q}s, we can also compute all the deriva-
tives too! Ultimately, P} (z) = Q) ().



Let us evaluate Newton’s method, as we did with other methods:

Cost of computing Py, (z): O(n?).

Cost of evaluating P, (z) for an arbitrary z: O(n).

This can be accelerated (similar to Horner’s method) using the recursive
scheme defined above.

Availability of derivatives: yes, as discussed above.

Allows for incremental interpolation: yes!



