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Cubic Hermite Splines

Let us assume a number of z-locations z1 < 2o < ... < x,, and let us make the
hypothesis that we know both f and f’ at every location x;. We denote these
values by y; = f(z;) and y, = f'(x;), for i = 1,2,...,n. As with other methods
based on piecewise polynomials, we construct the interpolant as

si(x),x €
sa(x),x € Iy

s(x) =
sp—1(x),x € I

where I, = [z, xk4+1]. In this case, each individual si(z) is constructed to
match both the function values yi, yr+1 as well as the derivatives v, y;, 41 at
the endpoints of I. In detail:

se(zr) = Yk, se(Try1) = Uhrrs  sp(Tr) = U SL(@R11) = Yras (1)
Since si(z) = aék)x?’ + aék)xz + agk)m + a(()k) has four unknown coeflicients,

equation (1) can uniquely define the appropriate values of aék), agk), agk), aék).

Note that equation (1) guarantees that s(z) is continuous with continuous
derivatives (e.g., a O function). However, we do not strictly enforce that the
2nd derivative should be continuous, and in fact it generally will not be.

The most straightforward method for determining the coefficients of sj(x) =
agk)x?) + a(Qk)xz + agk)x + a(()k) mimics the Vandermonde approach for polynomial
interpolation:

k k k k
sk(Tr) = Y aé )x%—i—ag )xi—kag )xk—kaé ) = Y
k k k k
Sk(Tht1) = Yrt1 oz} ) +aed o+ aVai + el = yega

3a§k)xi + 2a§k)xk + a(lk) =y

3a§k)xi+1 + 2a§k)o:k+1 + a(lk)

sk () =y,

e

S;c(l'k—s-l) = y;c—i-l = y;c—i-l



(k)
xi z7 1 a:(gk) Yk
N w‘le x%+1 Tpyr 1 as _ | Yk+1
3z3 2y, 1 0 agk) Yy
323, 2mp 10 a(()k) Yet1

The second method attempts to mimic the Lagrange interpolation approach,
where we wrote

Pr—1(z) = yolo(x) + y1l1(2) + ... + ynln(2)
where
1 ifi=
Li(zy) = { 0 ifit)
What if we could do something similar here? Can we write
$6(x) = Yrqoo(€) + Yr+1901 (@) + Ypq10(2) + Y p1q11 ()
Yes, if we have: Note that all g;;’s are cubic polynomials.
qoo(7r) =1 qo(zx) =0 qo1(zx) =0 qu1(ze) =0
qoo(Tk+1) =0 | qro(®rt1) =0 | goa(whg1) =1 | qua(@rg1) =0

qoo(wk) =0 | qio(wr) =1 | goi(zx) =0 | qui(2x) =0
qoo(xh+1) = 0 | qio(zet1) =0 | go1(wrt1) =0 | g1 (@ppa) =1

In the special case where x; = 0,21 = 1, these functions are symbolized
with h;;(x) and called the canonical Hermite basis functions. Thus, in that case,
sk(x) = yrhoo(%) + Yrt1hot (2) + yphio(2) + Yiyr b (z)
In this case, we can either solve a 4 x 4 system for the coefficients of each h;;(x),
or construct it using simple algebraic arguments, e.g.,
h11(0) = A}, (0) =0 = 22 is a factor of hy;(x)
h11(1) =0 =z —1is a factor of h11(x)

ie., hii(r) = Ca?(x — 1) = C(2® — 22) = hiy(x) = C(32%2 — 22). Given that
Ri1(1) =1=C(3-2) = C = hy1(x) = 2* — 2%, The four basis polynomials are
similarly derived to be:

hoo(z) = 22° —32%+1
hio(z) = 23 —22%+x
hoi(z) = —22°+ 32°
hii(z) = 23— 2?



In the more general case where I}, = [z, zr11] (instead of [0, 1]), we can obtain
the basis polynomials using a change of variable ¢t = (z — ) /(241 — k) as
follows:

s1(2) = Yk hoo(t) +yrt1 ho1 (t) +g, (Thy1 — Tx)hao(t) kg1 (Thr1 — 2x)haa (1)
——r ——
qoo () qo1 () q10() q11(x)

The last, and quite common, approach for generating the Hermite spline is using
tools similar to Newton interpolation. Remember, when interpolating through

(1170,1/0)7 (xhyl)a (132,3/2)7 (x37y3)a we obtain
Ps(z) = flzol- 1+ flwo, 1] - (# — x0) + flwo, 21, 22] - (z — @0) (2 — 71)
+  flzo, 21,22, 23] - (2 — 20) (z — 1) (2 — 22)
The idea is as follows: perform Newton interpolation through the points (z}, y}),
(T, Ur)s (a1, Ukv1), (Tfyqs Yey1)s Where o = o — €, 25 = Tpy1 + 6.

We will compute this interpolant using the Newton method, and ultimately
set ¢ — 0 such that z} converges onto wy, and wxj, , converges onto y41,
respectively. Thus,

se(@) = flag] + flag, wel(e — i) + flag, o, enn] (@ — 2) (2 — 2)
+ fleb s wrn )@ — 2h) (@ — ) (@ — o)
Taking the limit as € — 0

swle) = (Jim flai])

Ty Tk

+ <lim f[xmk]) (z — zx)

Ti—Tk

+ ( lim f[xz,xk,xm_ﬂ) (z — )

T Tk

+ lim Flehs e, T, wqa] | (@ = 20)* (@ — 2h4)
T — Tp

Thiq — Tkl

We use the shorthand notation f[zy,xx] = limgs 0 flz, xx] and construct the
finite difference table as usual.

x| Sl
T, flzk] flzg, ]
i1 | flaw] | flow ze] | flag @k @p]
i | fleiaal | fleesn 2ia] | flew o, 2iia] | ok e Tre, 2]




When ¢ — 0, the quantities in this table that involve z} or x}_, may need
to be expressed through limits, e.g.,

TE = Th,  Thpy = Thet,  fIEl = vk = ouk, fIha] = vk = Yk

Fleg o] = = — p fan) = vk

f[':EZJrl] - f[xk-‘rl] T Tht1

Thyq — Tht1

f[$k+17$2+1] = f/($k+1) = yl/c+1

Thus, the table gets filled as follows:

Tk Yk
T Yk yff
Treg1 | Ykt | flow zra] | flag, or, Thg]
! * * *
Th+1 | Yk+1 Y1 f[fﬂk, Ti+1, $k+1] f[ffxw Ty Th41, ka]

The remaining divided differences are computed normally using the recursive
definition. Often times, we skip the “stars” on xj’s and use the simpler notation

f[xkaka f[xkaxk7xk+laxk+l]7 etc.



