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Expectation

Y = g(X) is a continuous function.

If X is discrete with p, = P{X =X, },then E(Y)=E[g(X)]= ig(xk) Py -

kL
If X is continuous with density function f(X),then E(Y)=E[g(X)]= Ji g(x) f (x)dx.
Z =g(X,Y) isacontinuous function.

If X, Y are discrete p; = P{X =X,Y =y,}, then

E(Z)=E[g(X.)]=2">, 9(x.Y,)p;.

If X and Y are continuous with density function f (X, y), then

E@Z)=Elo(X.1=] [ a(xy)f(x y)dxdy

Properties:

(1) E(CX) = CE(X).
@ E(X +Y) = E(X)+E(Y).

(3) If X and Y are independent, then E(XY)=E(X)E(Y).

Variance
Var (X) = E{[X —E(X)]*}=E(X*)—{E(X)¥*.
Properties

(1)Var(CX) =C?*ar(X).

(2) if X and Y are independent, then Var(X +Y) =Var(X)+Var(Y).

Covariance

Cov(X,Y) =E{[X —E(X)I[Y —EM)I}

Py =Cov(X,Y)/Nar(X) Var(Y)
Var(X +Y)=Var(X)+Var(Y)+2*Cov(X,Y)

Cov(X,Y) = E(XY)—E(X)E(Y)
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Properties:

(1) Cov(aX,bY)=abCov(X,Y)

(2) Cov(X;+ X,,Y)=Cov(X,,Y)+Cov(X,,Y)

Discrete Random Variables

1. Bernoulli(p), E(X)=p,Var(X)=p@d-p).

2.Bin(n, p): f(x) :C‘Jpx(l— p)" ™, E(X)=np,Var(X)=np@d- p).
3. Poisson(A4) . f(x):%xleA,E(X):/l,Var(X)zﬂ.
4.Geometric(p), # trials until first head. f(X) = p (1— p)**.

E(X)=1/p,Var(X)=@1-p)/ p*.

5. Negative Binomial: # trials until r-th head.

() =ﬁ:ﬂa— P P E(X) = 1/ p Var(X) = (1= p)/ p*

Continuous Random Variables

LU(ab), f(x):{lo/(b_a)’a<xo<wb,E(X)=(b+a)/2,Var(X):(b—a)z/lz.

A-e x>0
0, oW,

2. Exp(A). f(x)={

A >
F(><)={1 ¢ ’X_O,E(X)zl/ﬂ,Var(X):llﬂf.
0 O.W.

(x-p)?
e 20

3.N(u,0%). f(x) =

1
V2ro
0, kis odd

For Z~N(0)2), E(Z ):{(k_l)u,kiseven

For X ~N(u,0%), X=u+0c-Z. E(X?)=E(u® +2ucZ +c5°2%) = u* +o°.
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1 o
4.Gamma(,t). f(X)=—- A" -x"t.e™ for x>0. T'(t)=| x"*e ™ dx.
A 100=50 =]

E(X)=t/A,Var(X) =t/ 2.

X ~Gamma(4,t) < AX ~ Gamma(l,t)
About T'(t): (1) I'(Q) =1;

@ I'(z+)=120(2);

(3) I'(k +1) =k! for integer k.

4 Ir@/2)=r.

Related with other distributions:

(1) Gamma(4,1) = Exp(A).

) x/ =Gamma(l/2,k/2)

@) ift —> oo, then (X — E(X))/Jvar(X) — N(0.)

5. Cauchy. f(X)= ,XeR. E(X) and Var(X) are notwell defined.

_ 1
71+ x?)

1 .
B(a,b)

6.Beta(a,b). f(x)= X*1.1-x)"t0<x<la>0b>0.

1
B(a,b) = jo X (1— x)**dx. When a=1, b=1, it is U(0,1).
7.Weibull (o, B) . F(x) =1-e*" x>0, >0,8>0.f(X)=af-x" e .

f=1-Exp(e)

Distribution of Functions

1=X1 11 Y2
0 {x (Y1, Y5)
X2=X2(y1,y2)

aXl / 6yl aXZ / ayl

(2) J(yl’yz):ax /6}/ X /ay

3) le,Yz(yl’ yz) = fxl,Xz{Xl(yli yz)' Xz(yy yz)}l JI.

-3-
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Bivariate Normal Distribution

1 1 (X_,Ul)z (X= 1 )(y — 1,) (y_,uz)z
fu (X Y) = — 5 5 -2 .
) 2710,0,/1- p* o 2(1-p )[ 0, P 0,0, ’ 0> I

X,=wm+0o,Z,
X, =ty +0,(pZy +1-p*Z,)

(2) From coefficient matrix, to get gand X. X ~N(z,X),

(1) From uand X, to get coefficient matrix {

g(X)=CX +d ~ N(Cu+d,C=C")

(3)(X11X2) - N(,U,Z),

(o2
then X, | X; ~ N(x, +p;2(xl_ﬂ1)7022(1_,02))1

1
X, | Xy~ N(g, +22121_%(X1 —14),Z,; _22121_11212)

@) (X, X,) ~ N(,), then X, L X, < p=0,

(5) Marginal f, (x) = (X ’ul) —=1

ra i

(6) Multivariate Normal: f, (X) = L — exp{—%(x—,u)T T (x— )} E = var(X)

(2m)""* | 2]

Gamma, Beta

X, L X,, X;~Gamma(4, p), X, ~Gamma(4,q), X, + X, ~Gamma(4, p+q),

1L~ Beta(p,q) (can also extend to Dirichlet)
X, + X,

2

X1 F

Z. 2% ~x¢ =Gamma(l/2,k/2)

. _N(©1)
N Tk
2
_ Xnlm
Fon = Aﬁ/n
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Sample mean and Sample variance

(n-1)S?

X, X5, X, areiid N(0,6%):(1) X ~N(0,6°/n) 2) X LS® (3)T~;(§_1

n

X1, X,y X, areiid N(u, %) : (1) ~N(0,) (2 ~t(n-1)

n

JIn(X - u) In(X - 1)
o S

Central Limit Theorem

If X,,---, X areiidwith E(X;)=uand Var(X,) = o which is finite, then

Z, = \/ﬁ(X _ﬂ% convergesto N(0,).

Convergence modes:

(1) In Law/Distribution: CDF converges

(2) In probability: P(|Z,—-Z[>&)=0

(3) Almost surely (with probability 1): P(w: !l_@ X, (w)=X(w)=1
(4) Inr-th moment: E(] X, — X |") — 0, higher order convergence -> lower order convergence

_ 2 va v
£x: X, >4 because E(X, —ul")=Var(X,) =%/ -0

When is (1) and (2) are equivalent?

D P
If Z,—C, aconstant, then Z, ->C.

Continuous mapping theorem

P P
If Z,—Z ,and g(.) isa continuous function, then g(Z,)—g(Z)

Slutsky theorem

D P D D
If Z,->Z2,U,—>C then(1) Z,+U,>Z+C (2) ZU,—>ZC

Ex: X, iid with mean s, variance o?.The limiting distribution of

) Gt ) B €l ) NN N(0,1)*1.
S o Slo
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Law of Large Number

_ DbpP

Weak LLN X, — u

__AS.
Strong LLN X, — u onlyif E(]| X[) <o

Decision Theory
How do we use data to answer questions about the world, about the parameter & .

Elements of Decision Theory:
(1) State space (parameter space) @, 0.
(2) Action Space A
(i) In estimate, we guess the value of 4.

(ii) In testing, we decide 8€®, or 8 ©O,, A={01}

(iii)  Inprediction, A={all possible mapping functions}.
(3) Loss function L(68,a)

(i) Inestimate, L(8,a)={a—q(&)} quadratic loss or

L(6,a)=a—q(d)| absolute loss

- ) 0,if correct
(i) In testing, 0-1 loss. L(6,a) = .
1, otherwise
(i) In prediction, mean-square error E{{Y —g(x)}’}

Decision Rule: A decision rule is a function from data X to an action in A, namely &(X) € A.

The risk of a decision rule: R(H, 5) = E[l (49, 5(X))]

E, [1(8,6(X))], frequentist

R(6,0)=E[1(8,6(X))]= { E,[1(6,5(X))], Bayesian

Maximum risk: R,, (6) =supR(8,9)
4

Bayes risk: Ry () = [R(6,6)7(0)d0=E(y ,,[1(6, 5(X))]

A decision rule minimizing maximum risk is minimax rule.
A decision rule minimizing Bayes risk is Bayes rule.
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Bias-Variance decomposition
E[(x—a)?] = E[x?*]- 2E[X Ja + &? = E[X]? = 2E[X Jo + & + E[x?] - 2E[X]? + E[X]?
= (E[X]1-a)* + E[(x—E[X])’]

The first term is the squared bias of the estimate.
The second term is the variance of the estimate.

Hypothesis test

Null space @, Alternative space ®, . Hypothesis test is to test whether e ®, or 6 € 0,.

Type 1 error, type 2 error. Power.



