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Expectation 

 

)(XgY  is a continuous function.  

If X is discrete with }{ kk xXPp  , then 





1

)()]([)(
k

kk pxgXgEYE .  

If X is continuous with density function )(xf , then dxxfxgXgEYE 



 )()()]([)( . 

),( YXgZ   is a continuous function. 

If X, Y are discrete },{ jiij yYxXPp  , then 

ijji pyxgYXgEZE  
 


1 1

),()],([)( . 

If X and Y are continuous with density function ),( yxf , then 

 







 dxdyyxfyxgYXgEZE ),(),()],([)(  

Properties:  

(1) )()( XCECXE  .  

(2) )()()( YEXEYXE  .  

(3) If X and Y are independent, then )()()( YEXEXYE  . 

 

Variance 

222 )}({)(})]({[)( XEXEXEXEXVar  . 

Properties  

(1) )()( 2 XVarCCXVar  . 

(2) if X and Y are independent, then )()()( YVarXVarYXVar  . 

 

Covariance  

)]}()][({[),( YEYXEXEYXCov   

)()(),( YVarXVarYXCovXY   

),(*2)()()( YXCovYVarXVarYXVar        

)()()(),( YEXEXYEYXCov   
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Properties:  

(1) ),(),( YXabCovbYaXCov    

(2) ),(),(),( 2121 YXCovYXCovYXXCov   

 

Discrete Random Variables 

1. Bernoulli(p), pXE )( , )1()( ppXVar  .   

2. ),( pnBin :
xnx pp

x

n
xf 








 )1()( , npXE )( , )1()( pnpXVar  . 

3. )(Poisson . 
  e

x
xf

x

!
)( , )(XE , )(XVar . 

4. )(pGeometric , # trials until first head.
1)1()(  kppxf . 

pXE /1)(  ,
2/)1()( ppXVar  . 

5. Negative Binomial: # trials until r-th head. 

rrx pp
r

x
xf 












 )1(

1

1
)( . prXE /)(  ,

2/)1()( pprXVar   

 

Continuous Random Variables 

 

1. ),( baU , 



 


..,0

),/(1
)(

wo

bxaab
xf , 2/)()( abXE  , 12/)()( 2abXVar  . 

2. )(Exp . 



 




..,0

0,
)(

wo

xe
xf

x
. 



 




..,0

0,1
)(

wo

xe
xF

x

, /1)( XE ,
2/1)( XVar . 

3. ),( 2N .
2

2

2

)(

2

1
)( 










x

exf .        

For )1,0(~ NZ , 







eveniskk

oddisk
ZE k

,!)!1(

,0
)(  

For ),(~ 2NX , ZX   . 
222222 )2()(   ZZEXE . 
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4. ),( tGamma  . 
xtt ex

t
xf   


 1

)(

1
)( , for 0x . 




0

1)( dxext xt
.  

/)( tXE  ,
2/)( tXVar  . 

),(~ tGammaX  ),1(~ tGammaX  

About )(t : (1) 1)1(  ;  

(2) )()1( zzz  ;  

(3) !)1( kk   for integer k.  

(4)  )2/1( . 

Related with other distributions: 

(1) )()1,(  ExpGamma  .      

(2) )2/,2/1(2 kGammak       

(3) if t , then )1,0()var(/))(( NXXEX   

5. Cauchy. Rx
x

xf 


 ,
)1(

1
)(

2
. )(XE  and )(XVar  are not well defined. 

6. ),( baBeta . 0,0,10,)1(
),(

1
)( 11   baxxx

ba
xf ba


. 


 

1

0

11 )1(),( dxxxba ba . When a=1, b=1, it is U(0,1). 

7. ),( Weibull .
xexF 1)( 0,0,0  x .

 xexxf  1)( . 

)(1  Exp  

 

Distribution of Functions 

 

(1) 









),(

),(

2122

2111

yyXx

yyXx
  

(2) 
2221

1211

21 ),(
yxyx

yxyx
yyJ




   

(3) ||)},(),,({),( 212211,21, 2121
Jyyxyyxfyyf XXYY  . 
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Bivariate Normal Distribution 

]}
)())((

2
)(

[
)1(2

1
exp{

12

1
),(

2

2

2

2

21

21

2

1

2

1

22

21





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









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









yyxx
yxf XY

 

(1) From  and  , to get coefficient matrix 










)1( 2

2

1222

1111

ZZX

ZX




 

(2) From coefficient matrix, to get  and  . ),(~ NX , 

),(~)( CCdCNdCXXg    

(3) ),(~),( 21 NXX , 

then ))1(),((~| 22

211

1

2
212 




  xNXX ,

)),((~| 12

1

11212211

1

1121212    xNXX  

(4) ),(~),( 21 NXX , then 021  XX ,   

(5) Marginal }
2

)(
exp{

2

1
)(

2

1

2

1

1









x
xf X  

(6) Multivariate Normal: )var()},()(
2

1
exp{

||)2(

1
)( 1

2/12/
Xxxxf T

kX 


  


 

Gamma, Beta     

21 XX  , ),(~1 pGammaX  , ),(~2 qGammaX  , ),(~21 qpGammaXX   ,

),(~
21

1 qpBeta
XX

X


 (can also extend to Dirichlet) 

2

k , T, F 

)2/,2/1(~ 2

1

2 kGammaZ k

k

i i  
  
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Sample mean and Sample variance  

nXXX ,...,, 21  are iid ),0( 2N : (1) )/,0(~ 2 nNX   (2) 
2SX   (3)

2

12

2

~
)1(




n

Sn



 

nXXX ,...,, 21  are iid ),( 2N : (1) )1,0(~
)(

N
Xn




 (2) )1(~

)(



nt

S

Xn 
    

Central Limit Theorem  

If nXX ,,1  are iid with )( iXE and 
2)( iXVar which is finite, then 


)( 


Xn

Zn converges to )1,0(N .  

Convergence modes: 

  

(1) In Law/Distribution: CDF converges    

(2) In probability: 0)|(|  ZZP n  

(3) Almost surely (with probability 1): 1))()(lim:( 


wXwXwP n
n

  

(4) In r-th moment: 0)|(|  r

n XXE , higher order convergence -> lower order convergence 

Ex: 
2

nX  because 0)()|(|
2

2 
n

XVarXE nn
  

 

When is (1) and (2) are equivalent? 

 If CZ
D

n  , a constant, then CZ
P

n  . 

 

Continuous mapping theorem 

 If ZZ
P

n  , and (.)g  is a continuous function, then )()( ZgZg
P

n   

 

Slutsky theorem 

If ZZ
D

n  , CU
P

n  , then (1) CZUZ
D

nn   (2) ZCUZ
D

nn   

 

Ex: iX  iid with mean  , variance 
2 . The limiting distribution of 

1*)1,0(
1)()(

N
S

X
n

S

X
n 









.  
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Law of Large Number 

Weak LLN 
PD

nX
,

  

Strong LLN 
..SA

nX   only if |)(| XE  

 

Decision Theory 

How do we use data to answer questions about the world, about the parameter . 

 

Elements of Decision Theory: 

(1) State space (parameter space)  ,  . 

(2) Action Space   

(i) In estimate, we guess the value of  . 

(ii) In testing, we decide 0  or 1 , }1,0{  

(iii) In prediction, }{ functionsmappingpossibleall . 

(3) Loss function ),( aL   

(i) In estimate, 
2)}({),(  qaaL   quadratic loss or 

|)(|),(  qaaL   absolute loss 

(ii) In testing, 0-1 loss. 






otherwise

correctif
aL

,1

,0
),(  

(iii) In prediction, mean-square error })}({{ 2xgYE   

Decision Rule: A decision rule is a function from data X to an action in , namely AX )( . 

The risk of a decision rule: ))](,([),( XlER    






BayesianXlE

tfrequentisXlE
XlER

X

X

))],(,([

))],(,([
))](,([),(

| 






 

Maximum risk:  ),(sup)( 


RRM   

Bayes risk:   dRRB )(),()(  = ))](,([),( XlE X   

A decision rule minimizing maximum risk is minimax rule. 

A decision rule minimizing Bayes risk is Bayes rule. 
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Bias-Variance decomposition 

]])[[()][(

][][2][][2][][2][])[(

22

22222222

XExEaXE

xExExEXExEXExExE



 
 

The first term is the squared bias of the estimate.  

The second term is the variance of the estimate. 

 

Hypothesis test 

 

Null space 0 , Alternative space 1 . Hypothesis test is to test whether  0  or 1 . 

Type 1 error, type 2 error. Power. 

 

 

 

 

 

 


