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Abstract—We study simple binary hypothesis testing un-
der communication constraints, a.k.a. ‘“decentralized detection”.
Here, each sample is mapped to a message from a finite set of
messages via a channel before being revealed to a statistician. In
the absence of communication constraints, it is well known that
the sample complexity is characterized by the Hellinger distance
between the distributions. We show that the sample complexity
of hypothesis testing under communication constraints is at most
a logarithmic factor larger than in the unconstrained setting, and
demonstrate that distributions exist in which this characterization
is tight. We also provide a polynomial-time algorithm which
achieves the aforementioned sample complexity. Our proofs rely
on a new reverse data processing inequality and a reverse
Markov’s inequality, which may be of independent interest.

Index Terms—hypothesis testing, communication constraints,
reverse data processing inequality, reverse Markov’s inequality,
f-divergences

A full version of this paper is accessible here [1].

I. INTRODUCTION

Statistical inference has been studied under various con-
straints such as memory, privacy, and communication [2]-
[10], designed to model physical or economical constraints.
Our work focuses on communication constraints, where the
statistician does not have access to the original sample, but
only collects observations passed through a communication-
constrained channel. For example, instead of observing the
original sample z € X, the statistician might observe a single
bit f(z) € {0,1}, for some function f : X — {0,1}. The
choice of the channel (here, the function f) crucially affects
the quality of statistical inference and is the topic of study in
our paper.

A recent line of work has established minimax optimal rates
of communication-constrained channels [10]-[12] for a variety
of problems, including distribution estimation and identity
testing. However, previous work on communication constraints
for simple hypothesis testing is fairly limited. Recall the
simple hypothesis testing framework: Let P be a given finite
set of distributions over the domain X. Given i.i.d. samples
Xi,..., X, from an unknown distribution P € P, the goal is
to correctly identify P with high probability, with n as small
as possible. We denote this problem as B(P) and use n*(P) to
denote its sample complexity; i.e, the necessary and sufficient
number of samples to solve B(P).
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When P = {p, ¢}, this is referred to as the binary hypothesis
testing problem and has a rich history in statistics [13]-[16].
Given its historical and practical significance, we have a very
good understanding of this problem (cf. Section II for details).
In particular, it is known that n*(P) = ©(1/d3 (p, q)), where
dr(p, q) refers to the Hellinger distance between p and g.

Hypothesis testing under communication constraints was
studied in detail in the 1980s and 1990s under the name
“decentralized detection” [2]. Briefly, the setup involves n
users and a central server. Each user ¢ observes an i.i.d. sample
X; from an unknown distribution p’ € P, generates a D-
valued message Y; € {0,1,...,D — 1} using a channel T;
(chosen by the statistician), and transmits Y; to the central
server. The central server observes (Y1, ...,Y,) and produces
an estimate p € P. The goal is to choose (T4,...,T,) so
that the central server can identify p’ correctly with high
probability, while keeping n as small as possible. We call
this problem “simple hypothesis testing under communication
constraints” and denote it by B(P, D). We denote the corre-
sponding sample complexity by n*(P, D).

We will focus on the binary hypothesis testing problem,
ie., P = {p,q}. It is known that the central server should
perform a likelihood ratio test. Furthermore, an optimal choice
of channels can be achieved using (deterministic) threshold
tests, i.e., ¥; = fi(X;) for some f; : X — {0,1,...,D — 1},
such that f; is characterized by D intervals that partition R
and f;(x) = j if and only if p(z)/q(z) lies in the ;" interval.
The optimality of threshold tests crucially relies on the f;’s
being possibly non-identical across users.

Despite such progress, fundamental statistical and compu-
tational questions have remained unanswered. We begin with
the following statistical question:

For P = {p,q}, what is the sample complexity
of B(P, D), and what is n;(*@)l))) ?
Let n* = n*(P) and nj,, = n*(P,2) for notational con-
venience. A folklore result using Scheffe’s test implies that
ng./n* S n* (cf. Proposition A.3). Our main result is
an exponential improvement in this guarantee, showing that
ni,/n* S log(n*), ie., communication constraints only lead
to at most a logarithmic increase in sample complexity. More
specifically, we show the following sample complexity bound:

n*(P,D) < n*(P)max (1, wm) . (1)



Furthermore, there exist cases where the bound (1) is tight (cf.
Theorem IV.2). The bound can further be improved when the
support size of p and ¢ is smaller than log(n*(P)).

Turning to computational considerations, let p and ¢ be
distributions over k elements. The optimality of threshold tests
implies that each user can search over k2(P) possible such
channels, which is prohibitive for large D. This exponential-
time barrier has been highlighted as a major computational
bottleneck in decentralized detection [2], leading to the fol-
lowing question:

Is there a poly(k, D)-time algorithm to
compute channels (T1,...,T,) that achieve the
sample complexity bound (1)?

We answer this question affirmatively by showing that it
suffices to consider threshold tests parameterized by a single
quantity (cf. equation (3)). In fact, we show that it suffices to
use an identical channel across the users.

We summarize our main contributions as follows:

1) We establish the minimax optimal sample complexity (cf.
inequality (1)) of binary simple hypothesis testing under
communication constraints (Theorems V.1 and IV.2).

2) We provide an efficient algorithm, running in poly(k, D)
time, to find a channel that achieves the minimax optimal
sample complexity.

3) Along the way, we prove the following two technical
results which may be of independent interest: (i) a reverse
data processing inequality for general f-divergences and
communication-constrained channels (Theorem III.2),
and (ii) a reverse Markov inequality for bounded random
variables (Lemma III.6).

The remainder of the paper is organized as follows: we define
notation, formally state the problem, and recall useful facts
in Section II. Section III contains a reverse data processing
inequality for f-divergences. Section IV then derives the
statistical and computational guarantees for binary hypothesis
testing. More technical proofs are deferred to the Appendix.

II. PRELIMINARIES

Notation: Throughout this paper, we will focus on discrete
distributions. For n € N, we use [n] to denote {1,...,n}
and [0 : n] to denote {0,1,...,n}. We use Ay to denote
the set of distributions over k elements. For a distribution
p € Ay and i € [k], we use both p; and p(i) to denote
the probability of element ¢ under p. For two distributions p
and ¢, let drv(p, ¢) denote the total variation distance, and let

dn(p,q) = /2_:(\/P; — \/q;)? denote the Hellinger distance.

Given n distributions pi,...,p,, we use [[_; p; to denote
their product distribution. When each p; = p, we use p®"
to denote the n-fold product distribution. For a set A C X,
we use I4 : X — {0,1} to denote the indicator function of
A. We consider [a,b) to be an empty set when b < a. We
will denote channels by bold capital letters, such as T. For a
channel T : X — Y and a distribution p over X, we use Tp
to denote the distribution over ) when X ~ p passes through
the channel T. We use c, ¢, ca, ... to denote absolute positive

constants, whose values might change from line to line, but
with values which can be inferred by careful bookkeeping. We
also use C,C1,C5, ... to denote absolute positive constants
that remain the same throughout the proof. We use < and 2 to
hide positive constants. We also use the standard asymptotic
notation O(-), Q(-), and O(-). We use poly(-) to denote a
quantity that is polynomial in its arguments.

A. Definitions and basic facts

Definition IL.1 (f-divergence). For a convex function f :
Ry — R with f(1) = 0, we use If(p,q) to denote
the f-divergence between p and ¢, defined as If(p,q) =
27; %f(Pz‘/%)-'

We now define the binary hypothesis testing problem:

Problem II.2 (Simple binary hypothesis testing). Let p and ¢
be two distributions over X'. Given p and ¢, we say a function
(test) ¢ : U2, X™ — {p,q} solves the simple hypothesis
testing problem with sample complexity n if it is the smallest
n' that satisfies

Py pon {0(2) = ¢} + P, gon {#(x) = p} <0.1.

We define the sample complexity of hypothesis testing to be
the largest n such that for any n’ < n, no test exists with
sample complexity n’. We use B(p,q) to denote the binary
hypothesis testing problem and n*(p, ¢) to denote the sample
complexity of B(p, q).

Fact I1.3 (Hellinger distance and B(p,q) [18]). n*(p,q) =
O(1/dy(p, q))-

We now define Scheffe’s test.

Definition II.4 (Scheffe’s test). For two distributions p and
g, consider the set A = {z : p(z) > ¢(z)}. Let p’ and ¢
denote the distributions of I4(X) when X is distributed as p
and ¢, respectively. Given (x1,...,2,) € X", Scheffe’s test
transforms each individual point x; to 14 (x;) and then applies
the optimal test between p’ and ¢’ to the transformed points.’

It is easy to see that drv(p’, ¢') = drv(p, q), which implies
that dp(p’,q') > 0.5d%(p,q) (using Fact A.1), leading to
an O(1/d}(p,q)) sample complexity of Scheffe’s test. This
dependence is tight, see, for example, [19]. Formally, see
Proposition A.3 in Appendix A.

B. Simple hypothesis testing under communication constraints

Definition IL.5 (Channels with communication constraints).
Let X be the domain, P a family of distributions over X', and
T a family of channels from X to Y. Let {U;}?_, denote a
set of n users who choose channels {T;}? ; C 7 according
to a rule R : [n] — 7" Each user U; then observes a

'We use the following convention [17]: £(0) = lim,_, 4+ f(¢),0£(0/0) =
0, and for a > 0, 0f(a/0) = alimy—oo f(u)/u.

Note that p’ and ¢’ are Bernoulli distributions with probability of observing
1 equal to p(A) and g(A), respectively. The optimal test between p’ and ¢’
corresponds to a threshold on T4 ().

3We consider deterministic rules for simplicity.



random variable X; i.i.d. from an (unknown) p’ € P, and
generates Y; = T;(X;) € V. The central server Uj observes
(Y1,...,Y,) and constructs an estimate p = ¢(Y1,...,Ys).

Let 7p denote the set of all channels from X to [0 : D—1].
We now formally define the problem of simple binary hypoth-
esis testing under communication constraints.

Definition II.6 (Simple hypothesis testing under communica-
tion constraints). For D > 2, we define simple binary hypoth-
esis testing under communication constraints of D-messages,
denoted by B(p,q, Tp), to be the problem in Definition II.5
when P ={p,q}, Y =[0:D —1],and T = Tp.

Definition IL7 (Sample complexity of B(p, g, T). For a given
test-rule pair (¢, R) with ¢ : U;?’;lyj — P, we say that
(¢, R) solves B(p,q,Tp) with sample complexity n if it
is the smallest n so that Py, . ypen(@(Y1,. .. yn) =
Q) + Pay,zymgon (01, - yn) = p) < 0.1. We use
n*(p,q,T) to denote the sample complexity of this task,
i.e., the smallest n so that there exists a (¢, R)-pair that
solves B(p,q,T). We use n} ., cica1(P, ¢, T) to denote the
setting where each channel is identical. We sometimes use
D i gentical (P, ¢, T) to denote n* (P, T), to emphasize the
setting where the channels need not be identical.

For a fixed rule R, an optimal ¢ corresponds to the
likelihood ratio test. Thus, our focus will be on designing the
rule R, while choosing the test ¢ implicitly, such that the
test-rule pair (¢, R) has minimal sample complexity.

A subset of channels called threshold channels plays a key
role in our theory. Consider a set I' = {71,...,vp—1} such
that 0 <y <--- < 7yp_1 < o0. Let 79 := 0 and vyp := o0.
Define the function wr : [k] — [0 : D — 1] as follows®: if
q(z) =0, then wr(z) = D — 1; otherwise,

wr(z) = j if and only if p(z)/q(z) € [v;,7j+1). (2
We are now ready to define the threshold test:

Definition IL.8 (Threshold test). We say that a channel T €
Tp corresponds to a threshold test for two distributions p and
q over [k| if there exists I' = {71,...,vp—_1} such that 0 <
v <o <vyp_1 < oo and wp(X) ~ Tp' when X ~ p’ (cf.
equation (2)). Any such I' is called the set of thresholds of
the test T. We use 7,5"7°5" to denote the set of all channels
T € Tp that correspond to threshold tests.

Note that a priori, searching for an optimal channel over
TS5Pres" seems to require E?(P) time, as it requires searching
over all possible values of I'. By restricting our attention to a
special class of thresholds parametrized by a single quantity,
we will obtain a poly(k, D)-time algorithm. In particular, we
will focus on channels with thresholds in the following set:

C:= {F - (’Yla"'v’yD—l) Vj € [D - 2}7 ’7]'—0—1/7]' - 2}
3)
“When g¢(z) = 0 for some z and p(z) # 0, we take p(z)/q(z) = oo.

Without loss of generality, we can assume that for each = € [k], at least one
of p(x) or q(z) is non-zero.

A classical result states that threshold tests (cf. Defini-
tion IL.8) are optimal tests under communication constraints:

Theorem 11.9. [2, Proposition 2.4]

th hy —
n:onfidentical(pa q, T res ) - n:onfidentical(p’ q, TD)

Our lower bounds on the sample complexity of hypothesis
testing under communication constraints crucially rely on the
optimality of threshold tests.

III. REVERSE DATA PROCESSING INEQUALITY FOR
QUANTIZED CHANNELS

We first prove a reverse data processing inequality for a class
of f-divergences for communication-constrained channels. We
begin by defining a suitable family of f-divergences:

Definition ITI.1 (Well-behaved f-divergences). We say I;(-,-)
is a well-behaved f-divergence if it satisfies the following:

I.1 f is a convex non-negative function with f(1) = 0.

L2 zf(y/z) = yf(z/y).”

1.3 There exist a > 0,k > 0,C7 > 0, and C3 > 0 such that
for all = € [0, k], we have

Ciz® < f(1+4 z) < Coz®.

Some examples include the total variation distance, squared
Hellinger distance, symmetrized y2-divergence, symmetrized
KL-divergence, and triangular discrimination (see Claim D.]1
for more details). If an f-divergence is symmetric, f is
differentiable at 1, and f/(1) = 0, then f satisfies 1.2 [20],
[21]. Given an f-divergence that does not satisfy 1.2, we can
construct a new f-divergence with f(z) := f(x) + zf(1/z),
which is also a convex function® satisfying f (1) =0 and 1.2.

Theorem IIL.2. Let I; be a well-behaved f-divergence. Let

p and q be two fixed distributions over [k] such that for all
i € [k],qi > vp; and p; > vq;, for some v € [0,1]. Then for

any D > 2, there exists a channel T* € TDthreSh (and thus in

Tp) such that
R
]-7 7) )
max ( D

“4)

<4 fw) 4 52C;

Iy(p, q)
b= A0+ TG

~ Iy(T*p, T*q)

15 (p,q)
more, given f, p, and q, there is a poly(k, D)-time algorithm

that finds a 'T* achieving the rate in inequality (4).

where R = min(k, k') and k' = 1 + log (402’"‘(1 ) Further-

We provide a brief proof sketch for the special case of D =
2 and Hellinger distance below, and defer the full proof to
Appendix B-A. As our main focus will be on the Hellinger
distance, we state the following corollary which will be used
later (see Appendix D):

SThis implies I (p, q) = I7(q,p). ~
This can be checked by noting that f”(x) = f"(z) + z%f”(x), which
is non-negative, as f is convex.



Corollary III.3 (Preservation of Hellinger distance). For any
p € Ay, q € Ay, and D > 2, there exists a T* € TjP=esh
such that the following holds:

B(p,q) ( min (¥ k))
1< 2B qg00max (1, ) (s)
dz (T*p, T*q) D
where k' = log(4/d2(p,q)). Given p and q, there is a

poly(k, D)-time algorithm that finds T* achieving the rate (5).

Remark 111.4. Corollary II1.3 can be interpreted as saying that
the effective support size of p and g for the Hellinger distance
is at most k' := log(4/d3(p,q)), because the distributions
could be mapped to a k’-sized alphabet, with the pairwise
Hellinger distance preserved up to constant terms.

The following result states that Corollary IIL.3 is also tight:

Lemma IILS5 (Reverse data processing is tight). There ex-
ist positive constants ci,ce,cs3, and c such that for every

€ (0,¢1) and D > 2, there exist (i) k € N and (ii) two
distributions p and q on [k| such that the following hold:
@2 (p,q) € [e1p, c20), k = O(log(1/p)), and

d7 (p,q) R
i /AN Vi 6
TeTn““esh d3 (Tp, Tq) ‘D ©

where R = max(k, k") and k' = log(1/p). Moreover, k =
R = ©(log(1/p))

The proof of Lemma IIL5 is given in Appendix B-B.

Proof of Theorem II1.2 (sketch). We will focus on the case
of the Hellinger distance and D = 2. We first establish the
following result:

Lemma III.6 (Reverse Markov inequality). Let X be a
random variable over [0,1), supported on at most k points,
with E[X] > 0. Let k' =1+ log(1/E[X]). Then

E[X] 1

sup 0P (X >46) > 3 R

§€[0,1)

where R = min(k, k'). (7)

The generalized version of Lemma II1.6 for the case D > 2,
along with its proof, is given in Lemma B.1.

Remark 1I1.7. Note that Lemma IIL.6 is tight, as shown in
Claim B.4, which is crucially used in the proof of Lemma IIL5.

Remark 1I1.8 (Comparison with existing results). The guaran-
tees of Lemma III.6 can be exponentially better than the Paley-
Zygmund inequality and a standard version of the reverse
Markov inequality. See Remark D.2 for details.

We now sketch the proof that there exists a channel T &
Tyhresh achieving di (Tp, Tq) 2 d(p,q)/R. For simplicity
of notation, we assume that for all ¢ € [k], we have p; > 0
and g; > 0. We first define the sets

Ay = {z c k] zl € [li,ui)},
Al oo = {z €[k Iqi c [li,oo}}. )

Then d (p, q) can be decomposed as follows:

Ema= S Wm-vii+ S (V- va)
i€ Ao o e en
+ Y WV Y (e V)
i€EAL 2 i€A2 00

We note that at least one of these terms must be at least
d2 (p, q)/4. By symmetry, it suffices to consider the case when
either the expression containing As  is at least d? (p,q)/4,
or the expression with A; 5 is at least d3 (p, q)/4.

a) Case 1: 37,5, (VPi — V@)~ > di(p,q)/4: Let
T € T"resh be a threshold test with threshold I' = {2}, i.e.,
T is a deterministic channel that corresponds to the function
it = 1, /¢,>2- We note that T'p and Tq are binary distributions,

characterized by p' = > .4, piand ¢ = > ..
respectively. Then ' )

Gpag) <4 Y (Vi — V@) <4 D) pi<4p

1€A2 00 1€A2 0o

Using the fact that p’ > 24/, we also have

d2(Tp, Tq) > (\/p' — /p'/2)* > 0.01p.

Combining the two displayed equations, we
d2 (Tp, Tq) > d2(p, q)/400. This completes the proof.

b) Case 2: ZieAl,z (vpi — \F) > d?(p,q)/4: For
i€ Ay, let d; := (p; — ¢;)/qi, which hes in [0,1). Consider
the random variable X over [0,1) such that for i € A; 5, we
define P(X = 6;) = ¢; and P(X = 0) = 1-3 4 G-
Let § € [0,1) be arbitrary (to be decided later). Consider the
channel T that corresponds to the threshold 1 + §. Suppose
for now that the following inequalities hold:

di(p.q) SEX? and di(Tp,Tq) 2 6*P(X >3), (9)

obtain

which we will establish shortly using a Taylor approximation.
Letting Y = X2 and 6’ = 42, we obtain the following
inequality using the bounds (9):
d2(Tp, Tq) B P(X >0) _OP(Y >4)
di(p.q) = E[X?] EY]
which allows us to apply a reverse Markov inequality
(Lemma III.6) to the random variable Y. Fix

R =log(1/E[Y]) = log(1/E[X?]) = log(O(1/d3(p, q))-
By Lemma II.6, we note that there exists ¢’ such that

dP(Y > ¢') 2 E[Y]/R, which yields the desired lower bound

(d3(Tp, Tq))/(d;(p,q)) Z % using inequality (10).
We now provide a brief proof sketch of the bounds (9). We
derive the first bound using the following arguments:

(10)

dr(pg) <4 > (Vpi—v@) =4 Y a(\/1+06;—1)
1€AL 2 1€AL 2
<4 ) qi6} =4E[X?],
i€AL 2

7An astute reader might note that the situation is not fully symmetric, as
the set Aj o is right-open, while Ay /5 ; is left-closed. However, as shown
in the full proof later, the desired conclusion still holds.



where the first inequality uses the assumption and the second
inequality uses the fact that /1 + 2z <1+ x for x > 0.

We now turn our attention to the second bound (9). Recall
that T is a channel corresponding to the threshold 1+ 4. Let
p = Zi:éie[m)pi and ¢ = Zi:éie[é,l)% Note that ¢’ =
P(X > 6) and p' — ¢' = >2;5,¢(51) 0i% = E[XIx>s]. Thus,
W - d)/d = EIX|X > ]

It can be shown that d(Tp,Tq) > (VP — V¢')?* (cf.
Appendix B), which leads to the following inequalities:

2

di(Tp,Tq) > (VP — V') —q< +pq_q 1>
y—q 2
Zd(q,) > 0°P(X > ),

since (v1+x —1) 2z for x € [0,1). O

IV. SIMPLE BINARY HYPOTHESIS TESTING

We will now apply the results of previous sections to simple
hypothesis testing under communication constraints. Let T be
a fixed channel and suppose all users use the same channel
T. In this setting, Fact I1.3 implies that the sample complexity
would be ©(1/(d?(Tp, Tq))). Without any communication
constraints, the sample complexity of the best test is known
to be ©(1/(d2(p,q))). Thus, the additional (multiplicative)
penalty of using the channel T is d3 (p, q)/d2 (Tp, Tq), which
is at least 1 by the data processing inequality. As we are
allowed to choose any channel T € Tp, we would like to
choose the channel that minimizes this quantity, which was
precisely studied in Section III.

A. Upper bound for simple hypothesis testing

Theorem IV.1. There exists a constant ¢ > 0 such that the
following holds: Let p and q be any two distributions over Ay,
and define n* :=n* ({p,q}).® Then for any D > 2,

. | N
nzdentical(pa% ;D) <c¢-n*-max (17 m(k,ogn)) )
an

Furthermore, there is an algorithm which, given p, q, and
D, finds a channel T* € Tj5"*" in poly(k, D) time that
achieves the rate in inequality (11).

Proof. As noted earlier, for a fixed T, the sample complex-

ity is © (m). Our proof strategy will be to upper-

bound the quantity infre7, g(T), where g(T) := %
By Corollary IIL3, there exists a T* such that gh( ) S

max(1, min(k,n*)/D), since n* = O(log(1/d3 (p,q)))- Thus
the proof of Theorem IV.1 follows from Corollary III.3 by
choosing the optimal T* achieving the bound in Corol-
lary III.3. As mentioned in Corollary IIL.3, the channel T*
can be found efficiently. O

8Recall that Fact 11.3 implies n* =

o(1/dz (p, 9)).

B. Lower bounds

We now prove our lower bounds, showing that there exist
distributions p and ¢ such that the sample complexity must
increase by a factor of log(n.(p,q)). As discussed in Sec-
tion II-B, an optimal test that minimizes the probability of
error under the communication constraints is one that thresh-
olds based on p(i)/q(i) [2]. However, this notion of optimality
is conditioned on the fact that the channels are potentially
non-identical; examples exist where this is necessary even for
D=2M=2,and n =2 [22].

We will show that, up to constants in the sample complexity,
it suffices to consider identical channels for simple hypoth-
esis testing. In fact, we prove a much more general result,
Lemma C.1 in Appendix C, that does not rely on restricting
the function class to threshold tests. We have the following
lower bOllIld on nnon identical (p7 q, T)

Theorem IV.2. There exist positive constants cy,cs, and c3
such that for every ng € N and D > 2, there exist (i) k € N
and (ii) two distributions p and q on k] such that the following
hold:

1) eing < n*(p,q) < cano, and

2) n:onfidentical(p’ Q7TD) Z o
Moreover, k = ©(lognyg), i.e., the domain of the two distri-
butions is not too large.

Proof. (Sketch) Using Lemma C.1 and Theorem I1.9, it suf-
fices to consider the setting with identical threshold channels.
With identical channels, say T, the problem reduces to that of
B(Tp, Tq), and thus to dy(Tp, Tq) using Fact 11.3. Tightness
of Lemma IIL.5 then gives the desired result. O

log(no)
D -

V. DISCUSSION

In this paper, we studied the problem of simple binary hy-
pothesis testing under communication constraints. We showed
that communication constraints may lead to an at most log-
arithmic increase in the sample complexity of the test. At a
technical level, our results rely on a reverse data processing
inequality for communication-constrained channels.

Interesting questions for further study include charac-
terizing the sample complexity for a robust version of
simple binary hypothesis testing, i.e., the distribution p’
in Definition II.5 may only be constrained to satisfy
min{drv(p,p’), drv(q,p")} < € for some € < drv(p,q)/2.
Although Scheffe’s test is both robust and communication-
efficient, it is not clear whether the test is optimal. In a
different research direction, it is not clear if adaptivity in
the choice of channels, i.e., T; is selected after observing
(Y1,...,Y;_1) in Definition II.5, would have any effect on the
sample complexity of the problem. Finally, studying the simple
hypothesis testing problem between M > 2 distributions
would be a worthwhile endeavor.
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Additional Notation: Let S;(p,q) denote the Hellinger
affinity, i.e., Bn(p, q¢) := 1 — 0.5d%(p, q).

APPENDIX A
ADDITIONAL DETAILS FROM SECTION II

Fact A.l. (see, e.g., [23], [24])
b,P1y---sDPn and 4,41, ---,4n in Ak

For any distributions

2) (Hellinger tensorization) [ (H?:1 pi, H?:l )
H:L:1 Bn (pia C]i)~

3) (Data processing) For any channel T and any distribu-
tions p and q, we have 1;(Tp, Tq) < I¢(p,q).

Fact A.2. (see, e.g., [18], [25])

1) (Total variation and hypothesis testing) For any random
variable Z over Z and a test ¢ : Z — {P,Q},
define the probability of error to be %IPP(¢(Z) =Q)+
3Po(¢(Z) = P). The minimum probability of error over
all tests is (1 — dry(P,Q))/2 and is achieved by the
following test: let A* C Z be any set that maximizes
P(A) — Q(A) over A C Z, and define ¢(z) := P iff
z € A* and (@) otherwise.

2) (Hellinger distance and B(p,q)) The sample complexity
for the simple binary hypothesis test between p and q is

O(1/d2(p,q)), i.e, n*(p,q) = O(1/d2(P,Q)).

Proposition A.3 (Folklore). The sample complexity of
Scheffe’s test is at most O (1/d},(p,q)). Furthermore, this is
tight in the following sense: for any p € (0,1), there exist
p and q such that n*(p,q) = O(1/p?), whereas the sample
complexity of Scheffe’s test is ) (1/p4).

Proof. (Proof of Proposition A.3) Let p and ¢ be the two
given distributions and let p> = di(p,q). Let T be the
channel corresponding to the Scheffe’s test. Since Scheffe’s
test preserves the total variation distance, we have that
drv(p,q) = drv(Tp,Tq). By using Fact A.1, we have that
dn(Tp,Tq) > drv(Tp,Tq) = drv(p,q) > 0.5d3(p,q) >
0.5p%. By Fact A.2, we have that the sample complexity is at
most O(1/d; (Tp, Tq)) = O(1/p*).

Without loss of generality, we consider the setting when
p < 0.01. Consider the distributions p = (p, 1/2—2p,1/2+p)
and ¢ = (0,1/2,1/2). Let T be the channel corresponding
to the Scheffe’s test. Then we have Tp = (1/2 4+ 2p,1/2 —
2p) and Tq = (1/2,1/2). An elementary calculation shows
that dj (p,q) = ©(p) and d;(Tp,Tq) = O(p®). Applying
Fact A.2, we get the desired conclusion. O

APPENDIX B
REVERSE DATA PROCESSING

Fix the distributions p and ¢ over [k]. For 0 <1 < u < oo,
we first define the following sets’:

A = {z e [k : % € [z,u)} and
Alpo_{ie[k]:zfe[l,oo]}. (12)

We will use the notation defined in Definition II.8.

A. Reverse data processing: Proof of Theorem III.2

Theorem IIL.2. Let Iy be a well-behaved f-divergence. Let
p and q be two fixed distributions over [k] such that for all
1 € [k],q; > vp; and p; > vq;, for some v € [0,1]. Then for

any D > 2, there exists a channel T* € TS5 " (and thus in
Tp) such that

I(p,q) f() 52C, R
1< + max (1, =,
T L (Trp, Trg) = f(1/(1+5)  Cu ( D)

“)
where R = min(k, k") and k' = 1 + log (?ﬁ?;))' Further-

more, given f, p, and q, there is a poly(k, D)-time algorithm
that finds a 'T* achieving the rate in inequality (4).

Proof. (Proof of Theorem II1.2)
Let x > 0 be as defined in Definition III.1. By definition of
the f-divergence, we have the following:
(&)
qi

Z CIif(Zi)‘i‘ Z aif

It (p,q) =

iEA1+,{)oo i€A1,1+~
Pi Di
fY w(B) Y wr ()
1€EAL/(14r),1 % 1€A0,1/(14x) i

(13)

where the sets A, ,, are defined as in equation (8). Note that
the sets A1 00 and Ag 1/(14x) contain the elements that have
a large ratio of probabilities under the two distributions. We
will now consider a case-by-case basis.

a) Case 1: Main contribution by large ratio

alphabets::  We  first consider the case  when
Ny Iy (p,q) .

ZiEAIJrR,coUAO‘l/(l-f—n) qf o > 5. As we will

show later, this is the simple case (D = 2 already achieves
the claim). By symmetry of the I;-divergence for the well-

behaved f-divergence (1.2 in Definition III.1), it suffices to

: £ pi Ir(p,9) 10
consider the case when ZieAl+m,o¢ qf (q1> >

9When ¢(z) = 0 for some z and p(z) # 0, then we think of p(z)/q(x) =
co. Without loss of generality, we can assume that for each = € [k], at least
one of p(z) and g(x) is non-zero.

10There is a slight asymmetry because of the corner cases but it suffices:
i e ag, ) 0sm G (%) > Ip(p,q)/4, then labeling j := g and

g := p, and defining A as in Equation (12) with p and g, we have
- G f ( Bi o Pi

that Socq,, Gl (B) 2 Sieay 0y af (5) 2 Liwa)/a

because Ag 1/(14x) C A14k,00 since the interval in Ag ; is left-open.



We will show that there exists a T € 7;"*°s" such that
I;(Tp,Tq) = 0.25(f(1/(1 + x))/f(0))Is(p,q). Let T be
the channel corresponding to the threshold 1 + w, ie., T
corresponds to the function 4+ I4,,, (). Note that Tp and
Tq are distribution on {0,1} with (Tp)1 = > ic4,, _ Pi
and (Tq); = ZieAHﬁ,x q;, which we denote by p’ and ¢
respectively. We have that p’ > (1 + x)q’. Using convexity
and non-negativity of f, and the fact that f(1) = 0 (see I.1),
we have that f(z) < f(y) for 0 <y < x < 1. Using the non-
negativity of f (I.1), symmetry of f (1.2), and monotonically
decreasing property of f on [0, 1], we obtain the following:

1T T =o' f (L) + (1 -p)r (22
f ’ p/ 1 7p/
ql
>p'f (p’)
1
>p .
=2 (1 + H)
Moreover, by assumption that ) Arino Pif (%) is at least

0.25I;(p, q), we have that
q;
1€AI Lk, 00 pi

< 3 pf)=vfw),

1€EAL 4k, 00

(14)

0.251¢(p,q) <

(15)

where we use ¢;/p; € [v,1] and f is decreasing on [v,1].
Combining (14) and (15), we get the following:

[/ + k)
4f(wv)

which implies I (p.q)/1(Tp, Tq) < 4f(v)/f(1/(1 + ).
proving the desired result.

We now comment on the computational complexity of
finding a T* that achieves the rate in (16). Since the channel
T* only depends on k, the algorithm only needs to check
whether the threshold should be 1 + « or 1/(1 + &), which
requires at most poly(k) operations.

I;(Tp, Tq) > I¢(p,q), (16)

b) Case 2: Main contribution by small ratio
alphabets:: We now consider the case when
DlieAs vinUAy iy Gf(Pi/@) = Ip(p.q)/2. By

symmetry (I.2), it suffices to consider the case when
Dicar s, G 0i/a) = I¢(p,q)/4'"". This requires us to
handle the elements where p; and ¢; are close, and the
following arguments form the main technical core of this
section.

We first state a reverse Markov inequality below, proved in
Section B-C, whose objective will become clear later in the
proof:

There is a slight asymmetry here as well, but similar to the previous
footnote, it suffices to consider this case

Lemma B.1. Let Y be a random variable over |0, 3) with
expectation E[Y] > 0. Let k' = 1 + log(8/E[Y]). Then we
have the following:

D—-1
sup Z I/jP (Y S [Vj, Vj+1))

B=vp2>...2v120 j=1
1 D

where R = k' := 1 + log(8/E[Y]). Furthermore, the bound
in (17) can be achieved by v;’s such that v; = min(83,x27)
for an z € [0, 8].

For the special setting when'Y is supported on k points: we
may set R = min(k, k"), and there is a poly(k, D) algorithm
to find v;’s that achieve the right hand side of inequality (17).

a7

For any i € Ay 14, we have that both ¢; and p; are positive.
Let §; = (pi/q;) — 1, which lies in [0, x) by definition. We
thus have that p; = ¢;(1 + ¢;). Let X be a random variable
over [0, k) such that for i € A; 14, define P(X = ¢;) = ¢;,
and P(X =0)=1-3"c4,,,, ¢

We now apply Lemma B.1 to the random variable Y = X .
Let 8 = k* and Ry = min(k,1 + log(xk*/E[X?])). Let 0 <
V) < ...,V = 3 be thresholds obtaining the bound in (17).
Let v; = (I/J/»)l/a for all j € [D]. We thus have that

= 1 D
> UP(X € [y, vj4)) > T3 EX ] min (17 R> . (18)
=1 ?

We now define the thresholds I = (v1,...,p—1) such that
v = 14w, fori € [D—1]. We set 79 = 0 and 7o, = 0.
Note that for j € [D — 1], we have A, .., = {i : pi/q; €
[VisYit1)}- Since 1 < 3 < yp_1 < 1+ K, we have that for
je [D — 2], A’Yj.,’Yj+1 = {Z S A171+,§ 1 0; € [Vj,Vj+1)}. Note
that for any j € [D — 2] and any function ¢(-), we have the
following:

(19)
z€lvj,vjt1)

Using the growth of f(142) in [0, ] (I.3) and the fact that
0 < é; < K, we have the following:

> qz‘f<zz>= > af(1+6)

1€AL 145 1€AL 145

(20)

where the last equality uses the same arguments as (19).
Finally we note that (20) and the assumption I¢(p,q) <

4> ica, .., 4f(pi/¢) implies the following:

Is(p,q) < 4C2E[X“] and

Ry < min(k, 1+ log(4Cek“/I(p,q))) = R. (21)



We use p’ and ¢’ to be denote the probability measures
Tp and Tq respectively when T corresponds to thresholds T'.
Thus, we have that for j € [0 : D—l],p’(]) = ZzeAw o Pis
q'(j) is defined similarly. We now define p” to be the fjolljowmg
pf:smve measure: for j € [0 :”1?—1], 2 .Z.ZGAW’WJA p; and
ph_q = ZiGAWD e Pin s defined similarly. Recall that
vp—1 = 1+vp_1 <1+ k. Note that p” and ¢” might not be
probability measures as their sum might be smaller than 1, but
they are equal to p’ and ¢’ respectively on all elements except
the last. Moreover we may define the “ f-divergence” between

p” and ¢” by mechanically applying the standard expressmn
f -divergence but replacing the probability measures by p’ and
q" instead. The f-divergence between p” and ¢” so obtained
is smaller than the f-divergence between p’ and ¢’ as follows:

1
Pp_1 Pp_1

QD 1f( ) 2 qgfl ( 11 > )
qD 1 dp—1

which follows by noting that ¢7,

Pp-1/ap-1 = 1, and f(x) = f(y
We thus get the following relation:

Dp-1> Pp_1/dp—

< q 12
) >0 forany x >y > 1

//
Z g ( ) (22)
Fix a j € [D — 1]. Using the fact that 0 < 5—’_ — 1<k and
that f(1 + z) > Cia® for x € [0, k] (1.3), we have that for

any j such that ¢;' > 0,

Py Py —
s (%) =or (14757
45 4

7 m\ ¢
2016];'/( I ]>
4
(03
" ZiEAWjW.ﬁl i0;
AT
i€Aqy; 0 O
> Chq)/v? (using &; > v;)
> Clyj ]P)(X S [l/j, I/j+1)) (23)
We note that this inequality is also true if g7 = 0 because

qj = P(X € [vj,vj41)), and if the former is zero, then the
expression in (23) is also zero.
Overall, we get the following series of inequalities:

()

D—-1
>C1 Y ViP(X € [vy,v541))  (using (23))
j=1
Cloion D ‘
> EE[X ] min (1 R2> (using (18))
> o typauin (1) (using 1),

52(]

This shows that there exists a T € T;5"7*°" such that

52C% max | 1 E
& "D/’

We now comment on the computational complexity of
finding a T* that achieves the rate in (24). Finding the
thresholds I is equivalent to finding (], ...,V _;). As noted
in Lemma B.1 and its proof, the guarantee of (17) can be
achieved by choosing 1/5- in one of the following ways:

It (p,q)/1;(Tp, Tq) <

(24)

o Setting v; = min(x, x27) for all j and optimizing over
z that matter. As the random variable Y has support of
at most k, this algorithm runs in poly(k, D)-time.

o Choosing the top D — 1 elements that maximize §;q; and
defining v appropriately.

O

B. Tightness of reverse data processing inequality: Proof of
Lemma II1.5

Lemma IILS (Reverse data processing is tight). There ex-
ist positive constants ci,cs,cs, and c such that for every
p € (0,¢1) and D > 2, there exist (i) k € N and (ii) two
distributions p and q on [k] such that the following hold:
di.(p,q) € [c1p, c2p], k = ©(log(1/p)), and
d2
in 5 h(pﬂq) Z 057 (6)
TGTBhreSh dh(Tp’ Tq) D
where R = max(k, k') and k' =
R = O(log(1/p))-

Proof. We will design p and ¢ such that p;/q; € [0.5,1.5].
Fix any set of thresholds I' = {~1,...,yp—1}, which without
loss of generality lie in [0.5,1.5]. Let T be the corresponding
channel. Let p’ and ¢’ be the distributions after using the
channel T.

Note that k£ will depend on p, which will be decided later.
For now, let k be even, equal to 2m. Let ¢ be an arbitrary
distribution on [m] to be decided later. Let 0 € [0, 0.5]™ to be
decided later. Using this ¢, we define a distribution on ¢ as

follows:
 fo5q,
705G m

Using 5, we define § as follows:

5 = {&L
*5i—m

log (1/p). Moreover, k =

if i € [m)]
if i € [k]\ [m]

if i € [m)]
if i € [k]\ [m]

(using (22) and f >Wg now define p as follows: for ¢ € [k|, define p; = ¢;(1+46;).

Equivalently,

. {0.5@;(1+Si), if i € [m]

0.5Gi—m(1 — i) if i€ [k]\ [m]"

Thus, p is a valid distribution if ¢ is a valid distribution. Let
X be the random variable such that P{X = ¢,} = ¢;. We will

need the following results, whose proofs are given at the end
of this section:



Claim B.2. We have the following inequality:
0.02E[X?] < d3(p, q) < E[X?].

Claim B.3. Ler T € T;5"*" be a channel corresponding to
a threshold test. Then the following holds:

d3(Tp,Tq) <
D—1

3 p{x > V;]} (]E [;zpz

Jj=1

>4])"

(25)

sup
O<v] < <=1

We will now show that there exists p and ¢ (i.e., ¢ € R™
and § € R™), such that the desired conclusion holds. Defining
g and ¢ is equivalent to showing the existence of a random
variable X satisfying the desired properties. This is given in
Claim B.4, showing that there exists a distribution X such
that the following holds: (i) E[X?] = ©O(p), and (ii) the
expression on the right in (25), for any choice of thresholds
I, is upper bounded by a constant multiple of E[X 1D , (iii)
R = max(m, k') = O(log(1/p)). See Claim B.4 for expllclt
constants. Using Claims B.2 to B.4, we get the following for
any threshold channel T:

D D

d}(Tp,Tq) SE[X?~ < d7 =

n(Tp, Tq) SEX"] 5 S di(p,9)
completing the proof. O
The omitted proofs of Claim B.2 and Claim B.3 are given

below.

Proof. (Proof of Claim B.2) We have the following:

=Y (Va@5) - va)
1€[m]
+ Y (Va-vaara)

i€[k]\[m]

2

< 7 (1+Si)_\/(i>

+05 ) <\/q7 \/di )
i€[m]
2
=05 g <<\/1+5i1> (1\/1&) >
1€[m]
Using that for z € [0,1]: 1+ 2—1> 0.1z, 1 -1 — 2 >

0.1z, V1 +x < 14z, 1—2 < /1 — z, we have the following:
E[X?] > d}(p,q) > 0.02E[X?].

dz (p,q)

=05

i€[m]

O

Proof. (Proof of Claim B.3) Suppose T corresponds to a
threshold test with thresholds I' = {71,...,yp—1} such that
v; < Yj+1. We define o = min; p;/¢; and vp = max; p;/¢;.
It suffices to consider the case when all v; € [0.5,1.5] for

j€[0:D]. Let p’ = Tp and ¢’ = Tq. Let j* € [D — 1] be
such that v;~_; <1 and 7;~ > 1.
We now define v;’s as follows for j € [0: D —1]:
-1, i
l/j = . .
1—;, otherwise
Thus v; € [0, 1).
For j € [0 : D — 1], define A; := {i € [k] : (pi/qi) €

(i)} = {i s 1+ 0; € [y;,7541)}. For j > j*, we
have A; = {i:0; € [v;,vj4+1)}. For j < j*, we have A; =
{i S [k] i —0; € (Uj+1,1/j]} =41 € [k‘] 2 0i_m € (l/j+1,Vj]}.
For j € [0 : D — 1], we have p; = > ;.4 pi and ¢}

ZiEAJ‘ ;.

We have the following decomposition of the squared

Hellinger distance between p’ and ¢’
S (Vo= va) + X (Vi)
(26)

dy (v,

We analyze these two terms separately:
a) Case 1: j > j*: Let j be such that q > 0. We have

that p’; € [q},1.5¢}]. We have the following using /1 +z —
1 <z for x € [0,0.5]:
P, — d L i—q)?
(/7 ,/qj) 1+ | <
gj 4j
(27
Since «; > 1, we note that
G=2a= >
i€A; i€[m]:8;€[v;,vit1)
= > 0.5G; = 0.5P{X € [vj,v;11)}.
i€[m]:8;€lvs,vit1)
Similarly, we have the following:
==Y 0igi = > 8igi
1€A; i€[m]:8;€[v;,vit1)
=05 Y §iG=05E [Rgq,,, ]

i€[m]:8:€[vy,v41)

Combining the last two displayed equations with (27) and
using the definition of conditional expectation, we get the
following:

> (Vo)

205 SR (R e} (B[0F € b))
<0.5§:P{X>uj} (IE [X|quj)D2. (28)



Case 2 : j < j*: Let j < j* such that ¢; > 0. We have
that p’; € [¢}/2,q). Using 1 — /1 —z <z for z € [0,1], we

have
A (¢) — p})?
:q;<1— 1—Jll>§3,’.
495 45

(V- )

(29)
Since «; < 1, we note that
= a= Z 4
€4y i€[kI\[m]:0i —m €(vj41,5]
= Z 0.5G;—m
i€[KI\[m]):8i —m €(vj41,75]
= 05P{X S (I/j+1, Vj]}.
Similarly, we have the following:
4 —p; = Z (=6iqi) = Z 0:(0.5Gi —m)
ey i€[R\[m]:0i —m €(vj41,4]
= 05E [X]IXE(VHI’VJ_J .

Combining the last two displayed equations with (29) and
using the definition of conditional expectation, we get the
following:

> ()
§0.5ZP{XE

J<j*

<053 P {X>VJ}(E[X|X>VJ,]D2

J<j*

(%ﬂﬂj]} (E Pﬂff € (Vj+17Vj}]>2
(30)

Combining (28) and (30), we get the proof by noting that X
is a discrete random variable and thus the distinction between
X > v; (cf. (28)) and X > v; (cf. (30)) does not matter when
taking the supremum.

O]

C. Reverse Markov Inequality

Lemma B.1. Let Y be a random variable over |0, 3) with
expectation E[Y] > 0. Let k' = 1 + log(B8/E[Y]). Then we
have the following:

D—-1

Z vilP (Y € [vj,vj11))

sup
B=vp>.. >V1>0

> 1—3]E[Y] min (1, g) ,

where R = k' := 1 + log(B/E[Y]). Furthermore, the bound
in (17) can be achieved by v;’s such that v; = min(3,x27)
Sfor an x €0, 5].

For the special setting when Y is supported on k points: we
may set R = min(k, k"), and there is a poly(k, D) algorithm
to find v;’s that achieve the right hand side of inequality (17).

a7)

Proof. We can safely assume that D < R. Under this
assumption on D, we will show the desired expression is lower
bounded by both of the following (up to constants): E[};]D and
E[},:,]D. We will also assume that 3 = 1; otherwise, it suffices
to apply the following argument to Y/S.

We first begin with dependence on k.

a) Dependence on k:: We have that Y has support size
k. Let the support elements be {0/}%_; such that & < &5 <
- < 8y, < 1" Let {p;}¥_; be such that P[Y = §/] = p; and
Z’L:l bi = 1.

It suffices to prove the following bound: there exists a label-

ingm:[D—1] — [k] such that 7(1) < 7(2) < --- < w(D—1)
and satisfies the following
D-1
D-1
Z O (yPx(i) = E[Y] (k) : (31
j=1

This is true because for j € [D — 1], we have p,;) =
P{Y € [r(): Or(jy41)} < P{Y € [0n(5),0nj))}, where
we define d; 1 := 1, and the desired conclusion follows by
setting v = ;). In the rest of the proof, we will show that
such a m(-) exists.

Let o : [k] — [k] be the permutation such that p,(;)dq(;) >
Po(i+1)00(i+1)- Then we have that

EY] _ i, pii
k k
k D—-1
_ Zim1Pe@ol) o 2iz1 Po(do()
k = D-1
_ ZzD 11p7T 1)5
D-1

for some «’ : [D — 1] — [k] such that /(1) < 7'(2) <
- < 7/(D —1). Thus we have established (31). Note that
the desired bound is achieved by choosing v;’s as follows: let
S be the set of top D — 1 elements among the support of Y’
that maximize yP(Y = y) and v;’s have values in S such
that they are increasing and distinct. It is clear that it can be
implemented in poly(k, D) time.
b) Dependence on k':: We begin by noting that the
desired expression can also be written as follows:

D-1

> (v

j=1

vi —vj—1) P{Y > v},

where vy := 0. We need to obtain a lower bound on the
supremum of this expression over v;’s. In fact, we will show
a stronger claim, where we fix v; in a particular way. We will
take v; to be of the form 227~! for j € [D — 1] and optimize
over z € (0, 1). Note that we can allow v; > 1 without loss of
generality because their contribution to the desired expression

121t is easy to see that if the support size is strictly smaller than k, then
we have a tighter bound.



is going to be 0. In the rest of the proof, we will show the
following claim for ¢ = 1/13:

D—

=

sup 2P{Y >a}+ ) (227" 22 ) P{Y > 22’7}
z€(0,1) j=2
D
> B[Y] = (32)

Suppose that the desired conclusion does not hold. We will
now derive a contradiction. Let « € (0, 1) be arbitrary and set
v; = 297! for j € [D — 1]. Under the assumption that (32)
is false, we have the following for each x € (0, 1):

cE[Y]% > P {Y >z}
D—-1
+ ) (a2 =22 P{Y > 2277}
J=2
D-2
=z [P{Y >a}+ > 27'P{27Y >a}
J=1

We thus get the following for all = € (0, 1):

D—-2 D1
e
P{Y >a2}+ Y 27 'P{277Y >} <c1E[Y]p;.

j=1

(33)

Using that the probabilities are bounded by 1, we also have
the following bound on the expression on the left in (33):

D—-2 D—-2
P{Y >a}+ ) 27'P{277Y >a} <14 > 271 =2"1
J=1 j=1

(34)

Combining the two bounds in (33) and (34), we have the
following for every z € (0,1):

D—-2

: . DE[Y
P{Y >z} + ; 27'P{277Y >z} < min (2D‘1, ‘ k/i ]
(35)

Using that Y € [0, 1], we also have the following for every
a> 1

1

E[Y/a] = /O B Y a > by di = /O P{Y/a > t} dt.

This leads to the following equality:
1 D—2
/ P{Y >t}+ Y 27 'P{y2 >t} | dt
0 :
j=1

DE[Y]

D—-2
=E[Y]+ ) 2 'E[27Y] = (36)
j=1

).

Combining (36) and (35), we get the following for an arbitrary
z, € (0,1):

9 ! b=z .
EY]= = P{Yy > 27p{y2 ' >
] D/@({ > i)+ 2w _t}>dt
2 (Y . [(.p_, cDE[Y]
< 5/0 min (2 s > dt
2Pz, 2cE[Y] 1
< — .
D) + o log (@) (37)
Let . = 2 P(E[Y]/K'). Then log(l/xz,) = D +

log(1/E[Y]) +log(1/k") < D+2k' < 3k, where we use that
max(D,log(1/E[Y])) < K. Using k' > 1 and D > 2, the
expression on the right in (37) can be further upper bounded
to get the following inequality:

E[Y] < (%) + QCz,m

which is a contradiction since E[Y] > 0 and ¢ < 1/12. Thus,
we have that (32) is true.

E[Y]

(3K") < + 6¢E[Y],

O

D. Tightness of Reverse Markov Inequality

Claim B.4. There exists constants c,c ,cy1,co such for every
p € (0,c), there exists a k € N, where k = ©(log(1/p)),
and a probability distribution p, supported over k points in
(0,0.5), such that the following holds:

1) E[X?] € [c1p, cap)] and for every D < 0.1k,

D-1

w3 P(X 24} BXIX )
1=6p>--->6:>0 =1
D
<cEX?—, (38
<c R (38)
where R = max(k, k') and k' = log(3/E[X?])).
2) E[Y] = [e1p, cap] and
D-1
sup (53»1?’ (Y €| ;», 3+1))
1=0p>..>81>0 ;4
D
< cElY|—= 39
< cE| ]R’ (39)

where R = max(k, k") and k' = log(3/E[Y])). More-
over, R = ©((log(1/p)))-

Proof. For now, let k& € N be arbitrary; we will choose &

so that E[X?] € [e1p, cap]. Consider the following discrete

random variable Y supported on {277 : i € [k]}:

P{Y =27"} =2,

where r is chosen so that it is a valid distribution, i.e., 7
satisfies 1 = Y2 727 = 27(2F — 1). Let X = VY. We

have the following:

.
E[X? =E[Y] =) 27" (r2') =rk. (40)



Consider a ¢, € (2=0U~1 279] for some j € [k] and §; =
\/57. For any such choice, we get the following:

P(X >6)=PY >5)=PY >27)=> P{y=2"}
i€lj]
—1) < 2r27. 41)

= 2 =2r (2
i€lj]

Thus we get that for any §’, 6'P{Y > ¢} < 2r, showing
that the expression in (39) is upper bounded by 2(D — 1)r,
which is equal to 2% by (40). It remains to show that
R < ck/2.

We first calculate bounds on k so that E[Y] = ©(p). Note
that by construction 7 = 1/ (2(2* — 1)), implying that r €
[27k=1 27F+1] Thus it suffices to choose a k so that f(k) :=
27k € [2c1p,0.5¢2p]. As f(k+1)/f(k) € (1/2,1) for k > 1,
F(m(1/p)]) > pln(1/p) and f(12In(1/p)]) > 0.1p, we
know that such a k exists in [In(1/p), 21n(1/p)] for ¢; = 0.5,
ey =10, ¢ = 2720,

We now calculate the quantity R. By definition of &/, we
have that

3 3 32k—1
/
= —— )= =) >
¥ <o gy ) = os (1) = o ()

=k —logk + log 2.

As k is large enough, we have that k' € [0.5k, 2k]. Since
R = max(k, k'), we have that R € [0.5k, 2k]. This completes
the proof of the claim in (39) with ¢ = 4.

We now prove the claim in (38). We begin with the

following:
E[X]IXZQ,j/Q] = Z 9—0.5i (T?i) _ Z 1905
i€[4] =
20 55 _ 1 ,
V2 < 1072057,
=V ( V2-1 ) =
For 6; € (270=1/2,279/2] for some j, we have the following

P{X > 5} (E[X|X > 51})2
= P(X > 279/%) (E[X|X > 2*“2])2

(B[XTy5g-5/2])°

P(X >2-3/2)
1007227
S S T 50r.

We thus get that the supremum over any arbitrary J; is
also upper bounded by 507. Hence, we get upper bound the
expression on the left in (38) by 50(D — 1)r, which is equal
to 50E[X?](D — 1)/r. Using the same calculations as in the
first part of the proof, we prove (38) with ¢ = 50.

O

APPENDIX C
HYPOTHESIS TESTING

Lemma C.1 (Equivalence between identical and non-identical
channels for simple hypothesis testing). Let T be a collection

of channels from X — Y. Let p and q be two distributions on
X. Then

n:onfidentical (p7 q, T) = 9 (njdentical(pV q, T)) .

Proof. (Proof of Lemma C.1 Recall that we use S (p,q) to
denote the Hellinger-affinity between p and q. It suffices to
consider the case that n . ;..; (P, ¢, T) is larger than a fixed
constant. Define the following:

hy = sup dh(Tpa T(]),
TeT

and 8. = 1 — 0.5h2. Let ne = 0%y i0a (P, g, T). Let Ty
be any channel such that 8}, (T.p, T+q) < Bs + €B4, for some
€ > 0 satisfying (1 + €)™ < 2. Let p. = Typ and ¢, = T.q.

a) Identical channels: optimal T,: If each channel is
identically T,, we have that the joint distributions of n,
samples would either be p@™* or g®7*.

Let f(n) = drv(p®™,¢®™). Note that the probabil-
ity of error for p®™ and ¢®" is equal to (1 — f(n))/2
(Fact A.2). Since the sample complexity of B(p.,q.) is
at least n,, we must have that f(n. — 1) < 0.8. Using
Fact A.1, we have dz (p ®(”*71)7q§(n*71)) < 1.6 and con-
sequently, Bp (p* 1) ("*_1)) > 0.2. Using tensorization
of Hellinger affinity from Fact A.l and relation between [,
and B (p«, q«), we have (B,)™~1 > (%J_’Eq*))”*’l > 0.1.

b) Non-identical Channels: We will now show that even
if n non-identical channels are allowed but n < 0.1n,, then the
probability of error is at least 0.2. For a choice of T+,...,T,,
let P, := [[;, T;p and Q) := [];_, Tiq be the resulting
joint probability distributions under p and ¢ respectlvely As
the probability of error of the best test is (1—dyy (P),, Q%) /2)
(Fact A.2), it suffices to show that if n < 0. 1n*, then
dT\/(.P;l7 Q;l) < 0.8.

Using Fact A.1, it suffices to show that d? (P’ Q') <0.64.
Equivalently, it suffices to show that Bh( ,Ql) > 0.68.
Using tensorization of Hellinger affinity and optlmahty of B,
we have the following:

Bu(Py, Q) = [ Bn(Tip, Tiq) > B
=1

10n
10n

= (g )= > (0)F) T = 07,

Thus if n < 0.1(n, — 1), then the Hellinger affinity is large,
and thus total variation is small, and hence the probability of
error is large.

O

Proof. (Proof of Theorem IV.2) We note that it suffices to
consider D < logng.

We will use the characterization of sample complexity
of simple hypothesis testing in terms of Hellinger distance
(Fact A.2). It thus suffices to show that there exists a constant



¢ > 0 such that for every p € (0,0.01), there exist two
distributions p and ¢ on [k] such that d?(p, q¢) = p and

v

This follows by noting that given any ng, any two distributions
p and ¢ such that di(p,q) = p would satisfy n*(p,q) €
[c1m0, cano] for some absolute constants (see Fact A.2).

Fix any p € (0,1). Let p, ¢, and &k = O(log(1/p)) be from
Lemma I11.5 such that (i) d(p,q) = p and (ii) inequality (6)
holds.

We will use Theorem I1.9, Lemma C.1, and Lemma III.5.
For any p and ¢, we have the following:

1
* .
nnonfidentical(]% q, TD) > C———— min

42 (p,q) D

(42)

n:onfidentical <{p7 Q}’ TD)
Z c/nzonfidentical ({p7 q}7 T[t)hresh)
Z c/n;dentical ({p’ q}’ TDthreSh)

(using Theorem I1.9)

(using Lemma C.1)

=c inf n*(p,q,{T

T€T[§hr65h (p q { })

1
>c¢  inf ——— using Fact A.2
- TeT[:)hresh d%(Tp7 Tq) ( g )
1 d?

=¢—5—— inf n(P,q)

di.(p, q) TeTy=== di (Tp, Tq)

/ 1 d% (pa Q)

= E(p.q) &(Tp, Tq)
oo b log(1/di(p,q))
~di(p.q) D ’
which establishes the condition (42) and thus completes the
proof.

(using Lemma II1.5)

O

APPENDIX D
AUXILIARY DETAILS

Claim D.1. (Examples of well-behaved f-divergences) The
Jfollowing divergences are valid examples of well-behaved f-
divergences, as defined in Definition II1.1:
1) (Hellinger distance) f(z) = (Vz—1)? with k = 1, C; =
2735 Cy =1, and o = 2.
2) (Total variation distance) f(x) = 0.5|z — 1| with £ > 0,
Cl = 0.5, CQ = 0.5, a=1.
3) (Symmetrized KL-divergence) f(x) = xlogx—logx with
H:L 01:0.5, 02:1, a=2.
4) (Triangular Discrimination) f(x) =
CL=1/3, Cy=1/2 a=2.
5) (Symmetrized x* divergence'®) For s > 1, f(z) = |v —
8 +at=8le -1 withk=1,C1 =1, Co =3, a =s.

(z—1)*

e with k = 1,

Proof. 1t is easy to see that these functions are non-negative,
convex, and satisfy the symmetry property of Definition IIL.1.
In the remainder of the proof, we outline how they satisfy
Item 1.3 property.

13The usual x*-divergence corresponds to f(z)
We consider the symmeterized version with f(x)

|z —1]° for s > 1 [17].
f@) +zf(1/2).

log (1/d}(p, q))

1) We will now show that we can take x = 1, C; = 2732,

C, = 1, and « 2. The upper bound f(1 + z)
(V1+z —1)? < 22 follows by noting that /1 + 1z <
1+ 2 for any « > 0. For the lower bound, we define
g(z) :== f(1 +z) — C1z%. Note that g(0) = 0, ¢'(z) =
1—(1+2)7%5—2C z and ¢"(z) = 0.5(1+x) 15 —2C,.
We note that ¢’(0) = 0 and g”(x) > ¢ (1) = 2725-2C4
for all z € [0,1]. Thus ¢"”(x) > 0 for z € [0,1], and
hence g(z) is also non-negative on x € [0, 1].
The result follows by noting that for z > 0, f(1+z) = =.
We have that f(1 + ) = xzlog(l + x). We use the
following result: for > 0, {7 < log(l + ) < z.
This directly gives us that f(1+z) = zlog(1+z) < 22
The lower bound follows by noting that for « € [0, 1],
log(1+x) > £ and thus f(1+z) > 2?/2.
4) We have that f(1+x) = 22/(2+ ), which lies between
22/3 and 22/2 for x € [0, 1].
5) We have that f(1+ ) = |z|*(1 + (1 +2)'~*), which is
larger than 2® and less than 3z° for x € [0, 1].

) |

2)

O
We now provide the proof of Corollary IIIL.3.

Proof. (Proof of Corollary III1.3) The desired bound follows
by noting that f(z) = (v/z —1)? and taking v = 0. As shown
in Appendix D (Claim D.1), we can take Kk = 1, C1 = 2735,
Cy =1, and a = 2. Note that f(0) =1 and f(1/(1+ &)) =
(V2 = 1)2/2 > 0.04. This suffices to give a guarantee of

d2 (p, .
% < 100 4 22 (min (K, k)). O

Remark D.2. Lemma III.6 states that the truncation factor
(compared to the usual upper bound in Markov’s inequality)
is at most O(log(1/E[X])). It is instructive to compare the
guarantee of Lemma III.6 with existing results in the literature:
1) The Paley-Zygmund inequality (see, e.g., [26, Corollary
3.3.2]) states that for any & € (0,E[X]), we have
P(X >0) > (1— ﬁf %. Multiplying both sides

by  and optimizing the lower bound over § (achieved at

d = E[X]/3) yields

1
> - -

RO = 0 2 B e
Note that the truncation factor is E[X?]/(IE[X])?, which
is at most 1/E[X] but could be exponentially larger than
log(1/E[X]). (For example, consider a random variable
with P(X = 0) = 1 —p and P(X = 1/2) = p: We
have E[X?]/(E[X])? 1/p, whereas log(1/E[X]) =
log(2/p))-
A standard version of the reverse Markov inequality (see,
e.g., [27, Lemma B.1]) for a random variable bounded
in [0, 19 states the following for § € (0,E[X]): P(X >
§) > EXI=0 Multiplying both sides by & and optimizing
the bound over € (0,E[X]), under the condition that
E[X] < 0.1, gives us following:

2)

1

sup 6P(X > 0) 2 (E[X])* = E[X] 1/E[X]’

5>0



i.e., the truncation factor is 1/E[X], which is exponen-
tially larger than log(1/E[X]).
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