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Abstract

We consider the problem of locating a core/median path in proper interval graphs
and threshold graphs. We give a polynomial time algorithm to compute the core
path in both these classes of graphs, when vertices are assigned arbitrary positive
and real weights and edges are assigned unit weights. Additionally, we establish the
NP-Completeness of locating the core path in both these graph classes when edges
are assigned arbitrary positive weights, even when vertices are assigned unit weights.
A variant of the above problem is called the conditional core problem, where the
requirement is to locate the core path in presence of some already established facilities.
We give a polynomial time algorithm for solving the conditional core problem in

threshold graphs.
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CHAPTER 1

Introduction

1.1 Introduction

Structures that can be represented as graphs are ubiquitous, and many problems of
practical interest can be represented by graphs. The link structure of a website could
be represented by a directed graph: the vertices are the web pages available at the
website and a directed edge from page A to page B exists if and only if A contains a
link to B. A similar approach can be taken to problems in travel, biology, molecular
chemistry, computer chip design, and many other fields. The development of algo-

rithms to handle graphs is therefore of major interest in computer science.

Unfortunately, if the input graph is an arbitrary graph, many problems in graph
theory remain intractable. We call a problem as intractable if it takes time exponential
in size of the input to solve the problem.The problems which are labeled NP-Complete
are those for which only exponential algorithms are known. Inspite of the current
lower bounds for NP-Complete problems being polynomial functions of very small
degree, there is little hope that a polynomial time algorithm exists for any of these
problems. But the crucial point is many problems that are of great practical interest

fall under the category of NP-Complete problems.

Though, many problems of practical relevance are NP-Complete in arbitrary graphs,
it turns out that graphs that occur in real life problems are not all that arbitrary.
They possess some definite structural properties because of which they often lend
themselves for polynomial time algorithms for many problems. So we have that, when

the input graph belongs to a restricted class of graphs, polynomial time solutions are



possible for many problems that are NP-Complete in arbitrary graphs.

Proper interval graphs and threshold graphs are two such classes of graphs. Proper
interval graphs form a sub-class of interval graphs and threshold graphs form a sub-
class of comparability graphs. The study of threshold graphs began in [4] with ap-
plications to the “aggregation” of linear inequalities in integer programming and set
packing problems. There have been several other application areas such as the syn-
chronization of parallel processes in [5], [8] and [14] and to cyclic scheduling in [9].
In this report, we solve a facility location problem - the core path problem in proper

interval graphs and threshold graphs.

1.2 Facility location and the core path problem

Facility location on networks has been and is still a topic of great importance in
fields such as transportation, communication and computer sciences. Network facility
location is concerned with the optimal selection of a site in a network. It aims to
find one or a set of points for placing new facilities in order to satisfy a given demand
arising from a set of potential customers. A natural extension of point facility location
problems are those problems in which facilities are extensive, that is those that cannot
be represented as isolated points but as some dimensional structures. The criteria for
optimality that have been extensively studied in literature are the minimax criteria in
which the distance to the farthest vertex from the site is minimized and the minisum
criteria where the total distance to the vertices from the site is minimized. The former
criterion is called the center criterion and the latter is called as the median/core

criterion function.

Hakimi et al. [7] first considered both minimax and minisum optimization problems
related to the location of one site or of several sites in a network, the sites being
either path shaped or tree shaped, the underlying graph being either a tree or an
arbitrary graph etc. and thus 64 variations of the facility location problem!! Almost
all the versions remain NP-Complete in arbitrary graphs. But in the recent years, the

problem that has been pursued extensively is the location of a path shaped facility



in trees. There has been growing interest in this field, since in particular several
applications require the location of path-shaped facility instead of a single point or a
set of points. The location of pipelines, irrigation ditches, express lanes in a highway
and the design of public transportation routes, can be regarded as the location of

path shaped facilities.

1.2.1 Core Path

Let G = (V, E) be a simple, undirected, connected, weighted (positive, real vertex
and edge weights) graph. The length of a path P, denoted by length(P) is defined as
sum of weights of edges in P. The distance between two vertices u and v, d(u,v) is
defined as the length of the shortest path between the two vertices. The set of vertices
of a path P is denoted by V(P) and the set of vertices of V(P) N X for any set X,
is denoted by Vx(P). We extend the notion of distance between a pair of vertices in
a natural way to the notion of distance between a vertex and a path. The distance
between a vertex v and path P is d(v, P) = u]g\{/i(g)d(v,u). If v € V(P), then d(v, P)
is zero. The cost of a path P denoted by d(P) is > d(v, P)w(v), where w(v) is the

veV
weight of the vertex v.

Definition 1.2.1 [13] The Core path or Median path of a graph G is a path P in G

that minimizes d(P) . O

Definition 1.2.2 [12] Let P; be the set of all paths of length | in G. The Core path
of length | of a graph G is a path P € P; where d(P) < d(P’) for any path P' € P,.
([

We consider the following two versions of the above problem for proper interval graphs

and threshold graphs :

1. Finding the core path of length [ in a graph, with arbitrary positive weights

assigned to the edges and unit weights to vertices.

2. Finding the core path of length [ in a graph, with arbitrary positive weights

assigned to the vertices and unit weights to edges.
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In this report, for the above two classes of graphs, we give polynomial time algorithms
for version 2 and establish the NP-Completeness of version 1. Besides, we solve a

variant of the above problem called the conditional core problem in threshold graphs.

1.2.2 Related Work

In [13], Morgan and Slater give the first linear time algorithm to find the core path
of a tree with unit edge weights. In [11], [12] Minieka et al. extend the notion of core
path with a constraint on the length of the path. In their work, they have addressed
the problem of locating path or tree shaped facilities of specified length in a tree.
The algorithm runs in O(n?) time. In [15], Peng and Lo extend their work by giving
an O(nlogn) sequential and O(log?(n)) parallel algorithm using O(n) processors for
finding the core path of an unweighted tree with a specified length. In [3], Becker et
al. give an O(nl) algorithm for the unweighted case and an O(nlog?*n) algorithm for
the weighted case for trees. In [1], Alstrup et al. give an O(nmin{logna(n,n),(})
algorithm for finding the core path of a tree.

The problem has been analyzed so far only in trees. Recently there has been a study

of the core path in grid graphs in [2].



CHAPTER 2

Proper Interval Graphs and Threshold
Graphs

2.1 Proper Interval Graphs: Definitions and Characterization

Definition 2.1.1 A graph G is an interval graph if its vertices can be put in one-to-
one correspondence with a family F of intervals on the real line such that two vertices
are adjacent in G iff their corresponding intervals have nonempty intersection [6]. F

is known as the intersection model of the graph.

Let G = (V, E) be an interval graph with arbitrary positive weights for vertices and
unit weights for edges. For every interval I; corresponding to a vertex v; of the graph,

we mark its left and right end points as a; and b; respectively.

Definition 2.1.2 A graph G is a proper interval graph, iff no interval is properly
contained within another interval of the graph. Any interval graph is a proper interval
graph ift a1 < as <az3 <---<a, and by < by < b3 < --- < b,. For any two vertices
v; and v;, if a; < a; and b; < b; then we say that v; < vj. Such an ordering of vertices

of the proper interval graph is called the proper interval graph ordering.

There are several other interesting characterizations for proper interval graphs. We
state below without proof some of the other equivalent characterizations of proper

interval graphs.

Theorem 2.1.3 (Roberts) A graph is a proper interval graph if and only if it is an

interval graph that does not contain an induced subgraph isomorphic to K 3.

A unit interval graph is defined to be the intersection graph of a family of closed

intervals of the real line, all of which have the same length (which is often taken to



Figure 2.1: Two graphs that are not proper interval graphs

be one). The following theorem states the relationship between a unit interval graph

and a proper interval graph.

Theorem 2.1.4 (Roberts) A graph is a proper interval graph if and only if it is a

unit interval graph.

Characterization based on consecutive ones property A mazxclique of a graph
G is defined to be any complete subgraph that is not properly contained in another
complete subgraph. For any graph G with vertices indexed by {1,2,...,n} and
maxcliques indexed by {1,2,...,m}, define the mazclique-vertex matriz M(G) to be
the m X n matrix with entry m;;=1 if the i"* maxclique contains the j™ vertex and
m;; = 0 otherwise.

A matrix has the consecutive ones property for columns if its rows can be permuted
so as to make all the 1 entries in each column consecutive. The consecutive ones

property for rows is defined similarly.

Theorem 2.1.5 A graph G is a proper interval graph if and only if M(G) has the

consecutive ones property for both rows and columns.

2.2 Threshold Graphs : Definitions and Characterizations

Definition 2.2.1 A graph G is a split graph if V(G) can be partitioned into Q U I,
where ) induces a complete graph and I induces an edgeless graph. Thus the graph
G has |Q|(|Q| —1)/2 edges within Q and anywhere between zero to |Q|.|1| other edges
between () and I.
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Figure 2.2: Two threshold graphs having thresholds 4 and 7, respectively, using v;

to denote that vertex v has weight w, = 1

oy 0,7 {e

Figure 2.3: Another view of the graph on the right in 2.2

Threshold graphs are special split graphs that were introduced by Chvatal & Hammer

and have been extensively studied since that time.

Definition 2.2.2 For each vertex v of a graph G, let w, denote a nonnegative real
number, the weight of v. A graph G is a threshold graph if there is an assignment
of weights to the vertices of G and a nonnegative real number t, the threshold, such
that, for every X C V(G), X is an independent set if and only if > w, <t - in
other words, if weights can be assigned to vertices of G so thatl a sqjggfet of vertices

is independent if and only if the total weight of the set is no greater than a certain

constant threshold.

The notion of degree partition of a vertex set is crucial to the understanding of
threshold graphs. Let G be a graph whose nonisolated vertices have the distinct
degrees §; < 0y < 03 < -+ < . Set &g = 0 and 41 = |V|—1, and let D; be the set

of all vertices having degree ¢; for i = 0,1,2,...,m. The sequence Dy, Dy, ..., D,, is
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called the degree partition of G.

Example 1 The threshold graph on the left in Figure 2.2 has m = 2 with 6, = 1,
dy =4, Dy =0, Dy = {a,b,d,e}, and Dy = {c}. The threshold graph on the right
has m = 4 with Dy =0, Dy = {b}, Dy = {d,e, f}, D3 = {c}, and Dy = {a}.

Figure 2.3 shows another view of the graph on the right in Figure 2.2, with its vertices
now grouped into “cells” corresponding to the degree partition. The D;’s in the left
column represent independent sets, the D;’s in the right column represent complete
subgraphs, and a line between cells D; and D; means that every vertex in D; is
adjacent to every vertex in D;.

The graph in Example 1 is a split graph, with the union of the cells in Figure 2.3
forming the independent set I and the union of those on the right including the
complete subgraph (). It can also be seen that the open neighborhood of every vertex
in the left column is contained in the open neighborhood of every vertex below it;
similarly, the closed neighborhoods of every vertex in the right column is contained

in the closed neighborhood of every vertex above it.

Theorem 2.2.3 (Chvatal and Hammer) Let G = (V, E) be a graph with degree par-

tition Dy, D1, ..., D,,. Then the following statements are equivalent:

1. G is a threshold graph;

2. forx € Dy andy € D;, vy € E if and only if i + j > m;

3. there exist nonnegative integer weights w, and threshold t such that, for distinct
vertices u and v, uv € E if and only if w,+w, >t

4. G does not contain Py, Cy, or 2K5 as an induced subgraph;

5. G is a split graph where the open neighborhoods of the vertices of the indepen-

dent set I can be nested with respect to set inclusion;

6. G can be obtained from K; by recursively adding either an isolated vertex or a

vertex adjacent to every existing vertex.
It follows from condition (4) of Theorem 2.2.3 that the complement of a threshold

8



"Iz

Figure 2.4: The structure of a typical threshold graph



graph is a threshold graph. This is because we know that P, is self-complementary

and that C4 and 2K, are complements of each other.

2.3 Threshold Graphs as Intersection Graphs

Let G be an interval graph. A threshold interval representation for G is an interval
representation for G that consists of a family of intervals {J,, } such that J,, is either
the interval [0,7;] or the trivial interval [s;, s;] where s; # s; for j # k and where

s; # 1, for all j and k. The following is from [10]

Theorem 2.3.1 A graph is a threshold graph if and only if it is an interval graph

with a threshold interval representation.

Proof: Assume G is an interval graph with a threshold interval representation.
Then the nontrivial intervals in the representation correspond to vertices that induce a
maxclique ) of GG, the trivial intervals correspond to vertices that form an independent
set 7 in GG, and the neighborhoods of vertices in I are nested in the order in which their
representing trivial intervals appear along the real line. Therefore, G is a threshold

graph by part (5) of Theorem 2.2.3.

Conversely, suppose that G is a threshold graph. By part (5) of Theorem 5.1, G is a
split graph with V(G) partitioned into the complete subgraph @ and the independent
set I with the neighborhoods of I nested. Assign each vertex v in @) an interval J, =
[0,7,] such that N[u] C NJv] if and only if r, < r, for all u, v € Q. For each w € I,
let r(w) = max{r, : wv € E(G)}. Each such w can be assigned a trivial interval J,,
that is a small distance €, to the left of r(w) in such a way that the intervals form a

threshold interval representation for G. O

Example 2 The threshold graph on the left in Figure 2.2 could receive the threshold
interval representation determined by 0 < s, < s < Sq < Se < T.. The threshold
graph on the right could receive the threshold interval representation determined by

0 <83 <8 < 8p < Te <8 < Ty

10



Figure 2.5: An interval graph that requires only two lengths of intervals, yet is not a

threshold graph.

There are threshold graphs that are unit interval graphs (K, for example) and others
that are not unit interval graphs (/K 3 for example). However a threshold graph will

never require more than two distinct lengths of intervals in its interval representation.

Theorem 2.3.2 FEwvery threshold graph has an interval representation whose intervals

have at most two distinct lengths.

Proof: Let G be a threshold graph with V(G) partitioned into the maxclique @
and independent set I, and suppose {J,} is a threshold interval representation as
constructed in the proof of Theorem 2.3.1. By that construction, there exists a z € )
such that r, <r, for all x € Q). For each u € @ assign the interval J = [r, — ., r.],

while for each w € I let J,, = J,. Then J, is an interval representation for G using

only the two lengths r, and 0. O

The converse to Theorem 2.3.2 fails since the nonthreshold graph P, is a unit interval

graph.

11



CHAPTER 3

Core path of a Proper interval graph with

vertex weights

3.1 Introduction

In this chapter, we provide a polynomial time algorithm for solving the core path
problem in proper interval graphs in the case when arbitrary positive weights are
assigned to vertices and unit weights are assigned to edges. Additionally, we prove
the NP-Completeness in solving the problem when arbitrary positive weights are

assigned to edges, even when unit weights are assigned to vertices.

Let G = (V, E) be an interval graph with arbitrary positive weights for vertices and
unit weights for edges. Recalling the notation from chapter 2, we note that for every
interval I; corresponding to a vertex v; of the graph, we mark its left and right end
points as a; and b; respectively.

From now on, we consider a proper interval graph G whose vertices V' = {vy, v, .. .,

v, } are labeled such that v; < v; iff i < j.

Remark 3.1.1 For a proper interval graph, the core path (when there is no constraint
on the length of the path) is the Hamiltonian path. The path P = vivgvs... v, iS a
Hamiltonian path and it is also a core path with d(P) = 0.

Our algorithm finds the core path with a specified length. Since we have assigned
unit weights to all the edges, the length of the path is just the number of edges in
the path. In this section alone, for technical considerations, we hold the length of the

path = 1 + number of edges in the path i.e. the number of vertices in the path



3.2 NP-Completeness of Core path problem in edge-weighted proper in-
terval graphs

PROBLEM A
INSTANCE: A complete graph, L, K
QUESTION: Is there a path P of length utmost L satisfying d(P) < K ?

Theorem 3.2.1 Problem A is NP-Complete.

Proof: The problem of finding a Hamiltonian path in an arbitrary graph G = (V| E)
is known to be NP-Complete. We construct a complete graph G’ = (V', E') from G
as follows : V' =V Ua and E' = EU E,, where E,., = {(v;,v;)|(vi,v;) ¢ E} U
{(a,v)|v € V' - a}. In G', we assign a weight of |V] to all edges e € E,, and unit
weights to all edges e € E' — E,,.,,. We assign unit weights to all the vertices. We set
L=|V|-1and K = |V|

We now have to establish that G has a Hamiltonian path iff G’ has a path of length
utmost L and cost utmost K.

Suppose GG had a Hamiltonian path P, then the path P in G’ will have a length of
|[V|-1and d(P) =1|V].

Suppose G’ had a core path of length utmost |V|—1 and d(P) < |V], then it will imply
that no edge e € E,.,, was selected in the core path for otherwise, length(P) > |V]|.
This means that the path comprises only of the vertices from X UY and edges from
E. Also the path should have been of length |V| - 1, else d(P) > |V| + 1 (|V] due
to vertex a, and at least 1 due to vertices in V). Therefore we have a path of length
|V| - 1 comprising only of vertices from V' and edges from FE, which is nothing but a

Hamiltonian path in the graph G. O

Corollary 3.2.2 Since every complete graph is a proper interval graph, it follows

that the problem is NP-Complete for proper interval graphs.

13



3.3 Preliminaries

We call a path P = z125 ... 2 of G ordered, iff v1 < x9 < --- < xp. We say that an
ordered path P begins at v; if v; < v, Vv € V(P) and ends at v; if v < v;, Yo € V(P).

We use < to denote the reflexive closure version of the relation < between the vertices.

Lemma 3.3.1 In a proper interval graph, for every path P, there exists an ordered

path Q, such that V(P) = V(Q).

Proof: Let P = xyx5...2; be an arbitrary path. By induction hypothesis, assume
that the Lemma is true for all paths of length utmost & — 1. Hence there is a path
P =419 ... yp_1, such that y; < ys < -+ < ygp_1 and V(P') = {1, x9,...,Tp_1}.
Case 1: yr_1 < xp

P’z is the required path @), where P’x; is the path obtained by concatenation of
P’ and x,. As P’ ends at y,_1, we have that x,_; < y,_;. But we also know that
(xg_1,xx) € P and hence (x_1,x) € E. Since ;1 < yp_1 < 2% and (xx_1,23) € E,
it follows from proper interval graph ordering property that (yx_1, %) € E

Case 2: xp, <

By a similar argument as for Case 1, x P’ is the required path Q.

Case 3: y;_1 < xp < y; forsome 2 <1< k—1

Since (yi—1,v:) € E, (yi1xx), (xry;) € E due to proper interval graph ordering. Hence
V1Yo - - Yic1TkY; - . - Yp—1 is the required path Q). O

In the above lemma, since V(P)=V(Q), it follows that d(P)=d(Q). So, for every
path there is an ordered path with the same cost and same set of vertices. Hence
from now on, we consider only the set of ordered paths. For every vertex v; € V(G),
we find the ordered path of length [ of minimum cost that ends at v;. Such a path
for v; is denoted by Pé It is now easy to see that the core path of the graph is the
path which has minimum cost among P}, Vv;.

Let G; be the graph induced by the vertices {v1,vq,...v;} in G and let G} be the

graph induced by the vertices {v;, v;11,...,v,} in G.

14



Remark 3.3.2 Any ordered path that ends at v; cannot contain a vertex v such that

v; < wv. Hence to compute d(P,,), it is sufficient to consider the ordered paths in G;.

3.4 Algorithm

For every ordered path P that ends at v;, we define d;(P) to be the cost of the path
P in the graph G;. Similarly for an ordered path P that begins at v;, we define d;(P)
to be the cost of the path P in the graph Gj. We have that P, = v;; Also, di(P)) =
0;

Lemma 3.4.1 di(P,) = d;(P,,) +w(vi) +w(vz2) + ... + w(vi-1), where v; is such
that (vj,v;) € E and (vg,v;) ¢ EVk < j.

Proof: All the vertices from v to v;_; incur a total cost of d;(P, ) + w(vi) +
w(vy) + ... + w(vj_1). The sum w(vy) + w(ve) + ... + w(vj_1) is due to cost
incurred in traveling the extra edge (v;,v;) for each vertex in {vy,vs,...,vj_1}. Ver-
tices vj,v;11, .. .,v;—1 are adjacent to v; due to the property of proper interval graphs.
Hence they contribute a cost of w(v;) + ... 4+ w(vi—;). The total cost d;(P,) =
dj(Py) + w(vi) + w(vs) + ... + w(vi1). O

From the above Lemma, it follows that the computation of d;(P,,) Vi takes O(n) time.

Lemma 3.4.2 Vv, € V and V2 < k < |V,

My d;(PE~1y, ] hv;’s exist
d»(Pk) = V”j\vj<%76?jwi)€E{ ( v Y )} if sue vy s s
T v;

00 otherwise

Also di(Pg,_lvi): dj(Pfj_l) + w(vjp1) + w(vjya) ... + w(vi_y).

Proof: Proof of the first statement follows from the definition of d;(P). In the second
statement of lemma, dj(Pfj_l) is the sum of the costs due to vertices vy,vs ... ;.
Vertices vj41, vj42...v;—1 contribute the cost equal to the sum of their respective

weights as they are at a distance one from Pfj‘lvi and hence the proof. O
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3.4.1 Finding the core path:

v.

We shall initially compute d;(P},) Vv; which is the cost of P in G; using Algorithm
1. But we need their costs with respect to graph . For a path Pii, we have not
added the costs due to vertices v;i1, vit2, ..., vy. Now, it is easy to see that d(Pf,i)
= d;(PL) + di(P}). Therefore we require dj(P, ) for each v; € V. But dj(P,) can
be calculated in O(n) time Vv € V by following a procedure analogous to the one
specified in Lemma 3.4.1. After computing d(P;,) V1 <4 < n, we find the minimum
of d(Péi) V1 <4 < n. The path corresponding to this minimum cost is the core path

of the graph.

Algorithm 1 : Algorithm to compute the core path of length [ in a proper interval

graph

Require: A proper interval graph G = (V,E) with proper interval ordering
U1,U2,V3 . . . Up.
Compute d;(P,) Vv; as discussed in Lemma 3.4.1.
Compute dj(P) ) Vv; similar to the procedure discussed in Lemma 3.4.1.
for length=2 to [ do
for each vertex v;, V1 <i <n. do

Min E{di(PIf”ch_lvi)} if such v;’s exist
S

di(pll)iength) — ) Vjlvj<vi,(vivi)
00 otherwise
end for
end for

for i =1tondo
d(P;) = di(P,,) + di(P,).
end for
Compute Mincost = 1]\</[Zz<7}1d(Pé)
Output the path corresponding to Mincost

Theorem 3.4.3 Algorithm 1 outputs the core path of length | in a proper interval
graph in O(l|E|) time.
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Proof: The algorithm uses Lemma 3.4.2 to compute the values of d(P.) and then
finds the minimum cost path by finding 1]\</[Z z<7}1 d(P.,). Hence the correctness follows.

Time Complexity: The algorithm performs utmost deg(v;) computations to compute
the value of d;(P)"9"") for each i and each value of length. Therefore the algorithm
does [(deg(vy) + deg(va) + - - - + deg(v,)) = O(I|E]) computations. Additionally it
takes O(|V|) time to find the minimum among |V| elements. Hence, the total time

taken is O(|V| + 1| E|) = O(I|E|) for connected graphs. O
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CHAPTER 4

Core Path in Threshold Graphs

In this chapter, we solve the core-path problem in threshold graphs by providing a
polynomial time algorithm that runs in O(I|E|) time. We assume that G has ar-
bitrarily positive vertex weights and unit edge weights. As we saw in chapter 2,
every threshold graph is a split graph and hence V(G) can be partitioned such that
V = X 4+Y where X is an independent set and the graph induced by Y is a clique.
Let x1, zo, ..., 71x| be the vertices of X and y1, 9, ..., yy| be the vertices of Y, such
that deg(z1) < deg(zs) < --- < deg(z)x|) < deg(yy|) < deg(yjy-1) < -+ < deg(y1).
We define the following ordering on the vertices of X and YV': 1 < xy < -+ < x|

and y; < y2 < -+ <Yy

The set of vertices adjacent to a vertex w is denoted by N(u). N[u] = N(u) U {u},
is the closed neighborhood of u. By Definition, N(x1) € N(z2) C ... N(zx|) and
Ny1] 2 Nlys] 2 ... Nlyyy|]. Let L(z;) and R(x;) be the vertices with smallest and
largest index in N(x;) for any x; € X and let L(y;) and R(y;) be the vertices with
smallest and largest index in N(y;) N X for any y; € Y in the order defined above.

4.1 NP-Completeness of core path problem in edge-weighted threshold
graphs

PROBLEM B
INSTANCE: A complete split graph, L, K
QUESTION: Is there a path P of length utmost L satisfying d(P) < K ?



Theorem 4.1.1 Problem B is NP-Complete.

Proof: We will prove the NP-Completeness of problem B by reducing it from the
problem of Hamiltonian path in bipartite graphs. The problem of finding a Hamilto-
nian path in a bipartite graph G = (X,Y, F) is known to be NP-Complete [6]. We
construct a complete split graph G' = (X', Y’ E’) from G as follows : X' = X Ua,
Y=Y Uband E' = EU E,., where E,., = {(x;,y;)|(xi,y;) ¢ E,z; € X,y; € Y}
U {(a,y)ly € Y} U{(b,x)|lz € X'} U {(u,v)|u,v € Y'}. In G', we assign a weight of
|V| to all edges e € E,.,, and unit weights to all edges e € E' — F,.,,. We assign unit
weights to all the vertices. We set L = |V| — 1 and K = 2|V]|.

We now have to establish that G has a Hamiltonian path iff G’ has a path of length
utmost L and cost utmost K.

Suppose G had a Hamiltonian path P, then the path P in G’ will have a length of
|[V|-1and d(P) =2|V].

Suppose G’ had a core path of length utmost |V| — 1 and d(P) < 2|V, then it will
imply that no edge e € E,.,, was selected in the core path for otherwise, length(P) >
|V|. This means that the path comprises only of the vertices from X UY and edges
from E. Also the path should have been of length |V - 1 else d(P) > 2|V| + 1 (2|V|
due to vertices a and b, and at least 1 due to vertices in V). Therefore we have a path
of length |V| - 1 comprising only of vertices from X UY and edges from E, which is
nothing but a Hamiltonian path in the graph G. O

Corollary 4.1.2 We have proved the NP-Completeness of the core-path problem in
complete split graphs. Since every complete split graph is a threshold graph, it follows
that the problem is NP-Complete for threshold graphs.
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4.2 Ordered Paths

A path P is said to be ordered iff P = T, Yn,TayYby - - - Tay, (ybkybk+1ybk+2 oo, if
they exist) such that x, < 4 < -+ < Tgp 5 Yby < Ybp < -+ < Yp, O P =
Yb1 Tay Ybs Lag - - - Yo Lay, (ykarlykaybHS ... yp, if they exist) such that z,, < x4, <--- <
T, and yp, < Yp, < --- < yp,. For every ordered path P, let a,.(P) denote the path
obtained by taking the first r edges of the ordered path P. In case, the path does
not contain r edges, then «,.(P) = L. We define d(L) = oo. Also, d(a,(P)v) = oo,
when «,.(P) = L, where «,.(P)v denotes the concatenation of «,(P) and vertex v.

The following lemma relates every path with an ordered path with same vertex set

Lemma 4.2.1 In a threshold graph, for every path P, there exists an ordered path @)
such that V(P)=V(Q).

Proof: Let Vx(P) = {zu,, Tags - -, Ta, } a0d V3-(P) = {Ybrs Ybss - - -, Yb, } such that

Loy < Tay < v+ < g, and yp, < Yp, < -+ < Yp,. Note that £ <r 4 1.

First we will prove using induction that,

if k=7 + 1, then (z,,,p,) € EV1 <i<k—1and

if k <r+1, then (z,,y,) € EV1 <i<k.

Base case: 1 =1

Suppose (z4,,ys,) ¢ £, then because z,, € P, we have that (x4,,y,) € P for j > 1.

But this will mean that (z,,,vs,) € E due to the threshold graph property, which is

a contradiction.

By induction hypothesis, we will assume that (z,,,v,) € E V1 <i<t- 1.

We should now prove that (z,,,ys,) € E. Assume on the contrary that (x,,,vs,) ¢ F.

This will imply that (z4,,vs,) ¢ £ Vj >t and (z4,,9,) ¢ E V1 < < t. So all the

edges of the path P incident on {x,,, Za,, - .., T4, } should be incident on {ys,, ys,,
s Yn,_, }- Now, we know that, even if both the single degree vertices of the path P

are in X, the degree sum of x,,, x4,, ..., x, for the edges in path P is 2t - 2.

But | (ys,,7q,) € P,1<j<t—1,1<i<t]<2(t—1)—1=2{-3,ie. the maximum

number of edges between {ys,, Yby, - -+, Yn,_,} and {4, Ta,, ..., %} in the path P
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is 2(t-1)-1=2t-3. The 2(¢t - 1) term is due to the ¢ - 1 vertices yp,, Yp,, - - -,
Yp,_, €ach of degree two. We have subtracted 1 for the following reason. For the
path to be connected, at least one of the vertices in {za,,,, Taras -5 Tap} U {Ybe,
Ybipr --- Yb,} should be adjacent to at least one of the vertices in {2, Zay, ... Ta, }
U {Ybys Ubsy - - - Yp,_, - But since we have assumed that (z,,,vs) ¢ F, we have that
(Ta;,9p;) ¢ £ V1 <i <tandj >t Hence at least one of the vertices of {ys,, ys,,

.., Yb,_, } is adjacent to at least one of the vertices in {24, ., Ta,\g, ---» Tap } U {Yb,,

.., Yp. } in the path P. So we have subtracted one from 2(t - 1). As 2t - 2 > 2¢ -

3 the degree sum does not match, leading to a contradiction. Therefore (x,,,ys,) € E.

Due to the inclusion property, (zq,, y,) € £ will imply that (z4,,,,,) € EV1 <i <k

- 1. This will prove that there exists an ordered path Q = Za, Yy, Ta, Y, - - - Tay, (Yo, Yoy, - -

if they exist) in the graph. O

4.3 Finding the cost of any ordered path:

Remark 4.3.1 Given any ordered path P, Vx(P) = {Z4,,Tay,- - -, Tay, } and Vy(P) =
{YbysYbyse - Yb, } where k <1 + 1 and x4y < Tay < -+ < Ty Yoy < Yoo < -+ < Yb,

we have that,

1. For all vertices y; € Y-Vy(P), d(y;, P) =1 as Y is a clique.

2. For all vertices x; € X-Vx(P), if xq, < x;, then d(x;, P)=1 and if x; < z,,,
then d(z;, P) < 2 due to the existence of the path x;y12,, ( as y is a universal
vertez). In the latter case if L(yy,) < x; < x4, then d(z;, P)=1. Otherwise
d(x;, P)=2.

3. If Vx(P) = 0, then Vx; satisfying x1 < x; < L(yp,), d(z;, P) = 2 and Vx;
satisfying L(yp,) < x;, d(z;, P) = 1.

We define the following;:
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2. W(P)= > w(v) for any path P.

YueV (P)

3. Ux;) = {v e Xv <z}

4. Wy(zy) = > w(v).

veU (z;)
5. UAdj(x;,y;) = {v e X|(v<z; and vy; € E)}.

6. Woag(zi,y;) = > w(v).
UGUAdj($i ,y]-)

7. USUM (zi,y;) = > min(d(v,z;),d(v,y;))w(v).

vel (z;)

By the above definitions and Remark 4.3.1, we have the following Lemma.

Lemma 4.3.2 1. Wy(xy) =0, Wy(x;) = Wy(zim1) + w(zi—y).
2. Wyag(zi,y;) = Woul(x;) - Wu(L(y;)).
3. USUM(ZEi,yj) = ZWU(L(yj)) + WUAdj(‘Ii,yj)-

The above values can be computed for all (z;,y;) € E in O(|E|) time.

Proof: From equation 1 of the lemma, we can compute Wy (z;) V; € X in (O|V])
time.

From equation 2 of the lemma and from the precomputed values of Wy, we can com-
pute Wy agi (i, y5) Y(zi,y;) € E in O(|E]) time.

We shall prove the third equation of the above lemma now. While calculating
USUM (x;,y;), we have to add the cost incurred by all the vertices of X above w;
in reaching (z;,y;). The vertices of X that are above L(y;) incur a cost of two and
the total cost is thus 2Wy(L(y;)). The vertices that are in between L(y;) and z;
(including L(y;)) incur a cost of one and their cost is Wy ag; (4, y;)-

From the third equation and from the precomputed values of Wy and Wy 445, we can
compute USUM (x;,y;) ¥(x;,y;) € E in O(|E|) time.

So the overall time taken is O(|V| 4 |E|) which is O(|E|) for connected graphs. O
As we form the path, we can compute W (P) for any path P. We show a method to
do this in Lemma 4.4.2.
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Lemma 4.3.3 For any ordered path P, the cost of the path d(P) can be computed in

O(1) time after O(|E|) preprocessing.

Proof: We claim that d(P) = W(G) - W(P) - Wy(xa,) + USUM (x4, ,yp, ), Where
(Zay, Yp, ) 18 the first edge of the ordered path P. W(G) - W(P) - Wy(z,,) accounts
for the cost of all vertices except vertices in U(x,,). USUM (x4, ,ys, ), accounts for
the cost due to vertices in U(z,, ).

Also, note that if the path P does not contain any z € X, then in the above equation
for d(P), we set z,, = L(yp,) where y, is the vertex of least index in the ordered

path. O

4.4 Finding the core path:

4.4.1 Algorithm
Let G;; be a graph induced by the vertices {z1, z2, ..., ;} and {vy1, y2, ..., y;}.

Remark 4.4.1 For every edge (x,y) € E let pathéy denote the path with (z,y) as its
last edge such that

1. The path is ordered and it is of length L.

2. It is the minimum cost ordered path of length | with (z,y) as its last edge.
As noted by Remark 4.4.1, we have to find pathﬁcy Vey € B.

1. Let Piiyj denote an ordered path of length [ and of minimum cost among all
ordered paths of length [ in G;; with (x;,y;) as the last edge and y; being the

vertex of degree one in the path P.

2. Let P;jxi denote an ordered path of length [ and of minimum cost among all
ordered paths of length [ in G;; with (x;,y;) as the last edge and z; being the

vertex of degree one in the path P.

From Péiyj and P! . we can compute path! = which is defined such that d(pathﬁciyj)

Yjxs? ZiYj

= Min{d(P},, ),d(P, )} Let P, be an ordered path of length I and of minimum
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cost among all ordered paths of length [ in G' with (y;,y;) as the last edge and y;
being the degree one vertex. We first find Min, = (%[ )7ng d(path.,,) and hence the
path corresponding to that cost. We then find Min, = " y]ﬂ\;[ eig,‘iq d(Pyliyj) and the
corresponding path. We have put in the restriction ¢ < j because from our definition
of ordered path it follows that an ordered path cannot have (y;,y;) as the last edge
such that y; is the vertex of degree one in the path and j < ¢ Finally we find
Mincost = Min{Miny, Miny}. The path corresponding to Mincost will yield the
core path of length [ in a threshold graph.

ngliyj = (xi,yj),P;jxi = (y;, %), Pyliy], = (v;,y;) and their costs can be computed using
Lemma 4.3.3. We give the dynamic programming equations and the Algorithm below.

Also note that to compute d(P) we need W (P) which is given as a part of Lemma
4.4.2.

The following equations can be used to find the costs of P2, P4 qujyi Vg > 2.

TiYj57 T YTy

Lemma 4.4.2 In graph G;; V1 <i < |X| and V1 < j < |Y| and (z;,y;) € E(G) we

have that,
Min  d(P% Ly, if such vy ’s exist
d(Pg,, ) = { YerIEEk<) Pt} such e (4.1)

00 otherwise
\

Min{d(P]}, ys), dlag1 (P, )y} ifj>1 and (zi,y,-1) € E

_ 1 Tiyj—1
| otherwise
(4.2)
2
aPs )= V(xk,%lé%,k<id(Pg@§xi) if such xy’s exist (43)
00 otherwise

\
(

Min{d(P "}, w:), dlag1(Pl,, )z} ifi>1and (z;1,y;) € E

YjTi—1

00 otherwise
\

(4.4)
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In graph G V1 <i < |Y| and V1 < j < i such that (y;,vy;) € E(G) we have that

d(Pi )= Min{ Min d(P"'y;), Min d(P%.'y:)} (4.5)

vad Y(yk,y;)EE k<] vy Y V(zy,y;)EE wry; Y

Note that in the above equation, such a xy or y, will always exist due to the threshold
graph property.
When > 5+ 1

d(Pyy,) = d(ag1 (P, )y:) (4.6)

The weights of the corresponding paths can be computed from the following equations.

W(PLLys) = W(PLED) +w(y;), W(PE ) = W(PLL) 4+ w(x),

YLTi TrY;j TkYj
WP i) = W(PL,) +w(y:), WP y;) = W(PE,) + w(y:)

Proof: The proof for equations (4.1), (4.3), (4.5) and the equations for computing

the weights follow from their respective definitions. So we have to prove (4.2), (4.4)

and (4.6). We will first prove (4.2) and the proof for (4.4) will follow from that.
laim: d(o—1 (P} ) = Mi d(Pr -y,

Claim (Oé 1( gciyj_l)yj) V(yk7$i)€%7k<j*1 ( ykgciy])

It is clear that if the above claim is established, then equations (4.2) and (4.1) will

become the same and thus (4.2) is proven.

Let a,—1(P7 ., ) be such that it has (y, z;) as the last edge.

TiYj—1

~ d(P;;ilyj_l) - V(yy x%%mkjfld(});f’_;yj_l)
= d(P ! Mi d(prt
( ym) Y(yyr, :vz)egllt’ﬁ 1 ( yt/%)

V(y,xi)eEt <j—1

which is precisely the statement of our claim.
We will now prove equation (4.6)

Claim : d(ag_1 (P2, y;) = Min{ Min d(P% 1 y;), Min d(Pi1ly)}

Y541 A\ Ly, g, Y ey Y
A V(yry; ) EEk<] J V(zpy;)€E ’
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If the above claim is established, equations (4.6) and (4.5) will become the same and

thus (4.6) is proven.

Case 1: Let ay_1(P2, ) be such that it has (z¢, y;) as its last edge.

YjYj+1

= d(PL,lyjn) = Min{_ Min  d(PL ly;1), Min d(P ly;a)}

x . x
il V(yr,yj)€E,k<j V(zry;)eE kY

= d(Pg,)) =Min{ Min d(PL,)), Min d(PL)}

b V(YY) EE,k<j YRYi 77 2y )EE TrYj

= d(PLlyi) = Min{_ Min  d(PLly;), (Mm d(P1=1y)}

Tt . x
i V(yk,y;)EE k<] V(zry;)EE e ¥

But this is precisely the statement of the claim.

Case 2: Let a,_1(PJ4, ) be such that it has (y;,y;) as its last edge The proof

Y5Y5+1

in this case is similar to case 1. Hence proved. O

Theorem 4.4.3 The Algorithm 2 computes the core path of a threshold graph in
O(l|E]) time.

Proof: The algorithm first computes the values of d(path;y) for each edge (x,y) € £
and d(PlA ) V(yi,y;) € E using Lemma 4.4.2. It then computes the minimum cost
path by finding Min {(yz g%[ n d(P,,,.), (%I )Zé’LE d(pathl,,)} and hence the correctness
follows.

Time complezity:For a given length and a given edge (x;,y;) or (y;,z;) € E, the
algorithm takes O(1) time to compute the value of d(Péf;}fth) or d(Pylfgjgth). Therefore
to compute the value of d(P;,, ) and d(P, ) for all edges (v;,y;) and (y;, z;) € E,
it takes O(I|E|) time. Also for a given length and a given edge (y;,v;) € E, the
algorithm takes O(1) time to compute d(PyljZigth) when ¢ > j4+1. When i = j+1, the
algorithm takes utmost deg(y;) time to compute d(P,79""). But there are only [Y]-1
edges (y;,y;) that satisfy ¢ = j + 1 and hence the total time taken for these edges is
utmost deg(y1) + deg(y2) + - - - + deg(yy|-1) which is utmost O(|E|). Therefore to
compute the value of d(Pgﬁjyi) for all edges (y;,y;) € E, it takes O(I|E|) time. O
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Algorithm 2 : Algorithm to compute the core path of length [ in a threshold graph.
Require: A Threshold graph G = (V,FE) with ordering {zi,2s...7x} and

{92 yv}
Compute d(P,,,.), d(P, ) and d(P,, ) Vi, j.
for length=2 to [ do
for i = 1 to |X| do
for y = L(x;) to R(x;) do
Compute d(PL9") by using equation (4.4)
end for
end for
for i=1to |Y| do
for = = L(y;) to R(y;) do
Compute d(PL9'") by using equation (4.2)
end for
end for
for i =1 to |Y]-1 do
AP = Mind | Min | d(PL ). Min d(PEG )}
end for
for i=3 to |Y| do
for =1toi—2do
d(Plenst) = d(engin—1(Pycpo™)y:)
end for
end for
end for
Compute d(pathéiyj) = Min{d(Pgl;iyj), d(Pém)} V(zi,y;) € E
Compute Min; = (%}QE d(pathl,)
Compute Ming = (yh?;/]\_;[eig‘iq d(Pyliyj)
Mincost = Min{Miny, Mins}
Output the path corresponding to Mincost
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CHAPTER 5

Conditional Core in Threshold Graphs

5.1 Introduction

In this chapter, we consider a minor variant of the core path problem — the conditional
core problem. In this problem, it is required to locate a path shaped facility in the
network under the condition that some facilities have already been located. Here, we
solve the conditional core problem in threshold graphs. We define S to be the set of
facilities that have already been located. The new facility that is to be located has
to be a path that does not include any of the vertices in S.

The objective here is to minimize d(P) = >_ (d(v, P),d(v,S))w(v). For all vertices
v € S, we assign w(v) = 0. <

We use here the same approach as for the core path problem in threshold graphs i.e.
for each edge, we find the ordered path of least cost and of length [, which ends at
that edge. From these values, we compute the conditional core path by choosing the

path of minimum cost. The only differences in the definition of notations that we

make here are,

1. The definition of d(P)
2. The definition of USUM (z;,y;).
We present below a method to compute the value of USUM (z;,y,) under the new

definition. All other notations mean the same according to their definition and usage

in the previous chapter.



5.2 Conditional Core

We recall the following definitions from the previous chapter.

1. W(G) = w(v)
YveV

2. W(P)= > w(v) for any path P.
VoeV (P)

3. Uxy) = {v e Xv <}

4. Wy(z;) = > w(v).

veU (z;)
5. UAdj(x;,y;) = {v € X|(v<z; and vy; € E)}.

6. Wyagi(zi,y;) = > w(v).
UGUAdj($i,y]')
For the definition of USUM we make the following modification.

7. USUM (z;,y;) = >, min(d(v,z;),d(v,y;),d(v, S))w(v).
veU (z;)
Additionally, we define the following quantity.

8. TOSUB(x;) = > w(v).
veU(z;),d(v,S)=1

Lemma 5.2.1 1. TOSUB(z1) = 0.

TOSUB 1) +wl(x;,— 7 dl’i_,S = 1
2. TOSUB(x,) = (@ic1) +wlzia) f i1, 5)

TOSUB(z;-1) otherwise

Proof: The proof for equation on TOSU B(z;) follows from definition. We will prove
the equation for USUM (z;,y;). For computing USUM (z;,y;), we need to add the
cost incurred by vertices that are in Wy (x;) and adjacent to y;, and the cost incurred
by those vertices that are in Wy (z;) but not adjacent to y;. The cost incurred by
those vertices that are in Wy (z;) and adjacent to y;, is Wyagi(x;, y;). Among the
vertices that are in Wy (z;) but not adjacent to y;, those vertices that are adjacent to
a vertex in S incur a cost of 1, and those that are not adjacent to any vertex in S,

incur a cost of 2. This value is captured by 2*Wy (L(y;)) - TOSU B(x;). O
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From now on, we follow the same procedure to compute the conditional core path, as
was done to compute the core path i.e. with the above definition of USUM (x;,y;),
we can use the same formulas and algorithms as for the core path problem to compute

the conditional core path in threshold graphs.

Lemma 5.2.2 The cost of any ordered path d(P) can be computed in O(1) time,

after (O|E|) preprocessing.

Proof: We claim that d(P) = W(G) — W(P) — Wy(za,) + USUM (x4, , ys, ), Where
(Zay, Yp,) s the first edge of the ordered path P. W(G) - W(P) - Wy(z,,) accounts
for the cost of all vertices except vertices in U(x,,). USUM (x4, ,ys, ), accounts for
the cost due to vertices in U(z,,).

Also, note that if the path P does not contain any z € X, then in the above equation
for d(P), we set z,, = L(yp,) where y, is the vertex of least index in the ordered

path. O

Since we require that the path located, should not contain any vertex v € S, we
have to run the algorithm provided in previous chapter on each component of V' — S.
If vertices in S are removed from V', the graph can either remain connected or be
disconnected. In case the graph becomes disconnected and has ¢(> 1) components,
because of the properties of a threshold graph, it follows that, of these ¢ components
t — 1 components are single vertices in X. So if at all, a path of length [ were to exist,
it must be in the remaining component. Let us call this component C; and let V’ and
E'’ denote respectively the set of vertices and the set of edges in component C.

Let X' = {2: 2’ € XNC;} and let Y' = {y" y' € YNCi}. Let zy, 25, ..., 2]y, denote
the vertices of X’ arranged according to the order in which they appear in the order-
ing 1 < xy < --- < x)x| which we defined for vertices of X and let v}, vs,. .. ,y‘/y,‘
denote the vertices of Y/ arranged according to the order in which they appear in the

ordering y; < ¥ < -+ < yjy| which we defined for vertices of Y.

The following equations can be used to find the costs of P:Z,_y,', P;,w” P;,_y{ Vg > 2.
7] 77 771

They are analogous to what was stated for computing these quantities for threshold
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graphs in the previous chapter. But we state them below for the sake of completeness.

Lemma 5.2.3 In graph Gj; V1 <i < |X'| and V1 < j < |[Y'| and (2}, y;) € E'(G)

we have that,

Min  d(P% Yy if such v, ’s exist
(P, ) = { "Werehk< (Bits) i such i (5.1)

;Y

00 otherwise
\

Min{d(P% JY5)s dlag (P, Yy} ifj > 1 and (¢,y) ) € B

Z/J_ iYj—1

00 otherwise
\

, Min — d(P,), ;x/) if such x}.’s exist
d(Pq/ /) — ) V(@) EE k<i k (53)

Y;T;

00 otherwise
\

Mz'n{d(PqZ 11y xy), dlag1 (P, )xp)}  ifi>1and (zj_,,y;) € B

1 iji—l (2

00 otherwise
\

(5.4)

In graph G V1 <i < |Y'| and V1 < j <'i such that (y;,y;) € E'(G) we have that

d(P,) = Min{_ Min _d(Py ), Min d(Pl, l,y;)} (5.5)

Y V(Y i) eE k<j — YRYITT U (a) ) )EE!
Note that in the above equation, such a xj, ory; will always exist due to the threshold
graph property.
When > 5+ 1

d(Py,,) = dag-1(Py )i (5.6)

Y5Yi YiY5+1

We compute the conditional core path by executing Algorithm 3 below. The proof
of correctness is identical to the proof given to the core path algorithm for threshold

graphs in the previous chapter.
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Algorithm 3 : Algorithm to compute the core path of length [ in a threshold graph.
Require: A Threshold graph G' = (V',E’) with ordering {,25... 2]y} and

{vi. 95 Yy} -
Compute d(P,;é ), d(Pl, o) and d(P ) Va; € X'andy; € Y.
for length=2 to [ do
for i = 1 to |X'| do
for ¢ = L(z}) to R(z]) do
Compute d(P;,ethh) using equation (5.4)
end for
end for
for i=1 to |Y'| do
for 2/ = L(y}) to R(y,) do
Compute d(Pl'f”;"th) using equation (5.2)
end for
end for
for i =1 to |Y']-1 do
ARG = Mind,  Min, ARG W) Min AP0}
end for
for i=3 to |Y'| do
for =1toi—2do
d(P;;erth) = d(Oélengthfl(Pylf;Lfi};)yz{)
end for
end for
end for
Compute d(pathié ) = Min{d(Pl, ,),d(Pl, ,)} V(z},y;) € B
Compute Miny = Min_ d(path,,,)

(='y)er’
Compute Ming =  Min  d(P!, )
i9j

(WY )EE i<y
J

Mincost = Min{Miny, Mins}
Output the path corresponding to Mincost
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CHAPTER 6

Conclusion

In this report, we have solved the core path problem in proper interval graphs and
threshold graphs by giving polynomial time algorithms for both. Additionally, we
have established the NP-Completeness of the core path problem in the above classes
of graphs, when arbitrary positive, real weights are assigned to edges and unit weights
to vertices. The central theme in solving both of these problems is in identifying an
ordering among vertices of the graph. This enables us to reduce the search space of
the problem from exponential to polynomial. With the help of this ordering among
vertices, dynamic programming equations were established to obtain the core path

efficiently.

On the other hand, in higher classes of graphs like permutation graphs, where such
an ordering of vertices is not found, it is not possible to use this approach to find
the core path. The most interesting open problem in this domain is that, in interval
graphs and permutation graphs, the complexity of the longest path problem is still
unresolved. Therefore the existence of a path of length [ is unresolved. Consequently,

the core path problem is open in these classes of graphs.
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