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Abstract

Linear mixed-effects models are an important class of statistical models that are not
only used directly in many fields of applications but also used as iterative steps in
fitting other types of mixed-effects models, such as generalized linear mixed models.
The parameters in these models are typically estimated by maximum likelihood
(ML) or restricted maximum likelihood (REML). In general there is no closed form
solution for these estimates and they must be determined by iterative algorithms
such as EM iterations or general nonlinear optimization. Many of the intermediate
calculations for such iterations have been expressed as generalized least squares
problems. We show that an alternative representation as a penalized least squares
problem has many advantageous computational properties including the ability to
evaluate explicitly a profiled log-likelihood or log-restricted likelihood, the gradient
and Hessian of this profiled objective, and an ECME update to refine this objective.

Key words: REML, gradient, Hessian, EM algorithm, ECME algorithm,
maximum likelihood, profile likelihood, multilevel models

1 Introduction

We will establish some results for the penalized least squares representation
of a general form of a linear mixed-effects model, then show how these results
specialize for particular models. The general form we consider is

y=XB+Zb+te e€~N(0,0’I),b~N(0,0°Q2 "), e Lb (1)
where y is the n-dimensional response vector, X is an n X p model matrix

for the p-dimensional fixed-effects vector B, Z is the n x ¢ model matrix for
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the g-dimensional random-effects vector b that has a Gaussian distribution
with mean 0 and relative precision matrix € (i.e., € is the precision of b
relative to the precision of €), and € is the random noise assumed to have
a spherical Gaussian distribution. The symbol L indicates independence of
random variables. We assume that X has full column rank and that € is
positive definite. (If X is rank deficient or if €2 is singular then the model can
be transformed to an alternative model that fulfills the desired conditions.)

A relative precision factor, A, is any ¢ x ¢ matrix that satisfies Q@ = ATA.
One possible A is the Cholesky factor of €2 but others can be used. Because
Q is positive definite, any A will be non-singular. In general A (and hence
Q) depend on a k-dimensional parameter vector 8. Typically Z, 2, and A
are very large and sparse (mostly zeros) while k, the dimension of €, is small.

The likelihood for the parameters 3, 8, and ¢?, given y, in model (1) is

ly — X8 — Zb|> + b
/ (n+q 5 €Xp ( sy db. (2)

The restricted (or residual) maximum likelihood (REML) estimates of 6 and
o? optimize a related criterion that can be written

L(B,6,0%y)

Li(6,0%) = [ L(8,6.0%) dB. (3)

This integral is not the typical way to derive or to justify REML estimates
but, as we shall see, it provides a convenient form in which to evaluate Lg.

In the next section we show that the integrals in (2) and (3) can be ex-
pressed succinctly using the solution to a penalized least squares problem.
In particular, we derive a profiled log-likelihood and a profiled log-restricted
likelihood that depend on € only. Maximizing the profiled log-likelihood (or
profiled log-restricted-likelihood) is generally a much smaller and more stable
optimization problem than attempting to optimize the log-likelihood for the
full parameter vector. In section 3 we derive new expressions for the gradient
and the Hessian of these profiled log-likelihoods. Using these derivatives, the
profiled log-likelihood can be rapidly optimized, say by Newton steps, once
the neighbourhood of 6 has been determined.

Some heuristics provide reasonable starting estimates for @ but these may
not be sufficiently close to 6 to ensure stable Newton steps. The expectation-
maximization (EM) algorithm is a robust algorithm that approaches the neigh-
bourhood of quickly but tends to converge slowly once it is in the neighbour-
hood. In section 4 we show how the penalized least squares results provide the
update for a related algorithm called “expectation-conditional maximization-
either” (ECME). This allows the starting estimates to be updated by a mod-
erate number of ECME iterations before starting the Newton steps.



These results are derived for the general model (1). In sections 5 and 6 we
consider several common special cases. Our implementation of some of these
methods is discussed in section 7.

2 A Penalized Least-Squares Problem

For a fixed value of 8 we consider the penalized least squares problem defined
by the augmented model matrix ®(0) and the augmented response vector y;
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~ b zZ X ~ Yy
min ||y — $(0) where ®(0) = and g = )
b8 B A(6) 0 0

One way to solve problem (4) is to form ®, = [®,y] and let R, be the
Cholesky decomposition of ®]®,

Z'Z+Q 7Z'X ZTy Ry, Ryx Ty
®/®.=| X"Z X'X XTy|=RIR.where R.= | 0 Ryy ry,
v'Z y'X yly 0 0 1y

(5)
The matrices Rz; and Rxx are upper triangular of dimension ¢ X ¢ and p X p
respectively. The corresponding vectors, rz, and rx,, are of dimension ¢ and
p, and 1y, is a scalar. The conditions that £ be positive definite and X have
full column rank ensure that ® has full column rank, and hence that Rz, and
Ry x are nonsingular.

Representation (5) is a particular form of the mixed model equations described
in Henderson (1984) [1]. We write the blocks in the opposite order from which
they are typically written because of computational advantages associated
with this order.

.
Using a = {—bT, -7, 1} we can write the numerator of the exponent in the
integral in (2) as

ly — XB— Zb| + 570 = "] ®.a = a"R] R.a = | R.a’
= |lrzy — RzxB — RZZbH2 + [|rxy, — RXX,BHQ + sz

(6)



and a simple change of variable allows us to evaluate

1 |lrzy — Rzx B — Rzzb|? B 1 B 1
/ a7z P 202 ® = SR
(2mo?) a abs |Rzz| |\ ZTZ + Q|

(7)
Combining (2), (6), and (7) and taking the logarithm produces the log-likelihood

0(8,0,0%) =log L(B3,0,0?), which, for convenience, we write in the form of a
deviance

’ZTZ+Q‘
iy

2 4 lrx, — R 2
)+nlog(27r02)~|—ryy | Xy2 xx | (8)

g

—20(B3,0,0%) =log (

leading to the following results for the maximum likelihood estimates (mle’s):

o~

(1) The conditional mle of the fixed-effects, 3(8), satisfies
RxxfB(8) =7x, (9)

(2) The conditional mle of the variance, 02(6), is e, /n.
(3) The profiled log-likelihood, 1 (0), a function of @ only, is given by

~20(6) = —2(B(6),6,0°(9))
(‘ZTZ + Q‘) 272 (10)
=log | —— —|—n[1—i—log< n‘”‘”)]

€2

(4) The conditional expected value of b, which we write as 5(,8, 0), satisfies
Ryzb(y,B,0) =17, — Rzx3 (11)

Typically we evaluate b(3(8), ), which we write as b(6).
(5) The conditional distribution of b is

bly,B,0,0> ~ N (E(ﬁ,@),a2 (ZTZ+Q)1> (12)

2.1 REML results

As in (7), we can use a simple change of variable to obtain

1 |I7x, — Rxx B’ 1
L pB=— " |
/ (27m2)ﬁ/2 P ( —207? P abs [Rxx| (13)




providing the log-restricted-likelihood, £z(0,0?%) = log Lr(0, 0?), as

Z7Z + Q| | Rxx[’
Q|

—204(8,0%) = log ( ) ¥ (n — p) log(2m0?) + ;Lg (14)

Noting that ‘ZTZ + Q‘ |Rxx|* = ‘<I>T<I>‘ we have the following results:

(1) The conditional REML estimate of the variance, o2(8), is e,/ (n—p).
(2) The profiled log-restricted-likelihood is given by

-aio) s () w0 [1oe (225)]. s

(3) The conditional distribution of b is
bly,0,0” ~ N (b(6),0°V4) (16)
where V4 is the upper-left ¢ x ¢ submatrix of <<I>T¢>>71,

Vi = R} (I+ RzxRyy Ry R), ) Ry] (17)
2.2 A preliminary decomposition

Because we wish to evaluate the log-likelihood or log-restricted-likelihood for
many different values of 8, we form a preliminary decomposition of the cross-
products of the model matrices and the response,

ZTZ ZTX ZT’y TZZ TZX tZy
X"Z XX XTy| =T'T where T = | 0 Txx ty, (18)
v'Z y'X y'y 0 0 t,

so that the evaluation of (5) is equivalent to forming the orthogonal-triangular
decomposition

A 0 0] Ry, Ryx vy

Tyz Tyzx tz _0 0 Rxx rxy (19)
0 Txx tx, 0 0 7y

0 0 1] 0 0 o]

To ensure well-defined estimates for the parameters we should have n > ¢+ p
which means that (18) produces a reduction, sometimes a substantial reduc-



tion, in the amount of data that must be stored and manipulated for each
evaluation of the log-likelihood.

Furthermore, the matrices ZTZ and T, are sparse and we store and manip-
ulate these matrices taking the sparsity into account (see §5 and §6 for specific
examples). We will assume that ZTX, Tyyx, X "X, and Txx are dense and
are stored accordingly.

Equation (19) shows that 7, is a lower bound for 77 . Similarly, the residual

sum of squares from regressing y on X is an upper bound on rf,y. Thus the
terms in (10 and 15) involving 77, are bounded.

The ratio |Z7Z + /|| is bounded below by unity (and approaches this
bound as 2! — 0) so the profiled deviance (10) is bounded below by

n {1 + log (27rt§y / n)] and the profiled restricted deviance (15) is bounded be-
low by (n — p) [1 + log (27rt32/y/(n — p))}

As Q approaches singularity (say the minimum eigenvalue of €2 approaches
zero while the other eigenvalues are bounded above) |ZTZ + 9]/|Q| — oo.
Thus we know that the ML or REML estimates will not occur on the boundary
of the set of positive definite 2.

It is possible that finite ML or REML estimates of €2 will not exist. The min-
imum profiled deviance may correspond to an infinite precision (unbounded
), which is to say that the ML or REML estimates of 0€~!, the variance-
covariance of b, are singular.

3 Derivatives of the profiled log-likelihood

Expressions (10) and (15) provide extremely efficient ways to determine ML
or REML estimates for a linear mixed-effects model because we can optimize
these expressions as a function of @ only, instead of as a function of the com-

plete parameter vector (OT, a7, 0'2)T. The reduction in the dimension of the
parameter over which we are optimizing helps to improve the performance and
reliability of numerical optimization routines. Another way in which we can
improve performance and reliability in numerical optimization is by providing
analytic derivatives of the objective, which we do using results from Golub
and Pereyra [2].

As in [2] we will use the operator D to indicate the Frechet derivative of an
array or a scalar. For example, D ®(8) is an array of dimension n x (q+p) X k,
which we treat as k matrices of size n x (¢ + p) when writing expressions
involving matrices and arrays. When we need to indicate partial derivatives



with respect to particular parameters we will use the notation D;®(8) for the
n X (g + p) matrix 0®/96;.

Golub and Pereyra [2] provide derivatives of the projection orthogonal to the
column space of ®, which, because ®T® is nonsingular, we can write P+ =

I—-® (@Tq))il ®T; the pseudo-inverse of ®, which is &+ = (@Té)il o7

2
and the residual sum of squares, rzy(ﬂ) = HPLQH . These derivatives are

DP = -P'D&&" - (P-D3&*) (20)
V2 (0)=—y'P-D®®"y, (21)
D& = 2" D&B + 2" (37) DETPL. (22)

(Equation (22) is derived from equation (4.12) in [2], which has another term.
However, that term is identically zero when ® has full column rank.)

For A a square, nonsingular matrix we have

V(log|A(6) tr [D(A)A™! (23)
D (A~ ): ~A'D(A)A! (24)

where tr denotes the trace of a matrix. Notice that (24) is a special case of
(22).

In Appendix A we show that the gradient and Hessian terms for the penalized
residual sum-of-squares, 7, (0), are

A~

Vr2,(6) = b DQb = tr (DQbbT) (25)

vy

D,D;r2,(8) = b" [D;(D;2) — 2D,;QV;,D;Q] b (26)

providing the gradients




and Hessian terms of the form

D,D;(—20) = tr [Dj(DiQ) ((ZTZ + Q) -+ ;’g )] (29)

~tr[D,ZTZ + Q) 'DAZTZ + Q)]
~T ~

b b
+1tr (D,QQ 7D, ) - 2= D;QV,D,Q=
o g

~ ~ ~T ~
1[b b b b
- (=2 DﬁlA) <A DAIA)
n\o g o o

A AT
. b b
D,;D;(—20z) = tr [Dj(DZ-Q) (Vb -Q —— )] (30)
OROR
— tr[D;QV,D,Q2 V3]
b b
+1tr (D;QQ7'D,QQ ") - 2— D;QV,D;Q—
OR OR
1

A~ T - A~ T -
- (fmﬂf)(f&ﬂf)
n—p\oOr OR OR OR

4 An ECME algorithm

The EM algorithm [3] is a general iterative algorithm for computing maximum
likelihood estimates in the presence of missing data. For linear mixed-effects
models we formulate an EM algorithm by considering the random effects b
to be unobserved data. In the terminology of the EM algorithm, we call the
observed data, y, the incomplete data, and y augmented by b, the complete
data.

The EM algorithm has two steps: in the E step we compute @), the expected
log-likelihood (or deviance) for the complete data, and, in the M step, we
maximize the expected log-likelihood (or minimize the expected deviance)
with respect to the parameters in the model.

Liu and Rubin [4] derived the EM algorithm for linear mixed-effects models
using b as the missing data. In same paper they introduced expectation condi-
tional mazximization either (ECME) algorithms, which are an extension of the
EM algorithm. In ECME algorithms the M step is broken down into a num-
ber of conditional maximization steps and in each conditional maximization
step either the original log-likelihood, ¢, or its conditional expectation, @), is
maximized. The maximization in each step is done by placing constraints on
the parameters in such a way that the collection of all the maximization steps



is with respect to the full parameter space.

In describing an EM algorithm we must distinguish between current values of
parameters and updated values. We denote the current values of the parame-
ters by By, o5 and . These are either starting values or values obtained from
the last £ and M steps. The parameter estimates to be obtained after an F
and an M step are B3, 02 and 6;. The log-likelihood for the complete data is

ly — X8 — Zb||> + b"Qb
2

—2((8,0°,0ly,b) = (n+ q) log(270?) — log || +

(31)
Because we can easily calculate 02(0) and 3(0) we define an update step in
an ECME algorithm to be:

(1) Given 6y, set 3; = B(6,) and o2 = 55(00). Then the conditional distri-
bution of b is N/ (B(H), o? (ZTZ - Q>_1).
(2) Choose 6 to minimize the conditional expectation of —2¢
Q<0’y7 0-%7 /617 00) - Eb|90 [_26(/617 0-%7 0|y7 b)]

= Eyjo, [c —log |©2] + bTQb/Uﬂ
hT

bTQb -
=c—log |0 + - + tr {Q (ZTZ + 9(00)) 1}
1
(32)
Thus 6, satisfies
b(0,) b(6,)" -
VoQ = tr lD Q <(°)(0) + (ZTZ + Q(GO)) L Q(Ol)lﬂ =0
01 01
(33)
A similar derivation shows that, for the REML criterion, 6 satisfies
b(6,) b(6,)T
VeQr = tr [DQ <(0)(0) + Vu(60) — 9(91)_1” =0 (34)
OR OR

From the similarity of (33) to (27) (and of (34) to (28)) we can see that a
stationary point of this ECME algorithm will be a critical value of the profiled
log-likelihood.

5 Computational methods for a single grouping factor

The results in the previous sections provide concise expressions for the pro-
filed log-likelihood (10), the profiled log-restricted-likelihood (15); the ECME



increments (33 or 34); and the gradient (27 or 28) and Hessian (29 or 30) of
the profiled objective functions. All these expressions depend on being able to
evaluate the initial decomposition (18) and, for several different 6, the decom-
position (19), which can be a formidable computational problem because the
matrices Z and €2 can be very large. However, these matrices generally are
sparse and, by exploiting the sparsity, we can provide computationally feasible
methods for all these results.

The sparsity in Z and €2 occurs when the random effects vector b is divided
into small components associated with one or more factors that group the
observations. In the simplest situation there is one grouping factor, or one set
of experimental units, and the model can be written

yi = X8+ Zb; +e;, b ~N(0,0°Q"), €~N(0,I), i=1,...,m,
EZ‘J_GJ‘, biJ_bj, Z;’é], GiJ_bj, all@,j
(35)
where y; is the vector of length n; of responses for unit i; X; is the n; x p
fixed-effects model matrix for unit 7; and Z; is the n; x ¢; model matrix for
unit ¢ and the random effects b; corresponding to that unit.

Because we only have one grouping factor in this model we say that we have
one “level” of random effects. However, this terminology is not universal. In
particular, this model is called the “two-level” model in the multilevel model-
ing literature (e.g. [5]) because it has two levels of random variation.

To convert model (35) to the form (1) we would set

bl yl X1 _Zl 0 O
b X 0Z, ... 0
b=| | y=|"|. x=|""|. z= ’ . (36)
by, | Yo, X0, | 00 Zom,
and
Q,0 ... 0
0Q,...0
o= 7 | =L,9 (37)
0 0 ... 0

where I,,,, is the m; X m; identity matrix and ® is the Kronecker product. That
is, €2 is a block-diagonal matrix whose diagonal is m; copies of €2;. Similarly,
a relative precision factor is A = I,,,, ® Ay where A; is any ¢; X ¢; matrix
satisfying ATA; = Q.

10



The calculation of Ryy,

Rym 0 ... 0 | R
Ry, = 0 RZ'Z(Q) 0 , Rzx = RZ_X(Z) (38)
0 0 ... Ryymy] | Rzx(m,)
T
and rz, = {szu),rzy(z), . ,?“Zy(ml)] can be performed in blocks, using a

series of QR decompositions based on the corresponding blocks in T'

bl =g, | T followedbyQiT{ _ | Bax Zyo]’
Tz Trxe) tzywy| | Bxxw) Txu
(39)
and
RXX(I) T xy(1)

Rxx rx,
Rxx(my) Txymy)| = Qo | 0 1y |- (40)

Txx txy 0 o

0 tyy

Noting that |Q| = |Q|™ = |A;[*™ and that [ZTZ + Q| = [[}24 |Rzz0)|%,
we can evaluate the profiled log-likelihood (10) or the profiled log-restricted-
likelihood (15).

To evaluate the ECME increments we note that

tr [Di( )| = my tr [Dy(20)Q| = ma tr [ATTDy(20) AT
tr [Di(Q) (bg‘)) b(g(l))T +(Z2"Z + 9(00))—1>_ =tr [A]D;(Q) A,
tr [D,-(Q) (bﬁ? b(g;f v v;,>_ = tr [A],D,(Q) Ap]

(41)

11



where the matrices A; and Ag; are obtained from the QR decompositions

IA)I/UR
E’I/Ul R};(l)
R, —Ryx R}y Ry
UA, = : and Up Ap = : (42)
B;l/al IA)I11 /oR
R ) Ry my)
|~ Roxx Rix ) Rz my).

The matrix £2; must be positive definite and symmetric. If no further structure
is imposed on it then k£ = ¢;(¢1 + 1)/2 and a suitable value of A;(6;) can
be calculated as A; = \/m_lAl_T for ML estimation and Ap; = \/m_lAl_ﬂT for
REML. If further structure is imposed on £24(0), so that k < ¢;(g1+1)/2, then
the gradient equations, (33) or (34), must be solved for the ECME update.

Evaluation of the gradients (27 or 28) of the profiled objective functions can
be simplified in the same way as the ECME increment is, as can the first term

in the Hessian (29 or 30).

The other terms in the Hessian can be simplified in various ways. Because
D=1, ®D; and Q' =1, @ Q"

tr (DjQQ_lDiQQ_I) =my tr (nglﬂl_lDleQl_l)

43
=mytr (A7 DA ATTDQAY 43)
From the vectors ¢y;, dy;, and gy, £ =1,...,mq; i =1,... k defined as

Cy = Diﬂli)é
dy = RE}(@) Cy; (44>
9u = —Rxx Ry di

we can evaluate
(570,05 (670,28) ~ ($-07ey ) (ST
=1 (=1

N R mi mi T mi <45>
bTDjﬂW)Dz‘Qb = Z dz—jdﬁ + <Z g£j> (Z g&‘)
=1 =1 =1

12



The remaining terms in the Hessian expressions are evaluated as
D272 +9)'DZZ+Q) | =
th [REZ D; QlRZZ(é RZ—ZI— D; Q2 RZZ(Z)} (46)
or

tr [D;QV,D;QV;] =

Ztr [RZZ(E D, Q1REZ )Rzz z)D QIREZ }

+2 th [REE D; QlRZZ RZX RXXRXXRZX(e RZ;(@ DinRZZ(f)]
(47)
[ (Z Rix Rix oy R70Di Ry Rax ) R)_&)

(Z R)_QT( R}X ) Eg () DifY Rgé(e) Ryx ) RE{%{) 1
=1

By working with the components of €2 instead of the whole matrix we save a
considerable amount of storage and computation because ¢, is typically very
small (values of one or two are common) while m; can be very large. We have
worked with cases where m; is in the millions. In most cases p > ¢; but it is
unusual for p to exceed, say, one hundred.

After the pre-decomposition the storage required is approximately mq;(q;+p)
locations and the number of floating point operations (FLOPs) per iteration
for the function evaluation is on the order of m; ¢} for the decompositions and
mypg: for the multiplications in (39), followed by myq;p* for (40). Evaluation
of the determinants of Ryz(;),7 = 1,...,m; and Ryx is trivial because these
matrices are triangular. The dominant term in the FLOP count is myq1(q1 +

p)*.

This is also the order of the computation for the ECME update, the gradient
calculation and the Hessian calculation.

We can simplify some of the expressions for the Hessian by noting that, for
arbitrary ¢; X ¢; matrices U and V/,

tr [DUUD, V] =S 3" 3 dp), d), tr[en,ef, Uey,ef, V|

k1 ko ks ks

= Z Z Z Z dk1k2 k3k4 (e;crg Uek3 e;cr4vek1)

ki ko k3 ka

- Z Z Z Z dk1 ko dk];)k4 Uk ks Vkaks

ki1 k2 k3 ks

13



where dglk) is the (j, k)th element of D;€24, ey, is the k-th column of the identity
matrix of size ¢ X ¢1, and u;; and v;; are the (4, j)th elements of U and V,
respectively.

For the one-level model, all the terms involved in the Hessian can be rewritten
using this principle and so the full Hessian can be written as

(@) 4(5)
Z dk‘1 k:z dk3k4 Hk'l k2k3k4
k1kaksky

where H is an array of size ¢; X ¢ X q1 X q;.

6 Models with multiple grouping factors

We will consider models with multiple grouping factors where the random
effects associated with each grouping factor are independent between groups
and are i.i.d within groups. That is, the matrix €2 consists of s blocks of the
form I,,, ® Q;, 7 =1,...,s. We will give details for s = 2, in which case

I, ®Q 0
Q=|"""" . (48)
0 I, ® €

Extensions to more than two grouping factors follow naturally.

The block-diagonal structure in (48) will also be present in the factor, A, and
in all the derivatives with respect to components of 8. That is, A consists of s
blocks of the form I,,,, ®A;, j =1,...,s where A is of size ¢; X q;. We assume
that each component of 8 determines only one block in €2 and we designate the
block associated with component j as b(j) where 1 < b(j) < s,j=1,...,k.
Then D;€ is zero except for the b(j)th diagonal block which is of the form
Imb(j) ®@ D;€2y;). Notice that the second derivative, D;D;€2, will be zero if

b(i) # b(j)-

We divide the random effects vector b into s = 2 blocks and subdivide the
Jth block into m; components of length ¢; denoted by bj;, j = 1,...,s; 1 =
1, cee, My

If ZT Z is split into blocks corresponding to the blocks in € then the diagonal
blocks in ZTZ are themselves block diagonal but, unlike the situation with a
single grouping factor, ZTZ and T will have non-zero off-diagonal blocks.
These off-diagonal blocks can be sparse or dense according to whether the
grouping factors are nested or crossed. We distinguish three cases: completely
crossed, partially crossed, and strictly nested.

14



Completely crossed grouping factors usually occur in designed experiments.
For example, biological assays are often conducted by measuring the optical
density of liquid samples in wells arranged in a grid on a plate. A common
arrangement is 96 wells in a grid of 8 rows by 12 columns. If we assigned one
set of random effects to the rows and another set of random effects to the
columns then each row would occur with each column, resulting in completely
crossed random effects.

An example of nested grouping factors would be a longitudinal study, say
records of annual achievement test scores, of students in several schools. For
the student factor to be strictly nested within the school factor we require
that each student attend only one school during the period of the study. In
most large studies this will not be the case. We expect some students will
attend more than one school but we do not expect every student to attend
every school. In such a case the grouping factors are neither strictly nested nor
completely crossed. We describe this situation as partially crossed grouping
factors.

If we divide Z = [Zl ZQ] according to the two levels of random effects and

correspondingly divide

T, Ty Trz10 and Ry — Ry;711 Rzz10 (49)

0 Tzz9 0 Ryz

then the block diagonal structure of ZlT Z is also present in T;1; and we
can store and manipulate it accordingly. Even though ZJ] Z, is block diagonal
there can be non-zero off-diagonals induced in T';z95 from Tz15 when taking
the Cholesky decomposition. This is called “fill-in” [6].

If we consider the matrix Tzz12 to consist of m; X msy blocks of size ¢; X g9
then the (i,j)th such block will necessarily be zero if the ith level of the first
grouping factor does not occur in combination with the jth level of the second
grouping factor.

For strictly nested grouping factors there will be only one non-zero block in
each of the m; sets of ¢; adjacent rows. Furthermore, this pattern guarantees
that there will be no fill-in of T%79s and that it can be stored as a block-
diagonal matrix consisting of ms blocks of size ¢u X ¢o. The matrix Rz, has
the same pattern of sparsity so T,z and Ryzz; only require storage of size
(m1q1 +maq2)(q1 + g2 +p) and computing R is of order (m1q1 +maq2)(q1 +
¢ + p)? FLOPs. The same sparsity pattern will be present in R;, which
we can calculate explicitly, allowing for the evaluation of all the formulas for
the ECME update, the gradient, and the Hessian. These results generalize
to an arbitrary number of strictly nested levels of grouping factors (and are

15



incorporated this way in our software).

For fully crossed grouping factors T2 and Tz99 are both dense and would
need to be stored and manipulated as such. Because we can condense the
calculation for the first group of random effects only, we choose the order of the
grouping factors so that miq; > msqs. Once the order of the grouping factors
is established then the calculations involving T2 and Tz90 are essentially
the same as those involving T7x and Txx except that producing Ryz99 from
T';799 also involves As.

The amount of storage required for fully crossed grouping factors is on the
order of (myq1 + ma2qa2)(q1 + mage + p) locations and producing Rz requires
on the order of (myq + magq2)(q1 + mage + p)? FLOPs, which, obviously, can
be considerably more than (m;q; +maq2)(q1 + ¢2 + p)?. However, fully crossed
grouping factors result in n > mj;ms and usually come from designed experi-
ments so we do not expect msqy to be extremely large.

The most interesting case is partially crossed grouping factors where T'15 is
sparse but does not obey that pattern that there is only one non-zero ¢; X g
block in each of the m; sets of ¢; adjacent rows. Having more than one non-
zero block in such a set of rows (say because a student attended more than
one school during the course of the study) does not generate fill-in in T2
but does generate fill-in in Tz, and in R 9.

If the extent of the crossing is moderate (i.e. an individual student may attend
more than one school during the study but no student attends a large propor-
tion of all the schools in the study, so that most of the ¢; x ¢ blocks in any
one of the my sets of ¢; adjacent rows are zero), then it will be advantageous
to use sparse matrix representations of 1719 (and RZZlg) and to generate
R ;95 using methods for the Cholesky decomposition of sparse semi-definite
matrices. This particular calculation has been extensively studied because it
is important in the implementation of interior-point methods in mathematical
programming (Wright (1997, pp. 253-254) [6]).

A critical part of algorithms for the Cholesky decomposition of sparse semi-
definite matrices is choosing an ordering of the columns of Z5 so as to minimize
fill-in in Rzz95. This only needs to be done once and can be based on the
pattern of crossing of the grouping factors.

The amount of storage and computation required to generate Rz, for partially
crossed grouping factors will fall between that for strictly nested grouping
factors and that for fully crossed grouping factors. It is unlikely that Rz, can
be inverted in place when the grouping factors are partially crossed. We expect
that it will be feasible to evaluate the objective function, the ECME update,
and the gradient but that it may not be feasible to evaluate the Hessian.
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7 Implementation

We have implemented the computational methods for evaluating the pro-
filed objective function (either log-likelihood or log-restricted-likelihood), the
ECME increment and the gradient in the 1lme4 package for R [7] (www.r-
project.org). Some comparisons of the speed and stability of this implementa-
tion versus our previous implementation in the nlme package for R are available
in Debroy (2003) [8].

Future versions of this software will allow for crossed random effects and will
provide the Hessian, at least for the completely crossed and strictly nested
cases.
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A Differentiating the penalized RSS

Using (21) and the relationships

b —~XB—-Zb
D® = DA[IO], dfy = , and Pltg= Y ﬁA
I B —Ab
(A.1)
we obtain
2 2T AT s 2T A
Vryy(e) =20'A'DAb=b'DOb (A.2)
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The (j,7)th element of the Hessian V*r?2 () = D;D;r2, is

1D;Dir?, = ~D; (§" P D;2® ")
= —y' (D;P'D;@®" + P'D,D,8®" + P'D;®D;d ") §

— 4" |P'D,@®" + (&) D,8TP"|D,@%"y + b'ATD,D,Ab
+§'P'D® |$'D,88" — (878) D,;3'P'|y
— 4" (") D,8"D,®2 %y + bTATD,D,Ab
~§7(¢%) D, (27@)  &TD,8Py
+§P'D;% (272)  ©TD,2d"y
+§P'D,® (7)) $TD,;35"y
- -1 -
~yP'D;® (@7®) D@TPy
(A.3)
Writing
w; = Dl(I.‘I)-F y = N (A4)
D,Ab
(ATD,AD]
w; = (R—l)T D@Dy = (R‘l)T : (A.5)
0
and
T |D,ATAb
v.=—(R") D@ Py = (R , (A.6)
0

where R is the Cholesky decomposition of ®T® = RTR, expression (A.3)
becomes

1D;Dir2,(6) = bTATD,;D;Ab + w] w; — (u; +v;)" (u; + v;) (A7)

_ - |D:Q2b
Noting that w; + v; = (R™!) , we have
0
D,D;r2,(8) = b" [D;D;2 — D;QV,D;Q2 — D;QV;D;0] b. (A.8)
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