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Unachievable Region
Precision-recall curves cannot go through the unachievable region.
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Precision-Recall Analysis

Precision =
TP

TP + FP

Recall =
TP

TP + FN

Actual
P N

P TP FP
N FN TN

pos neg

Scores used in PR analysis

Precision-recall (PR) curves

Area under PR curve (AUCPR)

Fβ

Mean average precision
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Known PR Space Properties

Precision has high variance at low recall

Boyd et al. (ICML 2012) Unachievable Region in PR Space June 28, 2012 4



Known PR Space Properties

Precision has high variance at low recall

Can translate between PR curves and ROC curves

PR curve

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

P
re

c
is

io
n

Recall

ROC curve

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

T
ru

e
 P

o
s
it
iv

e
 R

a
te

False Positive Rate

Boyd et al. (ICML 2012) Unachievable Region in PR Space June 28, 2012 4



Known PR Space Properties

Precision has high variance at low recall

Can translate between PR curves and ROC curves

ROC curves - independent of class skew

PR curves - sensitive to class skew

Class Skew
Proportion of positive examples in a data set.
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Illustration of an Unachievable Point

100 positive examples

200 negative examples
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Unachievable Points in PR Space

Theorem

Precision (p) and recall (r ) must satisfy

p ≥ πr

1− π + πr

where π = pos
pos+neg

is the class skew.
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Unachievable Region
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Example PR curves with π = 0.33.

Random Guessing:
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labels according to
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Minimum AUCPR

Theorem
The area of the unachievable region in PR space and the minimum
AUCPR, for class skew π, is

AUCPRMIN = 1 +
(1− π) ln(1− π)

π
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Minimum AUCPR

Theorem
The area of the unachievable region in PR space and the minimum AUCPR, for
class skew π, is

AUCPRMIN = 1 +
(1− π) ln(1− π)

π
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AUCPR Comparisons

Unachievable region always included “for free” in AUCPR

Range of AUCPR scores is [AUCPRMIN, 1] and thus depends
on skew

AUCPR not comparable from different skews
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AUCNPR

Normalized area under precision-recall curve

AUCNPR =
AUCPR− AUCPRMIN

1− AUCPRMIN

Pros

Range of AUCNPR is [0, 1] regardless of skew
With same skew, preserves ordering of AUCPR

Cons

No good interpretation as an area in PR space
AUCNPR of random guessing is not simple
Still sensitive to skew
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Downsampling

Often downsample positives and negatives differently

Changes unachievable region for PR analysis

Cohort Study
Should preserve the true skew

Case-control Study
Artificially makes the ratio of negatives to positives 1:1, 2:1, etc.
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Downsampling on Mammography

Cohort Study

DATA SET

Cohort

Case-control Study

Controls Cases

DATA SET
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Downsampling on Mammography

Original

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

P
re

c
is

io
n

Recall

SAYU
Radiologists

120:1 ratio (π = 0.008)

AUCPR = 0.545

AUCPRMIN= 0.004

AUCNPR = 0.543

Downsampled Negatives

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

P
re

c
is

io
n

Recall

SAYU
Radiologists

1:1 ratio (π = 0.5)

AUCPR = 0.965

AUCPRMIN= 0.307

AUCNPR = 0.950

Boyd et al. (ICML 2012) Unachievable Region in PR Space June 28, 2012 16



Downsampling on Mammography

Original

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

P
re

c
is

io
n

Recall

SAYU
Radiologists

120:1 ratio (π = 0.008)

AUCPR = 0.545

AUCPRMIN= 0.004

AUCNPR = 0.543

Downsampled Negatives

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

P
re

c
is

io
n

Recall

SAYU
Radiologists

1:1 ratio (π = 0.5)

AUCPR = 0.965

AUCPRMIN= 0.307

AUCNPR = 0.950

Boyd et al. (ICML 2012) Unachievable Region in PR Space June 28, 2012 16



Aggregating Results

Sometimes want to combine results from problems with different
skews

Cross-validation folds

Multiple tasks

AUCNPR is a step in the right direction

AUCNPR range is [0,1] for each fold/task

Mean AUCNPR gives mean fraction of achievable area obtained

But more work is needed!
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F1 Score and Unachievable Region
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Conclusions

Awareness of the unachievable region is critical for
precision-recall analysis

Shown how to compute this region from just the class skew

Recommendation: Always show unachievable region in figures

AUCNPR: a first step towards scores that account for the
unachievable region
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Thank you

Questions?
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Modifying F1 Score

A few desirable properties for a modified F1 score, f ′,

f ′(r , p) = 0 if p =
rπ

1− π + rπ

f ′(r1, p) < f ′(r2, p) iff r1 < r2

f ′(r , p1) < f ′(r , p2) iff p1 < p2

Impossible!

0 = f ′(0, 0) < f ′(0, π) < f ′(1, π) = 0
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Modifying F1 Score

Relaxed properties for a modified F1 score, f ′,

f ′(r , p) = 0 if p =
rπ

1− π + rπ

f ′(r1, p) ≤ f ′(r2, p) iff r1 ≤ r2

f ′(r , p1) ≤ f ′(r , p2) iff p1 ≤ p2

One possible f ′

f ′(r , p) =

{
0 if p ≤ π

2(p−π)r
p−π+(1−π)r if p > π
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Proof of Unachievable Points Theorem

Theorem

Precision (p) and recall (r) must satisfy

p ≥ πr

1− π + πr

where π = pos
pos+neg is the proportion of positive examples.

p =
TP

TP + FP

≥ TP

TP + (1− π)n

=
rπn

rπn + (1− π)n

=
rπ

rπ + (1− π)
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Proof of Minimum AUCPR Theorem

Theorem

The area of the unachievable region in PR space and the minimum
AUCPR, for proportion of positives π, is

AUCPRMIN = 1 +
(1− π) ln(1− π)

π

AUCPRMIN =

∫ 1

0

rπ

1− π + rπ
dr

=
rπ + (π − 1) ln(π(r − 1) + 1)

π

∣∣∣∣r=1

r=0

=
1

π
(π + (π − 1)(ln(1)− ln(1− π)))

= 1 +
(1− π) ln(1− π)

π

Boyd et al. (ICML 2012) Unachievable Region in PR Space June 28, 2012 26



Proof of Minimum AP Theorem

Theorem
The minimum average precision, for pos and neg positive and negative
examples, respectively, is

APMIN =
1

pos

pos∑
i=1

i

i + neg

APMIN =
1

pos

pos∑
i=1

πi
pos

1− π + πi
pos

=
1

pos

pos∑
i=1

posi
(pos+neg)pos

1 + pos
pos+neg (

i
pos − 1)

=
1

pos

pos∑
i=1

i
pos+neg

i+neg
pos+neg

=
1

pos

pos∑
i=1

i

i + neg
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