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Typically a

list of cIass_ei
example cov;a rt!a ©
inputs >tate
X Y
min fitness(f,data)
f;f
Which space of functions? dictated by application

e Goal: Find a class F which is easy to search over, but
can approximate complex behavior.



Approximation Schemes

n

Approximate f(x) by  fn(x) = Z cr O (X; O
k=1

Jones (1992), f € Li(RY) o(x; w,b) = cos(W*x + b)

Barron (1993), Vf e L;(RY) o(x; w,b) = o(W'x + b)

Girosi & Anzellotti (1995), f € WQ,S(]Rd) P(x;2) = exp(—|lz — Z||2)
with 2s > d

Using nearly identical analysis, all of these schemes achieve

I = fulle =0 (=)



Approximation Schemes

n

Approximate  f(X) by fa(x) = ch¢k(x; O)

74

Simultaneously optimize

Parameter tuning is tricky...

1
‘(‘Clan a_tC:r:]ie)/)e ||f - fn||2 =0 (%) via a greedy
algoritnm ).



Randomize, don’t optimize

n

Approximate f(X) by fn — Ck¢k X3 9k
k= 14 é
optimize sample

For which functions can we achieve ||f — f,|| = O <i> ?

/n

How are these functions related to objects we already
know and love?

Practical Implementations



Function Class

Fix parameterized basis functions ¢(X; (9)

Fix a probability distribution p(0)

Our target space will be:

Fo= {1 = [a)o:00
With the convention that

04(9){0 a(f) =0

sup
0

0 oo otherwise




Random Features: Example

e Fourier basis functions:  @(X;w, b) = cos(w™x + b)

e Gaussian parameters w ~ N(0, 0°I) b ~ unif ([0, 27])

~

fw)

< 00 means
p(w)

o If f(w)= [ f(x)e ™ *dz, then sup
R4 w

that the frequency distribution of f has subgaussian tails.



sup

a(f)

e Thm: Let f be in F) with I Fllp = P lp@ | . Let 0y,..., 6, be
sampled iid from p. Then with probablllty at least 1 - §:

f=) crplx)|| < ”\];Hﬁp (\/§+ glog(%»

Fo= {1 = [a)o:00

min
Ck

k=1

o If additionally, ¢(x;0)=¢(60'%), with ¢:R—R L-Lipschitz, ¢
(0)=0, and |¢|<1 and p has a finite second moment,
then with probability at least 1- 6

171
< \/ﬁp log 3+ +4LBVEG'Y

n

f=> crp(x;6k)

k=1

min
Ck

oo

where B = sup | z|>
rzeX



Reproducing Kernel Hilbert Spaces

e A symmetric function k:XxX — R is a positive definite
kernel if for all N

N N
Y > cieik(x4,x4) >0

i=1j=1
n
e Reproducing Kernel Hilbert Space: {f(X) — Z Cik(XiaX)}
n m n m Z:]-
<Z cik(x5,), Y dkk(zka‘)> = Y > cidpk(x;,zg)
j=1 k=1 . j=1lk=1

e Extensive Applications: Support Vector Machines, Kernel
Machines, etc.



k(x,y) = / p(8)6(x: 0)b(y; 0)do

n

e RKHS generated by k: H = {f(x) = Z c;k(x;,x)}
1=1

mfr= o] 28]

Sup

e F,isdensein#, and for any f ¢ F

0)

Il < Sup

()‘



Gaussian RKHS vs Random Features

Representer Theorem: for many applications, the

optimal function in an RKHS is of the form
n

Z C’ik(X’ia X) given data set
=1 t/\/

RKHS form is preferred: when number of data points
is small or the function is not smooth

Random Features are preferred: when number of
data points is very large or the Representer theorem
doesn’t apply



Fourier Random Features

®x
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®
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w~N(0,1)

d(x; w,b) = cos(w'x + b)

b ~ unif[—m, 7]

]{(X, Y) — GXP(—’YHX — YHQ) coI:It(i:ﬁoi:sdi?L?::tii:ns



Random Decision Stumps

t ~ unif(|a, b)) o
i ounif({1,....dy)  Ohi) =sien(zi —1)

Boosting Features

_ [x—y]
k(x,y)=1-2 b_B;l




Binning Random Features

02
1 2 3 4
01
5 6 14 8 @¢(X) is the bin ID, encoded as a binary
¢ o indicator vector.
X y .
9 10 11 12 k(z —y) = 1;[/0 khat(z — y; 6)p(8) do
®
W| Fpa(z—y;6) =max (0,1 -6 o —yl)
13 14 15
1

Lay a random grid so that for any x and y
Pr[x and y are binned together] = k(X,y)
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Approximates Gaussian Process regression
with Gaussian kernel of variance gamma

lambda:

dataset: X 1s dxN, y 1s 1xN

xtest 1s dx1

D: dimensionality of random feature

test:

training

regularization parameter

w = randn(D, size(X,1));
b = 2*pi*rand(D,1);

Z = cos(sgrt(gamma)*w*X + repmat(b,1l,s1ze(X,2)));

alpha

testing

ztest

(lambda*eye(size(X,2)+z2*Z"')\(Z*y);

alpha(:)’*cos( sgrt(gamma)*w*xtest(:) + ..

+ r'epmat(b,l,s'ize()(,z)) );



Dataset Fourier+LS | Binning+LS | Exact SVM

Census 5% 7.5% 9%
regression 36 secs 19 mins 13 mins
18.000 instances 119 dims | D = 500 P =30 SVMTorch




O I O O
N w N o

Testing error

O
—

10° 10" 10
Training set size

10



= = o
o S S
I o =

(098) m1€: Bunssy+buluiesy

1 1 1 1

(o] Lo < (ap]
loule o,

50

40

30

20

10

50

40

30

20

10



— cha WX + by)

Y

Randomize

Optimize



