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Bregman Distance

The Bregman distance of J between u and v 1s
Dh(u,v) = J(u) — J(v) — (p,u—v). ped(v).

OJ(v) :={p: J(u) > J(v) + (p.u —v), Yu}
. Bregman distance satisfies

(a) DY(v,v) =0

(b) D% (u,v) >0

(¢) DP(u,v)+ D" (v, ) — DV (u,0) = (p — p.v — u)



Bregman distance




Bregman Distance

Generally, the Bregman Distance for

(u,v) and (v,u) is in general not equal, it is not
a distance in usual sense.

Measure distance between u and v and
satisfies that :

if w lies on the line segment of (u,v),

then (u,w) has smaller Bregman distance than
(u,v) does



Generalized Bregman Iteration

e Given functions J() and H(), to solve:

min.J(u) + H(u)

[nitialize: £ =0, v =0, p” = 0.

while “not converge” do
uP Tl — arg min, Df}k (w, u®) + H (u)
])]"'Jrl — p]" - VH(U,""H) — 0.](-11,"7“)
k— k—+1

end while



Generalized Bregman Iteration

* {H(u,)} decreases monotonically
Proof. Since ug41 minimizes D' (u, uy) + NH (u),

AH (ug11) < DY (g, ug) + AH (g4
< DU (ug, uy) + AH (ug)
— )\H(Hk).



Generalized Bregman Iteration
Suppose H is differentiable let u* be a mmimizer of H. then

DY (u*, ug)
Ak .

H(u) < H(u*) +
Proof.

D (u*, ug) — Dl}k‘l(u*, up—1) < D (u*,ug) + Dl;"'_l(uk, Up_1) — D?‘"l(u*, Up_1)

= (pr — Pr—1, U — U
= (AVH(uy),u* — uy)
< MH(u*) — H(uy)),

< AN(H(u*) —H(ug)|

\
/
\

Summing over £ = 1,... K
K
Z D% (u*,ug) — D" (w* ug_y) + AN(H(uy) — H(u*)) <0
k=1
DV (u*, ug) — DR (u*, ug) + AK (H(ug) — H(u*)) <0

— D% (u*, ug) + AK (H (ur) — H('l‘-*)) =0



Bregman Iteration for Basis Pursuit

* Basis Pursuit: Constrained Optimization Problem

min{||u||1 : Au = f}
u

Convert to Unconstrained formulation:
1 .
min po||ul|1 + = |[Au — f]|3
2 ) 2
Now let:

J(u) = pllullt and H(u) = % Au — fl|*:




Bregman Iteration for Basis Pursuit

Version 1:
u’ — 0. pO — 0.
For k=0.1.... do

uF 1 — areg min D?) (u, ut) 4+ = H Au—f H
U

pFrl b — AT(AUI‘T+l — f);
Version 2:
fO — 0. v —0.
For £ =0.1.... do
fA e f o (FF = A,

" , 1
uF Tt — arg min J(u) + 5

Uu

Au — }‘I‘HH .



Properties

* |t can be shown that:
AT (Auktt — ) = AT (Agk+! — f)
* Base on this we can show that p¥*! is actually:
PP =pf — AT (AT — ) =pF - AT (AT - )
= A" (f* - Ad*) — AT (Aa"H — )
= AT (f + (" - Ad") — Az

= A" (M = Autt),

.



Properties:

* Objective function in two version’s subproblem
are the same (up to a constant of u)

Pk L1 " ko1 " ;
DY (. uF) + 5 |Au — f] 2 _ J(u) — (pF,u) + 3] Au— f|* + Cy

:me_qk—A#¢h¢+3w«p<m2+cb

1 . T
J@)+;hh—{f+(ﬁ—fﬁﬂﬂ2+(b

1 et
= J(u) + 5 || Au — 12 4 s,



Once feasible, it’s Optimal:

* Suppose the iterate ukin version 1 satisfies:

Auk=f then ukis a solution of the basis

pursuit problem
Proof.

For any u, by the nonnegativity of the Bregman distance, we have

J(®) < J(u) = (u—u” ]) )
= J(u) — (u — i (]‘ — Au* )
= J(u) — (Au — AuF, f — AuF )
= J(u) = (Au— f. f* = f).

= J(u) for any u satistying Au = f



Convergence Bregman lteration

* There exist a number K such that for any k=K

uk is a solution to the basis pursuit problem
let @ satisfy H(u) = )H Au — fH = 0.

From property of generalized Bregman
lteration:
DY (., up) - D w ., up)

/\ll, o /\\ln’ '

H(u,) < H(uw ) +



Convergence of Bregman Iteration

Let (1 f|_ I? . E7) be a partition of the index set {1.2,....n}, and define
Ul = (_T([i.[i,Ej) ={u:u; >0, i€ Ii w; <0, iell: u; =0, i€ E7},
HY := min {5\|Au —flP:ue (-’J} :

for each j with H7 > 0 there is a sufficiently large Kj such that

u* is not in U7 for k > K;

K = max;{K; : H > 0}, we ha.vedH(u"’) =0 for k = K.
AukF = ffor k> K



Bregman Iteration for Basis Pursuit

* Why is uk and pk this way? (Consider Version 1)

uk*1 remain close to u* and the penalty term keep the
updates not too far from the feasible set {u | Au=f}

pk*1: for version 1, uk*! satisfies the first-order
optimality condition, so
0 dJ(u ) — pF + VH W) = 0T (1) — pF + AT (AFH — ).

pFl =pF — AT (AR — ) € 0T (WFFY);



Linearized Bregman lteration

e H() is linearly approximated with a quadratic
penalty term:

H(u) =~ H(up) + VH(u) - (u—up).

( )
arg mun, J(u)+ H(u)
uF ! — arg min, J(u)+ H(u) + ( VH(ug), v — ur)
uh 1 — arg min, J(u)+{VH(u) v— ) 5w — |3
uF T — argmin, J(u)+ % = (u"‘—(*TH(uk)>H2
. . — 2
I[A-\‘-l — arg miny, .](u) + % i — (uk —SA' (A(,k B )‘)) H
L0




For Basis Pursuit problem

* From optimality condition of subproblem:

0 =" —pF + = (UA_H - (u“ —SAT (AuF — f))) :

e Since po — 0 and v = 0.
k+1 ul{)
o

u

phtl = ph — AT(AUZ“‘ — f) — (

K k+1

==Y AT(f - Add) - © (g

j=0



Linearized Bregman lteration

e Let

uff“ — &shrink(vf. p), i=1..... n,

oL R L AT(F — AuPTY.



