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CHAPTER 1

Mathematical Background

In this chapter we will give a self contained presentation of all the mathematical ideas which are involved in
the following discussion.

1. Ideals

If Ris a ring and I C R then I is an ideal if it satisfies :

l.ael,bel=>a—-bel
2. ae,reR=>rael

Let A ={a1,---,ax} C R, the ideal generated by A denoted {aq,--- ,ax) is the intersection of all the ideals
containing A. If R is a commutative ring with identity then (a;,---,ax) ={r1a1 +maz+---+reax |1 €
R,a; € A}

DEFINITION 1.1. An N-graded ring S is a ring together with a (internal) direct sum decomposition S =
So®S1@---, such that S4Se C Sgie- The component Sy is called the d-degree homogeneous component
of S.

The ring F[xq,--- ,xn] can be given a graded structure by setting S to be Flxq,--- ,x,] and

Sa={f : f€Fxq, - ,xn],deg(f) = d and f is homogeneous}

It is easy to see that every element p of a graded ring S can be expressed uniquely as a finite sum of elements
from Sq4, these are called the homogeneous components of p.

DEFINITION 1.2. If A is the polynomial ring we define a subset of A called the set of power products of 4
denoted PPg[x1,--- ,Xn] :

1. 1 € PPg[x1, -+ ,Xnl.

2. For1<i< n, Xi € PP]F[X1,--- ,Xn}.

3. For 1 <1< n, mée€PPg[x1, -+ ,Xn] = mx; € PPg[x1,--- ,Xnl.

Let I be an ideal, then vVI={f |Im e NNm > 1 : f™ € I}, is called the radical of I. If I = /T then I is
called a radical ideal. An ideal I is called prime if fg € I = (f € IV g € I). An ideal I is called primary if
fgel= (felVgm™el) for some me Nm > 1.

We are primarily interested in ideals in the ring of multivariate polynomials.

DEFINITION 1.3. A total ordering = on the monomials of F[x1,- - - ,Xy] is called admissible, if the following
hold :

1. For monomials mq, my, m3, My > Mz = mjms = mayms.
2. For all variables xi, x; > 1.

DEFINITION 1.4. Let f € Fxq,---,%n] and let > be an admissible ordering on the monomials of F[x1, -+, Xn].
Then if f = apgmo + a;my + - -+ + axgmy where m;’s are monomials and a; € F, and mo = mq > -+ > mx.
Then

1. LT (f) = apmyp.

2. LM (f) = myp.
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3. Terms (f) = {aomo, aimy, -+, AxMg}.

We fix an admissible ordering in the following discussion.
Let H C Flxq1,---,%n]- A polynomial f € F[xq,---,x,] is said to be H-reducible if there is a monomial
m € Flx1,---,%xnl], and a polynomial h € H, such that LT (ch) € Terms (f). The polynomial g = f — ch is

called a reduct of f. We denote this relationship by f A, g- The transitive closure f A, g means that there
is a sequence of polynomials hi,--- ,hy such that hy =f,hy =g and foralli <1 : h A, hit1. We say
that g is a H-normal form of f if :

1. f S g, and

2. g is not H-reducible.

If f1,--- ,fx € Flx1,--- ,xnl, and let I = (fq,--- ,fi) then a set G C I forms a Grobner basis if any of the
following equivalent conditions are satisfied :

1. Vhel3dgeG : LT (g) \ LT (h).
2. fel(:)f%o.
3. (LT (f) | fe )= (LT (g) | g € G).

DEFINITION 1.5 (S-Polynomial). If f,g € I C Flxq,--- ,%xy] then
S(f,g) = lem (LM (f),LM (g)) , lem (LM (f),LM (g))
90 LT (f) LT (g)
THEOREM 1.6 (Buchberger’s Criterion). If G C F[x1,--- ,Xn], then G is a Grébner basis iff

Vf,g€G : S(f,g) —= 0

In many cases it turns out that shifting attention to homogeneous ideals simplifies the analysis of the structure
of the ideals.

DEFINITION 1.7. (Homogenizing ring) We define F(") [y, xq,--- ,x,] as the ring obtained by the homoge-
nization of the polynomial ring Fix1,--- ,xnl. f = Y, aimi € Flx1,--- ,xn] = f € FM [y, x1,-- ,%xn]
where

f(h) — Z aimiydeg(f]fdeg(mi)
i

Notation : We sometimes use A for Fx1,--- ,xn] and AM™ for FM [y, xq1, -+, xn].

2. Algebraic Geometry
2.1. Algebraic Sets.

DEFINITION 2.1. Let S C F", if there are polynomials fq,--- ,fx € F[x1, -+ ,xn] = A, such that S =
x| Vi:1<1<k (fi(x) =0)}, then S is called an algebraic set. w is called the coordinate ring

of S, and denoted A(S).

Taking the algebraic sets as closed sets, we can impose a natural topology on F™. A closed set V in
a topological space is said to be irreducible if there are no proper closed subsets Vi, V2 of V, such that
V =V, UV, We call the irreducible algebraic sets algebraic varieties.

DEFINITION 2.2. If U C F" is an algebraic set, we denote the ideal of polynomials which vanish on all points
of Uby I(U) ={fe A |V¥x e U : f(x) =0} IfIisan ideal in A then we denote the algebraic set
U={xeF"|Vfel: f(x) =0} by V(I), or by Z(I).
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2.2. Schemes.

DEFINITION 2.3 (Presheaf). Let X be a topological space. A presheaf F of abelian groups (rings, sets) on
X consists of

1. For every open subset U C X, an abelian group (rings, sets) F(Ul) is associated.
2. For every inclusion V C U, of open subsets of X a morphism of abelian groups (rings, sets) puy : F(U) —
F (V) which satisfies
(a) F(0) =0, where ( is the empty set.
(b) puu is the identity map F(U) — F(U)
(¢) f W C V C U, are three open subsets then pyw = pyw o puv-

If F is a presheaf on X, we refer to F(U) as the sections of the presheaf F over the open set U. The notation
I'(U, F) is used to denote the group F(U). We call the maps pyy restriction maps, and if s € F(U) we write
s|v instead of pyv.

DEFINITION 2.4 (Sheaf). A presheaf F on a topological space X is a sheaf if it satisfies the following con-
ditions
1. If U is an open set, with U = J;;
that Vie I : s|ly, =0, then s =0.
2. If U is an open set, with {Vi | 1 € I} an open covering of U, and if we have for each i € 1, s; € F(V;)
such that Vi,j € T : silv,nv; = sjlvinv;, then 3s € F(U) such that Vi€ T : sly, = s;.

DEFINITION 2.5 (Stalk). If F is a presheaf on X, and P € X, the stalk Fp of F at P is defined as the set
{{U,s) | U € Nbd(P),s € F(W)}. (U,s) = (V,t) iff there is W € Nbd(P), with W C U NV, such that
slw = tlw.

Vi, where each V; is an open set, and s € F(U) is an element such

DEFINITION 2.6 (Morphisms). If F and G are presheaves on X, a morphism ¢ : F — § consists of a
morphism of abelian groups @(U) : F(U) — G(U) for each open set U, such that whenever V C U, the
diagram

@(U)

F(U) g

lpuv lp{lv
Fv) Y gv)

is commutative. Where p, p’ are the restriction maps in F and G. The same definition applies in the case F
and G are sheaves. An isomorphism is a morphism which has a two sided inverse.

DEFINITION 2.7. If A is a ring Spec A =q4ef {p | p is a prime ideal of A} . If a is any ideal of A,
V(a) C Spec A is the set of all prime ideals which contain a.

LeEmMMA 2.8 (Topology on Spec A). The following are elementary properties of V(a)

1. If a and b are two ideals of A, then V(ab) =V (a)U V(b).
2. If{mi} is any set of ideals of A, then V(3 _ai) =V (a).
3. Ifa, and b are two ideals, then V(a) C V(b) iff Vb C 1/a.

The above lemma allows us to define a topology on Spec A as follows. Subsets of the form V(a) of Spec A
are the closed subsets. We have V(A) = ¢ and V({0)) = Spec A. The lemma shows that finite unions and
arbitrary intersections of sets of the form V (a) are also of that form. Hence they form a topology on Spec A.

We define a sheaf of rings O on Spec A. For each prime ideal p C A, let A, be the localization of A at p.
For an open set U C Spec A define O(U) to be the set of functions s : U — Hpeu Ajp. Such that for each
p € U, there is a neighborhood V of p, V C U, and elements a,f € A such that for each q € V, we have
f ¢ qands(q) =a/fin A;. O(U) itself is a commutative ring with identity. If V C U are two open sets, the
natural restriction map O(U) — O(V) is a homomorphism of rings. Thus O is a presheaf, the local nature
given above shows that it is indeed a sheaf.
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DEFINITION 2.9. Let A be a ring. The spectrum of A is a pair consisting of the topological space Spec A
together with the sheaf of rings O defined as above.

DEeFINITION 2.10 (Ringed Space). A ringed space is a pair (X, Ox) consisting of a topological space X and
a sheaf of rings Ox on X. A morphism of ringed spaces from (X,Ox) to (Y,Oy) is a pair (f,f#) of a
continuous map f : X = Y and a map f# : Oy — f,Ox of sheaves of rings on Y. The ringed space (X, Ox)
is a locally ringed space if for each P € X, the stalk Ox p is a local ring. Where f, refers to the direct
product cycle of f.

DEFINITION 2.11 (Scheme). An affine scheme is a locally ringed space (X,Ox) which is isomorphic to
the spectrum of some ring. A scheme is a locally ringed space (X, Ox) in which every point has an open
neighborhood U such that the topological space U, together with the restricted sheaf Ox|y is an affine
scheme.

X is called the underlying topological space of the scheme (X, Ox), and Ox is refered to as the structure
sheaf.

DEFINITION 2.12 (Dimension). The dimension of a scheme X, demoted dim X, is its dimension as a topo-
logical space. If Z is an irreducible closed subset of X, then the codimension of Z in X, denoted codim (Z, X)
is the supremum of integers n, such that there is a chain

1 =720<721<---<2Zy
of distinct closed irreducible subsets of X. If Y C X and Y is closed then, we define
codim (Y, X) = inf codim (Z,X)
zey

Where the infimum is taken over irreducible Z.

DEFINITION 2.13 (Complete Intersections). A complete intersection in P™,is a closed subscheme Y C P™
such that the homogeneous ideal I = Z(Y) in S = k[xo,---,xn] can be generated by r = codim (Y,P")
elements.

PROPOSITION 2.14. LetY be a closed subscheme of codimension v in P™. Then Y is a complete intersection
iff there are hypersurfaces (locally principal subschemes of codimension 1) Hy,---  H,, such that Y = Hqy N
Hy N ---NH, as schemes, or I(Y)=1I(Hq) +--- + I(H;).



CHAPTER 2

Effective Nullstellensatz

1. Introduction
We begin our investigations with a discussion on the effectivity results on the Hilbert’s Nullstellensatz.

THEOREM 1.1 (Hilbert’s Nullstellensatz). Let k be an algebraically closed field and let a be an ideal in
A =Kkl[x1, - ,xnl, and if f € K[xq,--- ,xn] , such that Z(f) D Z(a), then Ire Nyvr >0 : " € a.

COROLLARY 1.2. If fq1,--- ,fx € Clx1,--- ,xn] have no common zeros. Then there are polynomials
g1, -,k € Clxy,--- ,xn] such that
(*) D> gifi=1

1<i<k

The problem of Effective Nullstellensatz is to find a bound on the degree of the polynomials g;. The proof
of the theorem being nonconstructive does not yield a direct computation of the degrees. In the following
we shall derive a bound on the degrees of the polynomials involved in the Nullstellensatz, and then go on to
show that the decision version of this problem can be solved in AM if the Generalized Riemann Hypothesis
is true.

2. Sharp Effective Nullstellensatz

In 1926 G. Hermann [Her26] gave a bound for the polynomials involved in the expression (%), the bound
was obtained by using elimination theory and was doubly exponential in the number of variables'. In what
follows we shall describe closely the result of Jdnos Kolldr [Kol88] which is essentially an optimal bound.

DEerINITION 2.1. If K is a field and n,dq,--- ,dx € N let
N(Tl,d1,'-- ,dk) :min{s ‘ Vf],"' ,fk (S K[X],"- ,xn],deg fi = di,Z(<f1,--' ,fk)) = (1),
g1, -+, 0k € Kx1,:++ ,xq]: Z gifi = ]vmiax{deg(figi)} < sl

However we will find it easier to estimate the following quantity, and the relevance to the original problem
will be shown as a corollary.

DErFINITION 2.2. If K is a field and n,dq,--- ,dx € N let

Nl(nv d1v' T )dk) _min{s | vﬁv ) aﬁ(homogeneous) € K[XO)X1v" ) )Xn]v

deg i = di, and (\/(f1,---, &))" C (f1,-- ,ﬁ)}.
In some sense, the above quantity refers to how far a given ideal is, from being a radical ideal. We will
require the following result in the proof of the main theorem.

LEMMA 2.3. Let Z C P™ be a zero dimensional subscheme, and let h € K[x1,--- ,xn]® so that deg h =d,
such that Yz € Z : h(z) #0. Let T be the homogeneous ideal of Z.
If one of the following conditions is satisfied

1. k > length Z

1The bound was actually given for the more general situation of polynomial membership in an ideal.

9
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2. There are hypersurfaces Fy,--- ,Fn of degrees dy,---,dn such that their intersection is T is zero
dimensional, Z is the union of some connected components of T, and k > ) ,(di —1).

then
(XO)' e )xn)ker - <I)h)

Proof : We have,
Opn(k) —— Oz(k)] —— 0

since the k-th twist of the sheaf of regular functions on P™ are also regular functions on Z. Let S be the
graded ring of K[xo, - ,Xn]. We have that S = @, ., H®(Op=(k)).

HO(Opn(K)) = (xg*' - x| ) mi =k)

 Ker[0z(k) — 0]  I(k)
~ Im [Opn(k) — Oz(k)]  Opn(K)

H®(0z(k))

Let,

Mz (k) = Im[H°(Op=(k)) — H(Oz(K))]
And consider the multiplication map

me @ Mz(k) —2— Mz(k+d)

which causes a twist change of d as deg h = d.

Now observe that (xg, -+ ,%n)*"¢ C (Z,h) iff m; is surjective for j > k.
If m; is surjective for all j > k, then for f € (xq,--- ,xn)*"¢
there are f1,---,fxia,fi € (X0, - ,Xn) : f = f1---frpa. Clearly deg f > (k + d), so we can split

it up into homogeneous components of degrees ranging from k + d to deg f. So there are polynomials
g1, -+ ,01 € H(Opn(deg gi)) C H°(Oz(deg gi)), such that f =gq + g2 --- + g1 + «, where « € .

But as m; is surjective we have gi = h x p; for some p; polynomials of smaller degree, so } ; gi € (h). Thus
we have f € (Z,h). The other direction can be done similarly.

Now as h is not zero on Z it is injective since otherwise h x a =h x b = h(a — b) = 0, with a — b nonzero
on Z. So we have that my is surjective if Mz (k) = H%(Oz(k)).

In case (1), let S be a connected component of Z, and let m be the ideal of the closed point of S. Recall that
a closed point of S is a minimal closed subset of S in the Zariski space. Since we can find a hypersurface of
degree (length S) such that it is zero on S and not zero at the other points of Z. We have m'®"&th S Og = 0.
So the following sequence of maps becomes surjective,

HO(Opn(K)) ——— H(Opn/m**1(k)) —— H°(Os(k))

is surjective for k > length S. Now multiplying such polynomials together we get the surjectivity of Mz (k).

In case (2), we have by Macaulay [Reference to be added.] that the map
HO (Opn (k) — HO(O7(K))

is surjective in the required range. Hence the map for Z is also such a map. O

THEOREM 2.4 (Main Theorem). Given a field K and n,dq,--- ,dx € N with d1 > d > --- > dx, and
1 <i<k,di #2. Then
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didz---dx ifk<n
N/(Tl,d],"',dk)z d]dz-'-dn71dk ifk>n>1
di +di —1 ifk>n=1
Proof : Consider the polynomials f;, we rearrange them so that d; = min{d;,--- ,dy}, and also d; > d3 >

coe > dy.
Let Fi = Z(fl)

Let R=F NF,N---NFg, and R be the homogeneous ideal of R.

Let U =P™ — R, which is an open set.

And let Z; = (UNFy N ---NF;) which is the topological closure in the Zariski topology.

Now ZinUC Zi1NnUC---CZyNnU. So Z; NnUis a complete intersection of codimension 1.

As (f1,---,fi) D Zi NU, and since we can express fi’s as general linear combinations of fq,---,fi, we can
arrange that (fq,---,fi) D (f1,---,fi_1). Further by assumption (f1,---,fx) = (1), and also polynomials
in each of these ideals vanish over the set. So the conclusion is obvious.

We can write (f1,---,fi) = I(Z;) N I;, where I(Z;) is the homogeneous ideal of Z; and I; is a homogeneous
ideal whose cosupport is in R. I; may not be unique.

By assumption I(Zy) is the whole ring, and so ax tells us which power of h is in the ideal of the f;.
So we have to estimate the aj.

Let a; = min{s : R°® annihilates %}

[Inductive Step] Consider the following decomposition :
(I(Z3), fis1) = UZis1) N Kiv1 N Eipa

where Ki 41 is the intersection of the primary components of codimension i+ 1 whose cosupport is in R, and
Eiy1 is the intersection of the primary components whose cosupport has codimension > i + 2. Support of
Eiy1 is also in R. Further K1 is uniquely defined.

Let
kit1 =min{s | R® C Kit1}
and let

I(Zi 1) NKig }
(I(Z1), fiv1)

€ir1 = min {s : R® annihilates

Kip1+eiin hi A(Zen)
hence R annihilates F75H--

Asfe % —f=oa+p, where x € I(Zi 1), B € (I(Zy), fis1)

let y € R¥i+

Y(x+B)=vx+vB,

I(Z; N K;
now ,y«x € I(Zi+]) n Ki+], and so ,'YOC+'Y|3 € W
i)y M+

which is annihilated by R+, so the conclusion follows.
Also clearly Rt annihilates

(I(Z3), fig1)

e = REY(I(Zy), figr) C{fr, -0, i, fr
(f1,---,fi, fip1) (I(Z1), fi1) C (fy 1)
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So we have R*i+1+ei+1+ai gpnihilates
1(Zi 1)
(f1,--, fi,fie)
Thus we have aij11 < Kit1 + eir1 + aj, also ki1 < the degree of the scheme defined by i1, and e;j 1 is
due to the embedded primes. In what follows we will bound these terms.

DEFINITION 2.5. If S is a scheme and R is an ideal we define
nil(R,S) = min{t | VZ C Z(R),Vi < codimz(S) : R*HL(Os) = 0}.

LEMMA 2.6. Let X be a pure dimensional affine scheme. Let f be a nonzero divisor, and let R be an ideal.
Let R = Spec Ox/R. Let

) =INKNE

where 1 is the intersection of isolated primary ideals whose cosupport is not in R, K is the intersection of
isolated primary ideals whose cosupport is in R, and E is the intersection of embedded primary ideals.

FBurther let X' be the scheme defined by 1.

If R* C K, and cosupp E C R, then
nil(R, X') < 3nil(R,K) + k

Proof : Consider the exact sequences

OEOX%OX%%%O

0 —— % — % = Oxr —— 0
these give rise to the homological sequences
H (0x) —— Hy (%) —— HY(0x)
HY (FX) —— HY(Ox) —— HY (L)
Now

Now
Rnil('R,X]

annihilates H, (Ox) ,

geHE(%)ég:oﬂ—ﬁ o€ (f),p € Im Ox

So R2(RX) annihilates HY, (%) We have to estimate the power of R which will annihilate HL" (%) .

We first determine which power of R anmhllates . We have
INK c 1 c ., 1 N

Now R* annihilates 1. If Z is the support of ! (f) , then I(r}f HY (T}f) = H9 (%) — HL(Ox).

As 0 < i, we have R™R.X) annihilates 12X and as R* C K, R (R.X)+% annihilates <}) Hence R3"1R.X)+k

ROX
annihilates HIZH (Os).
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O

Here we assume that k > n. Now consider the sequence of hypersurfaces as defined earlier F;,1 <1 < n.
Z; are the schemes as defined. We also have a well defined sequence of integers kq,--- ,kn. As Z; is a
hypersurface we have nil(R, Z;) = 0.

Thus we inductively get upper bounds for nil(R, Z;) as follows. To get estimates for the numbers a; consider

IjﬂKj O(IjﬂKj) 1( >
=H —H, Oz
AN ) A\

so we have e; < nil(R, Z;_1), thus from the bound in the inductive case we have

1<i<n
3 (e )
1<i<n 1<5<i—1
Sy (e ¥ e
1<i<n i+1<i<n
34
1<i<n

Z., is a zero dimensional subscheme and we have to compute its degree. deg Z; 11 = di+1 deg Zi—deg Opn /Kit1.
h € v/Kii1, and this ideal is unmized. Thus we have

RIsOP /Koot C Ky

in particular ki1 < deg Opn/Kitq
thus we get deg Zi+1 < diy1degZ; —kiig

so degZ,, < H d; — Z ki H d;

1<i<n 1<i<n  i41<j<n
as dj > 3, we have degZ, < H d; — Z k3"t 14,
1<i<n 1<i<n
Now we have a straightforward lemma :
LEMMA 2.7.
W <,
341

and dn +ki——5— < k3" d,
unlessi=n—1and ki =1 or 2.

Case k <n: We have as Zy = ¢,

n—i 1 i
ai < ki?’TJr < Z k3™t d,
1<i<n 1<i<n
< di—degZi = J] &
1<i<k 1<i<k

So we have the required bound in this case.
Case k1 = --- =kn_1 = 0 : In this case the hypersurfaces F; intersect in a zero dimensional subscheme of
P™. So we can use 2.3 to see that the map

fn+l
My — Miid,
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is surjective for k > 3 ; ., (di —1).

If we consider the quotient K[xo, -+ ,xnl/{f1, -+ ,fnt1) then for d > dn41 + Z1<1<n di — 1), the degree d
graded piece has support in H. By Bezout s theorem, the cosupport of Ky, has length at most [ [;<;<,, di,
thus RITi<i<n @0 C Koo As [Tqcicn di > dngr + Y ;(di — 1) we have RITi<isn 4t C (f1,--+ f,,9). Which
is what we have to show.

Case k > 0 for somei < (n—1): We have R~ annihilates Ty and so it also annihilates o I“’f“+f‘ 3

by 2.3 we have R4¢8%4n+dn+1 C (I f. ). Thus we have Rdegz Fdnsrtan C (T f41). By the above
lemma we have

3n7i_|_] .
an+degzn+dn+1 <ki—s—+ H di — Z ki3n * ]dn+dn+1 < H di

2 1<i<n 1<i<n 1<i<n
unless k1 ==k, 2=0,kn_1=1o0r 2.
Remaining Cases We have that the hypersurfaces F1 o ,Fn intersect in a curve C of degree ¢, and in
finitely many other points. So degZ, = ]—[1<1<n — deg Op~/K;,. so we require the inequality

degZn +2kn—1 + kn +dnt1 < H1515n ;. This is satlsﬁed if ¢ > 3. So the final cases are when C has
degree 1 or 2. If we have deg Opn/K,, > k,; +2. As C has degree at most two, it is a local complete
intersection curve and so we have by [Reference to Fulton]

Fm---ﬂFn:lCU‘(Hdi(Zdl )C2X(Oc)>‘

From this we get that Spec Opn/K,, has at least (Z d; — )c +2x(Oc¢) — cdy, points as a subscheme

of O¢c. Thus we have

deg Opn /Ky —kn > ( > di—n—1>c+2x((’)c)—cdn—022

1<i<n

if n > 3. When n = 2, the common curve of intersection becomes a common irreducible factor for the f;
and so we are in the reducible case which can be reduced to a simpler case. O

REMARK 2.8. If we have a bound on the degrees then the solution of h € {fq,--- ,fy), is equivalent to solving
for the coefficients of polynomials of g; in h = ) ; gifi, which turns out to be a linear equation for these
unknowns. If we have a degree bound then solvability for these coefficients in the extension field implies
solvability in the base field. Hence without loss of generality we can assume that the field K is algebraically
closed.

COROLLARY 2.9. Given fq,--- ,fx and h € K[xq,--- ,%xn], assume that h vanishes on all of Z(f1,--- ,fi)
(in the algebraic closure of K). Let di = deg fi and if di #2. Then we can find g1,---, gk € Klx1,--- ,xn]
and s € N such that
Z gifi =h®
i

and s < N'(n,dq,---,dx and deg gifi < (1 +deg h)N'(n,dq,---,dx).

Proof : We first homogenize f; to get f; by introducing a new variable xo, say we have to homogenize the
polynomial to degree d > deg f; then we set fi(xo," - ,Xn) = x$fi ( . ,’;—g).
Similarly let h be the homogenization of h. As h vanishes on all common zeros of f;, then f; = 0 =

ngi(z—;, <o X0y =0, as K is a field xo # 0 = f; = 0. So f; vanishes if xo # 0 and the other coordinates

> Xo
are a zero of the polynomial. So h vanishes on all common zeros of f; which do not lie on the hyperplane at
infinity (xo = 0). Thus xoh, vanishes at all common zeros of f;.
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So xoh is contained in (f7,--- ,fx). Thus by 2.4, there are homogeneous polynomials g; such that Zif_iﬁ =
(xoh)S. We can assume that

deg figi = s deg xoh < N'(n,dq,---,dy)(1 4 deg h).

The dehomogenization of the above now gives the result. O

There are classes of polynomials for which the above degree bound is achieved, so the bounds are tight. For
the case of d = 2, there is a tighter bound due to Sombra.

3. The Complexity of the Nullstellensatz

We investigate the complexity of the following problem :

Problem : Hilbert’s Nullstellensatz (HN)

Input : fq,---,fs € Clxq, -+ ,Xn]
Question : Is there X = (x1, -+ ,xn) € Clxq, -+ ,xn] such that V1 <i<s : fi(x) =07
Hilbert’s Nullstellensatz tells us that this happens iff 1 ¢ (fq,--- ,fs), or it is not possible to find g1,--- ,gs €

Clxt,---,xnl + X i0ifi =1

In light of the previous result, we have a bound on the degree of the g;’s involved, so we can write g1 = >_ 5 My,
where m; are monomials, and the sum is over monomials of degree less than the bound given. In the Blum-
Shub-Smale model of computation, the resulting set of linear equations obtained by the above sum can be
solved using only polynomial amount of space. So HN € PSPACE.

However if we assume the Generalized Riemann Hypothesis, we can show that HN is in AM. This result is
by Koiran [Koi96).

Firstly observe that HN is NP-hard. We give a many-one reduction from SAT to HN. If b = b1 A b2 A
- -+ A\ ¢y, then consider the polynomials constructed as follows :

Xi if p =%
Po—{(1-P,) if ¢ = g
(P¢l +P¢27P¢1P¢2) if o =a¢1Voh2

Now ¢p(x1,---,%n) =T = Pg(x1,--- ,xn) =1, &(x1,--+ ,xn) = L = Pyp(x1,--+ ,xq) =0.
So the ideal (Py, — 1,--- ,P¢, — l,x% — X1, ,X2 —Xn), has a common zero iff ¢ was satisfiable. The
polynomials xiz — Xi, restrict attention to solutions on the Boolean cube.
We make the following notational conventions.
1. Let S ={fy,--- ,fs},fi € Z[x1, -+ ,Xnl-
Let d = max; deg f;
If f; = Zj ai,-xj then L = max; j1g|ai;/, that is L is the maximum size of the coefficients.
o=degS=2+) ;i< di-
Polynomials are assumed to be in the sparse notation, i.e., the monomials with coefficient zero are
not listed.
We can assume that by the repeated squaring method, all polynomials have been reduced to have
degree 2, and coefficients in [—2..2].
n(x)={1,2,--- ,x}NP.
Rs ={p | S is satisfiable in F, = Zp}.
Rs(x) =RsN{1,2,--- ,x}
If f € Z[x], then

S vk LN

© © N

Rf = R{f},
R¢(x) = Ry (x)
and 7t¢(x) = 7 (x)
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3.1. Main theorems. Here we list the two main theorems which help us to locate the complexity of
the Nullstellensatz.
THEOREM 3.1 (Main Theorem). If GRH is true then there erist constants cq,c2,c3 € N such that if
A =d°""s([lgs] + L),
B =8A(lgA + 3),
and xo > L¢22(n1go)®3

then the following two properties hold :

1. If S is not satisfiable in C then ms(xg) < A.
2. If S is satisfiable in C then ms(xo) > B

REMARK 3.2. The dependence on GRH comes from a technical lemma required in the proof.

We can see that HN is in PﬁPNP, since to decide whether S is satisfiable, we have to compute 7ts(xo), since
checking whether a number is prime is an NP predicate, we can compute 7ts(xo) in §P, using an NP-oracle
which given an integer p checks whether p is prime and guesses a solution to S and verifies it in Z,. The
main idea is that since the gap between the two cases is large enough, we need not have exact counting.

LEMMA 3.3 (Sipser’s Lemma). [Sip83] There is a L5 predicate Hash(E, m) which has the following property.
IfE C{0,1}%, |[E| < 2™ 2 then Hash(E,m) = T, and if |[E| > m2™ then Hash(E,m) = L.

The statement is that if h: 2™ — X™ is a linear transformation given by R = {7ij}mxn picked at random
from {0, 1}™*™, where 13; € {0, 1}, and h(x) — ((Zj 15 Axj) mod 2)1<i<m, then we have the following :

LEMMA 3.4. For eachi<n and x,y € 2™, x #y, Pr[h(x); = h(y)}l = %
LEMMA 3.5. For distinct x,y € X", Pr[h(x) =h(y)]=2"™
LEMMA 3.6. Let AC I™ |A|=k,m =1+ [lgk], then
Vx € X" Pr[3y € A :x#yAh(x)=h(y)] <k2™™
LeMMA 3.7. Let H be a collection of m randomly selected functions h as above, then

PrivheH3Iye A : (y#xAh(x)#h(y))) <2 ™

LEMMA 3.8.

Prx €A : VheH : Jye A :y #xAh(x)=h(y)] <

N —

Let A, BC X™and x € ™.

We say that h separates x within A if Vy € A,y # x h(x) # h(y).

We say that h separates B within A if it separates each x € B within A.

H separates B within A if for each x € B some h € H separates x within A.

LeEmMMA 3.9 (Coding Lemma). A C I, k = |A| and m = 1+ [Igk]. If H is a collection of m randomly
chosen linear transformations h : X" — X™ then

1
Pr[H separates A within A] > 7

For the above setting we see that as the probability is nonzero such a setting will exist. However if |A| > m2™,
then as each function cannot work for more than 2™ x’s if there are more that m2™ x’s then the probability
falls off to zero. Thus the result of 3.3 follows, since the middle existential quantifier is ranging over a
polynomial sized set and can be removed and then the universal quantifiers are merged together. Thus we
have a L} predicate which is the claim.

THEOREM 3.10. HN € AM
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Proof : We first show that HN € TT5.
Consider the TT5-predicate ~Hash(E, m), which has the form

Vf]a"' ,fm C(f],"' )fm)

where C(fq,--- ,fm) = 3Ix,X1,-+ ,Xm € E /\ ( fi(x ))/\x;éx1>

1<i<m

Now as before f; : {0,1}% — {0,1}™ is a linear transformation.

We apply the result to the set E = Rs(xo), the membership of x,x1, -+ ,%m € E can be coded as a ¥
predicate. Now when these existential quantifiers are merged with those in the TT} predicate for the above
predicate we have the result that the satisfaction of the —Hash(E, m) is equivalent to the satisfiability of S,
if A<2m2<m2m<B.

Now let m be the integer which satisfies A < 2™ 2 < 2A, as m < IgA + 3, m2™ < B is satisfied, if B is as
chosen in the main theorem. So HN € TT5.

From the lemma given above, we see that if |[E| < 2™~2 and the functions are chosen at random by selecting
the entries of the matrices at random, the probability of a collision (C(fy,- - ,fm) = T) is at most % So the
randomized algorithm fails with probability at most % for unsatisfiable systems and the algorithm always
gives the correct answer if the system was satisfiable. This shows that HN € AM. O

3.2. Proof of the main Theorem. We have to prove some preliminary results before we can prove
the main theorem.

DEFINITION 3.11. Let P =Y, .4 axx® € Z[x], the norm of the polynomial is ||P|| = /3 scr<q Q2-

We have the following effective version of the primitive element theorem.

THEOREM 3.12. Let oy and oy be roots of two squarefree polynomials Pq1,P2 € Z[x], of degree dy and d,
and mazimum norm N. Let d = max{dq,d2}. There exists a squarefree polynomial R € Z[x] of degree at
most d1dz and a root B of R called a primitive element, such that o = Qi(p)/ai, (i =1,2) where Qi € Z[x]
and a; € Z, |ai < cN24., Where ¢ is a universal constant, deg Qi < d1d and N(R) < ¢N24,

We have a straightforward generalization of the above theorem to many polynomials as follows.

LEMMA 3.13. Let «q,---,&n be roots of n squarefree polynomials P1, ,Pn € Z[x] of degree 2 < d; < d,

and norm N(P —1) < N. There is a squarefree polynomial R,, € ZI[x] of degree at most d™ and a root By, of

R, such that oy = Q‘;%B), where Qin € Z[x] and ain € Z,|ain| = Ndo(“ ), deg Qin < < dxisisnt gnd
nin—1)

”Rn” <c N2 fa” , ¢’ is a universal constant.

THEOREM 3.14. Let x1,--- ,Xn be 1 algebraic numbers which are roots of polynomials Ay € Z[x] of degree
at most d with coefficients of size at most L. There is a primitive element v for x1,--- ,Xn which is a root of

an irreducible polynomial B € Z[x] of degree at most d™. The coefficients of B are of size at most L. an®".
Further, each xi can be represented as xi = Qi(r)/ai where Qi € Z[x] and lg|ai| = Ldan°"" .

Proof : The primitive element is obtained as follows :

1. Let A{ be the derivative of A;. A; is made squarefree by computing P; = gcd(;\\im'
2. Applying the 3.13 to Pq,--- , Py, this gives a;, Q; and a polynomial R € Z[x].
3. The primitive element r is a root of R. So B is an irreducible factor of R.

The bounds on the coefficients follow from the results of Mignotte. O

Now we consider solutions modulo p, for the system of equations S.
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3.2.1. Unsatisfiable Systems. If the system we unsatifiable then S has no common zeros in C so by the
Nullstellensatz we can write for some a #0 € Z,gi € Z[x1, -+ ,Xn]

(1) a:glf1+"'+gsfs-

We need a bound on the size of a which can be obtained if we have a bound on the degrees D; of the gi’s. We
showed earlier that we can take D; = max{3, d}™. Given the bound on the the degrees we have to find the
coeflicients by comparison in the above identity. The linear system contains as many variables as monomials
of degree at most max{3, d}™, and a is the determinant of a maximal minor of the system matrix. This leads
to an exponential number of coefficients in the dense representation sd™* of binary size do(“z)Lo“), thus
the determinant value is upper bounded by sOM@OMILOM | Tt turns out that we can get a better upper
bound on the size of a, as from [Kri96] we have Ig|a| < d°(™s(lgs + L).

THEOREM 3.15. If the system S has no common zero in C, then Rs is finite and Rs| < d°Ms(lgs +L).

Proof : If S has no solution in C then (1) holds in C and hence also in Z. So S has no solution in Z,, if
a mod p # 0. The result follows as a cannot have more than 1g a prime factors, and the above bound on
the size of a. O

3.2.2. Satisfiable Systems. We have to show that if the system is satisfiable, then it has algebraic solutions
which have small enough descriptions. First we require a quantifier elimination result.

THEOREM 3.16 (Fichtas, Galligo). Let @ be a prenex formula in the first-order theory of C. Let t be the
number of quantifier blocks, n the total number of variables, and o(®) the total degree of @, defined as :
o(®) =2+ ) degF
1<i<s
where F1,--- ,Fs are the polynomials occuring in ®. O© is equivalent to a quantifier-free formula ¥ in which
all polynomials have degree at most
g e(@)°)

nO()

). Further if the coefficients in the polynomials of
°M (1go(@) )

The number of polynomials occuring in ¥ is O(o(®D)
@ are integers of size at most L, the constants in ¥ are integers of size at most L2™

THEOREM 3.17. There are absolute constants c1 and c2 such that if S has a solution over C, then there is
a solution X = (X1,--- ,Xn) such that each X is a root of a polynomial of degree at most 201891 with
coefficients of size at most 12(n180)2

We first show a special case of the above.
LEMMA 3.18. 8.17 Holds for the case where Z(S) is finite.

Proof : Let T be the solution set of S, and T; C C be the projection of T onto the i-th coordinate axis. By
3.16, Si can be defined by a quantifier-free formula in which polynomials Pij,- -+, Pim, of degree at most

2(n1g0)1 and coefficients of size at most [2(M189)°2  If T is finite then each S; is also finite. Hence each
element of S; is a root of some Pi;. The result follows as the components of any solution x € T must be in
one of Tq,--- ,T. O

Proof :3.17 The proof is by induction on n. The constants will satisfy ¢1 = ¢ and ¢z > cj.

If S has finitely many solutions then the result holds by above lemma.

Now if S has infinitely many solutions. Then at least one of the T; must be infinite. Thus C — Tj is finite,
since the variety on the i-th axis is defined by the vanishing of polynomials which can exclude only finitely
many points if it is infinite. As its elements are among the roots of m; = o polynomials of degree at
most 2(M189)°" S we have |C — Ty < 2("189)°% for some absolute constant c3.

This implies that there is an integer o € T;, with 0 < « < 2(n189)°3 by a similar analysis as in the case of
the unsatisfiable system. As « is polynomial in size, this integer can be substituted for x; in the system, to
obtain an new satisfiable sytem in n — 1 variables, where the polynomials are of degree at most d, and have
coefficients of size at most L + dlga < L+ d(nlgo)©s.
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By induction hypothesis this system has a solution whose components are roots of polynomials of degree at
most 2((n=11g )"
They have coefficients of size bounded by

B = (L +d(nlg o)cs)z(‘“”lg )2

To complete the proof we have to show that B < L2("189)°? If we assume that L and d(nlg o)¢3 are bigger
than 2, we have :

B < 12((n=1)1go)°2+lg(d(nlgo)®3)
Now as d < o, it suffices to show
(Mmlgo)®? — (m—1)1go)? > lgo+c3lg(nlgo)
Which holds if we chose c; large enough. O

LEMMA 3.19. Let x = (xq,--+ ,%xn) be a vector of algebraic numbers which are a solution of S. Let r be

a primitive element for xq,--- ,xn there exists polynomials Q1,---,Qn € Z[x] and a € N such that x; =

Qi(r)/a. Let R € ZIx] be an irreducible polynomial such that R(r) = 0. If R has a root in Z, and a
mod p # 0, then S is satisfiable in Z,.

Proof : Forie{l,---,s}, let

(2) gi(x) = adifi(Q1 (X) y" Ty QnQ(X)> yO0i € Z[X]

a

These polynomials must be multiples of R as R is irreducible and gi(r) = 0. So there are polynomials
A1,---,A> € Z[x] such that

(3) gi(x) = R(x)Ai(x)

If a mod p # O then (2), (3) must hold in Z,. Thus X is a root of R in Z, (Lxe) ... Qulxol) g 5
solution of S in Z,. O

Let f € Z[x] be an irreducible polynomial of degree n, and let A =TT, 4 (x; — Xj)z, (where x; are the roots
of the polynomial) be the discriminant of f. For a prime p

Wp) = (f:0<k<p—1 f(k) = 0}

denotes the number of roots of f in Z,. Let S(x) = Z’ (1 — W(p)), where the summation ZI is over

p<x
primes p which do not divide A.
The following theorem depends on the Generalized Riemann Hypothesis.

THEOREM 3.20.
S(x)| = O(x Ig (Ax™))
COROLLARY 3.21. There is an absolute constant ¢ such that

me(x) > % (n(x) —lgA— ex1/? Ig (Ax“)) .

THEOREM 3.22. There are absolute constants cq4,Cs,Ce such that if S is satisfiable,

m(x) — csnx% Igx

(nlgo)®s 5

s (x) > [nig o) L2 X2
Proof : We need explicit estimates on a and the Qi’s to apply 3.19. The algebraic numbers x1,--- ,x,, are
roots of polynomials Py, .-, P,, whose degree and coefficient size can be bounded using 3.17. The primitive

element 1’s complexity can be estimated using 3.14. The number of primes p in 7g(x) can now be estimated
using 3.21, and that the discriminant of a polynomial is polynomially bounded in its degree and the bit size
of its coefficients. From this estimate we have to subtract the prime factors of a of which there are at most
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lga. O

Now it is straightforward to prove the main theorem.



CHAPTER 3

Polynomial Ideal Membership

1. Introduction

In this chapter we will explore the complexity of a generalization of the Nullstellensatz. We showed that
determining whether 1 was an element of a polynomial ideal is equivalent to determining whether the system
of polynomials had no solutions. Here we will be concerned with the following problem :

Problem : Polynomial Ideal Membership ( PIM ).

Input : f,fq,--- ,fx € Flx1,--- ,%xn].
Question : f € (fq, -+, fy).
It turns out that the above problem is EXPSPACE-complete when f,fq,--- ,fx € Qx1, -+ ,%xn]. We will

however concentrate on showing that the general problem is EXPSPACE hard. The results are from Mayr,
Meyer [MMB82].

2. Background
The proof shows that a problem called the word problem for commutative semigroups is EXPSPACE-
complete and then shows a reduction from this problem to PIM.
We begin with a few elementary definitions.

DEFINITION 2.1 (Semi-Thue system). Let I be a finite alphabet set, and X* be the set of all finite words
on this alphabet. A Semi-Thue system over X is a finite set P={li =1 |1 <i<n : i, € X*} . The
elements of this set are called productions.

DEFINITION 2.2. Let P be a semi-Thue system over X*, we define a relation T) on X* as follows:
OLT)B S W, berX lior€P : (a=vYLOAR =yrd).

Let %} be the reflexive transitive closure of the above relation.
A sequence (g, ,&n) of words o € X* with ociTmiH for 0 <i<n—1is called a derivation of length

n of &, from .

DEFINITION 2.3 (Thue System). A semigroup presentation or Thue System is a semi-Thue system P which
satisfies (l— 1) €eP = (r— 1) € P.

If P is a Thue system then the relation on I* defined by
x=p B & a—p

then becomes an equivalence relation on X*.

We say that a semi-Thue system P is commutative if Vs, s’ € £ : (ss’ — s’s € P). If it is understood that
the system is commutative these relations are not included in the set of productions.

We define a function @ : X* x X — N is a mapping with @(«,s) = The number of occurrences of s in «.
So we have the following natural problem for Commutative Semigroups.

Problem : Word Problem for Commutative Semigroups ( CSG).
Input : P a commutative semigroup presentation over X, «, fp € X*.

21
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Question : o =p p.

3. Relation between CSG and PIM

Let X = {x1,---,xy} and QX] = Qlx1,- -+ ,xy].
Let P ={a; = Bi | 1 < i< w}, be a finite commutative semigroup presentation, with «;, 1 € X*, 1 <i<w.
We identitfy any « € X* with the monomial o = x?(“’x‘] g Qleexw)

Let Ig[P] = (1 — %1, -+, Pw — &w). R is either Q or Z.
LEMMA 3.1. If x =p P then p — a € Iz[P].

Proof : Suppose & = YOT) e TW“ = 3, let n > 1 without loss of generality.

Then for T < m < n there are &,,, € X*,i,, €{1,---,w}, such that
Ym—1 = ®i,, dm
Ym = Bi,O0m
sop—a= ) (Bi,—xi,)5m € Iz[P].
1<m<n
O

The converse holds if we consider Ig[X].

LeEMMA 3.2. If p — & € Ig[P] then & =p B.
In paritcular if p—o =3 1<, (Bi — &i)gi for gi € QIX] there is a derivation =Yoo Yn = B of
B from « in P, such that for 1 <j<mn

A< S0,
length(y;) < jpax deg Bigi

Proof : Let d € N, be the least common multiple of all the denominators involved in the rational coefficients
of the polynomials (gi) in the expression for f — «x.

We can assume without loss of generality that « # 3.
Now we can expand out the polynomials g; and repeat terms such that every coefficient in the following
expansion is +1.

dp — da = Z (Bi,, — Xi,, )G, for somen > 1.
1<m<n

where g}, € Z[X], are all monomials with coefficient +1 and deg g;, < deggi,, -

As « appears on the left side of the above identity and as it is a monomial, and also « #  so there should
be a term on the right hand side for some v : 1 < r < n such that « = «;,g.. As the coefficient of « is
negative it cannot be one of the p; ’s.

So we have

dp—(d—Nax—Pigr= Y (Bi, — %, )00

1<m<n, m#r
a—Bi,9r
If Bi,g;. = B we are done otherwise we repeat the argument and by induction on n obtain a derivation

chanr--TwT’l =B, with n' <n.

Where each vy is of the form Bi,g/ sor some r € {1,--- ,n}. O
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Thus we have that CSG <8 PIM.

PROPOSITION 3.3 ([Her26]). Let X ={x1, - ,Xv},P1,- -, Pw € QIX].
Let d = max; degp;.
Ifp € {p1,--- ,pw) there exist g1, - ,gw € QIX] such that
1. p=},0iPi; §
2. deggi < degp + (wd)?".
REMARK 3.4. Note that we cannot use Kolldr’s bound here since there we dealt with the case of the member-

ship of a power of the polynomial to the ideal. This made no difference when membership of 1 is concerned,
but in this case we need the more general bound.

Using the above results we can derive the following :

LEMMA 3.5. Let ¥ ={aj, - ,av} and P ={o; = Bi | 1 <1 < w} be a commutative semigroup presentation
over X.
Then for «,p € £*, a =p P iff there is a derivation x = YOTW]T) e TW“ =B of B from & such that

chizc(xx,ﬁ,P]

length(yi) <2 , for0<i<n

where ¢ > 0 is a universal constant independent of «,p, and P, and size(x, ,P) is the length of a resonable
encoding of the objects.

Proof : Clearly deg (B — «) and deg (Bi — «1) are all bounded by 2%2¢(%.B.P) " Further w the number of
generators are bounded above by 2512¢(%:8.P)  Thus the upper bound follows from the above bound. O

THEOREM 3.6. There is a deterministic Turing Machine M and a constant d > 0, such that for any instance
(&, B,P), M decides whether « =p B using space at most 2¢ 5i2e(%B.P)

4. Bounded Counter Machines

DEFINITION 4.1. A 3-counter machine C is a 4-tupe (Q, q9,qq, ), where
1. Q is a finite set of states.
2. do,da € Q
3.8 : (Q—{ga}) = (Q x{0,£1}x{1,2,3) U (Q x Q x{1,2,3}).

0 .1

The computation of C is given by the sequence c®,c',--- of instantaneous descriptions c* € Q x Z3 where

1. ¢® =(qo,0,0,0) all the three registers start with zero value and the machine starts in state qo.
2. Ifie N, ¢t =(q,21,22,23) with g # g, and
(a) 8(q) =(q',d,k) € Q x {0,+1} x{1,2,3}, then

i+1 1! ! !
c _(q )Z]vZZvZ:‘s))
, zi+d ifi=k
where z; = .
zZi otherwise.

The last component of the instruction gives the address of the register to be changed.
(b) 8(q) =1(qa’',9",k) € Q x Q x {1,2,3} this is a branch instruction then

! .
et — (a',21,22,23) if z;, = 0.
(q",z1,z2,2z3) otherwise.

c} +x is the component which stores the value in the kth counter after i steps for 1 <k < 3.

We say that C terminates with empty counters iff there is a computation of C which contains the 4-tuple
(da,0,0,0). We shall simply refer to this as termination.

We define the size of C to be |Q|. The computation of a 3-counter machine C is said to be bounded by n € N
iff the contents of all three counters ¢}, satisfy 0 < ¢}, < n for every computation step i.

We have the following result from [FMRG68].
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LEMMA 4.2. The language

ESC =4 {C | C is a terminating 3-counter machine whose computation is bounded by Zzsm(c)},

is EXPSPACE-complete under log-space reductions.
5. Reduction of ESC to CSG.

Now from a given 3-counter machine C, we construct a commutative semigroup presentation of size O(size(C))
such that ESC reduces to CSG.

As a first approximation we construct a finitely presented commutative semigroup to which ESC reduces
but which is too large to be a log-space reduction. Then we will show how this presentation can be embedded
in a more succinct one giving us the desired result.

Let en = 22". Consider the representation of a configuration of C, say ¢ = (q,2z1,22,23) by a word of the
form qhy'h3?h3?, where h; are distinct symbols from some alphabet. The representation is fine as long as
we do not have to deal with the branch on zero instruction. However since the register sizes are bounded we
can use new symbols which model the value stored in the register and the unused amount left i.e e, — zx
simultaneously so that we can branch if the other hits the maximum value. We are not able to use other
representations such as qhy’ +1h§2+1h§3+1 since we cannot check for the presence of exactly one symbol in
the underlying problem.

Now let n = size(C).
Now the commutative semigroup presentation P(. over an alphabet set

6 = Q U {g])h‘1)92vh2vg3vh3}
We encode the configuration (q,z1,z2,z3) of C = (Q,8) into the word in 6* by setting w(q,z1,22,23) =

en—Z1}Z1 4€n—Z2122 4 €n—Z31 23

Now the equivalences in P are defined as the following :
For every ¢ € Q,58(q) = (q',d,k) € Q x {0,+1,—1} x{1,2,3}.

(A) qg=q’ ifd=0
(B) agx = q'hk ifd=1
€ qhx = q'gx ifd=—1

For every g € Q,8(q) = (q',9",k) € Q x Q x {1,2,3} .

(D) ghix = q"hy Counter is not zero
(E) dgy™ = q'gp™ Counter is zero

Let W ={w(q,21,22,23) | q € Q,0 < z1,22,23 < en}. Now by definition we have that ®(«, gi)+ P (x, hy) =
en. Further if =p. «, we can easily show using induction in the length of derivation of B € W that
®(B,gx) + O(B,hx) = en.

Now we can see that if C € ESC then w(qy,0,0,0) =p,. w(qq,0,0,0) as the computation of C is simu-
lated step-wise by the corresponding derivation in the commutative semigroup presentation starting from
w(do,0,0,0). The converse can also be proved using techniques from [Po47] that the reverse implication
also holds.

Hence we can conclude the following:

LEMMA 5.1. w(qo,0,0,0) =p2 w(qa,0,0,0) & C € ESC.

Now from the above we see that the only problem arises when we consider branch instructions since their
encoding results in space usage which is exponential (to output the degree). To tackle this case we need
to implicitize the representation of the high degrees encoding them into smaller words. In what follows for
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n € N we construct a commutative semigroup Py, of size O(n) containing generators S,F and B such that
FB®~ is the only word containing F that is derivable from S in Py,.

We define both the presentation P;, and G, the generator set by induction. We will actually use Bq,--- ,B4
to represent the single symbol B the reason for which will become clear as we proceed.

Let Go =gqer {s,f,c1,C2,¢3,C4,b7,b2,b3,b4}
Po =qef {sci = feibf | 1 <1 <4}

For m > 0 let {S,Q1,Q2,Q3,Q4,F,Cq,C32,C3,C4,B1,B2,B3, B4} be distinct symbols not in G, 1. We
define

GTTL Edef GTTl.*]U{S)Q])QZ) Q3)Q4)F) C] ) C27C3) C4)B1)B2)B3)B4}

We call the elements of Gy as level 0 elements and, for m > O the elements of G, — G;n—1 as elements of

level m. In what follows we shall use upper case letters S, -- - , B4 to represent elements at level n(> 0), and
the lower case letters s, --- ,bs to represent the generators at level n — 1.

Let

(a) S =Qqscq

(b) Qifcibr = Qasca

(c) Q2fcz = Qsfes

(d) Qzsc3by = Qascyba

(e) Qssc3 = Qafeaby

(f) Qsscy =F

(G) Q2Cifby = Q2CiBifbs for 1 <i< 4.

LEMMA 5.2. Let S,F, Ci,B; be of level n. Then
SCi =p, FCiB{™ for 1 <i<4.

Proof : The proof is by induction on n.
For n = 0, Py contains exactly the claimed equivalences.
For n> 0 we havefor 1 <1<4

SCi = CiQ1s¢q by (a)
= CiQifcibi™ ! by Induction Hypothesis
= b7 Qasey by (b)
= C;b7™ 11 Qafcab5S™ ! by Induction Hypothesis
= Cib{™ ' ' Qafeabs B! by (G)
=GB 'bSt ' Qafesbit ! by (c)
=GB b ' Qsses by Induction Hypothesis
= CiBf“ 'b?“ '72b4QzSCz by (d)
=...= CiBf“ 1€n 'bZ“ - Qszsc3 By iterating the relevant parts of above argument
= CiB{"Qafcaby™ ! by (e)
= CiBf“Q4SC4 by Induction Hypothesis
= FCiBS" by (£).
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Let S, C; be of level n and « € G3, such that « =p, SCi. We define the height h(x) as follows
h(a) =gef min{m € N | ®(«x,ci) > 0 for some c; of level m}.
The following lemma can be proved by induction on the length of the derivation.

LEMMA 5.3. Let SCi =vo —p,, Y1 2P, - —p, Yr = & be a derivation of & in Pn. Then
1.
Z D(x,ci)=11ifcqr,---,cq are of level m with h(x) < m < mn.
1<i<4
=0 otherwise ;

2.
Z ®(a,qi)=11ifq1,---,q4 are of level m with h(x) <m <n.,
1<i<4
= 0 otherwise ;
3.
D(x,s)+ O(x,f) =1 if s, are of level h(x) =0 otherwise ;
4.

h(yi) —h(yi1) <1 for1 <i<m

5. Only the equivalences in Pr(x)+1 — Ph(a)—1 are applicable to « (with P_y = &), and the height
decreases iff an equivalence in Py ) is applied.

We can then show the important lemma:

LEMMA 5.4. Let S,F, Ci,Bi be of level n, and let « € FG}. If SC; =p_ & and « contains an occurrence of
S or F, then either x = SCy or oo = FC{B{™.

Now given a 3-counter machine C = (Q, 8) of size n, we construct the commutative semigroup presentation
Pc as follows:

We can assume that the equivalences (A) — (D) of P are over a disjoint alphabet from the alphabet G
of Py, except that g = by for 1 < k < 3. Then P¢ is defined to contain all the equivalences in P,, and
P{ now we replace every equivalence of the form qgy™ = q’gy™ by the following new equivalences. Let
dr,de € QU G,, be two new symbols. Then the replacement equivalences instead of the one above are :

(k) q = q.FCx

Q) q+SCx = q.SCx

(m) q.FC =4’

(n) do1 = qo25Cy
(o) do2FC1 = qo3SC2
(p) qo3FC2 = qo4SC3
(q) doaFC3 = qo

(r) da = qaaFCs
(s) 4aaSC3 = qa3FC2
(t) 4a3SC2 = qa2FCy
(w) da2SC1 = dan

This completes the description of Pc.

Note that intuitively we reduce w(qq,0,0,0) to qq1 and w(qo,0,0,0) to qo1 using these series of checks
that every one of the register has hit the maximum value.

Now if W ={w(q,z1,22,23) | q € Q,0 < z1,22,23 < en}. Let W be the subset of the commutative semigroup
presented by P, which is given by words in W. We can then show that:
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LEMMA 5.5. There is a semigroup homomorphism from the commutative semigroup presented by P into the
one presented by Pc which is injective on W.

The proof proceeds by showing that the natural map taking gy to By and the indentity mapping on Q has
the desired property.
As a result of the above lemma we have:

LEMMA 5.6. Let C be a 3-counter machine and Pc the finite commutative semigroup presentation constructed
above. Then

C e ESC & qo1 =p da1-
THEOREM 5.7. CSG is EXPSPACE-complete with respect to log space reductions.
Since we showed that CSG reduces to PIM, we also have:
COROLLARY 5.8. PIM is EXPSPACE-hard.
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CHAPTER 4

Grobner Bases

In the previous chapter we saw that the ideal membership problem is EXPSPACE-hard. In this chapter we
will deal with the problem of solving PIM. This effort will yield a very useful solution which not only solves
PIM but a host of different important problems. We will begin with a description of Grébner bases which
solves the PIM and the Buchberger’s algorithm which computes the Grobner basis for an ideal, following
which we will consider the problem of finding an upper bound on the resource requirements of the algorithm.

1. Buchberger’s Algorithm

Theorem 1.6 suggests a simple algorithm to compute a Grobner basis for a given polynomial ideal.

Algorithm 1.1 Simple Buchberger Algorithm
Input : IT=(f1,---,fx) CFlx1, - ,%n]
Output : G a Grobner basis for L.

Steps :

G (_{f1)"' vfk}

while( 3f,g € G : S(f,g)° #0)

{ —G

G — GU{S(f,g) }

}

return(QG)

Author’s Note : More material will be added on improvements and applications of Buchberger’s algorithm.

In the following sections we shall investigate the question of bounding the size of the Grébner basis produced
by the above algorithm. The results and the presentation we follow are from [Dub90].

2. Cone decompositions of a polynomial ring

Since the Hilbert function contains information which bounds the size of a Grébner basis. We take as our
first task to produce a decomposition of an ideal I into subsets which have a simple Hilbert function.

Let UC X ={x1,--- ,Xn}.
DEFINITION 2.1. If h is a homogeneous polynomial, we define the cone of h with respect to U as the set
C(h,U) ={ah | a € FU]}

The rationale behind this definition is that this set has a particularly simple form of the Hilbert function,
which is dependent only on the degree of h and [U].

If U= we have

if
ocin (2) = {0, if z # deg(h)

1, if z=deg(h) Only LT (h) is present in LT (C(h,0))(,).

29
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If Ul > 0 then

0, if z < deg(h)

Pcnu)(z) = {(zdegﬁl]-ql—l])’ if z > deg(h).

DEFINITION 2.2 (Cone Decomposition). Let hy,---,h, be homogeneous polynomials of A, Let Uq,---, U,
be subsets of X. A finite set P = {(hy,Us),---, (hy,U,)} is a cone decomposition of T C A if

T= P Clh,W).
1<i<r
The pairs (hi, U;) € P with U; = () form a finite part of T which does not contribute to the Hilbert Polynomial
of the set T.
The remaining cases for which U; # () is the portion we are interested in. This part of the decomposition
represents a set which at large degrees is equivalent to T. We adopt the following notation for this portion
of the decomposition.

PP ={(h,U) € P| U # 0}

Since we are interested in degree bounds on the basis for an ideal we form a notion of the same for cones.

DEFINITION 2.3. A cone decomposition P for T is said to be k-standard (k € N) if the following two conditions
hold:

1. There is no pair (h,U) € PT with deg(h) < k.

2. ¥{g,V)e Pt Vd : k<d<deg(g) I (h,U) e Pt : (deg(h) =d) A (Ul > V|

If Pt = ( then P is k-standard for every k € N. If Pt £ (), then the only possible value for k is
min{deg(h) | (h,U) € P*}.

We have the following properties for cone decompositions and k-standard cone decompositions :
1. () is a O-standard cone decomposition for 0.
2. {(h, W)} is a deg(h)-standard decomposition of C(h, U).
3. {{1,X)} is a O-standard decomposition of A.
4. Let T=S57 ® S, and let Py, P2 be cone decompositions of S; and S, respectively. Then Py UP; is a
cone decomposition of T. If P; and P, are k-standard cone decompositions then so is P; U Pa.

5. I P ={(h1,Uy),---,(hs,Us)} is a k-standard cone decomposition for T, then for any homogeneous
polynomial c, the set P’ = {{chq,U;),---,(chs,Us)} is a (k + deg(c))-standard cone decomposition
for cT.

DEFINITION 2.4. Let U ={x;,,- - ,%;,.} C X

E(h,U) = {<h) (D)}U {(inh’{xji) T )X'jm}> ‘ 1 < i < m}

E(h,U) is a (deg(h) + 1)-standard decomposition of C(h,U). We make use of this property to prove the
following result.

LEMMA 2.5. Let P be a k-standard cone decomposition for T. For any d > k, there is a d-standard cone
decomposition Pq for T.

Proof : If P* = (), then the result holds trivially.

If P # (0, then we show that a (k + 1)-standard cone decomposition exists for T. The result follows by
induction. Let R = {(h,U) | deg(h) = k} and S = P —R. It is clear the S is (k + 1)-standard. Now R is
k-standard. The set spanned by R has a (k 4 1)-standard cone decomposition given by

R'= ) EMmU)
(h,U)er

Now by the observations preceding the lemma, we have that R’US is a (k+1)-standard decomposition of T. O



3. SPLITTING DECOMPOSITIONS 31

COROLLARY 2.6. Let Sq,---,S; be a direct decomposition of T, where for each S; there is a ki-standard cone
decomposition Pi. Then there is a k-standard cone decomposition P of T with k = max{kq,---,Kk.}.

3. Splitting decompositions

Let I C A be an ideal and f a polynomial, a useful operation is to compute the basis for the quotient ideal
I1:(fy={ge€ A|fg eI}l Ttis clear that in the ideal 1N (f) every polynomial is a multiple of f and also
belongs to I (and also every polynomial which is in I and a multiple of f belongs to 1N (f)), so dividing out
f from its generators we get the generators for the quotient ideal.

We are interested in the case where f is a monomial and in particular when f = x; where x; is one of the
indeterminates of the polynomial ring, and I is a monomial ideal. The above idea results in the following
algorithm. For convenience we write I: x; instead of I: (x4).

Algorithm 3.1 Algorithm for computing the basis for I: x;

Quotient-Basis(F, x;)

Input : F a monomial basis for I C A, x; € X a variable.
Output : F’ a monoial basis for I: x;.

Steps :

F 0

for (f; € F)

{
if (f]_ S F[X —{Xj}])
F « F uU{fi}
else
Fle F Uy fi)

}

DEFINITION 3.1. Let P U Q be a cone decomposition for T C A, and let I C A be an ideal. Then P and Q
are said to split T relative to 1, if (h,U) € P= C(h,U) C I (h€I), and (h,U) € Q= C(h,U)NI={0}.

It is clear that in the above case P is a cone decomposition for T N 1. However under some restrictions Q
forms a cone decomposition for T N Ny.

LEMMA 3.2. Let P ={{g1,U1), -+ ,{gr, Us)}, and Q ={(hq, V1), -+, (hs, Vs)} split T relative to a monomial
ideal 1, where for each (hi, Vi) € Q, hi is a monomial. Then Q is a cone decomposition for TN Nj.

Proof : If I is a monomial ideal, then for a fixed Grébner basis G, and an admissible ordering we have,
feN; & (Vme Terms (f) : m & 1)
Further if h; is a monomial then,
fe Clhy, Vi) & (hy \ f) & (Vm € Terms (f) : m € C(hy, Vi))

Since the above sets for a split of T with respect to I we have C(hi, Vi) N1 ={0}, so

fe C(hi, Vi) & (Vm € Terms(f) : m & 1).
Let f € TN Ny, since P and Q are a cone decomposition for T we can write it as

f=1p, +fp, +---+fp, +fo, + -+ 1o,

Now fy = fp, + fp, + -+ +fp, € I and is a sum of monomials which themselves are in I, since no such
monomials can appear in C(hy, V3), all the monomials of f also appear in f (i.e., there are no cancellations
of these monomials). But f € Nt and so cannot have any monomial of I. Hence fs =0 and f can be written

oel:{f), gyhel:{fy=>hfel=>Vpec Aphfec = phel:{f) and finally fge [ fheI= (g+h)fe = (g+h)e€
I: (f). Actually the definition of the quotient ideal is slightly different, but for the case of a taking quotients with a principal
ideal both the definitions coincide.
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uniquely as f =fq, +---+ fg,. So Q forms a cone decomposition of TN N;. O

Now to test whether C(h,U) can belong to a split P U Q decomposition of T with respect to I, only if
C(h,U) CIor C(h,U)NI= 0. We show now that if I is a monomial ideal and h is a monomial then we can
test this condition. This provides an algorithm to split .4 with respect to a monomial ideal I.

LEMMA 3.3. Let I be a monomial ideal, h € PPp[X], U C X, and let F be a power product basis (monic
monomials) for 1:h. Then

1. Ch,) CI& (1 eF).
2. Ch, ) NI=0& (FNPPEU] = 0).
Proof :
l.L1eFs1el:hshels ChX)CL
2. (=) If C(h,U)NI1=0@. Then for g € PPg[U],
hge C(h,U)=>hgel

=>gé¢l:h
=>g¢F

(&) If FNPPE[U] = (). Then for g € PPg[U], g € I : h since otherwise F would have a divisor of g
and this divisor would be in PPg[U]. So g ¢ 1: h = hg ¢ 1. By the definition of C(h,U), every
polynomial contained in the cone is of the form hg with g € Pr[U] and hence not in 1.

Algorithm 3.2 The algorithm for splitting C(h, U) relative to a monomial ideal 1.

Split(h, U, F)
Input : h € PPg[X], UC X is a set of variables, F a power product basis for I: h.
Output : (P, Q) which splits C(h, U) relative to I.
Steps :
If (1 € F) then return (P « {(h,W)},Q « 0)
If FN PPr[U] = @ then return (P =0,Q « {(h, W)}
else
{
Select S C U a maximal subset such that F N PPx[S] = 0.
Select x; € U —S (Algorithm halts before this if S = UL.)
(PO) QO) — Spht(h) u-— {Xj}) F)
F' «— Quotient-Basis(F, x;)
(P] R Q] ) — Split(th, u, F')
return (P «— PoUP1,Q « Qo UQ1)

}

LEMMA 3.4. The algorithm Split terminates.
Proof : For a set of arguments h, U, and F, we define the rank of the arguments as [U| + } ¢ deg(f). We
have to show that if Split is invoked with arguments of rank r, then the two recursive calls have rank < (r—1).

For the first call it is clear since the variable set decreases in cardinality.

Now for the second call, U remains the same, so we have to show } , deg(f) decreases. Since F’ is a basis
for 1: x;, now by the operation of the Quotient-Basis algorithm the degree of such a basis decreases if there
is a polynomial in f; € F but f ¢ PP[X —{x;}].
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Now suppose every f; € F also belonged to PP[X —{x;}] then FNKI[S U{x;}] = @ since all the polynomials do
not involve the variable x;, but this contradicts the choice of S and hence of x;. O

LemMA 3.5. The algorithm Split is correct.

Proof : The correctness of the algorithm can be proved using the depth of the recursion. The basis case
follows from 3.3. Otherwise, the cone C(h,U) is decomposed into

C(h,U) = C(h,U—{x;}) ® C(x;h,U)
As F is a power product basis for I: h, the procedure Quotient-Basis produces a power product basis F’ for
the ideal I:x;h. By inductive hypothesis Split returns

1. (Po, Qo), which splits C(h, U —{x;}) relative to I, and
2. (P1,Q1), which splits C(x;h, U) relative to I.

The decomposition for C(h,U) is clearly the union of these two componentwise. [

The choice of S C U, such that F N PPg[S] = @) as a maximal subset is not necessary for the correctness of
the algorithm, but however this results in the set Q having the property of being deg(h)-standard. In the
following we prove this result.

LEMMA 3.6. Let h,U, I and F be the arguments for the algorithm Split. Then for any V C X,
Ch,V)CCh,U)NN; & (VCU)A(FNPPEV] = 0).
Proof : (=) C(h,V) C C(h,U) implies that V C U. Now we need too show F N PP[V] = (. Consider any

nonzero element of F[V]. Then hf € C(h,V) C Ni. But IN N; = {0} and neither f not h is zero so hf & 1.
Then,

hf¢l=f¢Il:h
=>f¢FE

(&) V C U implies that C(h,V) C C(h,U), so we have to show that C(h,V) C Ny. This is the same as
showing no monomial of C(h, V) belongs to I. Each monomial of C(h, V) is of the form hf with f a monomial
in F[V]. Then

FNPPVI=0=f¢1:h
=S hf¢l
m|

LEMMA 3.7. Let h,U,I, and F be the arguments for Split, and let (P,Q) « Split(h,U,F). Then for any
power product g, C(g,V)C C(h,U)NN; = (I (h,S) € Q : |S| >|V]).

Proof : Using the above lemma
C(g,V)C C(h,U)NN; = C(h,V)C C(h,U)NN;
= VCUFNPPV]=0
We proceed by induction on [U] — [V/|. If U =V the algorithm returns Q = {(h, W)}, satisfying the lemma.
Otherwise, S is a maximal subset such that FAPP[S] = () = |S| > |V|, we now apply the previous lemma to get

C(h,S) C C(h,U—{x;}) N N1. By inductive hypothesis, Qo formed by the recursive call Split(h, U —{x;}, F)
contains a pair (h, W) with [W|> |S| > [V|. The lemma follows as Qo C Q. O

A basis F = {f1,---,fi} for an ideal I is reduced if each f; satisfies f; ¢ (F —{fi}). It is clear that any basis
contains a reduced basis for the same ideal.

LEMMA 3.8. Let R be a reduced power product basis for a monomial ideal 1, and let P = {(hq,Uq),- -+, {h., Us)}
be any cone decomposition of 1 where the hi’s are power products. Then Vf € R : 3(f,U) € P.
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Proof: Let fe Rasf e I3(h,U) € P : f e C(h,U). But h € I, so h = bg for some g € R, so we have
f = ah = abg, as R is reduced ab = 1, so h = bf, where b is a unit but since the entries are power products
we have h =f. O

LEMMA 3.9. Let F be a power product basis for 1 # Flx1,--- ,xn], (P, Q) « Split(1,X,F), and let RCF be a
reduced basis for I. Then Vf € R 3(h,U) € Q : deg(h) = deg(f) —1.

Proof : Let f € R. By the above lemma we have a (f, V) € P. Now we consider how this pair entered P by
the execution of Split. As deg(f) > 0, we must have had a recursive call to Split(f,V,F’) where F’ is a basis
for I:f. This must have come from either

1. Split(x;1f,V,F”) or

2. Split(f, VU {x;}, F')
Tracing backward through the execution using alternative (1) as the basis we can find an invocation of
Split(x; £, V,F") with V' D V. C (x; Tf, v ¢ 1 as otherwise a recursive call would not have been gener-
ated. Thus if (P/,Q') « Split(xj_1f,V’,F”) then Q' # 0 then by 3.7 we have a pair (xj_1f,S) € Q’, as
deg(x;1f) = deg(f) — 1 and since Q' C Q the lemma follows. O

COROLLARY 3.10. Let F be a power product basis for 1, and let (P,Q) « Split(1,X,F). Then ifd =1+
max{deg(h) : (h,U) € Q}. I can be generated by the set {f € F | deg(f) < d}.

We can finally show the following:
LEMMA 3.11. Let (P,Q) « Split(h, U, F), then Q is a deg(h)-standard cone decomposition.

Proof : If Q is either ) or {(h, W)} the lemma holds. Otherwise we proceed by induction on the number of
recursions and we assume that Qp, Qq satisfy the lemma. Qg is deg(h)-standard and Q1 is (deg(h) + 1)-
standard.

To show that Q is deg(h)-standard cone decomposition we have to show

V(g,V)€Q : Vd : deg(h) < d<deg(g) : 3(p,T)€Q : (deg(p) =d)A[TI > V],

As Q = Qo U Q7 we have two cases:

1. {(g,V) € Qo. As Q itself is deg(h)-standard, Qo contains all pairs to satisfy the criterion, and
Qo € Q.

2. {(g,V) € Q. As Q; is a (deg(h) + 1)-standard cone decomposition, Q; contains all the pairs needed
to satisfy the criterion for (g, V) for deg(h) 4+ 1 < d < deg(g). For d = deg(h) by 3.7 we have that Q
contains such a pair.

|

THEOREM 3.12. Let G be a Grébner basis for 1 with respect to an admissible ordering. Let (P,Q) «
Split(1,X, LT (G)). The Q is a O-standard cone decomposition of N1 with respect to this Grobner basis.
Further if d =1+ max{deg(h) | (h,U) € Q}, then G' ={g € G : deg(g) < d} is also a Grébner basis for 1.

Proof : LT (G) is a basis for LT (I). Thus the Split algorithm returns a O-standard cone decomposition for
Np (1 = Ni.

By Corollary 3.10 the set {h € LT (G) | deg(h) < d} C LT (G’), is also a basis for LT (I) and so G’ is a
Groébner basis for 1. O

To use this theorem we have to bound the degrees in the cone decomposition. This will be the focus of our
attention in the next few sections.

4. Splitting a homogeneous ideal

It turns out that for homogeneous ideals we can find a cone decomposition.
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LEMMA 4.1. For an ideal ] C A and h € A, let

) =T+ (f)
f

I=(]
L=]:
S={af | a € N}
thenI=J®S

Proof : Let G be the Grobner basis for L used to form Ny and S = fN¢. J C I,S C I, so it suffices to
show that every h € I can be written uniquely as h = hj+hs. We first show that such a decomposition exists.

Every polynomial h € I can be written as h = aj + a¢f,aj € ] by the definition of the sum of two ideals.

—G —G
Clatm : h=hj+hs, hyj =h—(af) fand hs = (af) f,is the desired decomposition.

ar—arc el
(af —aC)f €]
hy=aj+ (af—aC)f €]

so hy € J and clearly hs € S.
Now consider any two decompositions of h

h=aq +EGf:az+EGf, aj, az €]
S B -t )f—a—ar €]
S0 - el
= EG —EG =0 as G is a Grobner basis for L.
O

COROLLARY 4.2. Let F = (f1,---,f;) be a basis for an ideal 1. Let S1 be the principal ideal {f1), and for
each 2 <i<, let

Ly = (f1,---,fiz1) i fy
S; ={hf; | ]’LENLi}.
Then1=S1®S,&---DS;.

LEMMA 4.3. Let F = {fq,--- ,f.} be a homogeneous basis for an ideal 1, then there is a k-standard cone
decomposition P for 1 with

k = max{deg(f;) | 1 <i< 1}
Proof : Let S = (f1),and for 2 <i<r
Jo=(f1,--- ,fi1)
Li=Ji:fi

and S; ={cf; | c € Nr,} = fiN¢r,. The sets S; form a direct decomposition of I (from the above corollary).
S1 is a principal ideal that has a deg(f;)-standard cone decomposition Py = {{fq,X)}. Using the algorithm
Split, we form a O-standard decomposition Q; for each Np,. If Q; = {(hy,U;),---, (hs, Us)}, then clearly
from the definition of the sets Py = {{fihq, Uq),- - (fihs, Us)} forms a deg(f;)-standard cone decomposition
for S;. The lemma follows from 2.6. [

It is useful to exclude the set Pq from this decomposition as follows:
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COROLLARY 4.4. Let F = (f1,--- ,f;) be a homogeneous basis for an ideal 1 with v > 0, and let Sq,--- ,Sy
be as above. Then there is a direct decomposition of 1 consisting of the principal ideal S1 = (f1), and a
k-standard cone decomposition P for So @ S3 @ --- @ Sy, with

k = max{deg(f:) | 1 <i <)
5. Exact cone decompositions

DEFINITION 5.1. For T C F[X], Q is called an ezact cone decomposition of T if Q is a k-standard cone
decomposition of T for some k, and in addition Vd : {(h,U) € Q| deg(h) =d}| < 1.

Notation : We define ag to be the least k such that Q is k-standard.
For 0 <i< (n+1) (nis the size of the variable set), let

bi =min{d >dq | (h,U) € Q,|U| > 1= (deg(h) < d)}

In other words it is the least (strict) upper bound on the degree of entries in Q whose variable sets have
cardinality greater than i.

As a result of the above definition by > by > by > --- > by 1 =7p.

Further note that,

o {1 +max{deg(h) | (h,U) € Q"}, Q" #0,
-
0, Q" =0.

The following lemma summarizes the information content of these numbers for an exact cone decomposition.

LEMMA 5.2. Let Q be an exact cone decomposition, and let by, --- ,bni1 be defined as above. Then for each
1 <1< n and degree d with biy1 < d < by, there is ezactly one pair (h,U) € q* with deg(h) = d and in
that pair |U| = 1.

Proof : If Q7 = (), then b; = 0 and the lemma holds. Otherwise for each T < i < n, the definition of
bi requires that b; — 1 be the largest degree such that Q contains a pair (g, V), with [V| > i. As Q is
bn41 standard, each degree d € [by41---(bi — 1)] must have a pair (hg,Uq) € Q, with deg(hg) = d and
[Ug] > [V| > i. Since Q is an exact cone decomposition any such pair is unique. If b; = biy7 then the range
[bitq---(bi —1)] is empty. If b; # biyq, for each d in this range |[U4| = 1, since Ug| > 1= bit1 < d, and a
contradiction arises. [

LEMMA 5.3. Let Q be a k-standard cone decomposition of T, and let (f,S),{g,V) € Q such that deg(f) =
deg(g), and [V|> [S| > 0. Then for any x; € S,

Q' = (Q—{(f,SHH U, S —{x;]), (%7, S)}
1s also a k-standard cone decomposition of T.

Proof : We have to show that for every pair (I,W) € Q’ and degree d € [k---deg(l)] there is a pair
(h,U) € Q' with deg(h) = d and |U| > [W/|. For (1,W) € QN Q’, Q' has all the pairs required from Q itself.
For the two new pairs, (g, V) € Q' satisfies the requirements. O

The above lemma can be used to shift off pairs from sharing the same degree. In what follows we call a
k-standard cone decomposition P m-exact if for each degree d there is at most one pair (h,U) € P such that
deg(h) = d and [U| > m. A cone decomposition is exact iff it is 0-exact.

LEMMA 5.4. The algorithm Shift is correct.

Proof : If Q is a k-standard decomposition, then it follows from the previous lemma we find that Q’ is also
k-standard. Further, the action of the algorithm assures that for each degree d < k+ ¢, Q' contains at most
one pair (h, U) with deg(h) = d and |U| > m. The main point is that degrees > k+ ¢ need not be considered.
First note that at the location where Q’ is modified [{(h,U) € Q' | [U| > m}| remains c¢. now as Q' is a
k-standard a pair {(g,V) € Q' with |[V| > m requires that Q' also contain a pair (hg,Uq) with [U4| > |V],
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Algorithm 5.1 Algorithm to shift pairs in a standard cone decomposition

Shift(Q,k,m)
Input : Q a k-standard m-exact cone decomposition for T
Output : Q' a k-standard (m — 1)-exact cone decomposition for T

Steps :

Q' «Q

If ({{h,U) € Q| U > m}=0) then return(Q’)
c e [{(h,U) € QU >m}

For(d+—k; d<k+c—1)

{
B —{(h,U) € Q[ deg(h) =d, U] > m}
While(|B| > 1)

Select (h,U) € B with [U =m

Select x; € U

B+ B—{(h, W)}

Q'+ (Q"—{(h, )} U{{h, U —{x;}), {xjh, U)}

}

return(Q’)

and deg(hq) = d, for every degree d € [k---deg(g)]. Thus the c pairs in the set {(h,U) € Q' | U] > m}
must then include the deg(g) — k + 1 pairs of the form {(hq,Uq). Thus deg(g) <k+c—1. 0

Repeating the action of Shift we get the following algorithm for producing an exact cone decomposition.
The action of the algorithm shows that if Q' « Exact(Q, k), then by for Q' satisfies :

bo > 1+ max{deg(h) | (h,U) € Q}.

Algorithm 5.2 Algorithm for producing an exact partition

Exact(Q.k)

Input : Q a k-standard cone decomposition for T
Output : Q' an exact cone decomposition for T
Steps :

Qn < Q

Formenm>Tmem—1)

Qm—1 — Shlft(Qm) kv m)
}

return(Qy)

6. Hilbert function of exact cone decompositions

In this section we shall find expressions for the hilbert function of a cone decomposition for a set T. It turns
out that this function depends on the value of by, and we shall be able to show that this quantity is a bound
on the degree of the polynomials in a Grébner basis. As a result using elementary techniques from dimension
theory we can find a bound on this quantity. This will conclude our quest for a bound on the degree of the
entries is a Grébner basis for an ideal.

We know that for a cone decomposition P of a set T. The Hilbert function is just the sum of the Hilbert
functions of the individual cones in P.
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er(z)= )  9cmu(z)

(h,u)er

From an elementary counting argument we can show that if the degrees exceed the maximum degree of
polynomials involved in a cone decomposition, then the value of the Hilbert function is simply the number of
leading terms possible in the cone which is the number of monomials which can be formed of a given degree
which are multiples of the base of the cone. More precisely,

If z/ = max{deg(h) | (h,U) € P}

z—deg(h) + U] — 1)

then for z > 2" @cnu)(2) = Pcnu (2) = ( U -1

so we have

(h,U)eP+ =1

If P is exact the information about the degrees and the cardinalities of the sets involved are all contained in
the constants b;, so rephrasing the above expression for this case we have,

-y Y (0

1<5<n by 41 <d<bi—1

By a comparison of definitions it is clear that z’ = by, so the Hilbert function matches the polynomial form
for z > by. Now making use of the fact that

Z <Zd+j1)_<zb5+1+j)<zb5+j)
bj1<d<bj—1 j—1 ) )

we can write the Hilbert function of T in the form

z—bj1+]j z—b;+j
orlz)= Y {( . ’)—( ) ’)}
1555 ) )
:<Z_bn+1+n)(z_b]1+]>+ Z {(Z—bi.ﬂ‘l')')(Z_bi‘ﬂ‘]i‘]'-l—l)}
" 1<5<n—1 ) )+
:<Z_bn+1+n>]<1_b1) Z (Z_bj+1‘|'j)
n ] igignr v T

:<an+1+n)_]_ Z (ij+1+j)
" ojen v ]

Changing indices in the summation accoring to i +j + 1 we get

) orlz) = (FTPm T oy (TR
n 1<i<n !

We noted that (x) becomes valid as soon as z > by, however in the range by < z < by, though the cones
in P* have their Hilbert function described by (%), there are some cones in P — P*, these cones are isolated
monomials and they contribute to the Hilbert function in this range. Thus for z > by the following form of
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the function is valid

e1(2) =9T(2)+ ) @cn(2)
(h,D)eP

=o71(z) + [{(h,0) € P| deg(h) =z}.

LEMMA 6.1. Let P be an ezact cone decomposition for a set T. Once bny1 = Qq s fized, the constants
bo,- -+ ,bn are uniquely determined.

Proof : The Hilbert polynomial of T can be written as
?7(z) = an_1z" ' +an 22" %+ +ajz+ ao.

The degree n— 1 comes about from the expression (%), as the degree n term cancels. We assume inductively
that the constants bj41,:-- ,bny1 have been uniquely determined such that the Hilbert function given by
(%) agrees with the coefficients an_1,---, a;. The binomial coefficient

z—b;+1—1
i

is a degree i monic polynomial in z. So the coefficients bj_1,---, b7 do not affect the coefficient of 27 Vin
the Hilbert polynomial. Thus to match the coefficient of a;_; we require a unique choice for b;.
We can also set by to be unique as

bo =min{d > by [Vz>d : @1(z) = @1(2)}
O

LEMMA 6.2. Let I be a homogeneous ideal, then the Hilbert function of Ny is described by a unique set of
constants bo > by > --- > by = 0. Further, for any admissible ordering the degree of polynomials in a
reduced Grébner basis for 1 with respect to the ordering is bounded by by .

Proof : N; has a O-standard cone decomposition, so we can find an exact cone decomposition for Nt for
which by 41 = 0. Once by 41 is fixed the other constants are determined uniquely.

Let G be a Grobner basis for I under the ordering. Then N; admits a 0-standard cone decomposition Q
which can be found using Split(1,X,LT (G)). Let d = 1 + max{deg(h) | (h,U) € Q}. By Theorem 3.12,
{g € G| deg(g) < d}is also a Grobner basis for I. The operation of the algorithm Exact shows that by > d,
so the result follows. O

7. Bounds on the Grobner basis degree

In the following F = {f1,--- ,f;} be a homogeneous basis for an ideal 1. We assume that deg(fi) = d is the
largest degree in the basis. We showed earlier that for any ideal I there is an exact decomposition Q for N
for which @q is zero. Further for z > by (where b; are as defined earlier), the Hilbert function of N; attains
the polynomial form

+ —bi+i—1
ot () 1 ¥ ()

1<i<n

And we also know that I itself has a direct decomposition consisting of the principal ideal (fi) and an
exact decomposition P with ap = d. Let ap > a7 > ---an4+1 = d, be the constants associated with the
decomposition P of 1. For degrees z > ao the Hilber function of I is:

z—d+n—1 z—d+n z—a;+i—1
o= (F L )OO -2 O )

where the first term is the contribution to the Hilbert polynomial from the principal ideal.
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The main point is that I and Ny form a direct decomposition of F[X], thus the sum of these two Hilbert
functions must equal the Hilbert function of F[X] which has the simple expression:

z+n—1
(p]F[x}(Z): n—1
Thus for z > max{ag, bo} we have the equality
0 z+n—1 _ z—d+n-—1 n z—d+n . z+n 5
n—1 n—1 n n
_ Z {(z—ail—l—i—l>+(z—bi.+i—1>}
1<i<n ! '

Recall that VF(z) =4er F(z) — F(z — 1) for any function F(z), and VIF(z) = V(Vi~1F(z)) For the binomial
coefficients this has a simple form given below which follows directly from the recurrence for () = (") +

k 13
V(z-l—k) _ (z—l—k—l)
n n—1
: k k—j
and V]<Z+ ) = <Z+ . ]>
n n—j
It is clear that if Fy(z) = Fz(z) for z > k then VFy(z) = VIF,(z) for z > k +j. Now applying V’ for
0<j<n—1to (1). This yields the following set of equations which are valid if z is large enough:

(z—l—n.—]—1) _ (z—d—l—ﬂ—]—l) N (z—d—l—r}—]) N (z—l—n) ,
n—j—1 n—j—1 n—) n
-~y {(z—ai.—l—i‘—j—l> . (z—bi.—l—i‘—j—l)}
j+1<i<n 1) t)

As both sides are polynomials in z, they must agree for each power of z. In particular they must have the

(Tklj), namely :

same constant term. Now the constant term of (Ztk) is given by
(0+k)_ () k20
n /) =D, k<o

Now computing the constant terms of the previous set of equations, we get

= (T ey (820
n—j—1 n—j
i ag b
- 2 () ()

j+1<i<n

At j =n — 1 this implies,

]_<d.l]>_]+an+bn—]$an+bn:d

We know that a,, > d, and b,, > 0, this implies that a,, = d. Thus with these values substituted, the series
of equations becomes:

(50 ) ()
200 (n—)'—1 ] i+1§iZ§n1( Y i-j t= "

If we set ¢j41 = aj41 + bj41. Solving for this from the above yields
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o d—1 il ai b;
Cj+1 =2+2(=1) ](njl) +j+ZSiZSn71(_U ]{(ij) i (ij)}

Now the summation disappears for j =n —2 and so ¢,_1 =2+ 2(d — 1) = 2d. Further since

() ()< ()

holds for all 1, we have for j =n — 3 in the above,

d—1 24\
< 2— = .

For j < n — 3, the equations contain the expression

n—j d—1 An—1 bnfl
e Pl55) G G50

the magnitude of which is bounded by (,f';).
So we have the inequality:

()5 () ()
hd n—j—1 i+1siz§n2 i—j i—j

Ther term in the sum becomes negative for i = j + 3 so can be discarded. Retaining all remaining terms and
ignoring sign changes we get the weaker inequality:

Cn—1 Qj+2 bji2 a; b
o (50) = ()« (9) =L 2 165) ()
n—j—1 2 2 jracion_2  \PT) 1-)
Ci42 Ci
< (7F
—< 2 >+. 2 (ii)
j+4<i<n—1
Changing the indices by j — j — 1 we have

Cj+1 Ci
. < )
°’—( 2 >+. 2 (iiH)
j+3<i<n—1

Now we can use this inequality to find the bound:

LEMMA 7.1. Forj <m —2, the value c; satisfies the inequality c; < Dj, where
a2 2
Dj = 2(7 + d)

From this we conclude that both a; and by are each less than D1 = 2(‘172 +d)?" *. But we need a bound
on by. To obtain that we observe that for max{a;, b} < z < max{ag, bo}, we have:

n j 1

©1(z) + on,(2) = PFix (z)
to get

?1(z) + [{(h,0) € P| deg(h) =z}l + D, (2z) + [{(h,0) € Q | deg(h) = z}| = PRy, (2)

Now consider the space F[X] if the monomial degrees are greater than max{a;, by}, then such a monomial
would have to belong to either the cones of P* or of Q+ we conclude that ©1(z) + PN, (z) = PR (z) holds
for z > max{aj, by}. This implies that P U Q has no pair of the form (h, ) for deg(h) > max{aq,bq}. Thus
the value of Dy also provides a bound for by. Using this and Lemma 6.2 we have the following theorem.
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THEOREM 7.2. Let I be an ideal in F[x1,--- ,xn], generated by the homogeneous basis F = {fy,--- ,f.}. Let
d = max{deg(f) | f € F}. Then for any admissible ordering the degree of polynomials required in o Grébner
basis for 1 with respect to the ordering is bounded above by

a2 2
2{ =—+d
Using the idea of homogenizing an ideal discussed in Chapter 1, we have the following Corollary.

Let X={x1,-*+ ,Xn}

COROLLARY 7.3. Let F C F[X], and let 1 be ideal generated by F, and let d = max{deg(f) | f € F}. Then
for any admissible ordering, the degree of polynomials required in o Grébner basis for 1 with respect to the

ordering is bounded by
a2 2
2{ 2
(T+4)

In light of the fact that Grobner bases solve the PIM, we conclude that the above bound is essentially
optimal - in the sense that there are classes of ideals for which the degree in the Grobner basis grows doubly
exponentially.

n 2

n 1



CHAPTER 5

Primary Decomposition

We show that every ideal can be expressed as a finite intersection of primary ideals, and then discuss the
computational aspect of this problem. We begin with the study of properties of prime ideals.

1. Prime Ideals

Recall that if I is an ideal then v/Tis theset {f [ Im e N : f™ € I}. Sincef™ eI, gt e [ = (f—g)™t" 1 €1,
we see that /1 is also an ideal. This ideal is called the radical of 1. If I is an ideal for which I = /I, then I is
called a radical ideal. Hilbert’s Nullstellensatz shows that the algebraic sets in F™* (where F is algebraically
closed), and the radical ideals are in bijection.

If X is a Noetherian topological space i.e., every sequence of closed subsets Y1 D Y22 :--- DY, DY, 11D ---
stabilizes (Yx = Yy for some k), then every closed set can be expressed as a finite union of irreducible
closed sets of the space (uniquely). The space defined above is Noetherian since Y7 2 Y2 D --- leads to an
ascending chain I(Y;) C I(Y2) C---, and as A is Noetherian the conclusion follows.

We defined an ideal T to be prime if x ¢ I,y ¢ 1 = xy € 1. From this definition it is clear that I is prime
iff A/1is an integral domain. Further we can show that I is prime iff V(I) is irreducible. It is too much to
expect that every ideal can be expressed as an intersection of prime ideals, however from the correspondence
of radical ideals with algebraic sets and irreducible algebraic sets with prime ideals we have:

THEOREM 1.1. If I is a radical ideal then
1= N p.
P a prime ideal, POI.
The set{p | p D 1,p is a prime ideal.} is a finite set.

If T is a maximal ideal of A, then clearly A/I is a field which is also an integral domain, which implies that
all maximal ideals are also prime. We might pose the following natural problem:

Problem : Ideal Primality ( IP )
Input: fq,---,fred
Question : Is {f1,---,fi) a prime ideal?

THEOREM 1.2. IP s coNP hard.

Proof : Let 1-SAT = {¢ | 310 € {L, T}™ : &(0o) = T} (boolean formulas with exactly one satisfying
assignment). Note that this problem is coNP hard, since we can reduce the complement of SAT to this
language simply by adding a new variable say y and using the distributive properties of V over A to add
one more satisfying assignment to ¢ by setting ¢’ — (b Ay)V (—y A—x71---—x,). Now ¢’ has exactly one
satisfying assignment iff ¢ was unsatisfiable which gives the reduction®.

Claim : 1-SAT <P IP.
We use the same construction in (2.§3) to associate a natural ideal I to the given boolean formula. We
observe that V(I) is a zero-dimensional variety, and the only such irreducible varieties are those which have

1By Valiant-Vazirani this language is hard for NP under polytime randomized reductions.
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exactly one point (minimal irreducible sets). So the associated ideal is prime iff the orginal boolean formula
had exactly one satisfying assignment. O

The known algorithms for IP involve Grébner bases, and so the upper bound for this problem is EXPSPACE.

Actually we can prove a slightly stronger claim.

ProrosiTioN 1.3. HN <,,, IP

Proof : The version of HNwe shall use, is the following.
Instance : I={(p1,---,pk) C A
Question : Is1el?

Consider the reduction which given the above instance outputs the generators for the ideal I' =4¢ I.{x) C
Flx1,--* ,Xn,x]. Now If T in I then I’ = (x) which is clearly prime.

If 1 ¢ 1, then V(I') = V(I) U V({x)), and clearly V(I) # V((x)), so the ideal I’ is not prime since the
corresponding variety is not irreducible. We have assumed that I # 0, which is trivial to check - if I has any
non-zero generators then I # 0. O

Consider the following problem :

Radical Ideal Membership Problem (RIM) :
Instance : 1= (f;,---,fi) CAwithI=+Tand he A
Question : hel?

It is interesting to observe that:

ProPoSITION 1.4. RIM <P HN
Proof : The proof follows from the fact that :

fele V() -V =0 asI=vI
& V(I+ (1 —xf)) = 0. x is a new variable.
Whenever f does not vanish we can find x € F such that 1 —xf = 0. So V(I) — V(f) in the ring F™+1) ig

given by the algebraic set of the ideal sum as given. [

It is interesting to note that if we define the radical ideal membership problem to be as follows :
Radical Ideal Membership Problem (RIM) :

Instance : I={(fy,---,fx) C Aand he A.

Question : he€ V1?7

Then we have the following theorem which easily follows from the above :

THEOREM 1.5. RIM and HN are equivalent under polynomial time many-one reductions.

In essence what we have shown is that the so called weak version of the Nullstellensatz and the strong version
are computationally equivalent.
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