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CHAPTER 1

Introduction

Je vais essayer de dresser une liste des conjectures (ou “questions”) que l’on peut faire dans la di-
rection “formes modulaires - représentations galoisiennes”.

S1 f est une forme modulaire mod p sur IH(N), de poids k, fonction propre des opérateurs de Hecke
Tys, pour p’ ne divisant pas N, et d coefficients dans F,, je noterai ps la représentation de Gal(Q/Q)
d valeurs dans GL,(FF,,) correspondant d f. Et je dirai qu’une telle représentation est “modulaire”; et
je dirar ausst, st j’en ai besoin, qu’elle est “de niveau N et de poids k”. La question la plus ambitieuse
que l’on pourrait se poser serait de donner un critére portant sur une représentation

p: Gal(Q/Q) — GLa(Fp)

qur permette d’affirmer que cette repreésentation est bien modulaire de niveau N et de poids k. J’y
reviendrat d la fin de cette lettre. Pour linstant, je vais me concentrer sur les problémes que pose le

poids 2. C’est ce dont on a besoin, st l'on veut prouver que “Weil + € = Fermat”.

Serre, in a letter to Mestre, dated 13 August, 1985.

The work of Eichler and Shimura showed that for certain cusp forms of weight 2 and level N,
we can associate 2-dimensional Galois representations over a finite field. This was generalized
by Deligne [Del69, DeS74] to show that associated to every newform in Sy(Ih(N), €) we can
associate a Galois representation. Serre posed in 1975 the converse problem, of showing that
certain 2-dimensional Galois representations over a finite field do indeed come from modular forms
([Ser75]). In the 1980s, Gerhard Frey had the idea that if Fermat’s Last theorem was false, then
this gives rise to an elliptic curve with strange properties, in particular he suspected that such a
curve cannot be modular, thereby contradicting a conjecture of Shimura and Taniyama. With a
view toward making this connection explicit, Serre set out to formulate his conjecture very precisely
(called Serre’s strong conjecture), which he accomplished in 1987 [Ser87]. Serre showed that a
counter-example to Fermat’s last theorem, gives a contradiction to this precise formulation of his
conjecture. A sequence of further developments showed that the Shimura-Taniyama conjecture
implies Fermat’s last theorem, this result was proved by Ribet [Rib90] (this is the e referred to in
the above letter to Mestre). The connection to Fermat’s Last theorem is explained in greater detail
in [Bos03]. This conjecture of Serre remains a fundamental open problem in Number theory. Here
we will be concerned mainly with the mechanics of the formulation of the conjecture and present
some (paltry) evidence for it.

1.1. The statement of the conjecture

The weak form of Serre’s conjecture is the following statement:
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Weak Conjecture: Let Gg = Gal(Q/Q) be the absolute Galois group. Suppose we are given
a continuous representation:

P GQ — GLz(Fg)

such that p is irreducible and satisfies det p(c) = —1, where c € Gg 15 complez conjugation.
Then there is a cuspidal ergenform f, for some congruence subgroup, such that for all but
finately many primes p, Tr p(Froby,) = @(a,(f)). Here ay(f) us the p-th Fourier coefficient of
fand @ :Q(---,ap(f),---) = Fy @s a ring homomorphism.

The strong version of the conjecture gives a recipe for the space Sy (I9(N), €) where the form f in
the above conjecture resides.

Strong Conjecture: With the same hypothesis as the Weak Conjecture. There is a cuspidal
ergenform f € Sy (Ih(N), €) that satisfies the conclusions of the Weak Conjecture, where k, N, €
are described in the following sub-sections.

REMARK 1.1.1. We will restrict ourselves to the case where { > 2. For the case { = 2 the original
recipe of Serre, needs to be modified so we simply ignore this case (see [Edi92]).

In the following sections we give basic definitions of the level and the character, but we give the
value of the weight k only mod £ — 1. The definition of the actual weight is quite complicated
and we relegate it to the chapter that concerns itself with aspects of the weight.

We will adopt the following notations. Let V be a 2-dimensional vector space over F,. We are given
a continuous homorphism

0:Gg — GL(V).

The group GL(V) is discrete, so ker p = p~'(I) is open. Thus ker(p) is of finite index in Gq (as
these are the open sets of the profinite group Gg), and so the representation factors through a
finite extension of Q. This also says that the image of p is a finite group, so it lies in GL(F¢n) for
a suitable n.

1.1.1. Definition of the level N. The integer N is simply the prime to { part of the Artin
conductor of the representation p (cf. [Art30, Ser79]). More precisely, let Gal(Q,/Q,) be
the absolute Galois group of the p-adic completion of Q. There is an injection Gal(Q,/Q,) —
Gal(Q/Q). This group comes with a filtration Gy O G7 O G, D --- — the inertia subgroups (in the
upper numbering scheme cf. [Bos03] Chapters 3 & 5 or [Ser79]). Let V; = V&i be the subspaces
fixed by Gji. Set

1
1.1.1 n(p,p) = ——dim V/V;.
<i
This can also be written as
n(p, p) = dim V/Vy + Swan(V)

where Swan (V) is the Swan conductor of the Gy-module V. Serre calls Swan(V) the “wild invariant”
([Ser78] §19.3).
We note the following properties:



(1) n(p,p) > 0 is an integer (see Chapter 3).

(2) n(p,p) =0 iff Gp = {1}, simply because each term is non-negative in (1.1.1). If Gy = {1},
we call the representation unramified at p.

(3) n(p,p) = dim V/Vy if and only if G; = {1}. If Gy = {1}, the representation is said to be
tamely ramified at p.

Now the level N is defined by

INE

t#p
The “integer” defined above is an honest to God integer since n(p, p) # 0 only for finitely many
primes p. This is essentially because the representation factors through a finite extension which is
ramified only at finitely many primes.

1.1.2. Definition of the Character ¢ and k mod { — 1. Taking the determinant of the
representation p gives us a 1-dimensional representation, which we study to pick out the character.
We have

detp: Gg — GL(FZ),

its image is a finite cyclic subgroup of FZ of order prime to {. Suppose the representation were
modular (and we believe the recipe for N is the correct one) then comparing with the Deligne’s
theorem (Chapter 2), we find that the conductor of det p should be a divisor of {N. Thus det p
can be identified with a homomorphism (Z/{NZ)* — Fz By the Chinese remainder theorem, this
is equivalent (since £ fN) to giving a pair of homomorphisms:

¢ : (ZNZ) = TF,
and
e:(Z/NZ)* - TF,.

Since (Z/{Z)* is cyclic of order { — 1, this homomorphism is of the form x — x™ for some h €
7/(t—1)Z. So it can be written as ¢ = x™ where ¥ : Gg — F} is the {-th cyclotomic character i.e.,
the character that gives the action on Gg on the {-th roots of unity in Q. Again comparing with
Deligne’s prescription shows that h = k — 1 mod { — 1. This gives us the class of k mod { — 1.
Giving the exact value of k is much more involved, and again involves the action of p at local p-th
decomposition groups.

1.2. Representations from Elliptic Curves

In case we know that the representation arises from an elliptic curve over Q, we can show that
Serre’s conjecture is true. Let E/Q be an elliptic curve. Suppose { is a prime (not dividing the
conductor N of E) and E[{] denotes the points on E(Q) of {-torsion. This is a subgroup of E
isomorphic to (Z/LZ) x (Z/UZ). 1f 0 € Gg and P € E[{] then so is P°. This gives us a 2-dimensional
vector space over a finite field Fy on which Gg acts continuously. Thus E gives rise to a Galois

representation:
PE: GQ — Aut(E[{]) = GL,(F,).
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Suppose p / Ngl is a prime then pg is unramified at p as the reduction mod p map on the
points of { torsion is injective for these primes. For such primes p(Frob,) is well defined upto
conjugation and its trace Tr p(Frob,) is well defined. It is known that Tr p(Frob,) = a, mod ¢,
where a, =p+1 —ﬁE(Fp). By the theorem of Breuil, Conrad, Diamond and Taylor following Wiles’
work we know that there is a weight 2 cusp form of level Ng whose p-th Fourier coefficient is a,
(cf. [BCDFO00, Wil95, TWi95]). Thus Serre’s conjecture is true for such Galois representations.

1.3. Outline of the rest of the Article

In Chapter 2 we discuss the Eichler-Shimura construction which concerns itself with producing
Galois representations given a cusp form. Chapter 3 takes up the task of motivating and clarifying
the definition of the level recipe given by Serre. In particular we shall see a result of Carayol
and Livné that says that if at all the representation is modular then the level of such a form is
a multiple of the one given by Serre’s recipe. Chapter 4 gives the full definition of the weight in
Serre’s conjecture. Throughout these two chapters we also discuss the level and weight optimization
ideas and results which led to the proof that the Weak conjecture implies the Strong conjecture if
€ > 2. The last chapter gives some idea about the proof that Serre’s conjecture is true if the image
of the representation is in GL>([F3), an important result which plays a crucial role in the work of
Wiles.
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CHAPTER 2

The Eichler-Shimura construction

Serre’s conjecture states that certain 2-dimensional Galois representations over finite fields arise
from modular forms. In this chapter we shall consider the other direction, where we start with a
modular form and try to construct a Galois representation that is associated to it (in the sense of
the previous chapter). The first avatar of this idea was in the construction of Eichler and Shimura
who showed how to construct such a representation given a newform in S,(I'H(N)). A general con-
struction of such representations from newforms in Sy (I'H(N), €) remained a thorny open problem
resisting several attacks [Tha67, KSh65, Ser67], until in a brilliant paper by Deligne [Del69] the
construction for Sy (IH(N)) for k > 2 was solved. In subsequent papers [DeS74, Car86] all the
remaining cases were worked out. The complete account of the whole proof with all the details is
available in the Conrad’s book [Con99].

We will restrict our study to the weight 2 case, i.e., the Eichler-Shimura construction. Recall the
basic steps involved ([Bos03] Chapter 4): We are given a newform f € S;(I'h(N)) which in partic-
ular is an eigenform for the Hecke algebra T. This gives us a packet of data a,, for each p prime,
where f = ) ;. anq™ and a,, is the p-th coefficient. Since f is a newform, its fourier coefficients
are algebraic iﬁtegers and K=Q(--- ,an,---) is a finite extension. Let O be the ring of integers
of K. Given a prime {, let A be a prime lying over £ in K and let K, be the completion of K at
the place A. Our task is to engineer a continuous representation p, : Gal(Q/Q) — GLy(K,) such
that Tr p(Frob,) = a, for all but finitely many primes p. We will first construct a Gg-module.
Our beginning observation is that if w € S>(N) = S,(To(N)) then w is a holomorphic differential
form on Xo(N) = (h/To(N))*. Let Cy,---,Cyq be generators for Hi(Xo(N),Z) as a free abelian
group (g is the genus of Xp(N)). Let V = Hom(S,(Tp(N)),C). The map that sends C € H;(X,Z)
to V giving the map w — fcw has discrete image, a subgroup of CY i.e., a lattice A of rank
2g. The quotient V/A is called the Jacobian of Xo(N) which we denote Jo(N). The description of
Jo(N) as this quotient makes it easy to see that it is an abelian variety. Hence, it comes with the
multiplication by {™ maps (which we denote [{™]) and we can look at the corresponding torsion
subgroups Jo(N)[{™] = {P : [{™P = 0}. Patching these together we get the (-adic Tate module
of Jo(N), Te(Jo(N)) = lim Jo(N)[{"] = Z%g. Jo(N) being defined over Q with the multiplication
maps also defined over (@ gives us a module on which Gg acts. We cannot use this module for
defining our Galois representation as it has rank 2g and not 2. Here comes a miraculous fact: if
we set W = To(Jo(N)) ®z, Q¢ then as a T ®z Qe-module this is rank 2. Where the Hecke oper-
ators act on Div®(Xy(N)) and preserve principal divisors (and hence act on the degree 0 portion
of the Picard group which is Jo(N)) by extending T,n[z] = ) _[o;z] linearly, where o runs through

matrices <g Z), ad = N,d > 0,gcd(a,N) = 1 and 0 < b < d. This yields a representation
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Gg — GL(T ®z Q). Since f is a newform, the map T — O¢ given by T, — a, is a ring homo-
morphism called the eigencharacter of f. Composing the representation with the eigencharacter
we get a representation Gg — GL(Of ® Q¢) = GL2(] [, Kas) where A’ runs over primes above (.
Mapping onto the A-th factor gives us the representation p): Gg — GL(K,). There still remains
the task of showing that this is the required representation, namely has trace of Frobenius at p
equal to the a,. This is actually hard and we will only outline the proof in the following sections.

Our description of the Eichler-Shimura construction follows the elegant exposition in [RiS01] by
Conrad and Chapter 3 in [Con99]. In what follows we shall use the moduli space X;(N) instead of
Xo(N) which parametrizes elliptic curves with a chosen point of ezact order N. Since we are only
giving a detailed overview, we shall skip the many compatibility checks that must be performed
between the analytic theory, algebraic geometry and the theory of modular forms.

2.1. The Analytic Side

Let N > 5 be an integer and let X;(N)“™ denote the compactification of the curve Y;(N)" =
1 (N)\$, where

F1(N)§{<(]) T) modN}gSLz(Z).

For N < 5, X7(N)9™ has genus 0 and dim S,(I'1(N)) = 0 so there is no loss of generality in our
assumption that N > 5. Now S,(I'1(N)) is the space of holomorphic differential 1-forms on X;(N)
and in terms of cohomology this says

HO(X1(N), Q3% en) = S2(T1(N)).
The Hodge decomposition for the compact Kahler manifold X;(N)®™" says that:
H'(X{™, 2) @z C = H'(X{™,C)
= P HIGMNM

p+q=1
= HMO X1 (N) ™) @ HOT (X (N) <)
—1,hol

= HOXG(N) ™™, QR jen ) @ HO(X4 (N) ™, O (Ryyan)
= 52(M(N)) @ S2(T(N))

(the notation A for an abelian group A refers to the constant sheaf associated to A). This is
called the weight-2 Shimura Isomorphism. We know that the Hecke operators act on the space
S5(I1(N)), we would like to construct geometric operations on X;(N)?™ which induce actions on
H! (X{™(N),Z) that under the isomorphism correspond to the Hecke operators. We would like to
show that the geometric operations that we construct are “natural”, this entails understanding
X1(N)9™ as a certain moduli space, which then comes naturally with some maps.

Let z € §, associate to this point the elliptic curve given by the complex analytic description

E, = C/[1,z] and 1/N is a point of exact order N on E,. Under the action of <Ccl Z) € I(N)

a lattice £ = [w1, w)] is sent to £’ = [w], w)] where w] = aw; + bw,, w) = cwy + dwy. Since
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¢ =0 mod N and d = 1 mod N, we get w) = w, mod NL or in other words %wé = Wy

N
mod L, since (2 z> € SL,(Z) the two lattices are the same, and this shows that points of ex-

act order N get sent to points of exact order N. Thus the association of the elliptic curve E,
to z € §) shows that we can identify Y;(N)?" as the set of isomorphism classes (E,P) consisting
of an elliptic curve E/C and a point P € E of exact order N. Now consider the intrinsic map
Y1(N)* — Y{(N)9™ given by (E,P) — (E,nP) where n € (Z/NZ)*, this is given by the action of
Tli]

0

action on X7(N)9™ which we denote 1.

any matrix yn € SL2(Z),yn = < *> mod N on Y;(N)™ The action of y,, extends to an
n

There is another map induced by the involution z — ;,—12 on § this extends to a map wy :

X1(N)9™ — X7(N)9™. There is a generalization of this map which we give conceptually as follows:
Let ( , )~ be the Weil pairing on N-torsion points on an elliptic curve E (with sign convention
as in [Mum?70] Chapter IV, §20). Then given { € un(C) a primitive N-th root of unity, define
the map w that sends the pair (E,P) to (E/(P),P’ mod P) where P’ € E has exact order N and
(P’,P)N = ¢. Thus we have induced maps on the cohomology:

wi, I HU (X (N) O™, Z2) — HY (X (N)™, Z),

we will write (n)* instead of I}.

Let p be a prime and define I'1(N,p) = I (N) N Ty(p) when p / N and I'1(N,p) = I'1(N) N Ty(p)t
when p | N where Th(p)t is the transpose of Iy(p). Define Y1(N,p)®™ to be (N, p)\$ and set
X{™M(N,p) to be the compactification of Y;(N,p)“™. By the maps

s <<C/ﬂ,z1,%,<%>>

when p /N and

z

2 (C/H,z],%,(?)

when p | N, we can identify Y;(N,p)?™ as the set of isomorphism classes of (E, P, C) where E is an
elliptic curve, P a point of exact order N and C C E is a cyclic subgroup of order p, meeting (P)
trivially.

There are unique analytic maps corresponding to the following conceptual maps: n(lp),n{zp) :

X1(N,p)™ — X7(N,p)™, given by n(lp)(E,P,C) = (E,P) the “forgetful” map, and n(zp)(E,P,C) =
(E/C,P mod C). We get a pullback map on cohomology by
() H' (X1 (N) ™, Z) — H' (X1 (N, p), Z).

The map ﬁgp) is a finite holomorphic map and we can take the trace ([GrH78] Chapter 5) to define

the map (")), : H'(X1(N,p), Z) = H'(X;(N)%", Z). Define
T: = (7)o (P H (X (N)™, Z) — H (X (N) ", Z).
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The following compatibility theorem whose general form is given as Proposition 3.18, 3.19 in
[Del69] states:

THEOREM 2.1.1. The wetght-2 Shimura tsomorphism
Shr, (n : S2(T1(N)) @ S2(Th(N)) = H' (X:(N)*™, Z2) @7 C
identifies (n) @ (n) with n)* ® 1, T, ® T, with T, ®1 and wn @ WN with Wiy @ 1.

Let T1(N) € Endz(H'(X;(N)9" Z)) be the subring generated by the T, and (n)*, Theorem 2.1.1
shows that via the Shimura isomorphism this is identified with the classical weight-2 Hecke opera-
tors of level N.

There is another compatibility between the cup product on H'(X;(N),Z) and the Petersson scalar
product on S,(I7(N)). For f,g € S5(I1(N)) define

(0 ) = J f(2)g(z) dxdy.
I (N)\$H

Since X7(N)9™ is a curve we have that H%(X;(N)%™" Z) = Z. The cup product on cohomology gives
us another pairing

( m o s HIOGIN) O™, Z) @7 HY (X0 (N) 9™, Z) — H2(X (N) ", Z) = Z.
After base change to C, this pairing enjoys the following compatibility:

THEOREM 2.1.2. Under the weight-2 Shimura 1somorphism Shr, (n) we have

(Shr, (ny(f1 +391), Shiy (o (f2 +32) )1y vy = 47e((F1, 91) 1y o) — (F2, 92) 1y () -

Set [x,ulr, vy = (6 Way)r (v With ¢ = e?™/N_ Then we get the following corollary of Theorem
2.1.2

COROLLARY 2.1.3. The action of T1(N) on H'(X;(N)9™ Z) is equivariant with respect to the
pairing [') ']ﬂ (N)» i'e';

[X,Ty]r] (N) = [TX»U]H (N)

for all T € T1(N). With respect to ( , )r Ny, the adjoint of Tj for p f N s (p“}*TS and the
adjoint of (M)* is (n~")* for n € (Z/NZ)*.

Now we focus our attention on the Jacobian with a view towards reformulating our maps with
respect to it. For any compact Riemann surface X, we have an isomorphism of complex Lie groups
Pic§)< = H'(X,0x)/H'(X,Z). If f : X — Y is a finite map between compact Riemann surfaces, then
we get a natural trace map

o H'(X, 0x) = H(Y, f.0x) — H'(Y,0y).
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It turns out that this trace map is compatible with the other trace map encountered earlier. Given
any finite map f : X — Y gives rise to the following commutative diagrams:

HI(Y, Oy) ——= H1(X, 0x) H'(X,0x) ——= H(Y,0y)
HI(Y,Z) — = H(X,Z) H'(X,Z) —— H(Y,Z)

with the column maps induced by the canonical maps Z — Oy and Z — Ox.
Passing to quotients on the columns gives rise to the maps

f*: Pic) — Pic%, f. : Pic) — Pic}
of analytic Lie groups. It turns out that these maps are precisely those induced by Pic® and

Albanese functoriality ([GrH?78], Chapter 2 §6), so that f* = Pic®(f) and f, = Alb(f). Now we
define endomorphisms of the Jacobian Picg)(1 (N)an via

T: = Alb(n?) o Pic®(nl?)), (n)* = Pic(1,,), wi = Pic®(wy)
(Tp). = Alb(n")) 0 Pic®(nl"), (n). = Alb(I,,), (w¢). = Alb(w).
Taking the {-adic Tate module of the Jacobian, we find:
(2.1.2) Te(Pic§, (jan) = H (X1 (N) ™ Zy)
(2.1.3) =H'(X;(N)*", Z) ®z Z¢.

Thus our struggle has given us the Tate module of an abelian variety on which our Hecke operators
act by the Shimura isomorphism. We do not yet have a Galois action, this is the subject of the
next section. We thus have that T;(N) acts on Pic%] (N) in a unique manner compatible with the
above definition, and (2.1.2) is an isomorphism of T1(N) ®z Z¢-modules.

Let Vo(N) = Q; ®z, Tg(Picg)(1 (N)an) this comes with a perfect alternating Weil pairing ( , ) :
Vi(N) ® Vi¢(N) — Q; and has two Q; ® T¢(N)-actions coming from the ()* and (). actions. As

w? =w¢ we find that (w¢). = w7, and we write w for this operator.

THEOREM 2.1.4. Let T1(N) act on Vy(N) with respect to the ()*-action or with respect to the
()«-action. Wath respect to ( , )¢, the adjoint of T, for p [ N 1s (p>*]Tp and the adjoint of
() is (M)~ for n € (Z/NZ)*. With respect to [x,yl¢ = (x,wc(y))e¢ for ¢ € un(C) a primitive
Nth root of unity, the action of T1(N) on Vy(N) s self-adjoint. In general, adjointness with
respect to ( , )¢ interchanges the (). and ()* actions.

We finally come to the following important corollary:

COROLLARY 2.1.5. The Qg ®z T1(N)-module Vi(N) s free of rank 2 for either action and
Homg(Q ®z T1(N),Q) s free of rank 1 over Q ®z T1(N).

Proof :(Sketch) We sketch the proof of the first assertion, which by (2.1.2) reduces to showing
H'(X;(N)™ Q) is free of rank 2 over Q ®z T1(N). Using [, Iy (N, we see that

H'(X1(N)*™, Q) = Homg(H'(X1(N)*™,Q), Q)
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as Q ®z T1(N)-modules. A series of reductions shows that it suffices to show that
Homc(H' (X1(N)%",C), C)

is free of rank 2 over T{(N) ®z C. Now by the Shimura isomorphism which is compatible with
Hecke actions, this is reduced to showing that Hom(S,(I'1(N)), C) is free of rank 1 over C®7 T{(N).
For this, we study the C ® T{(N)-equivariant C-bilinear pairing

S2(M(N),C) @c (C@Ti(N)) = C

by (f,T) — aq(Tf), where a,(-) is the n-th Fourier coefficient. This is C ® T1(N)-equivariant, as
T1(N) is commutative. We verify that the kernel on either side is trivial. The map C® T{(N) —
Endc(S2(T1(N))) is injective. Now suppose (f, T) = 0 for all T then since (f,T,) = a;1(Tn(f)) =
an(f) = 0 we see that f = 0 so there is no kernel on the left. Now if (f,T) = 0 for all f, then
applying this to T,.f, we see that a;(T(Tnf)) = an(Tf) = 0 showing that Tf = 0 or that T is 0 by
the injection of the Hecke algebra into End¢(S1(I(N))). O

2.2. The Algebraic Side

This section will be more sketchy as a proper discussion of it needs a good understanding of scheme
theoretic methods. The aim now given the work we did in the previous section, is to endow V(N)
with a Galois action, and finally tie up the relation between the Frobenius action and geometric
Hecke action under the representation that we get. It is known that for N > 5, we can produce a
proper smooth Z[%]—scheme X1(N) equipped with a “nice” map to IP”Z[%}, such that an open sub-

scheme Y7(N) lying above the affine piece P1Z[‘—] — {oo} is the base of a universal object for elliptic
N

curves with a point of exact order N over variable Z[%]—schemes [KaM85]. The point is that base
change of this scheme X;(N) upto C recovers X;(N)®™" with the isomorphism carrying the moduli
data compatibly. Similarly one defines X;(N,p) now a proper smooth Z[Nip] scheme, whose base
change to C recovers X;(N,p)*™

Analogous to the previous section, we can define the maps (n)*

» (M, W, Ty, (Tp)s, it turns out as
before that wf: = (W¢)«. Analytization then recovers the same operators that we defined earlier.
Let ']I‘;llg(N) be the subring of End(Pic%l (N)) generated by T} and (n)*. It turns out that ']I‘?lg(N)

is identified with T;(N) defined earlier by
(2.2.4) 1i£1Pic‘>)<] (N)/Z[%}[En] (Q) = Te(Pic§ (nyan)-

Now this gives our Vi(N) with a canonical continuous Galois action! By Néron-Ogg-Shafarevich
([SeT68] Theorem 1) we have that this action is unramified at all p / N{. We summarize our
progress in this lemma:

LEmMMA 2.2.1. Let T1(N) act on Vy(N) through either the ()*-action on ().-action. Then
PNy @ Go — Aut(Ve(N)) = GL2(Qe ® T1(N)) 2s a continuous representation, unramified at

p J NL.

Of course, the mystery is why should the p-th Frobenius action and the p-th Hecke operator have
the same trace. Unfortunately we will not be able to show this fact here, referring the interested
reader to [RiS01] §5.3 instead. We state what we need as the following theorem:
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THEOREM 2.2.2. Let Ti(N) act on Pic® 1, via the ().-action. For any p /| N{, the
X1 (N)/Z[%]

characteristic polynomial of pn ¢(Froby) s
X2 — (Tp)X + p(p)-

relative to the Q¢ ® T1(N)-module structure on Vi(N), where Frob, denotes an arithmetic
Frobenius element at p.

Note that upto now, our discussion has been pretty generic and we have not yet used the newform
f € S2(T7(N)). This is where we specialize the situation to the form f. Let K¢ = Q(--- ,ap,---)
where a, is the p-th fourier coefficient of f. Assume that x¢ the Nebentypus character of f also
takes values in K. Now consider the eigencharacter map T¢ : T1(N) — K¢, by T, — ap. Let
pr = ker(T¢), this is a prime ideal as the image is an integral domain.

. . 0
Let A be the quotient of PlcXl (N)

of T1(N)/ps on A and hence an action of K¢ = (T1(N)/ps ® Q) on it.
Then we have:

/2] by p¢. The action of T7(N) on Pic%] () induces an action

THEOREM 2.2.3. (Shimura) We have dimAs = [K¢ : Q] and Vi(A¢) is free of rank 2 over
Qf ®q K¢, with Frob,, having characteristic polynomaial,

X?— (1@ ap(f)X + 1@ pxe(p)
for all p y NL.
Choosing a place A of K¢ over { we deduce:

COROLLARY 2.2.4. Let f € S5(I'1(N)) be a newform and A a place of K¢ over L. There ezists a
continuous representation psy : Gg — GL2(Kf)) unramafied at all p f N{, with Frob, having
characteristic polynomaal

X2 — ap(f)X + pxe(p) € KealXI.

Suppose now we are given a newform f in Sy (I'1(N)) for k > 2, we can reduce the problem of finding
a Galois representation associated to f, to the case of k = 2 in the case that we are only looking for
mod A congruences between the traces. This is discussed for example in Gross’s paper [Gro90].
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CHAPTER 3

The Level

Let p : Gg — GL(F;) be an irreducible representation that arises from a modular form. Since
there are many congruences between modular forms, it turns out that such a representation could
arise from an infinite number of modular forms. The strong form of Serre’s conjecture predicts the
optimal weight and level of a modular form from which this representation could arise. In §1.1.1
we gave a definition of Serre’s prescription for the optimal level for such a form. The optimal level
which we shall denote by N(p) is the prime to £ part of the Artin conductor. The Artin conductor is
obtained by looking at the local representations the p yields of G, for every prime p and defining
certain exponents n(p,p). From the definition of n(p,p) given in (1.1.1), it is not even clear that
this is an integer! In the next section we will outline the proof that n(p,p) is an integer. In §3.2
we look at a result of Carayol and Livné that shows that any modular form that gives rise to p
must come from a level that is a multiple of N. Since { f N(p), we must be able to remove the
prime { from the level of the modular form giving rise to p, this will be the subject of §3.3. Finally,
in §3.4 we give a brief idea of how general level lowering is achieved by a reduction to the weight
2 case.

3.1. The Artin Conductor of p

To give a proof of the integrality of the n(p,p), we need to digress a bit and discuss Ramification
groups. We will simply collect some of the relevant facts and state the important Hasse-Arf the-
orem. Then we will define the Artin representation of the Galois group of a local field, and then
state Artin’s fundamental theorem regarding this representation. The integrality of n(p,p) follows
as an easy corollary of this theorem. Our principal reference is Serre’s book Local fields [Ser79],
the presentation here is simply a weak shadow of the one given there.

Notation: For the following subsections, we adopt the following notations and conventions. K
will denote a local field, complete under a discrete valuation vk. Let Ax ={x € K| vk(x) > 0} be
the valuation ring corresponding to vy, i.e., its ring of integers. Let px = {x € K : wvg(x) > 0}
be its unique maximal ideal, and let K = A /px be its residue field, and Ux = Ax — px. We will
only consider separable extensions L of K. In this case, we know that A the integral closure of
Ak in L is again a complete discrete valuation ring (cf. [Ser79] Chapter II §2). Define vy, pr, Up
and L as above. We will also assume that [/K is separable. In the case that we are interested
in the residue fields will be finite and since these fields are perfect, this assumption will not be a
restriction. The ramification index of py in [/K is denoted e[ x and the residue class degree f| x
so that ep xfy x = [L: K]

3.1.1. Definition of the Ramification Groups. Let L /K be a Galos extension in addition
to the above assumptions and let G = Gal(L/K) be its Galois group. G acts on the ring A;. We
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know that there is an element x € A; which generates A as an Ag-algebra (cf. [Ser79] Chapter
I1I).

LemMA 3.1.1. Let 0 € G and 1 > —1 an winteger. Then the following are equivalent:

(1) o operates trivially on AL/piLH;

(2) For all a € A, vi(o(a)—a) >i+1;

(3) vi(o(x) —x) >i+1.
Proof : (1) & (2) is trivial. The image of x in AL/piLH generates A; as an Ay-algebra, and thus
(3) is equivalent to the first two conditions. [J

ProrosITION 3.1.2. Leti> —1 be an intger, let G; Z{oeG : GﬁzesAL/piLH}. Then Gi> Gy
forming a decreasing sequence of normal subgroups of G. Furthermore, if i 1s sufficiently
large Gy 1s {1}.

Proof : The G; are normal by assertion (1) of Lemma 3.1.1. The last assertion follows from the
fact that if i > sup, i {vL(0(x) —x)} then G; is trivial. [J

Gj is called the ith ramafication group of G. Note that G_; = G. Gy is called the inertia subgroup
of G. The quotient G/Go = Gal(L/K) which is cyclic of order equal to the residue class degree fL/x
if K is a finite field (cf. [Ser79] Chapter I). We define a certain indez function of the group G as
follows:

(3.1.5) ig(o) =vr(o(x) —x).

If 0 # 1, then ig(0) is a non-negative integer and ig(1) = +o00. The index function gives the index
(off by 1 actually) of the “deepest” ramification group in which o sits. It enjoys the following
properties:

iglo) >i+1 & 0€ Gy
igwop ") =ig(o)
ig(ot) > inf(ig(0),1ic(T)).

Let H < G be a normal subgroup and let K’ be the fixed field of H. Thus G/H can be indentified
with the Galois group of K’//K. The index function satisfies the following nice property:

ProposiTiON 3.1.3. For 0 € G/H,

tomlo) = —— 3 igls).

€L/ s o

Next we collect properties of the quotient G;/Gi;1 for i > 0. For this purpose, we define a filtration
of the group of units U; by:

0
U =ug
U =1 +pt fori>1.
Its easy to see that U = lim UL/U.;_U.
i

The structure of U@/USH) is described by the following proposition:
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PropPoSITION 3.1.4. The quotient U(LO)/U(L” =T1". Fori> 1, the group U(Li)/U(LiH) 15 canon-
ctally tsomorphic to the grop p}_/p}_“ which 1s 1somorphic to the additive group of the reside

field L.
Let 7t be a uniformizer of L.

ProrosITION 3.1.5. The map which assigns to 0 € G; to o(m)/m induces an isomorphism 0;
by passage to quotient from Gi/Gi. 1 onto a subgroup of U@/USH).

Now we reap the harvest of properties of Gi/Gi,1 in the following corollary:

COROLLARY 3.1.6. (1) The group Go/Gy is cyclic, and s mapped tsomorphically by 0,
onto a subgroup of the group of roots of unity contained in L. Its order is prime to
the characteristic of the residue field L.
(2) If the characteristic of L is zero, then G = {1} and the group G, is cyclic.
(8) If the characteristic of L is p # 0, the quotient Gi/Gi 1,1 > 1 are abelian groups, and
are direct products of cyclic groups of order p. The group G s a p-group.
(4) The group G is solvable. If K is a finite field, then G is also solvable.

3.1.2. Upper numbering scheme and the Hasse-Arf theorem. It turns out that for sev-
eral applications the most natural numbering of the ramification groups is not the one defined above.
For our purposes we need to define what is called the upper numbering scheme of ramification
groups. Firstly, if u > —1 is a real number then define G, = G,. Thus 0 € Gy & ig(o) > u+1.

Define
(u) = Ju _at
® o [Go: G

where if —1 < t < 0, our convention is [Gy: G¢] =1if —1 <t <Oand fort = —1,itis [G_;: Go] .
Explicitly, if m <u < m+ 1, with m a positive integer, then

Q) = (161 + 4 16l + (= M)IG i)
Let 1\ denote the inverse of the map ¢@. We now define the upper numbering of the ramification
groups by:
GY = Gy
or equivalently
GPM = Gy,

A direct check shows that G~! = G, G® = Gy, and GY = {1} if v is sufficiently large.

Let L/K be an infinite Galois extension, with G as its Galois group. We can define GY =
lim Gal(L’/K)Y, L’ running through the set of finite Galois subextensions of L. The G" form a
—

filtration of G as in the finite case. This filtration is left continous, i.e., G¥ = Ny,GW. We say
that v is a jump for the filtration if G¥ # GV'€ for all € > 0. A jump need not be an integer (even
if L/K is finite, cf. [Ser79] Chapter IV.)

Now we come to the Hasse-Arf theorem, a proof of which is given in [Ser79| Chapter V §7.

21



THEOREM 3.1.7 (Hasse-Arf). If G s an abelian group, and if v is a jump in the filtration GV,
then v 1s an integer.

3.1.3. Artin Representation. We assume a nodding familiarity with character theory, a
good reference is [[sa76]. Let L/K be a finite Galois extension, with Galois group G. Let f = [L : K].
If 0 # is an element of G, then we define a certain function ag: G — Z as follows:

ag(o) = —fig(o), if 0 # 1
ag(1) = fognicgl(s).

By definition } .- ag(o) = 0, in other words, the inner product with the trivial character
lag,1g] = 0. Since ig(Wop~') = ig(o), the function ag is a class function (meaning that its
value is insensitive to elements in the same conjugacy class.) The irreducible characters of G form
an orthogonal basis for every class function thus we have

ac= Y X
XEIrr (G)
where ¢, = [x, ag]. The theorem of Artin shows that this class function is in fact a character!

THEOREM 3.1.8 ([Art30]). The function ag s a character. In particular, [ag,X] s a non-
negative integer for every character x of G.

The second part of the claim of the theorem follows from the first, since every character is a linear
combination of the irreducible characters with non-negative integer coefficients.

We collect some properties of the function ag.

ProposITION 3.1.9. Let G; be the ith ramafication group of G, let u; be the character afforded

by the agumentation representation of Gi, and let u] be the character of G induced by u;.
Then

1
ag = Z ——uj.
£ [Go: G

Proof : Let gi = |Gi]. We have u}(o) =0 if 0 ¢ Gy, while ul (o) = —g/g9i = —fgo/gi if 0 € Gy,
0 # 1. For 0 € Gy but not in Gy 1, the sum on the right side is —f(k+ 1) and ag(o) has the same
value. For s = 1 by orthogonality of both sides with 15 we get the result. [J

If ¢ is a class function on G, define

$(G) =~ Y (o)
9i oeGy

where g; = |Gy/.
COROLLARY 3.1.10. If ¢ s a class function on G, then

b, acl =Y L(d(1) — (Gy)).

o<t Jdo
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Proof : This follows from the Proposition 3.1.9, by observing that (¢, u]] = [dplg,,u] = ¢(1) —
$(Gy). O

Finally we get:
COROLLARY 3.1.11. If x s the character of a representation of G in a vector space V, then

X acl =Y i dim V/VE,
i

where VGt is the subspace of V fized by Gi.

Proof : This follows from the previous corollary because x(1) = dim V and chi(G;) = dim V&i. O

REMARK 3.1.12. Now returning to our local representation py, : Gg, — GL(IF¢) we can substitute
the character afforded by p, as x in the above Corollary and using Artin’s theorem, we find that
n(p,p) is an integer. Thus all that is left to do is prove Artin’s theorem.

The idea of the proof is to reduce the computation of [, ag] for a character of G to characters of
subgroups of G. This is achieved by Brauer’s “Characterization of Characters” theorem. Brauer’s
theorem actually gives more (and this is critical) in that every character is induced from degree 1
characters, namely homomorphisms from G to a subgroup of the roots of unity of C. This enables
us to reduce to considering abelian sub-extensions and we will be able to prove the theorem in this
case by using the Hasse-Arf theorem. We begin with the following lemma for whose proof we refer
to [Ser79] (corollary to proposition 4 in VI §2.)

LEMMA 3.1.13. Let H be a subgroup of G with K’ being the corresponding subeztension K’'/K
of L, and let 0x/ k. Suppose  is a character of H, and \* the character induced on G, then

(W™, agl = vk (0k/ k)W (1) + fxr k[, agl

Since (1) is simply the dimension of the representation that yields 1 so it is an integer. So all
the terms are non-negative integers except possibly [\, ag].

PROPOSITION 3.1.14. Let X be a degree 1 character on G. Let c, be the largest integer for
which the restriction of X to the ramification group G, s not the unit character (if x = lg
then set cy, = —1). Then

[X,acl = @1 /klcy) + 1.

Where @y /k is the function defined in the previous section.
Proof : If i < ¢y, then x(Gi) = 0 (use the fact that degree of x = 1), so that x(1) —x(Gi) = 1.
Now if i > c,, then x(Gi) =1, and so x(1) —Xx(Gi) = 0. By Corollary 3.1.10 we see that

|G
[x,agl = Z @ = @r/klcy) + 1.

0<i<cy
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COROLLARY 3.1.15. Let H be the kernel of x (a degree 1 character), let K’ be the subeztension
of L/K corresponding to H. Let c>’< be the largest integer for which (G/H)C;( #% 1. Then
[X, acl = @k klcy) + 1, and this is a non-negative integer.

Proof : Herbrand's theorem ([Ser79] VI §3 lemma 5) shows that ¢, = ¢ k/(cy). Now by propo-
sition 3.1.14 we have [x,ag] = @ k(cy) + 1. But the function ¢ is transitive, in the sense that
Ok = @k /K © @r/k- Using this we have @r/k(cy) = @k k(@i (cx)) = @k klcy). Thus
[X,agl = @r/kl(cy) + 1. Since X is a degree 1 character, we have that G/H is abelian. Thus
the Hasse-Arf theorem (3.1.7) shows that (pK//K(c;() is an integer. The non-negativity is clear as
e(u>-1.0

Proof :[of Theorem 3.1.8] We need to show [x, ag] is a non-negative integer for every character
x of G. By corollary 3.1.11 it is at least a non-negative rational number. By Brauer’s theorem
X = )_nyX; where x} is the induced character of some degree 1 character x; on a subgroup H; of
G. This reduces us to showing that [x*, ag] is an integer, if x is a degree 1 character. In this case
corollary 3.1.15 says that [x, ag] is an integer, and lemma 3.1.13 says that [x*, ag] is an integer. [

3.2. The result of Carayol and Livné

Our aim here is to show that if at all an irreducible odd representation p : Gg — GL,(F,) is
modular, i.e., f € Sg(M,x) such that p ~ pf then N | M, where N is the level given by Serre's
recipe. It turns out that this fact is an easy consequence of facts about {-adic and automorphic
representations (Carayol in [Car89] devotes a single paragraph at the end of page 787 to its proof).
We will simply outline the key idea, without any proofs.

Now given the modular form f, we can construct by Deligne’s mechanism a A-adic representation
of Gg call this ¢r. Now the reduction of this A-adic representation gives rise to our residual
representation to p: Gg — GL(Fen). The following two facts are true:

(1) Under the reduction operation, the local exponents of the Artin conductor do not go up,
ie. n(p,p) < n(Pf,p). This is the content of Proposition 1.1 and 2.1 in [Liv89].
(2) The “conductor” obtained by the taking the products of primes with the local exponents
of the A-adic representation s the level M in which the form f resides. This is Lemma 4.1
of [Liv89].
Now the above two facts say that the Artin conductor of p is a divisor of the level M of f,
which is what we wanted. The proof of fact (1) does not use anything more that the ma-
terial in [Ser79], the proof of fact (2) requires some work by Jacquet-Langlands and Tunnell
[JLa70, Tun79, Del73, Car86].

3.3. Removing the prime { from the level

In this section, we will show that if the odd irreducible Galois representation given to us is modular,
then the representation also arises from a modular form of level prime to {. This result is from
[Rib94].
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THEOREM 3.3.1. Assume { > 3. Suppose that p : Gg — GL>(Fy¢) is an odd irreducible repre-
sentation, that arises from a modular form on I'i'(M), where M = N{*, unth ({,N) =1. Then
p arises from a modular form on I'1(N).

Proof :

Let f be the eigenform that gives rise to p, we will assume that it is normalized (without

loss of generality). In the proof v will denote a prime dividing £ in Q. Clearly, we can assume that

« > 1 for otherwise there is nothing to prove.

(1)

(2)

The representation p arises from Ip(£") N T ({N) for some r > 0.

Let f = Z]Sn angq™ € Si(I'1(M)) and let k be its associated Dirichlet character mod M.
b

We assume k > 2. This means that if (2 d

> € Ih(M), then

f<az—|—b

- d) = k(d)(cz + d)*f(z).

Since M = {*N, we can decompose the character k as a product enw!, where ¢ has
conductor dividing N, 1 has {-power order and {-power conductor, and w is a character
of conductor { and order { — 1 which is the identity mod v (such a character is called
a “Teichmiiller” character). The character 1 has odd order so it can be written as &2
where & is a character of {-power order. The cusp form f ® & which is } ;. &(n)anq™
is a form in Sy(MH(¢?"M), &2(enw?)) where " is the conductor of & (see []§qu7} Ex.
1.5.1). Since n = &2, f® & € Si(To({?"M), ew?). Now assume that v > 2h, so that
f® & € Si(TH({™N), ewl). Suppose y = (2 Z) € IH({'N), then

az+b
cz+d

(f® E,)<
but if v € To(£") N T ({N) then e(d) = w'(d) =1, so that

(f®£)<

The twisted form f ® & also gives rise to the same representation. Thus we can assume
that p arises from some form on I'H(¢") N T7(£N) for some r > 0.

) — () (d)(f ® £)(2)

az+b
cz+d

> = (f®E&)(z).

p arises from Ty(£") NT7(N).

Now from (1) we are provided with a modular form f on I'h({") N T (¢N) with nebentypus
character ew!, where we can assume that i is a positive integer. Consider the Eisenstein
series

GZL-{w )+ ) < > w—i(d)di—‘> q".

I<n ™| n

It is a known fact that G is of weight i nebentypus w ™ on Iy(£) (see [Ser73] Lemma 10).
Normalizing G by setting E = ¢ 'G, where c is the constant coefficient, we get a form E
that is in fact =1 mod v. Thus fE viewed mod v, is a non-zero eigenform. By a similar
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(3)

(4)

analysis as in (1) fE is on the group Io(£") N T (N) (essentially because all the characters
with conductor a power { have been killed). Now a beautiful result of Deligne and Serre
([DeST74| Lemma 6.11) ensures that we can find an eigenform on IH(£") N T'(N) whose
eigenvalues are congruent to those of f.

p arises from p(€) N T (N).

Now we have an f = ) ;_, anq™ an eigenform on y({") N T7(N), with v > 1. Let K be
a finite Galois extension of Q containing the an, and let o € Gal(K/Q) be an element
such that ca = a® mod v for all a € Ox. Now o 'f = Y ;_, 0 'anq™ is a normalized
eigenform of the same weight as f. We wish to show that fis congruent mod v to a
cusp form of some weight on Iy(£"1) NTy(N). Let g = (o~ 'f)Y[U, where U = T the (th
Hecke operator. It turns out that g is a form on Ih(¢{™') N T (N) ([Li75] Lemma 1), and
by our choice the Fourier expansion of g is congruent mod v to Z(U_1an)eq“ which is

congruent to the Fourier expansion of f.

p arises from I'1(N).

Néz ¢
{x —N{z = 1. Now if F is a form on I'5({) NT7(N) of weight w and character €, then [Li75]
Lemma 3, implies that the form

¢
Let W be the operator given by the matrix ( X y) where x,y, z are integers such that

Tr (F) ZF+e (O ZFWU

is a form of weight w on T';(N). Also, if G is a form of weight w and character € on I'1(N)
then GIW = "/2¢({)G|V ([AtL78] Proposition 1.5). If { = 3, let E be the normalized
Eisenstein series E4 of weight four, and if { # 3, let E be the normalized Eisenstein series
of weight { — 1, so that E =1 mod {. Let a denote the weight of E, consider the form

g =E—(Y?EW =E —(“E|V.

The g =1 mod { and furthermore g|W is divisible by £. Let f be an eigenform giving rise
to p on Iy(¢) N Ty(N). Then for large enough i one can show that Tr (fg') = f mod .

3.4. General level lowering principles

Many methods of level lowering proceed by first reducing the problem to the weight 2 case. The
first step replaces the representation p by a suitable twise by a mod { cyclotomic character x so
that it arises from a newform of weight k, where 2 < k < €+ 1 (see [Edi92]). Next we use a
theorem of Ribet ([Rib94| Theorem 2.2) that says that mod ¢, the eigenforms of level N whose
weight lies in the range 2 < k < £+ 1 correspond to eigenforms of weight 2 and level {N. So at the
cost of putting back one power of { into the level we can reduce the weight to 2.
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Once we are in weight 2, we use a theorem of Carayol ([Car89] Théoréme 2) to reduce to the
following problem (called the Key case by Ribet):

Key case: Let p: Gg — GL;,(F,) be a Galois representation that arises from a weight 2 newform
f of level pM, with p f{M, and character € : (Z/pMZ*) — C*. Assume that p is unramified at p,
and that e factors through the natural map (Z/pMZ) — (Z/MZ)*. Then show that p arises from
a form of level M.

Another advantage of weight 2 is that we have the clean geometric interpretation of the modular
representation as explained in Chapter 2. In this case there are basically four different approaches
to level lowering as explained in §3.5 of [RiS01], we refer the reader to that article for the discussion
of these principles.
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CHAPTER 4

The Weight

Let p: Gg — GL;(F¢) be an odd irreducible Galois representation. Our main task in this chapter
is to give Serre’s recipe for k(p) the weight of the modular form that conjecturally gives rise to p
([Ser87] §2). After that, we will discuss a result of Edixhoven that says that if p arises from a
modular form of weight k level N and nebentypus €, then it also arises from a weight k(p) modular
form of same level and nebentypus.

4.1. The prescription for the weight

Assume the notation of Chapter 1. The definition of the weight k(p) depends only on the induced
local representation at £:

pe: Ge — GL(V) = GLy(Fy),

where G, = Gal(Q,/Q¢). Let I denote the inertia subgroup of Gy, and I,, denote the largest pro-{

subgroup of I (this is called the wild inertia subgroup). The quotient Iy = I/1,, is called the tame

wnertia subgroup. This quotient is isomorphic to lim [}, where the limit is taking with respect to
—

the norm maps ([Ser72] Propositions 1 & 2). A character of I; is said to be of level n, if it factors
through [Fj,, but not through I}, for any proper divisor of n. Let p*® denote the semi-simplification
of py, it is either p if the action is irreducible or a direct sum of two characters. Serre shows in
[Ser72] (Proposition 4) that in either case p*%(I,,) acts trivially (p is a tame representation at
). Thus we can think of I; acting on V*° (the semi-simplification of V). This action of I; is
diagonalizable; it is given by two characters:

0,0 1y = F,.

ProrosiTION 4.1.1 ([Ser72] Prop. 1). The characters ¢ and ¢’ giving the action of Iy on V*°

are either level 1 or 2. If they are level 2, then they are conjugate in the sense that ¢’ = "
[4

and @ = @'".

Proof : Let 0 € Gy, whose image in the group Gy/I = Gal(F;/F;) gives the Frobenius automor-
phism x — x%. One can check that this condition implies that cuc™' = u’ mod I, for u € I. So
that conjugation by o operates on I; by u +— u'. This results in the set {¢, ¢’} being stable under

the operation of raising to the {-th power. Thus we have two cases:

(1) ¢'= @, @' = @', so that both the characters are level 1;
(2) o' =@’ @' =@ and ¢ # ¢/, so that they are characters of level 2.

This proves the proposition. [
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We will deal with each case above separately. Before that we need to discuss fundamental characters
(see also [Bos03] §3.2).

4.1.1. Fundamental characters. For a nice discussion of this see [Ser72] §1.3 - §1.7 (and
[RiSO1] §2.1.2). Let Q'™ be the maximal unramified extension of Qg, and Q;™ the maximal
tamely ramified extension of Q;*". We have the following diagram of field inclusions and relative
Galois groups:

Qe

Ly

Q™ |1

Ge I
Qv

2

Qe

The extension Q™ is generated by the extensions kar((’,%) for all n not divisible by {. For n with
ged(n, ) = 1, the n-th roots of unity u,, are contained in Qj"". By Kummer theory, we get for

each n, a canonical isomorphism:
Gal(Q§™ (£%)/QE™) — pn,

1
by 0 — @ Each isomorphism gives a map from I — p,, that factor through I;. Composing
i o
any of the maps [ — pu, with reduction mod the maximal ideal of Z; gives a mod { chracter
Iy — FZ The map It — pg defines a character € : [ — Fj,,. There are k embeddings of Fp — Fy,
composing gives us k different characters I; — ;. These are the k fundamental characters of level
k. In particular, there are 2 fundamental characters of level 2, and these are conjugate under the

{-th power map.

4.1.2. Definition of k(p) when ¢ and ¢’ are level 2. Suppose that ¢ and ¢’ are of level
2. In this case the representation is irreducible. For if there was a 1-dimensional subspace stable
under the action, then the action of I; on this subspace is given by a character that will extend to
Gy, which is of level 1. Let 1) and ' = ¢ be the two fundamental characters of level 2 of I; (cf.
§4.1.1). Thus we can write ¢ in the following manner:

@ =PaPP = p*’® with0 < a,b<p—1T.

We have a # b since otherwise ¢ = (P’)® = x¢, where x|I is a cyclotomic character contradicting
the assumption that 1 is of level 2. Since ¢’ is a conjugate of ¢, we have ¢’ = PpPP’®. Thus by
reordering ¢ and ¢’, we can assume that 0 < a < b < p — 1. In this case we define

(4.1.6) k(p) =T+"Lla+b.
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4.1.3. Definition of k(p) when ¢ and ¢’ are level 1, and I,, operates trivially. In this
case, we can assume that the action of I on V is semisimple, and is given by two characters ¢, ¢’
that are powers X and x? of the cyclotomic character ¥, i.e.,

x* 0
(5 )
Pelt 0 Xb

The integers a and b are determined mod { — 1. Normalizing so that 0 < a,b < p —2. We can
also assume 0 < a < b < p — 2 by permuting ¢ and ¢’. The weight in this case is defined by:

- {1 +la+b if (a,b) # (0,0)

(4.1.7) .
) if (a,b) = (0,0).

4.1.4. Definition of k(p) when ¢ and ¢’ are level 1, and I,, does not operate trivially.
In this case VI forms a subspace of V that is stable under the G; action. The action of G; on
V/D is given by a character 87 and on D by another character 6, of Gy, so that the action on V is

0, *
Pe 0 0,/
We can write 01,0, uniquely in the form: 8 = x%e; and theta, = xPe,, where €; is an unramified
character on G, and «, 3 € Z/({ — 1)Z. Restriction to the inertia subgroup is thus of the form:

B
X k
Pel1 <O X“) .

Note that « # 3, for otherwise the action on I, will be trivial contradicting our assumption.
Normalizing so that 0 < < {—2and 1 < B3 <{—1 we set a =inf(x, ) and b = sup(«, ).
Now for defining k(p) we distinguish between two cases:

(1) The case p # o« + 1: In this case as in 4.1.6 we set

given by:

(4.1.8) kip)=14+La+Db.

(2) The case p = «+ 1: In this case we have to distinguish between the type of the wild
ramification. We shall distinguish between two cases that we call slightly ramified and
highly ramafied (Serre calls them peu ramifié and trés ramifieé).

Let Ko = Q™. The group p¢(I) is the Galois group of a certain totally ramified extension
K of Ko, and the wild inertia group p¢(I,,) is the Galois group of K/K;, where K is the
maximal tamely ramified extension of Ky containing K. Since 3 = x+1, one can show that
Gal(Ky/Kp) = (Z/8Z)*, thus Ky = Ko((), where ( is a primitive £-th root of unity. On the
other hand Gal(K/K{) = p¢(I,y) is an elementary abelian group of type ({,---,{), which

can be represented by matrices <(]) T) Furthermore, one can show that the action by

congugation of Gal(K/Ko) = (Z/pZ)* on Gal(K/Ky) is the obvious action. By Kummer
1 1

theory, this implies that K can be written as K = K¢(x, -+ ,xm), where {™ = [K : K{]. Let
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v¢ the normalized valuation of Ky that gives v¢({) = 1, we say that K is slightly ramaified
if
ve(xi) =0 mod{, for 1 <i<m.

So that the x; can be chosen to be units of Ky. If the above is not true, then we say that
K and p; are highly ramaified.

Now we can define k(p) in these cases:

(a) The case B = «+ 1, slightly ramafied. The prescription is the same as for 3 # o+ 1

(4.1.9) k=1+1{la+D.
(b) The case B = a+ 1, highly ramified. Here we define
(4.1.10) k=T1+Ca+b+({—1).
Note that we have assumed £ # 2.

Finally, we have given a full description of Serre’s prescription of the weight of the representation

k(p).

REMARK 4.1.2. Note that in all the cases we have defined, the value of k(p) lies in the interval
2---02-1].

4.2. Edixhoven’s result
In [Edi92] Edixhoven proved the following theorem:

THEOREM 4.2.1. Let p: Gg — GL(F;) be a continous, odd irreducible representation. Suppose
there 1s a cusp form g of level N, weight k and nebentypus € with { | N which s an eigenform,
such that p is wsomorphic to pg. Then there exists a cuspidal eigenform f of weight k(p),
level N and nebentypus € that gives rise to p. Here k(p) is the weight of p as defined in the
previous section.

The proof makes use of the following result of Fontaine (which was proved in two letters to Serre)

THEOREM 4.2.2 (Fontaine). Let f be a cusp form of level N, weight k and nebentypus € that
15 an eigenform with eigenvalue a, for the p-th Hecke operator. Assume that 2 <k <{+1,
and ag = 0. Then the local representation at { afforded by f (in the sense of Chapter 2) ps,

15 1rreducible. Furthermore,
.q)kfl 0
Pl1 ~ 0 <!

where \,\p’ are the two fundamental characters of level 2.

We will also need the 0-operator, that operates on g-expansions by 0()_ anq™) = ) _nanq™ This
operator has the property that if f is an eigenform of weight k, then there is a mod { eigenform
Of of weight k 4+ { + 1 of the same level N, whose g-expansion is 6(>_ anq™).

We outline the construction of f with the properties claimed in Theorem 4.2.1 in a special case.

Suppose pl1 ~ <(g q?’)’ where ¢ and ¢’ are level 2 characters as in §4.1.2. Let {,\{’ be the two
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fundamental characters of level 2, and assume a, b are such that ¢ = 1|)°1|)’b with0 <a<b< (-1
Now as mentioned in §3.4, we can find a twist of the representation p by a cyclotomic character
p ® X * (say) that is associated to a modular form of weight 2 < k; < { + 1. Call the modular
form giving rise to p ® x, f1. The eigenform f; has p-th eigenvalue p~*a, for p # {. Furthermore,
one can show that ay(f;) = 0 and that the weight of f;, is ky = 1 + b — a. Define the modular
form f by f z 04f, where O is the operator defined above. Then by the property alluded to above,
we have weight(f) =1+b—a+ L+ 1)a =1+ La+ b. A detailed check then shows that f gives
rise to p, so that it is the desired form. We refer to [Edi92]| for all the details and also a proof of
Theorem 4.2.2.
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CHAPTER 5

The Evidence for the conjecture

In this chapter we give a short overview of the evidence that has been accumulated for Serre’s
conjecture. As might be clear from the previous chapters, most of the results that have been
obtained have been in the direction of proving that the strong and weak conjectures of Serre are
equivalent. We know very little about the conjecture itself, and it has been proved only when the
image of the Galois representation is very small. In §1.2 we showed how Galois representations
arising from elliptic curves provides some evidence for Serre’s conjecture. This gives us at least an
infinite number of examples where the conjecture is true. In §5.1 we will examine a consequence of
Serre’s conjecture for which there is some supporting evidence. In §5.2 we examine the case when
we have a Galois representation to GL,(IF3), here Serre’s conjecture can be proved. This case also
played a pivotal role in the proof of Fermat’s Last theorem.

5.1. A consequence of Serre’s conjecture

Suppose we have an odd irreducible continuous representation p : Gg — GL(F,) that is unramified
outside {. Then Serre’s recipe gives 1 for the level, and the nebentypus character as a consequence
must be trivial. Now techniques we have seen and used in the previous chapters tell us, that if
we look at twists by a cyclotomic character, we will get a representation that has weight < £+ 1
(see §4.2), but the same level and nebentypus. Now suppose { < 11, in this case dim Sy (I(1)) = 0.
Thus there are no non-zero Galois representations of weight { < 11 that are unramified outside
(. That this is The case for £ = 2 was proved by Tate in a letter to Serre. The proof idea is to
get an upper bound for the number field through which this representation factors and then use
Minkowski’s bound to get a bound on the degree. Then an explicit calculation then shows all of
these fields to be solvable, which is then handled by Class field theory [Tat94]. The case { = 3
was treated by Serre using similar methods ([Ser75] §3, see also the notes in his (Buvres for article
104.) The case £ =5 has been proved under the Generalized Riemann Hypothesis by Brueggeman
[Bru99].

5.2. The case of GL;([F3)

In §5.3 of [Ser87], Serre proves the conjecture when the image of the representation is in GL,(F3).
In this section we will outline the proof of this theorem. More precisely,

THEOREM 5.2.1. Let p: Gg — GL(F3) 25 an odd irreducible representation, then there is a
cusprdal ergenform
=Y aw”

1<n
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of weight 2, and a prime A of Q lying above 3 such that
aq = Tr (p(Frobg)) mod A
for all but finitely many primes (.

The critical point is the use of the following theorem due to Langlands and Tunnell.

THEOREM 5.2.2 ([Lan80, Tun81]). Suppose 0: Gg — GL2(C) s a continuous, odd, irreducible
representation whose image in PGL,(C) s a solvable group. Then there is a normalized
cuspidal eigenform g = ) ., bnq™ of weight 1 and level N and nebentypus \, such that
b, = Tr (o(Froby)) for all but finitely many primes p.

The work of Langlands and Tunnell produces an automorphic representation not the modular form,
we refer to [Gel97] §4.2 for the steps needed to construct the form g(z) from the automorphic rep-
resentation.

Proof : (of 5.2.1). The idea is to lift p to a representation to GL;(C), then apply Theorem 5.2.2
to get a weight 1 eigenform. Then use the techniques used in [DeS74] to get a weight 2 eigenform
that gives rise to an isomorphic representation. The lifting can be explicitly achieved by giving a
specific injective homomorphism

Y : GL,(F3) — GL2(Z(V=-2))
-1 1 -1 1
¥ <—1 o> - <—1 o>

WG _1]> B <—\}—_2 1 +_1\/—_2>

Since the matrices <_: ;) and <1 _]]> generates GL,(F3), this defines the map. It is easy to

verify that this gives rise to a homomorphism that is the identity mod (1 + \/—2). In particular,
Tr (VY(g)) = Tr (g) mod (14++/—2). Further, the “lifted” representation satisfies all the hypotheses
of Theorem 5.2.2. Thus we get a weight 1 cuspidal eigenform g with the properties claimed by
Theorem 5.2.2. Now pick an eisenstein series E of weight 1 such that E =1 mod 3. Now Eg has

by

and

weight 2, some level and character that gives rise to p (but is not an eigenform!). For concreteness
take

E:1+6Z<Zx(d)>q“
1<n Ndn
where
0, ifd=0 mod3
x(d) =<1, ifd=1 mod3
-1, ifd=-1 mod3.
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Though Eg is an eigenform mod 3 it by itself is not one, but this is no problem (we have encoun-
tered exactly this situation in §3.3). We use the lemma of Deligne-Serre ([DeS74| Lemma 6.11)
to conclude that there exists an eigenform of weight 2 that is congruent modulo some prime lying
over 3 to Eg. This finishes the proof. [J

Representations with image in GL>(IF4) and GL;(F5) have been handled under some restrictions
by the work of Sheperd-Barron and Taylor [ShT97].
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