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1 Introduction

Consider a mapping F : R* — R", and let 2* € R" be a solution to F(z) = 0.
We consider the local convergence of Newton’s method when the solution z*
is singular (that is, ker F'(z*) # {0}) and when F is once but possibly
not twice differentiable. We also consider an accelerated variant of Newton’s
method that achieves a fast linear convergence rate under these conditions.
Our technique can be applied to a nonlinear-equations formulation of non-
linear complementarity problems (NCP) defined by

(1) NCP(f): 0< f(z), >0, 2" f(z) =0,

where f : R" — R". At degenerate solutions of the NCP (solutions z* at
which zf = f;(z*) = 0 for some ), this nonlinear-equations formulation is not
twice differentiable at z*, and the weaker smoothness assumptions considered
in this paper are required. Our results show that (i) the simple approach
of applying Newton’s method to the nonlinear-equations formulation of the
NCP converges inside a starlike domain centered at x*, albeit at a linear
rate if the solution is singular; (ii) a simple technique can be applied to
accelerate the convergence in this case to achieve a faster linear rate. The
simplicity of our approach contrasts with other nonlinear-equations-based
approaches to solving (1), which are either nonsmooth (and hence require
nonsmooth Newton techniques whose implementations are more complex;
see for example Josephy [14] and the discussion in Facchinei and Pang [6,
p. 663-674]) or else require classification of the indices i = 1,2,...,n into
those for which xf = 0, those for which f;(z*) = 0, or both.

Around 1980, several authors, including Reddien [19], Decker and Kel-
ley [3], and Griewank [8], proved linear convergence for Newton’s method to
a singular solution z* of F' from special regions near z*, provided that F is
twice Lipschitz continuously differentiable and a certain 2-regularity condi-
tion holds at z*. (The “2” emphasizes the role of the second derivative of F'
in this regularity condition.)

In the first part of this work, we show that Griewank’s analysis, which
gives linear convergence from a partial neighborhood of z* known as a starlike
domain, can be extended to the case in which F” is strongly semismooth at
r*; see Section 4. In Section 5, we consider a standard acceleration scheme
for Newton’s method, which “overrelaxes” every second Newton step. By
assuming that F” is at least strongly semismooth at z* and that a 2-regularity
condition holds, we show that this technique yields arbitrarily fast linear
convergence from a partial neighborhood of x*.

In the second part of this work, beginning in Section 6, we consider a
particular nonlinear-equations reformulation of the NCP and interpret the
regularity conditions for this formulation as conditions on the NCP. We show
that they reduce to previously known NCP regularity conditions in certain
special cases. We conclude in Section 7 by presenting computational results
for some simple NCPs, including a number of degenerate examples.

We start with certain preliminaries and definitions of notation and termi-
nology (Section 2), followed by a discussion of prior relevant work (Section 3).
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2 Definitions and Properties

For G : 2 C R" — R’ we denote the derivative by G’ : £2 — RP*" that is,

oG, 9Gy
Oxry "' Oxzn

(2) G'(x)=| : :
Gy, G,
Oxr1 "' Oxn

For a scalar function g : 2 — R, the derivative ¢’ : £2 — R" is the vector
function

oxq

g'@)=| :
99

0Ty,

The Euclidean norm is denoted by || - ||, and the unit sphere is S = {¢ | ||t|| =
1}.

For any subspace X of R", dim X denotes the dimension of X. The kernel
of a linear operator M is denoted ker M, the image or range of the operator
is denoted range M. rank M denotes the rank of the matrix M, which is the
dimension of range M.

A starlike domain with respect to z* € R" is an open set A with the
property that x € A= Az + (1 — X)a* € Afor all A € (0,1). A vectort € S
is an excluded direction for A if x* + Xt ¢ A for all A > 0.

2.1 Smoothness Conditions

We now list various definitions relating to the smoothness of a function.

Definition 1 Directionally differentiable. Let G : 2 C R" — R, with
2 open, x € {2, and d € R". If the limit

3) lim Gz +td) — G(z)
t10 t

exists in RP, we say that G has a directional derivative at x along d and we
denote this limit by G’ (x;d). If G'(z;d) exists for every d in a neighborhood
of the origin, we say that G is directionally differentiable at x.

Definition 2 B-differentiable. ([6, Definition 3.1.2]) G : 2 C R" — R,
with {2 open, is B(ouligand)-differentiable at x € (2 if G is Lipschitz contin-
uous in a neighborhood of x and directionally differentiable at x.

Definition 3 Strongly semismooth. ([6, Definition 7.4.2]) Let G : 2 C
R" — RP, with 2 open, be locally Lipschitz continuous on {2. We say that
G is strongly semismooth at T € (2 if G is directionally differentiable near

and o ~ ' ~
o <x,x—|a:> —|2<x,x—x>| e
r—I

Further, if G is strongly semismooth at every & € (2, we say that G is strongly
semismooth on (2.
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If G is (strongly) semismooth at Z, then it is B-differentiable at Z. Further,
if G is B-differentiable at Z, then G’(Z; ) is Lipschitz continuous [18]. Hence,
for F' : R* — R™™" strongly semismooth at x*, there is some L~ such that

(4) ICGF) (@5 ha) = (F")' (275 ho)|| < Lo

h1 — ha||.

Provided F”’ is strongly semismooth at z* and ||z — «*| is sufficiently
small, we have the following crucial estimate from equation (7.4.5) of [6].

(5) F'(z) = F'(2") + (F')' (z";2 — 2*) + O([la — «"||?).

(We use p = n? in order to apply Definition 3 to F".)

2.2 2-regularity

For F : R* — R", suppose z* is a singular solution of F(z) = 0 and F’ is
strongly semismooth at z*. We define N := ker F'(z*). Let N denote the
complement of N, such that N @ N; = R", and let N, := ker F'(x*)T with
complement N, . We denote by Py, Py, , Pn,, and Py, the orthogonal
projections onto N, N, N,, and N, | respectively, while (-)|; denotes the
restriction map to N. Let m := dimN > 0.

We say that F satisfies 2-regqularity for some d € R" at a solution z* if

(6) (Pn,F') (2*;d)|n is nonsingular.

The 2-regularity conditions of Reddien [19], Decker and Kelley [3], and Griewank [8]
require (6) to hold for certain d € N. In fact, this property first appeared in
the literature as (Py, F” (x*)d)|n; the form in (6) was introduced by Izmailov
and Solodov in [11]. By applying Py, to F’ before taking the directional
derivative, the theory of 2-regularity may be applied to problems for which
Py, F' is directionally differentiable but F’ is not [13].

Decker and Kelley [3] and Reddien [19] use the following definition of
2-regularity, which we call 27-regularity.

Definition 4 2"-regularity. 27 -regularity holds for F at z* if (6) holds for
every d € N \ {0}.

For F twice differentiable at x*, 2"-regularity implies (geometric) isolation
of the solution z* [19,3] and limits the dimension of N to at most 2 [4].

Next, we define a weaker 2-regularity that can hold regardless of the
dimension of N or whether z* is isolated.

Definition 5 22¢-regularity. 2¢-regularity holds for F' at z* if (6) holds
for almost every d € N.

The following example due to Griewank [9, p. 542] shows that a 2%¢-regular

solution need not be isolated, when dim N > 1. Let F : R’ — R? be defined
as

(7) Flo1,22) = [ ot ] |
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with roots {(x1,z2) € R* | 1 = 0}. It can be verified that the origin is a 29¢-

regular root of this function. First note that N = R* = N,. By Definition 5,

2¢9¢_regularity holds if F”/(z*)d is nonsingular for almost every d = (dy,d2)T €
N. By direct calculation, we have

(o k _ 2dl 0

F'(z*)d = [d2 d1:|7

which is nonsingular whenever d; = 0, that is, for almost every d € R%.
Weaker still is the condition we call 2'-regularity.

Definition 6 2!-regularity. 2!-regularity holds for F at x* if (6) holds for
some d € N.

For the case in which F' is twice Lipschitz continuously differentiable, Griewank
shows that 2'-regularity and 2¢¢-regularity are actually equivalent [8, p. 110].
This property fails to hold under the weaker smoothness conditions of this
work. For example, the smooth nonlinear equations reformulation (9) of the
nonlinear complementarity problems quad2 and affknotl (defined in Ap-
pendix C) are 2'-regular but not 2*¢-regular at their solutions.

Izmailov and Solodov introduce a regularity condition and prove that
it implies that z* is an isolated solution, provided that Py, F'(xz*) is B-
differentiable [11, Theorem 5(a)]. The following form of this condition, which
we call 27-regularity, is specific to our case F' : R® — R" and is due to
Daryina, Izmailov, and Solodov [1, Def. 2.1]. Consider the set

(8) Ty:={de N | (Py.F'(a";d)d = 0}.

Definition 7 2T-regularity [1, Def. 2.1]. 27 -regularity holds for F at x*
if Ty = {0}.

As can be seen from Table 1 in Section 7, neither 27-regularity nor 2%¢-
regularity implies the other. If dim N = 1, then 27-regularity is equivalent
to 2"-regularity (which is trivially equivalent to 2?¢-regularity in this case).
For completeness, we verify this claim. Suppose N = span v, for v € S.
By positive homogeneity of the directional derivative, 27-regularity holds
if (Pn,F") (z*;v)v # 0 and (Py, F') (2*; —v)(—v) # 0. Similarly, the defi-
nition of 2¥-regularity requires (Py, F’)(z*;v)|nx and (Py, F')(z*; —v)|n to
be nonsingular. By linearity, we need to verify only that (Py, F') (z*;v)v # 0
and (Py, F')(z*; —v)(—v) # 0, equivalently, that 27 -regularity is satisfied.

By definition, 2"-regularity implies the other three regularity conditions.
Therefore, since 27-regularity implies isolation of the solution under our
smoothness conditions, so must 2"-regularity.

3 Prior Work

In this section, we summarize briefly the prior work most relevant to this
paper.
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2-reqularity Conditions. 2-regularity has been applied to a variety of uses
including error bounds, implicit function theorems, and optimality conditions
[11,13]. We focus on the use of 2-regularity conditions to prove convergence
of Newton-like methods to singular solutions. As explained in Subsection 2.2,
such conditions concern the behavior of the directional derivative of F’ on
the null spaces N and N, of F’(z*) and F'(x*)7, respectively.

The 2'-regularity condition (Definition 6) was used in [20] by Reddien
and in [10] by Griewank and Osborne. The proofs therein show convergence
of Newton’s method (at a linear rate of 1/2) only for starting points o such
that xo — z* lies approximately along the particular direction d for which the
nonsingularity condition (6) holds.

The more stringent 2"-regularity condition (Definition 4) was used by
Decker and Kelley [3] to prove linear convergence of Newton’s method from
starting points in a particular truncated cone around N. The convergence
analysis given for 2"-regularity [19,3,2] is much simpler than the analysis
presented in Griewank [8] and in the current paper.

Griewank [8] proves convergence of Newton’s method from all starting
points in a starlike domain with respect to x*. If 2'-regularity holds at z*,
then the starlike domain is nonempty. As mentioned in Subsection 2.2, 2'-
regularity is equivalent to 2%¢-regularity when F' is twice Lipschitz continu-
ously differentiable at z*. In this case, 2*¢-regularity implies that the starlike
domain is “dense” near x* in the sense that the set of excluded directions has
measure zero—a much more general set than the cones around N analyzed
prior to that time.

Acceleration Techniques. When iterates {zj} generated by a Newton-like
method converge to a singular solution, the error x — x* lies predominantly
in the null space N of F’(z*). Acceleration schemes typically attempt to stay
within a cone around N while lengthening (“overrelaxing”) some or all of the
Newton steps.

We discuss several of the techniques proposed in the early 1980s. All re-
quire starting points whose error lies in a cone around N, and all assume
three times differentiability of F'. Decker and Kelley [4] prove superlinear
convergence for an acceleration scheme in which every second Newton step
is essentially doubled in length along the subspace N. Their technique re-
quires 2"-regularity at z*, an estimate of N, and a nonsingularity condition
over N on the third derivative of F' at z*. Decker, Keller, and Kelley [2]
prove superlinear convergence when every third step is overrelaxed, provided
that 2'-regularity holds at x* and the third derivative of F' at z* satisfies
a nonsingularity condition on N. Kelley and Suresh [16] prove superlinear
convergence of an accelerated scheme under less stringent assumptions. If
2'-regularity holds at * and the third derivative of F at z* is bounded over
the truncated cone about N, then overrelaxing every other step by a factor
approaching 2 results in superlinear convergence.

By contrast, the acceleration technique that we analyze in Section 5 of
our paper does not require the starting point xg to be in a cone about N,
and requires only strong semismoothness of F’ at z*. On the other hand, we
obtain only fast linear convergence. We believe, however, that our analysis
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can be extended to use a scheme like that of Kelley and Suresh [16], increasing
the overrelaxation factor to achieve superlinear convergence.

Smooth Nonlinear-Equations Formulation of the NCP. In the latter part of
this paper, we discuss a nonlinear-equations formulation of the NCP ¥ based
on the function ,(a,b) := 2ab — (min(0,a + b))?, which has the property
that vs(a,b) = 0 if and only if @ > 0, b > 0, and ab = 0. The function
¥ : R" — R" is defined by

(9) Wi(x) = 2z fi(x) — (min(0, z; + f;(2)))?, i=1,2,...,n.

This formulation is apparently due to Evtushenko and Purtov [5] and was
studied further by Kanzow [15]. The first derivative ¥’ is strongly semismooth
at a solution x* if f is strongly semismooth at z*. At a solution z* for which
xf = fi(x*) = 0 for some i, z* is a singular root of ¥ and ¥ fails to be twice
differentiable.

Recently, Izmailov and Solodov [11-13] and Daryina, Izmailov, and Solodov [1]
have investigated the properties of the mapping ¥ and designed algorithms
around it. (Some of their investigations, like ours, have taken place in the
more general setting of a mapping I for which F’ has semismoothness prop-
erties.) In particular, Izmailov and Solodov [11,13] show that an error bound
for NCPs holds whenever 27-regularity holds. Using this error bound to clas-
sify the indices ¢ = 1,2,...,n, Daryina, Izmailov, and Solodov [1] present
an active-set Gauss-Newton-type method for NCPs. They prove superlinear
convergence to singular points which satisfy 27-regularity as well as another
condition known as weak regularity, which requires full rank of a certain
submatrix of f’(z*). These conditions are weaker than those required for su-
perlinear convergence of known nonsmooth-nonlinear-equations formulations
of NCP. In [12], Izmailov and Solodov augment the formulation ¥(z) = 0 by
adding a nonsmooth function containing second-order information. They ap-
ply the generalized Newton’s method to the resulting function and prove
superlinear convergence under 27-regularity and another condition called
quasi-regularity. The quasi-regularity condition resembles the 2-regularity
condition for the NCP; their relationship is discussed in Subsection 6.3 be-
low.

In contrast to the algorithms of [1] and [12], the approach we present
in this work has fast linear convergence rather than superlinear conver-
gence. Our regularity conditions are comparable and may be weaker in some
cases. (For example, the problem munson4 in Appendix C satisfies both
2T regularity and 2%-regularity but not weak regularity.) We believe that
our algorithm has the advantage of simplicity. Near the solution, it modifies
Newton’s method only by incorporating a simple check to detect linear con-
vergence and possibly overrelaxing every second step. There is no need to
classify the constraints, add “bordering” terms, or switch to a different step
computation strategy in the final iterations.
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4 Convergence of the Newton Step to a Singularity

Griewank [8] extended the work of others [19,3] to prove local convergence
of Newton’s method from a starlike domain R of a singular solution x* of
F(z) = 0. Specialized to the case of & = 1 (Griewank’s notation), he as-
sumes that F"(z) is Lipschitz continuous near z* and that * is a 2!-regular
solution. Griewank’s convergence analysis shows that the first Newton step
takes the initial point zy from the original starlike domain R into a simpler
starlike domain W;, a wedge around a certain vector s in the null space
N. The domain W; is similar to the domains of convergence found in ear-
lier works (Reddien [19], Decker and Kelley [3]). Linear convergence is then
proved inside W.

For F twice continuously differentiable, the convergence domain R is
much larger than W;. In fact, the set of directions excluded from R — z* has
zero measure. As a result, the error in the initial iterate with respect to z*
need not lie near the null space N [8].

In this section, we weaken the smoothness assumption of Griewank in
replacing the second derivative of F' in (6) by a directional derivative of F”.
Our assumptions follow:

Assumption 1 For F : R" — R", z* is a singular, 2'-reqular solution of
F(z) =0 and F’ is strongly semismooth at x*.

We show that Griewank’s convergence results hold under this assumption.

Theorem 1 Suppose Assumption 1 holds. There exists a starlike domain R
about x* such that, if Newton’s method for F(x) is initialized at any 9 € R,
the iterates converge linearly to x* with rate 1/2. If the problem is converted
to standard form (10) and zo = poto, where pg = ||zo]| > 0 and to € S, then
the iterates converge inside a cone with axis g(to)/|lg(to)|l, for g defined in

(32).

Ounly a few modifications to Griewank’s proof [8] are necessary. We use
the properties (4) and (5) to show that F' is smooth enough for the main
steps in the proof to hold. Finally, we make an insignificant change to a
constant required by the proof due to a loss of symmetry in R. (Symmetry is
lost in moving from derivatives to directional derivatives because directional
derivatives are positively but not negatively homogeneous.) The proof in
[8] also considers regularities larger than 2, for which higher derivatives are
required. We restrict our discussion to 2-regularity because we are interested
in the application to a nonlinear-equations reformulation of NCP, for which
such higher derivatives are unavailable.

For completeness, we work through the details of the proof in the remain-
der of this section and in Section A in the appendix, highlighting the points
of departure from Griewank’s proof as they arise.

4.1 Preliminaries

For simplicity of notation, we start by standardizing the problem. The New-
ton iteration is invariant with respect to nonsingular linear transformations
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of F' and nonsingular affine transformations of the variables x. As a result,
we can assume that

(10) 2" =0, F'(z*)=F'(0) = (I — Py.), and N, = R™ x {0}"~™.

(We revoke assumption (10) in our discussion of an equation reformulation
of the NCP in Sections 6 and 7.)

For z € R"\ {0}, we write x = x* + pt = pt, where p = ||z|| is the 2-norm
distance to the solution and ¢t = z/p is a direction in the unit sphere S. From
the third assumption in (10), we have

PN = |:OIm><m Omxn—m :|7

* 0
n—mxm Yn—mxn—m

where I represents the identity matrix and 0 the zero matrix, with subscripts
indicating their dimensions. By substituting in the second assumption of (10),
we obtain

n—mxm Infmxnfm

(11) F'(0) = {Oomm Omxn—m }

Since F’(0) is symmetric, the null space N is identical to N..
Using (10), we partition F’(x) as follows:

[ PeF@)y PyF @)y, | [B) C@)
f’@)—{PﬁLF%mﬁ«RﬁLF«wﬁ¢}— {D@)E@»}

In conformity with the partitioning in (11), the submatrices B, C, D, and FE
have dimensions m xm, m Xxn—m,n—m xm, and n—m X n—m, respectively.
Using z* = 0, we define

(12a) B(x) = B(x —a*) = (P, F') (z";2 — a")|n = (P, F') (0;2) N,
(12b) C(z) = C(x —a*) = (Pn,F') (z";2 — 2")|n, = (PN F') (0;2)| N, -

From x = pt, the expansion (5) with z* = 0 yields

B(z) = B(x) + O(p*) = pB(t) + O(p*),
(13 Cla) = Cla) + 0(?) = pC(1) + O(?),
D(z) =0O(p), and E(x)=1+O(p).

Note that the constants that bound the O(-) terms in these expressions can
be chosen independently of ¢, by compactness of S. This is the first difference
between our analysis and Griewank’s analysis; we use (5) to arrive at (13),
while he uses Taylor’s theorem.

For some r, > 0, F is invertible for all p < 7, and all ¢ € S, with
E=1(z) = I + O(p). Invertibility of F’(z) is equivalent to invertibility of the
Schur complement of E(z) in F’'(x), which we denote by G(z) and define by

G(x) := B(z) — C(z)E(x) "' D(x).
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This claim follows from the determinant formula
det(F'(z)) = det(G(z))det(E(x)).

By reducing ry, if necessary to apply (13), we have

(14) G(z) = B(z) + O(p*) = pB(t) + O(p*).

Hence,
det(F’(z)) = p™detB(t) + O(p™™).

As in the proof of [8, Lemma 3.1 (iii)], we note that all but the smallest m
singular values of F”(z) are close to 1 in a neighborhood of z*. Letting v(s)
denote the smallest singular value of F’(s), we have by the expression above
that

O(p), if B(t) is nonsingular,

(15) v(pt) = O((detF’(Pt))l/m) = {0(p) if B(t) is singular.

For later use, we define v to be the smallest positive constant such that
|G(z) — pB(t)|| < vp?, forallz=pt,alltc S, and all p < 7.

Following Griewank [8], we define the function o(t) to be the minimum
of 1 and the Ly operator norm of the smallest singular value of B(¢), that is,

o 0 if B(t) is singular
(16) oft) = {min(l, IB=1(@®)|~Y) otherwise.

It is a fact from linear algebra that the individual singular values of a matrix
vary continuously with respect to perturbations of the matrix [7, Theorem
8.6.4]. By (4), B(t) is Lipschitz continuous in ¢, so that o(t) is continuous in
t. This is the second difference between our analysis and Griewank’s analysis:
We require (4) to prove continuity of the singular values of B(t), while he uses
the fact that B(t) is linear in ¢ which holds under his stronger smoothness
assumptions.
Let

(17) Io(d) == detB(d),  for d € R".

In contrast to the smooth case considered by Griewank, ITy(d) is not a ho-
mogeneous polynomial in d, but rather a positively homogeneous, piecewise-
smooth function. Hence, 2'-regularity does not necessarily imply 2%¢-regularity.
Since the determinant is the product of singular values, we can use the same
reasoning as for o(t) to deduce that IIy(t) is continuous in ¢ for ¢ € S.
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4.2 Domains of Invertibility and Convergence

In this section we define the domains W, and R. The definitions of W, and R
depend on several functions that we first introduce. If we define min(f)) = =,
the angle

(18) ¢(s) = imin{cosfl(th) [te SN, *(0)}, forse NNS

is a well defined, nonnegative continuous function, bounded above by 7. For
the smooth case considered by Griewank, if t € ITo~*(0), then —t € IT,~*(0)
and the maximum angle if Ho_l(O) # 0 is %. This assertion is no longer true
in our case; the corresponding maximum angle is 7. Hence, we have defined
min(p)) = 7 (instead of Griewank’s definition min(()) = %) and the coefficient
of ¢(s) is 1 instead of 3. This is the third and final difference between our
analysis and Griewank’s analysis. Now, ¢~*(0) = N NS N Iy~ '(0) because
the set {s € S| IIy(s) # 0} is open in S since II(-) is continuous on S, by
(4)-
In [8, Lemma 3.1], Griewank defines the auxiliary starlike domain of in-
vertibility R,

(19) Ri={zx=pt|teS,0<p<r(t)},

where

(20) 7(t) :== min {Tb, %”yla(t)} .

Note that the excluded directions, t € S for which o(t) = 0, are the directions
along which the smallest singular value of the determinant of F'(pt) is o(p) by
(15) and (16). Even if o(t) # 0 for some ¢ € S, the set of excluded directions
may have positive measure in S. This is the case for the the smooth nonlin-
ear equations reformulation (9) of the nonlinear complementarity problems
quad2 (defined in Appendix C). For this problem, o(t) # 0 for almost every
t = (t1,t2)T € S with t; < 0 and t2 # 0, while o(t) = 0 for any t € S with
t1 > 0.

As in [8, Lemma 5.1], we define

(21) #(s) == min{F(t) [t € S, cos  (tTs) < ¢(s)}, for s€e NNS
and
(22) 6(s) :=min{o(t)|t €S, cos™ (tTs) < ¢(s)}, fors€ NN S.
These minima exist and both are nonnegative and continuous on SN N with
671(0) = #71(0) = ¢~1(0). Note that since o(t) < 1 by definition, we have
(s) <lforse NNnS.

Let ¢ be the positive constant defined by

(23) c = max{[|C(t)|| + o(t) | t € S}.
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In the following, we use the abbreviation

(24) 4(s) = = sin g(s) <

1 , forse NNS.

|

We define the angle ¢(s), for which 0 < ¢(s) < /2, by the equality
q(s) 207(s)
/6(s) +1—q(s)" (1 —q(s))6>(s)

where § is a problem-dependent, positive number to be specified in the Ap-
pendix in (144). We now define

(26) p(s) == % sing(s), forse NNS.

(25) sin¢(s) := min{c }, forse NNS,

Both ¢ and p are nonnegative and continuous on N NS with
(27) 6H(0) =p71(0) =71 (0) =TI (0)N N NS.
Now we can define the starlike domain W,

(28) W, :={z=pt|teS, cos  (tTs) < d(s),0 < p < p(s)},
and the starlike domain Zj,

(29) Io:={x=pt|teS, cos  (t!'s) < ¢(s),0 < p < p(s)}.

By the first inequality in (25), sin¢(s) < sin¢(s). Since both ¢(s) and
#(s) are acute angles, we have ¢(s) < ¢(s) and thus W, C Z,. For s € SN N,
Ws = 0 if and only if ITy(s) = 0. The second implicit inequality in the
definition of sin ¢(s), ensures that j(s) satisfies

(30) p(s) < 7(s) <7(t) <rp, forall t €S with cos™1 tT's < ¢(s).
It follows that
(31) I, C R, forall s€e SNN\II;,'(0).

(The justification given in [8] that #(s) < 7(s) is insufficient.)
Consider the positively homogeneous vector function g : (R*\ IT, *(0)) —
NCR"

(32) o) =)= [ 70

It is shown in (145) of Appendix A that the Newton iteration from a point x
near z* is, to first order, the map z* + g(x), provided g(z) is defined at z.

The starlike domain of convergence R, which lies inside the domain of
invertibility R, is defined as follows (where = = pt as usual):

(33) R:={x=pt|teS, 0<p<r(t)},
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where

(34) () == min {r@ 2(D)p(s(t) ||g<t>|o2<t>smas<s<t>>}7

7287y + co(t) + o2(t)’ 26

where we define
g(t)
lg@)|

and 0 is the constant to be defined in (144) in the Appendix. (The factor
of 2, or k 4+ 1 for the general case, is missing from the denominator of the
second term in the definition of r(¢) in [8] but should have been included, as
it is necessary for the proof of convergence.)

The remaining details of the proof of Theorem 1 appear in an appendix
(Appendix A), which picks up the development at this point.

s(t) ==

eNNS,

The Ezcluded Directions of R. We conclude this section by characterizing the
excluded directions of R, that is, ¢t € S for which r(¢) = 0. By the definition
of 7(t) (34), these are directions for which at least one of 7(t), o (¢), |lg(®)|l,
p(s(t)), or sind(s(t)) is zero. Let us inspect each of these possibilities. By
definition, 7(¢) (20) is zero if and only if o(¢) is zero. If o(t) is nonzero, that
is, t ¢ IT, *(0) then g(t) is well defined. If additionally ||g(t)|| # 0, then s()
is well defined. Since s(t) € NNS, by (27) j(s(t)) or sin ¢(s(t)) is zero if and
only if s(t) € IT;*(0). To summarize, r(t) is zero for t € S if and only if one
of the following conditions is true:

(35) te ;' (0), g(t)=0, or g(t)/llg(®)| € g (0).

The first condition fails if F' satisfies 2-regularity (6) for ¢t. Likewise, the third
condition fails if F' satisfies 2-regularity (6) for g(¢)/||g(t)||. Let us consider
the second condition. For d € R™ \ IT;*(0), by the definition of g (32) we
have

9(d) =0 & B(d)dy + C(d)dy, =0,

where d is the orthogonal projection of d onto N and dy, is the orthogonal
projection of d onto N, . By the definitions (12a) and (12b), we have

(36) g(d) =0 < (Py, F')(2*;d)d = 0, for d € R\ 11, *(0).

The right-hand side of this condition is identical to the condition defining the
set To (8), though the domain of d differs. Due to the limited smoothness of
F, it is possible for either Iy, g, or ITp(g(:)) to map a set of positive measure
in R" to 0. This is despite the facts that Ty g, and ITy(g(-)) may be nonzero
elsewhere, Ilp and g are continuous and positively homogeneous, and g is
the identity on its range IN. Hence, the set of excluded directions can be of
positive measure.
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5 Acceleration of Newton’s Method

Overrelaxation is known to improve the rate of convergence of Newton’s
method converging to a singular solution [9]. The overrelaxed iterate is

(37) T = x5 — aF' (x;) 7 F(xy),

where « is some fixed parameter in the range [1,2). (Of course, a = 1 corre-
sponds to the usual Newton step.)

If every step is overrelaxed, it can be shown that the condition a < %
must be satisfied to ensure convergence and, as a result, the rate of linear
convergence is no faster than %

In this section, we focus on a technique in which overrelaxation occurs
only on every second step; that is, standard Newton steps are interspersed
with steps of the form (37) for some fixed « € [1,2). Broadly speaking, each
pure Newton step refocuses the error along the null space N. Kelley and
Suresh prove superlinear convergence for this method when « is systemati-
cally increased to 2 as the iterates converge [16]. However, their proof requires
the third derivative of F' evaluated at 2* to satisfy a boundedness condition
and assumes a starting point x that lies near a 2!-regular direction in N.

We state our main result here and prove it in the remainder of this section.
The major assumptions are that 2'-regularity holds at * and that z¢ € R,
where R, is a starlike domain defined in (50) whose excluded directions are
identical to those of R defined in Section 4 but whose rays are shorter. In
fact, as « is increased to 2, the rays of the starlike domain R, shrink in
length to zero.

Theorem 2 Suppose Assumption 1 holds and let o € [1,2). There exists a
starlike domain Ry C R about x* such that if o € Ry and for j =0,1,2,...
we have

(38) T2j4+1 = X25 — F/(l'gj)_lF(,ng) and

(39) Tajpa = Tojp1 — oF (w2541)  F(22541),

then the iterates {x;} fori=0,1,2,... converge linearly to * and
hm&@ﬁ;ﬁﬂzl(_%)
im0 |lwy — a2 2

The remainder of this section contains the proof of the theorem.

5.1 Definitions

We assume the problem is in standard form (10). We define the positive
constant ¢ as follows:

(40) 6 := d max(c, @),
where 9§ is defined in (144) and c is defined in (23). Note that
(41) 5> 0.



Newton’s Method for Nonlinear Equations with Semismooth Jacobian 15

We introduce the following new parameters:

1—a/2
4

(from which it follows immediately that g.(s) < (1/8)sing(s) < 1/8). We
define the angle ¢, (s), for which 0 < ¢, (s) < 7/2, by the equality
(43)

(42) qa(s) := sing(s), for s € NNS,

in ¢o(s) := min o (s) 207(s) or s

o) =i e o - e €N DS
Since a > 1, a comparison of (24) and (42) yields

(44) () < a(s).

The definition of sin ¢, (43) is simply that of sinjﬁ (25) with ¢ replaced by ¢q.-
By (44), the numerators in the definition of sin ¢, are smaller or the same as

those in the definition of sin ¢ and the denominators are larger or the same.
As a result, we have

(45) sin @ (s) < sin g(s) < sin p(s),
and therefore

(46) Pa(s) < o(s).

We further define

(1 - /2 —qa(s)5°(s)

(47) Pals) = v singu(s) for se NNS,
(48) Waa ={z=pt|t €S, cos  (tTs) < du(s),0 < p < pals)},
and

(49) Too ={x=pt|t €S, cos  (t"'s) < #(5),0 < p < pals)}.

(Note that (46) implies that W o C Z; o.) We will show that the following
set is a starlike domain of convergence:

(50) Ra:={z=pt|te S, 0<p<ry(t)},
where
(51)
S o (D)pals(t))  llg®)llo*(t)(1 = a/2)sin a(s(t))
ro(t) := min {T(t), 2073 + co(t) + o2(1) ]S }

and s(t) = g(t)/[lg(t)| € NN'S.
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We now establish that R, € R C R and Zso C€Is C R. We first show
that

(52) Pa(s) < p(s),
where p(s) is defined in (26). Because of (45), it suffices for (52) to prove

that
(1-a/2—ga(5))6” _ 1—q(s)
46 -2

The truth of this inequality follows from a € [1,2), q(s) € [0, 1], qa(s) €
[0,4—2],6 <1, and (41). Using (45) and (52) together with (41), a compari-
son of ro(t) (51) and 7(t) (34) yields r4(¢) < r(t). We conclude by comparing
(33) with (50) that R, C R. The relation R C R follows easily from the
definitions of r (34) and 7 (20) together with (33) and (19). By (52), we also
have Z, o C Z5, upon comparing their definitions (49) and (29). The relation
T, C R was demonstrated in (31).

As in Section 4, we denote the sequence of iterates by {z;};>0 and use
the notation (146), that is,

&2

pi = llzill, ti=wmi/pi, oi=o0(t), si=g(x:)/llg(x:)l],

where g(+) is defined in (32). We use the following abbreviations throughout
the remainder of this section:

(53) fa = pa(0),  Ga=dals0), ¢=0d(s0), & =d(s0)

5.2 Basic Error Bounds and Outline of Proof

Since the problem is in standard form, we have from (145) that the Newton
step (38) satisfies the following relationships for xo € R:

1[I B(tor) tC(t 1
(54)  Zopy1 = 310 (t2x) 0 (21) Top + e(xor) = 59(:6%) + e(wap),

for all k > 0, where g(-) is defined in (32) and the remainder term e(-) is
defined in (143). As in (144), we have

P%k
(55) le(wan)l| < 622E.
2k

For the accelerated Newton step (39), we have for zo,41 € R that

1-9) ¢B(t el
(56)  wapto = {( 02) 25 2?EIZ.a)I(2k+1)] Tokt1 + ce(Tart1),
for all k£ > 0, which from (144) yields
0 2B(tayr1) 'Ot P
s = (1= a2l < | [ FPOD 000 by 4 ag Bt
2 O2k+1
0 2B(tagr1) 'Ot <03
(57) < 2 B( 2k+1_)g (bak1) tors1 || parr1 + 02t
0 21 O2k+1
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where § is defined in (40).
By substituting (54) into (56), we obtain

1[(1—9) 2B(t —1C(t I B(to,) tCO(t
(58) warsz = {( 02) 5 B( 21@611 a)I( 2k+1)] [0 (tan) . (t20) | .,
+ éa(Tor, Tak+1),
where
(59)
. 1—9) 2B(t “10(t
€a(T2k, Tang1) = [( 02) 2 ( %(Jill a)]( %H)} e(zar) + ae(xapt1).
Therefore,
1 a T B(tor) " rCO(¢ -
T2k+2 = 5 (1 - 5) [O ( Qk) 0 ( Qk)} T2k +ea(5172k7x2k+1)
1 « B
(60) =3 (1 - 5) 9(x2r) + €a(Tor, Tors1),

To bound the remainder term, note that [1 — §|+ |1 —a| = § for a € [1,2).
Hence, we have from (59) that

- a _ L
€a (@2, T2r+1)[l < 5 (1+ 1B (tars1)  NIC (tarrn) ) Nle(an) || + alle(@arsr) |

ookt + |02k < P2 Paki1
=< ( 05 +ad—5—
O02k+1 02k O2k+1

from « < 2, (16), and (144)

2 2
< co Pak = + a5p22k+1
02k+105% O2k+1
from (23)
<035+ Porga
(61) < o2k AL
Mg
where
(62) pak = min(oo, 02x41)

and ¢ is defined as in (40). By combining (60) with (61), we obtain

2 2
~ +
(63) ’ Pok T Pogt1 '

<9
/L%k

1 o
T2k+2 ~ 5 (1 — 5) g(war)

In other words, if wor = partor With top € S and wog 11 = por+1tor+1 with
tog+1 € S are sufficiently close to x* and o(ter) and o(tog+1) are bounded
below by a positive number, then the accelerated Newton iterate xog4o sat-
isfies

1 «
Tok+2 = 5(1 - 5)9(55%) + O([|z2x 1)
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The proof provides a single positive lower bound for o(t2x) and o (tog+1) for
all subsequent iterates. Hence, £(1 — $)g(z2r) is a first order approxima-
tion to the double step achieved by applying a Newton step followed by an
accelerated Newton step from zo.

Before proceeding with the proof, we state the definitions of certain quan-
tities that appear in the appendix. The angle between iterate z; and the null
space N is denoted by 6;, while 1; denotes the angle between z; and sg
(147). The proof of Theorem 2 is by induction. The induction step consists
of showing that if

p2ite < Pas  O2kts < Gy and Yopy, < @,
(64) for v € {1,2}, all k with0 <k < j,

then
(65) P2ite < Pas  O2j10 < o, and Yoy, < ¢ for v € {1,2},

where i, ¢, and ¢ are defined in (53). Foralli = 1,2, ..., the third property
in (64) and (65)—); < ¢—implies the crucial fact that o; > & > 0; see (22)
and (157). By the first and third properties, the iterates remain in Z, .
Since Zs,.o € R, the bounds of Subsection A.1 together with (54) and (56)
are valid for our iterates. The convergence rate claimed in the theorem is a
byproduct of the proof of the induction step.

The anchor step of the induction argument consists of showing that for
2o € Ra, we have z1 € W, o and 2 € Z,, o with 02 < ¢,. Indeed, these
facts yield (64) for j = 1, as we now verify. By the definition of (48) (with
$:=5p), T1 € Ws,.o implies that p1 < g, and 11 < qga. Because of (46) and
the elementary inequality 61 < 11, we have 6; < 91 < d;a < ¢. Therefore,
the inequalities in (64) hold for £ = 0 and ¢ = 1. Since x5 € Z, o, we have
from (49) that ps < po and 9 < ¢. With the additional fact that 6, < (Jga,
we conclude that the inequalities in (64) hold for £ = 0 and ¢ = 2. Hence,
(64) holds for j = 1.

5.3 The Anchor Step

We begin by proving the anchor step. The proof of Theorem 1 shows that
if o € R then z; € Ws,. We show in a similar fashion that if g € R,
then 1 € Ws, o. Since the first step is a Newton step from zy € R, and
since R, € R, the inequalities of Section 4 and Appendix A remain valid.
In particular, we can reuse (155) and write

1 c 00 1 03 ~+ cog + 26po
66 < — 14+ — 00— | = —pp———————.
(66) p1 < po (2( +Uo)+ U(%) 50 22

Since z¢p € R4, we have py < 7r4(to) by (50). In addition, since r4(ty) <
7(to) < rp (which follows from (20) and (51)), we have pg < 3. Hence, from
(66), we have

o2 + cog + 207

<: (to)
1y,
P1 2 0 0_8



Newton’s Method for Nonlinear Equations with Semismooth Jacobian 19

By using the second part of the definition of r, (51), we thus obtain

1._ -
(67) p1 < 5P < Pa-
As noted above, the inclusion R, C R implies that inequality (150) is valid
here, that is,

sinva(s0) < (lateo])

Since po < ra(to), we can apply the third inequality implicit in the definition
of ro, (51) to obtain

1
5.
99

(68) sinr (so) < ! —4a/2 SN Go (s0) < sin Gu(s0)-

It is shown in Appendix B that ¢; < 7/2, and thus ¥1(s9) < @a(so). The
bounds (67) and (68) together show that x; € Ws, . We note that (68) and
(46) imply that ¥ < b < ¢, which implies o; > 6(so) = &, by the definition
of & (22).

Next we show that if z9 € R4, then x5 € Z,, o. We begin by showing
that pa < p1, from which ps < p, follows from (67). From (56) for k = 0, we
have by decomposing x; into components in N and N that

O(t

p2 < (1— g) cos 1 + M—l—a—l sin 01 —l—adp—; p1
2 201 o7
from (16), (55), and (144) with z = 24

C(t .
_o g (elewlitor o) g, 152
2 o1 2 o7

from cos6; < 1 and (40)

Q@ ac o . = Pa
<(1-S+(55+5-1)sin01+3
_( 2+ 26+2 sinfty + &2)/)1

from (23), 01 > 7, and p1 < P (67)
+3 (§+1—qa)sin<5a+5{)—°2‘> 1
2 \o o
from o € [1,2), ga < &, and 61 < ¢ < du (68).

By replacing sin ¢, with the first inequality implicit in its definition (43) and
using the definition of 5, (47), we have

(1-a/2—-4a)d

2 4

a o« .~
p2 < (1__+§QO¢+ Sln(ba) p1-
By the first inequality implicit in (43), the definition of ¢ (23), and ¢, < %,
we have

qo

(69) sin gf;a < m

< Qu-



20 Christina Oberlin, Stephen J. Wright

We can apply this bound to simplify our bound for ps as follows:

a o« 1—a/2—q4)0

2 2 4
S(l—%-i-gqa—i—(l_Ta/z)qa)pl using g, >0 and 6 <1
< (%+QQ+%QQ> p1 using « € [1,2)
< p1 using ¢, < %.

Next, we show that 1o < ¢. As in Subsection A.3, we define A; to be
the angle between consecutive iterates x; and x;41, so that ¥y < ¥ + Ay.
In addition, from (68), (46), and (18), we have 11 < ¢o < ¢ < 7/4. In
Appendix B, we demonstrate that Ay < 7/2. Thus, using (68), we have

1— /2 ~
(70) sin s < siny + sin Ay, < 40‘/ Sin ¢ + sin Ay
Since Aty < /2, we also have

(71) sin Ay = min ||[Aze — tq]|.
xreR

By (57) with k = 0, we have

(72)  llzz = (1 = @/2)a]
(s

2

o Cc Spl
(50—1 Sln91+—2> 1

91
by (16) and (23)

- 8hu

<§ sin ¢o + 2%) P1

g g
by o1 > &, sinf; < Sin Ga, p1 < Pa, and a > 1
7 1- 2_ « Y Pt

_ (g, + L2705

2 \o6 2

by (47)

IN

a/c .~
<= (T +1- QQ) sin ¢ p1
2 \¢o
bya>0,g<1l,and 6 <1
«
Sg%ﬂl

by the first inequality in (43).
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The inequality (72) provides a bound on sin Aw); in terms of g, (s):

. . i) «
73 Ay = Ay — || < || —————1 —————(a-
1) s = miglhes - < [ - <
By substituting (73) into (70) and using (42), we find that
1—-a/2 ~ 1—a/2 ~
(74) siny, < L=/ i+ 5 = U= 0ot L sinos

From (69), (42), and (1 — /2) € (0,1/2], we have

~ 8 1
. 8., < Lo
(75) Sin ¢, < 15qa <15 sin ¢

Therefore, we have

(76) sinys < ((1%‘/2)1—15 + %) sin ¢ < (% (1—15> + %) sin ¢ < sin ¢.

75
%. This implies either 1y < T or thy > 2T,
However, we know that ji2 < 91 + Ay, and we have shown that ¢; < (;NSQ
and Ay < Z. By (46), we have ¢o < ¢ < T and therefore 1), < 2T. Hence,
it must be the case that 1) < 7. As a result, the inequality in (76) remains
valid upon removing the sine functions, that is, 12 < ¢. This completes the

proof of our claim that z3 € Z 4.

To complete the anchor argument, we need to show that sinfy < sin qga.
From the second row of (56) with k = 0, and using (144) with z = z; and
(40), we have

By definition, we have ¢ < Z, from which it follows that sin¢ < —=. By
(76), we also have sin, <

2 ~~
pasinfy < p1(a—1)sinfy + aép—; < p1 ((a — 1)sinyy + 5%) ,
o? o

where the second inequality follows from 61 < 91, ad < 6§, p1 < pqo, and
o1 > 6. Using (68) and the definition of p, (47), we have

(77)  pasinfy < py <(a - 1)% sin ¢o + w sin qga)
<p (a% sinoBa) < pl(l%m st G

with the second inequality following from ¢, > 0 and & < 1 and the third
inequality a consequence of « € [1,2).

To utilize (77), we require a lower bound on ps in terms of a fraction of
p1. By applying the inverse triangle inequality to (72), we obtain

(8]
lp2 — (1 —a/2)p1] < [|z2 — (1 — a/2)x1| < 5 ap1-
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Therefore, using (42), we obtain

(1) - 50) = (1) (1= §na) > L=

where the final inequality follows from « < 2 and sin¢ < 1. By combining
this inequality with (77), we find that

P2 8in 6y < po sin éa.
If 6 is bounded above by 7, this inequality is valid without the sine functions.

Combining the fact that, by definition, 62 < v with the above relationship
g < 5, we find that 02 < 3. Hence 02 < ¢, as desired.

5.4 The Induction Step

In the remainder of this proof, we provide the argument for the induction
step: If (64) holds for some j, then (65) holds as well.

5.4.1 Iteration 25 + 1
We show in this subsection that if (64) holds, that is,
(78) Pi<ﬁaa 0’i<(50(7 w’t<¢7 fori:1527"'a2j7

then after the step from xy; to x2j41, which is a regular Newton step, we
have (65) for ¢ = 1, that is,

(79) P2j41 < Pas  O2j01 < Gay  V2j11 < O

Consider k € {1,2,...,7}. In the same manner that the inequalities (151)
and (153) follow from equation (149), we have the following nearly identical
inequalities (80) and (81) following from equations (54) and (55):

2
. . P2k
80 sin Oop41 = min ||top+1 — yl| < 0 5—252—
(50) 1= mi e — vl < 62—
and
1 1 ¢ . k
(81) Topt1 — =Tok|| < | =—— sinfay + 5% P2k
2 2 09, o5

By dividing (81) by p2x and applying the reverse triangle inequality, we
have

(82)

P2k 2

1 1
P2k+1 ' < <—i sin Oof, + 5/)_21@) .
2 09 o5y
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Further, from (64), we can bound (81) as follows, for all k =1,2,..., j:

(83)
1
L2k+1 — §x2k
10 .7 [)a . ~ 7 ~
<|5zsinga+d= | p2 using oo > 7, Ok, < @a, P21 < Pa
26 o
1 ~ 1—a/2—q4)0 . -~
< (52 sin ¢q + w 51n¢a> p2r. by (41) and (47)
o
1 1—a/2 ~
< = §+w P2k Sin Pq, using g, >0 and 6 <1
2\¢o 2
1/c .7 . 1
<§(7+1—qa)p2ksm¢a using qa<§anda21
o
< q?ap% by the first part of (43).

Dividing by por and applying the reverse triangle inequality, we have

par+1 1 Ga
84 Pret1 ) o e
(84) P2k 2‘ 2
Therefore,
1—qaq 1+ 4qa
(85) q < P2k+1 < +4q '
2 P2k 2

From the right inequality, g, < %, and the induction hypothesis, we have

(86) P21 < p2k < Pa-

In particular, since k is any index in {1,2,...,5}, we have p2jt1 < po. From
the left inequality and (80), we have

. 2pak
(87)  sinfopp < 6——b2h
03 (- qa)
2pq
52(1 — qa)
(1-—a/2—qa)6 . -
— 2T Gn g, by (41) and (47
50— ) y (41) (47)

< sin qga using 6 < 1,

<4é using por, < po and oo, > &

so that sinfa;4; < sin éa.

In the remainder of the subsection we prove that 12,11 < ¢. We consider
ke{2,3,...,5}.

We have from (78) and (22) that
(88) 0, >0, i=1,2,...,24,
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so it follows from the definition (62) that

(89) /L2k72267 k:2537a]
Since g(zok—2) € N, we have

90 in O, = min ||tey —

(90) sin 624 = min [t2x — yll

<Pok_o T Pop_1

<0 from (63), with k «— k —1
Hap—2P2k
~ p2
<2522 from (86), with k «— k — 1.
Hap_2P2k

From (152) with j = 2k — 2, we can deduce using earlier arguments that

Cc .
|zok—2 — g(@an—2)|| < pak—2sin foy_».
O2k—2

By combining this bound with (63) (with k& < &k — 1), we obtain

2 2
1 « 1 «
sx%—io—i)mukg++§@—§)m%z—mukg|
2 2
~Pop_o T _ 1
< 5% 4= (1 _ g) ¢ Poj—2 Sin Oap_o
Hop—o 2 2/ o2p—2
2
. 1
< 25/)?72 +3 (1 - E) ‘ P2k—2 5in fay_o
Hog—o 2 2/ o2
from (86)
“Pa 1 ( a) c . -
<l25fe - (1-2) 2 _
< [25&34-2 1-3 68111(%} p2k—2

from (78), (89), and (88)
B (1 -2 qa) + ! (1 - %) E} Sin ¢o p26—2

2 2 o
from (47)
1 « Qo c|l . ~
<= 1——) 1- < w2
—2( 2 { 1—a/2+&}sm¢’p2“
1 o cl . ~
<5 (1-3) [1-er 5 sindopas
from0<1—a/2<1and gy, >0
1 o
< — - — _ .
_2(1 2)qonggC 9 from (43)
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Upon dividing by por—2 and applying the reverse triangle inequality, we find
from the fourth line of (91) that

1 o < P2k— 1 o
(92) % -5 (1- 5)‘ < 265%’;_2 +5(1-3) o sin oy
while from the last line of (91), we have
1 o 1 o
(93) %‘5(1‘5)‘%(1‘5)%-
We can restate this inequality as follows:
(94) X (1 - 3) (1—go) < P2 <1 (1 _ 9) (1+qa), for k=2,3,....7.
2 2 Pok—2 2 2

From the right inequality in (94), we obtain

(0%

(95) pak < B (1 - 5) (1+ qa)] - P2,

while by substituting the left inequality into (90) and using (89), we obtain

2
(96)  sinfop < 26—L2A=2

Ngkfgpzk
<P2%—2 1
<46
T 6% (1-a/2)(1-4qa)
~ _ 1
< 45722 for k=2,3,...,].

63 1—a/2—qq

We now define A21); to be the angle between x; and z;2. Recalling our
earlier definition of A; as the angle between z; and x;1, we have

J
(97) Pojr1 < hg + Z APpog_o + Aoy
k=2

From the fourth line of (91), we have

(98) sin A%pgp_o = min || Azop — top_a|
reR
. P e

= —— 1NIn X —_ = — — | Lok

(1—a/2)par_s reR "~ 2 2) "2

46 P2k—2 .
< sin Oop,
T (-o/2)pd_, o2 o2
48pak—2

< P2 ) D Gin oy,
(1-a/2)6% &
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by (88) and (89). We show that AZ%ig,_o < m/2 for k € {2,3,...,5} in
Appendix B; this fact justifies the first equality in (98). From (95), we have

(99) zj:p2k—2 S { (1 - —) 1+ qa)] ' P2
k=2 : B
- ( ) 1+ qa)] p2

-1
+ + QOz:| P2

IN

4 4
-1
ot %] P2
< m ~o¢ from (78)
11-—( ) — 4o . &3
(

/2
251+ a/2)_qa

1
2
1
2o
1
5

1
|2
(1

|2

Sin G from (47).

From (96) and (99) we have

(100)

Jj—1
Zsm Oop—o < sinfy + Zsm O
k=2 k=2

- 4b 1 -
< si —_— _
< sinda + 57— @) = 0 kZﬂsz 2
< sin ¢o + Sin P

2
1+(a/2)_QO¢

=

§sing?)a s1n¢a sincel—l—%—qaZl—l—%—l:%

o)

2
11/8
27 . -

=4 Sin ¢ -

By summing (98) over k = 2,3,...,7 and using (99) and (100), we obtain

J
(101) > sin A% s

k=2
46 631 — (a)2) — c27 . -
SO a5 551+ (a)2) = Sinda + 237 5in da
2 27c| . ~
{1+(aﬂ)—qa+iig}$n¢a

]ﬁ+§£ 3
11 sin @,
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where we used g, > 0 for the second-last inequality and 1+ («/2) —qo > 11/8
for the final inequality. For a bound on the term Awg; of (97), we use the
second-last line of (83) with k = j to obtain

(102) sin A’(/)Qj = min HtQj - AIQjJrl”
AreR
2 1 \
= E ilélll:\l) —IQJ — AT2j+1
SN
> p2; 2 7 27+1

IN

(§ +1- qa) sinqza.
o

The equality in (102) follows from the fact that Aysy; < 7/2, as shown in
Appendix B.

Since each of the angles in the right-hand side of (97) is bounded above
by /2, from reasoning similar to that of Section A.3, we have

J
(103) Sin i1 < sindhy + Y sin A%¢hg o + sin Adsy;.
k=2

By substituting (76), (101), and (102) into (103), we obtain

(104)
o 16 27c¢ ~ c ~
< al . 20cy . c B .
sin ;41 _[ 8}s1n¢+[11—|—11 }smd)a—l—[&—l—l qa}smqﬁa
2
7

16 27 ¢

_l’_
sin ¢ + ﬁ‘hy tqa

from (43) and a < 2
2 26 4 2Te N
%+§ Ga T qa

from g, < %

2 27
—sin¢ + (— +1> Qo

IN

A
|
=,
=}
ASH
+

IN

7 11
2 381
?51n¢—|— 1% sin ¢

< sin ¢.

IN

Note that 12j41 < 12; + Athg;. By the induction assumption (78), We have
a; < ¢ < 7, and from above we have At < 7. Hence, 511 < 4 . As
argued after (76), this inequality combined with (104) ylelds Pajt1 < gb, as
required. Further, since 6341 < 1241 by their definitions, inequality (87)
with k& = j also remains valid without the sine functions, that is, 62;41 < QBQ.
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5.4.2 Iteration 25 + 2

We now show that
Prit2 < Par  O2j12 < o Vajia < &,

by using some of the bounds proved above: pa; < pa, p2j+1 < p2j, 025 < Do
P2; < ¢, and Poj41 < ¢@. The last two assumptions guarantee that po; > 6.
The analysis in the latter part of Subsection 5.4.1 (starting from (89)) can
therefore be applied for k = j+1. In particular, from (95) we have pajt2 < fq.-
From (96) with k = j + 1, using pa2; < pa, p2; > &, and the definition of
Pa (47) we have

sin 92j+2 S 48 =3 P2 < 48 Pa = sin g)a-

G3(1—a/2 = qq) G3(1 —a/2 — qq)

The argument for sin ;41 < sin ¢ is easily modified to show siny;42 <
sin ¢. We simply increase the upper index in the sum in (103) to j+1 (ignoring
the final nonnegative term) to give

J+1
(105) sin 1/}2j+2 S sin 1/)2 + Z sin A21/}2k,2.
k=2

The bounds (95), (96), and (98) continue to hold for k = j + 1, while (99)
and (100) continue to hold if the upper bound on the summation is increased
from j to 7+ 1, so (101) also continues to hold if the upper bound of the
summation is increased from j to j + 1. Hence, similarly to (104), we obtain
sing;42 < sin ¢. Further, we can extend the argument in Appendix B that
A% o < 7/2t0 k =7+ 1. A%ding this fact to ;40 < b + A%thy; and

Poj < ¢ < F, we have 99540 < “F. Repeating the argument following (76),

this allows us to conclude that 12;412 < ¢. Finally, since 02,12 < 12,42, We
similarly conclude that sin @42 < sin ¢, implies 05412 < Pq.
Our proof of the induction step is complete.

5.5 Convergence Rate

As j — oo, we have pa; — 0 by (95) and pa;+1 — 0 by (86). From (96), we
also have f2; — 0. By combining these limits with (88) and (89), we see that
the right-hand-side of (92) goes to zero as j — oo, and

. P2 1 ( a)
106 lim ——=-(1-—-).
( ) Jj—o0 pgj 2 2
From the discussion above and (82), we also have lim;_ o, 22 = 1/2, so

P2j
that convergence is stable between the accelerated iterates.
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6 Application to Nonlinear Complementarity Problems

The nonlinear complementarity problem for the function f : R — R", de-
noted by NCP(f), is as follows: Find an z € R" such that

0< f(z), >0, 2 f(z)=0.

Let z* be a solution of NCP(f). We assume throughout this section and
the next that f’ is well defined and strongly semismooth at z*. at z*. We
apply a nonlinear-equations reformulation to the NCP. We do not standardize
the resulting equations (as we did earlier in (10) to simplify the discussions
of Sections 4 and 5), as the rescaling and shifting needed to enforce this
assumption would complicate this section considerably.

In this section, we tailor the convergence theorems, Theorems 1 and 2,
to this formulation, interpret the 2-regularity condition for the NCP(f), and
provide conditions under which the starlike domain of convergence is “direc-
tionally dense” at the solution.

6.1 NCP Notation, Definitions, and Properties

For any matrix M € RP*? and any setsUf C {1,2,...,p}and V C {1,2,...,q},
we write My y to denote the submatrix of M whose rows lie in ¢/ and columns
lie in V. The row submatrix corresponding to indices in the set I/ is denoted
by My,. We denote the number of elements in any set U by |U|. Let e; denote
the 7th column of the identity matrix. In this section, we use the notation
(-,+) to denote the inner product between two vectors. For any x € R", we
use diag z to denote the R**" diagonal matrix formed from the components
of z.

We define the inactive, biactive, and active index sets, a, @, and v re-
spectively, at a solution z* as follows,

i€a,ifel =0, fi(x*) >0,
iep,ifzf =0, fi(x*) =0,
i€, itz >0, fi(z*)=0

6.2 The Nonlinear-Equations Reformulation

We recall the nonlinear-equations reformulation ¥ (9) of the NCP (1), and
consider the use of Newton’s method for solving ¥ (z) = 0. In this section, we
establish the structure of null space N and the form of 2-regularity (6) for the
NCP function f with the reformulation ¥, then tailor the local convergence
results of Sections 4 and 5 to f with the reformulation ¥.

Taking the derivative of ¥, we have

(107)  %(z) = 2{(fi(z) — min(0,2; + fi(x)))e;
+ (z; —min(0, z; + fi(2)))fi(z)}, for i=1,2,...,n.
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It can be seen that ¥’ is strongly semismooth when f’ is strongly semismooth
by applying the following two facts: From [6, Proposition 7.4.4], the compo-
sition of strongly semismooth functions is strongly semismooth, and from [6,
Proposition 7.4.7], every piecewise-affine map is strongly semismooth.

At the solution z*, ¥/ simplifies to

Wi (2") = 2{fi(z")e; + a7 fi(a")}.
By inspection, we have

Ul(z*) =2fi(x*)e;, @€ a,
wl(z*) =0, 1€ [,
l(x*) = 2zf fl(z*), i€n.
The null space of ¥’ (z*) (whose ith row is the transpose of ¥/) is

(108) N =ker?'(z") ={£ € R* | f{(2")§ =0, &0 = 0},
so that
dim N = dimker f! 5, (z%).
In particular, if 8 # @, then dim N > 0 and z* is a singular solution of
¥(x) = 0. The null space of ¥'(z*)7 is
(109)  N.={£ e R" | & = —(diag fa(2") ([} o(z")" (diag23)&,,
7, (@) (diag a2)€, = 0},

If rank f! 5, (¢*) = |y], then N, = {{ € R" | &, =0, &, = 0}.

The 2-regularity condition (6) for ¥ at z* and d € R" is
(110) (Pn, W) (z*;d)|§ is nonsingular.
By direct calculation, we have
1 .
5 @i(ws d) = ((fi (@), d)=mi)eit(di—mi) fi(@)+(wi—min(0, i+ fi(«))) (i) (x: ),

where 7; := min(0, z; + fi(z))’ (z; d). We can calculate this directional deriva-
tive using the result [6, Proposition 3.1.6] for the composition of B-differentiable
functions:

min(0,d; + (f/(x),d)), if x; + fi(z) =0,
n; =4 0, if @; + fi(x) >0,
di + (fi(x),d), if i + fi(z) <0

At a solution x*, we have n; = 0 for i € aU~, and n; = min(0, d; + (f/(z*), d))
for i € 8. Hence, we have

) é{f(a: 7)d(>i>el- +d; fé(ga::l), ica,
N (o N I(z*),d) — min(0, d; + .

(111) () (2"5d) = + (d; — min(0, d; + (f/(z*),d)) f(z*), i € B,
(fi(z*), dYe; + d; fi(x*) + 22 (f! :
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By noting that for any scalars s;, so we have
s1 —min(0, s2) = s1 + max(0, —s3) = max(s, 1 — $2) = — min(—s1, $2 — 1),

we can rewrite (111) as follows

(112)

1 (f (*)7d/>ez+dfl( ), 1€,

3 (a7 d) = maX(<f (@), d), —di)e; —min({f; ("), d), =d;) fi(z"), i € 5,
(FU(a)sdyes + dofl(a) + at (£ (3 ), i€7.

Using the notation
r=rank f 5, (z"),

we define an orthonormal matrix Z of dimension || x r such that the columns
of Z span range f/ 5, (z*), and another orthonormal matrix Z, of dimen-
sions |y| x (]| — r) such that the columns of Z, span ker f47BU7(:E*)T. Note
that [Z | Z1] is an orthogonal matrix of dimensions || x |y|. We note that the
matrices Z and Z, are not uniquely defined by the conditions above; there
are infinitely many possible choices in general for orthonormal matrices that
span the subspaces in question. However the properties discussed below are
independent of the particular choices for these matrices.

In the remainder of this section, we often drop the argument x* from f
and f/, for clarity.

Proposition 1 2-regularity (110) holds for d € R* at a solution x* of
U(x) = 0 if and only if the matrix

[e;r]iea T
(max((fi,d), —di)e; — min({f;, d), —d:) fil;c5
(113) zry

Tl [Einaed] -t () 1]

is nonsingular. Further, for d € N, 2-regularity holds if and only if the sim-
pler matrix

[e;f] 1EQ

! )e; — min nt
(114) 5.~ 0 e
Z1(f) (33 d)

is nonsingular.

Proof Consider any d € R". The claim that (Pn,%’) (z*; d)|n is nonsingular for some d €
R™ (110) is equivalent to

Py, (@) (z*;d)v=0andv € N = v=0.



32 Christina Oberlin, Stephen J. Wright

For v € N, we have from (108) and (112) that

(115)
1 di(fi,v), i€a
Q(W{)/(f*;d)v = ¢ max((f,d), —d;)v; —min({f;, d), —d;){f],v), i € B
(fi>dyvi + 27 ((f7) (z"; d), v), i €.

Since N, is defined in (109) to have the form {{ € R"| A = 0} for some
matrix A, we have that Py, w = 0 if and only if w = ATz for some 2. That
is,

1 diag fq 0 0 Za
(116) 5(!17’)’(x*;d)vz 0 0 0 251,

(diaga3)f; o (diaga)f] 5 (dlagal)f] | |2y

for some z € R". Hence, by matching components from this expression and
(115), we have that Py, (¥’')'(z*;d)v = 0 if for some z € R" we have

di(f;,v) = zifi, 1€ q,

0= max((fi', d>a _di)vi - mln(<f1/a d>a _d1)<f1/a 1)>, 1€ 67

(fi,dyvi + 2 () (%1 d),v) = ] [fiaza+ fipzs + fin2n] i€,
Rearranging the first equation above yields an expression for z,, which can

be substituted into the third equation to give the following equivalent ex-
pressions.

(117&) 0= max(<fi/7d>7_di)vi —mln((f{,d%—dl)(f{ ’U>, (XS 6)
(Fhsdyvs + 21 (f1) @%3d), 0) = @7 (] oo ding (d5/5)je0 (Fhr0) )
(117b) =} [figzs + fi 2] i€ 7.

Using the definition of the orthonormal matrix Z, we can rewrite (117b) as
follows:

(/@)L dyos + (D) (5 d), ) = (fl o ding (5 f)jeq Fan0))| =21,

ey

for some t € R", so that

d
ST + (1) 5 ~ (v () ;>] v=0
¢ JjEa icy

T
(118) zT 7

Since v € N, we have from (108) that
(119a) Vo =0,
(119b) FyaVa + £ gup + £ vy = 0.

The second condition (119b) is equivalent to

ZT / ! !/
(120) {Zﬂ (o fo5 Fra] v =0.
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Because
2L [Fyo B0 B 0= (2000 0 0] 0 = ZL1 o0

and v, = 0, the second block row in the system (120) does not add any
information and can be dropped. Hence, we can write (119) equivalently as

(121) vo=0. 2T f oy f e =0

By gathering the conditions equivalent to v € N and Py, (@) (z*;d)v = 0,
namely, (117a), (118), and (121), we have

[e?]i&x T
[max(< 1'/7 d>7 _di)ei - min(< 1'/7 d>7 _di)fil]ieﬁ
ZTffly v =0,

2L () @™ d) + [/ (F d)el ],y = (v ding (d5/£) e 12)]

from which we deduce that v = 0 whenever the coefficient matrix in this
expression is nonsingular. Hence x* is 2-regular for ¥ with respect to d € R"
if the matrix (113) is nonsingular. For d € N, we have by the definition
of N (108) that (f/,d) = 0 for ¢ € v and d, = 0. Upon applying these

simplifications to the above matrix, we have precisely the matrix (114).

Recall that ¥ (9) is 2'-regular (6) at z* if (P, ¥’) (*;d)|y is nonsingular
for some d in N, that is, if the matrix (114) is nonsingular for some d € N.

The following theorem specializes Theorems 1 and 2 for applying New-
ton’s method to the nonlinear-equations reformulation ¥(z) of NCP(f).

Theorem 3 Consider a solution x* of NCP(f) for f : R" — R" with f’
strongly semismooth at x*. Suppose that * is a singular solution in the sense
that N = ker f! 5, (") is nontrivial. Suppose also that the matriz (114) is
nonsingular for some d € N. Then there exists a starlike domain R about x*,
such that, if Newton’s method for the nonlinear-equations reformulation W (x)
is initialized at any xo € R, the iterates converge linearly to ©* with rate 1/2.
Furthermore, if Newton’s method is accelerated according to (38) and (39) for
some « € [1,2), then there exists a starlike domain R, C R about x*, such
that if g € R then the accelerated iterates {x;} fori=0,1,2,..., converge
linearly to x* and

lim |zoj12 — ¥ 1 ( 04)'

—-(1-2
j—oo |[lwg; — a*|| 2

2

6.3 2-regularity Conditions for Special Cases of the NCP

In this section we show that the regularity conditions (113) and (114) simplify
to more familiar regularity conditions in special cases of the NCP.
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Nondegenerate NCP. Considering now the special case of nondegenerate
NCP, we obtain a simpler regularity condition, related to 2-regularity for
nonlinear equations, that ensures that 2-regularity holds for some d € N,
and hence that the conditions of Theorem 3 are satisfied.

Theorem 4 Suppose that 3 = (). Then the NCP satisfies 2-reqularity for
d € N at the solution z* if and only if

(122) Pys (f) ("5 )
is nonsingular for d € N, where

NI ={¢, eR|f ¢, =0}, NI ={& eRM[(f )¢ =0}

Proof Let the orthonormal matrices Z, and Z be as in (114), and define two
additional orthonormal matrices Z and Z, such that the columns of Z span
ker f/ _ (and hence the space NJ) and the columns of Z span range (f] )7

We have that Z € R and that Z, € R"*("=") and, by the funda-
mental theorem of linear algebra, that [Z | Z J_} is orthogonal. Specializing
2-regularity for d € N (114) to the case of 3 = (, we have that 2-regularity
is equivalent to nonsingularity of the following matrix for some d € N:

e ]
1€EQ T 0
2010 B @] | 12%]
o 0 (ZZ.1]||’
2 i) 7]
where I, is the identity matrix of dimension |a|. By forming the matrix
product, we find that it is block lower triangular. Therefore, nonsingularity

of the matrix product is equivalent to nonsingularity of the three (square)
diagonal blocks, which are

IOH ZTf'/y,'y(I*)Z7 Zf(f'/y,'y)/(x*7d)ZJJ

which have dimensions |«|, 7, and |y| — r, respectively. It is easy to see that
zZT f’ L *)Z is nonsingular by the definltlon of Z and Z. Since the columns

of Z| defined earlier span the subspace va, and since the columns of Z,
span the subspace N,J; , nonsingularity of ZT( f,) (x*5d)Z 1 is equivalent to
condition (122).

Nonlinear Equations. We now consider the case in which o = 8 = (), so that
the NCP reduces essentially to a system of nonlinear equations f(z) = 0
whose solution is at z = 2*. In the nondegenerate case in which f (z*) =
f'(z*) has full rank n, we have from definition (108) that N = {0} so that
z* is a nonsingular solutlon and Theorem 3 does not apply.

Consider now the case in which a = 3 = () but f’(z*) has rank less than
n—essentially the case of degenerate nonlinear equations. By specializing the
discussion of nondegenerate NCP, we have from the definitions in Theorem 4
that

NI =ker f'(z*), N/ =ker f'(z*)7,
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where we have dropped the subscript . Hence, 2-regularity is satisfied for
some d € N if

Pys(f') (2" d)|ns is nonsingular for some d € N.

This is the 2!-regularity condition for nonlinear equations (6).

NCP with a Modified Weak Regularity Condition. We now consider another
special case in which we remove the condition 3 = @) and assume that the
matrix f7 5, (z*) has full rank. This assumption is similar to the weak reg-
ularity condition of Daryina et al. [1], which is a full-rank assumption on
f50, (@), (The two assumptions are identical when 8 = or f’ is symmet-
ric, as is the case when f is the gradient of a scalar function.)

Theorem 5 If for d € R" the set of n vectors in R"

(123) {eitica U{fi(@") iy U{{fi(z"), d)ei + di fi(2") }iep, U
{{(fi(@"), d) fi(z") + di€; }icpa,

where 31 := P1(d) and B := B2(d), with

(124a) Bi(d) = {i € BI{fi(z"),d) > —di},
(124D) Ba(d) = {i € B|{fi(z"),d) < —di},

is linearly independent, then 2-reqularity (113) is satisfied by the NCP at z*
for d € R*. Conversely, if f 5., (z*) has full rank and 2-regularity holds for
d € R" at x*, then the set of vectors (123) is linearly independent.

Proof Observe that if f! 5, (") has full rank, we can set Z = I and Z
null, so the matrix in (113) reduces to
[6?} 1EQ T
(max((f; (%), d), =di)e; — min({fj(z"), d), =d;) [} (2")] ;e 5
fi(7)

By partitioning the index set 3 according to (124), we see that nonsingularity
of this matrix is equivalent to linear independence of the vectors (123). This
proves the converse implication, since it assumes that f,’y ﬁu,y(:zr*). The first
implication follows by noting that linear independence of the set (123) implies
that f! 5., (z*) has full rank.

As discussed at the end of Section 4, 2-regularity for almost every d € R"®
is necessary for “directional denseness” of the starlike domain of convergence.
According to Theorem 5, it is sufficient to require linear independence of the
vectors (123) for the partition (01, B2) of 8 defined in (124) for almost every
d € R™. This condition is similar to the quasi-regularity condition of Izmailov
and Solodov [12, Definition 4.1]. It requires linear independence of the vectors
(123) for every partition (81, 82) of 8 for some d € R".
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6.4 “Directional Denseness” of the Starlike Domain.

In this subsection, we give sufficient conditions for the starlike domain of
convergence R (33) (or R, (50)), to be “directionally dense” at the solution

*

xT.

Definition 8 A starlike domain R about z* € R" is directionally dense at
x* if for almost every t € S,

(125) there exists a positive number C; such that
if p < Cy then z = z* 4+ pt € R.

A direction t satisfies (125) if and only if ¢ is not an excluded direction, as
defined in Section 2.

We recall the characterization of the excluded directions of R from (35):
A direction t € S is excluded if and only if one of the following conditions is
true:

(126a) t € 11,(0),
(126b) g(t) =0, or
(126¢) g(®)/llg®)] € 5 *(0).

In the following, we tailor the definitions of ITy and ¢(t) to our application.
(We do not use the standardizing assumptions (10) in the following defini-
tions.) Consider the first and third conditions (126a) and (126¢). We recall
the definition of I1y : R® — R,

(127) IIy(d) := det(Pn, W) (z*;d)| N, for d € R".

Observe that the condition d ¢ II;'(0) is equivalent to the 2-regularity
condition (110) for d € R™, which is itself equivalent to nonsingularity of the
matrix (113) by Proposition 1. Further, if d € N, the condition d ¢ IT; *(0)
is equivalent to nonsingularity of the simpler matrix (114).

Now consider the second condition (126b). For x € R" with ITo(z—z*) # 0
and ||z — z*| sufficiently small, recall that the Newton iterate from z is
z* + 2g(x — 2*) + O(||lx — 2*||?), where g : (R"\ II;'(0)) — N C R" is the
positively homogeneous vector defined by

(128) g(a —a*) = pg(t) = Py (v —a7)

+ ((Pn ) (%5 6)| )~ H(Pr W) (a5 1) [ v, P (o — ),
forx =a*+pt, p=|lx —2*||, and t € S. As in (36), we have
(129) g(d) =0 & (Py, W) (2*;d)d =0,  ford e R"\ II;*(0).

From (112) and dividing the set 3 into 3;1(d) and B2(d) (124) for d € R", we
have

e ST

INV (e _ i z* ) ’ (XS )

(130) ()@ d)d =4 Z " ap2, i € Bold).
20, (1), d) + 22 ((fL) (s d). ) i € .
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In order to express (Py,?') (z*;d)d = 0 in terms of f, recall from the proof
of Proposition 1 that Py, w = 0 if and only if w = ATz for some z € R",
where ATz is the right-hand side of (116). That is, (Py,¥’) (z*;d)d = 0 for
d € R" if and only if there is some z € R" for which

(131a) 2d;(fi(2"),d) = fizi, i€ o,
(131b) 2d;(fi(x"),d) =0, i € Bi(d),
(131c) di + (fi(z"),d)* =0, i € Ba2(d),

(131d)  2di(fi(2"), d) + 27 ((f])' (z"; d),d) = 2} (f},2), i€

If B # 0 and fj # 0, then (131b) and (131c) fail almost surely. This is
because, for any d € R", d; is almost surely nonzero for i = 1,2,--- ,n, and,
if f5 # 0, then (f/, d) is almost surely nonzero for i € 3. In this case, we have
(Pn, W) (z*;d)d # 0 almost surely for d € R". If 3 = (), the conditions (131)
can be simplified as follows. Solve (131a) for z,. Substituting z, into (131d),
we find that (Py %') (z*;d)d = 0 for d € R" if and only if there is some
Zy € R that solves

(132) 2 (diagd—”) (), d) + () @5 d)od) — F ()20 = £ (22

*
Ly

Since, by assumption, the (left) null space N. is nontrivial, ker(f! _ (z*))" (109)

is nontrivial. Hence, the complementary space range (f ,(z*)) must be a

strict subspace of R Thus, equation (132) is solvable only if the left-

hand side, which is an element of RM, lies in the subspace spanned by
range (f,, ., (z*)) as is required by the right-hand side. Although counterexam-
ples can be constructed, it seems likely that this containment will typically fail
for almost all directions d € R™. Under this assumption, (Py, ") (z*;d)d # 0
almost surely for d € R". (By positive homogeneity, this is equivalent to
(Pn, ") (x*;¢)t # 0 almost surely for ¢ € S.)

In summary, the starlike domain of convergence R is directionally dense (8)
at the solution x* if (1) nonsingularity of (113) holds for almost every
d=1te€S, (2) for almost every d € R", the system of equations (131)
fails to have a solution z € R™, and (3) nonsingularity of (114) holds for
almost every d = ¢(t)/|lg(t)|| with ¢ € S. Conditions (1) and (2) involve
only the NCP function f, while condition (3) involves ¥ through the defini-
tion of g. Condition (3) arises from (126¢), which requires almost surely that
g(t)/1lg(t)|| & II; ' (0) for t € S. If we assume that N N 1T, *(0) = {0}, then
condition (3) is trivially satisfied by the fact that range g = N. The assump-
tion NNIT; ' (0) = {0} appears in Section 1 under the name 2"-regularity (4).
As discussed in Section 1, 2"-regularity is a strong form of 2-regularity. In
particular, it implies isolation of the solution. However, by assuming 27-
regularity, we can write the conditions ensuring directional denseness of the
starlike domain of convergence entirely in terms of f:

Theorem 6 Consider a solution x* of NCP(f) for f : R" — R" with f’
strongly semismooth at x*. Suppose that x* is a singular solution in the sense
that N =ker f! 5, (2*) is nontrivial. The starlike domain of convergence R
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for Newton’s method (or Ry for a € [1,2) for the 2-step accelerated Newton’s
method (38) and (39)) applied to the nonlinear-equations reformulation ¥ (x)
of NCP(f) is directionally dense if the following conditions hold:

(i) the matriz (113) is nonsingular for almost every d € R",
(i) the system of equations (131) has no solution z € R" for almost every
d e R", and
(iii) the matriz (114) is nonsingular for every d € N \ {0}.

6.5 A partial equivalence between b-regularity and 2*¢-regularity.

We recall the definition of 2%¢-regularity from Section 2.

Definition 9 (22°-regularity)2°¢-regularity holds for ¥ at o* if (Py,¥’) (x*;d)|n
is nonsingular for almost every d € N.

For the NCP equation reformulation ¥, 2%¢-regularity is equivalent to non-
singularity of (114) for almost every d € N. The definition of b-regularity is
as follows.

Definition 10 (b-regularity) The solution z* satisfies b-regularity if for
every partition (81, 32) of 3, the vector set

{fi(z")}iepry Udeiticsrua
is linearly independent.

b-regularity is the one of the weakest known conditions implying superlinear
convergence of a nonsmooth Newton method [12, p. 398]. It is also one of the
weakest known conditions providing an error bound for the NCP problem [11,
p. 415]. Further, it is well-known that b-regularity implies isolation of the
solution. (See, for example, Corollary 3.3.9 of [6].) In Proposition 1 of [11],
Izmailov and Solodov prove that b-regularity implies 27-regularity (7), a
condition that is itself sufficient for isolation of the solution.

When |3 # 1, there is no equivalence between 2%“-regularity and b-
regularity and neither condition implies the other. (As shown in Table 1, the
solutions of several test problems satisfy 2%¢-regularity but fail b-regularity.
Conversely, the problem doubleknot satisfies b-regularity but not 2%¢-regularity.
In fact, doubleknot satisfies strong regularity.)

The following propositions demonstrate the equivalence of 2¢-regularity
and b-regularity when [3] =1 and f] 5, (z*) has full rank. Note that when
the latter condition holds, Z is null and we can take Z = I. The 2-regularity
matrices (113) and (114) thus become identical to the following matrix:

7] cu
[(fi(a*), dyel +di f](2*)7] o
— [(F@), d @)+ del ] |
I
for 81 = B1(d) and [ = [2(d) (see (124)).

(133)
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Proposition 2 Suppose that x* is a b-reqular solution of the NCP and that
18] = 1. Then f ,(x*) is nonsingular and 2-regularity (which is equivalent
to full rank of (133) for p1 = P1(d) and B2 = Pa(d)) holds for almost every
d € R" and, in addition, for all d € N \ {0}.

Proof Let i¢ be the index in {1,2,...,n} such that § = {ip}. By taking
B1 = 0 and B2 = B = {ig} in Definition 10, we have immediately that
2 ~(7*) has full rank.

We note first from (124) that either f; (z*) = —e;,, or else the plane
{d|{fi, (x*)+ei,,d) = 0} partitions R" into two half-spaces. In the first case,
we have (a(d) = {io} for all d € R, while in the second case we have that
{d|B1(d) = {io}} and {d|B2(d) = {ip}} are both half-spaces of R". In any
case, to prove that (133) is nonsingular for almost all d, it suffices to prove
that the following two matrices are nonsingular for almost all d € R™:

[e;r]iEOz [e;r] [1<teY
(134)  [(fi, (z*), dyef, +dig fi, ()| 5 | (fi, (@), d) ff, (@) + digel]
I f

We deal first with the special case of f; (z*) = Te;, for some 7. Clearly 7 # 0
by b-regularity. By substituting into (134), we obtain

T T
[ei ]z‘e% z[ei L‘e(x T
27d; e, | 5 (% + 1)d;, €y
I !
¥ ¥

Both of these matrices are obviously nonsingular whenever d;, # 0, that is,
for almost all d € R".

When f; (2*) is not parallel to e;,, there exists a d € R" such that d;, =1
and (f; (z*),d) = 0. For this d we have by b-regularity that both matrices
(134) are nonsingular. Noting that the determinants of the matrices (134) are
polynomials in the elements of d, we have that both matrices are nonsingular
for almost all d € R", as desired.

For the final claim, we show that the two matrices in (134) are nonsin-
gular for all d € N \ {0}. (This part of the proof closely follows that of [12,
Proposition 4.3].) By b-regularity, and defining the space L as the range of
the set

(135) {eitica U{fi(z") }iey,

we have that e;, ¢ L and f] (z*) ¢ L. Noting that L = N, from (135) and
(108), we have for all d € N \ {0} that

(136) (o, d) =dig #0, (fi,(a"),d) # 0.

If one of the matrices in (134) is singular for some d € N \ {0}, we have that
either

<fz/ (I*)7d>eio + dloleo(x*) €L or <f{0(x*),d>f1’0(x*) + dioeio € L,
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so by taking inner products with d € N and using L = N, we obtain either
2(f] (z*),d)d;, =0 or (f] (z*),d)* +d =0.

K2

In either case, at least one of d;, and (f] (z*),d) is zero, contradicting (136)
and proving the claim.

We prove a partial converse of this result by modifying and extending the
argument given by Izmailov and Solodov [12, p. 400].

Proposition 3 Suppose that ©* is a solution of the NCP with |3] = 1. Sup-
pose also that f! 5, (z*) has full rank |v| and 2°°-regularity holds at x*.
Then x* is b-reqular.

Proof We show the contrapositive: Consider a solution x* of the NCP with
18] = 1 and assume that f! 5, (z*) has full rank. Suppose that x* is not
b-regular. Then it cannot be true that (133) is nonsingular for almost every
deN.

As above, let L be the range of the set (135). Let 8 = {io}, and assume
that b-regularity does not hold. If (135) is rank deficient then (133) is singular
and we are done. Otherwise, since b-regularity fails we must have either

i, € L or e;, € L (or possibly both).

Suppose first that f; € L. Since L = N, by (108) we have for all d € N

that (f; (z*),d) = 0. Therefore from (124), we have

(137a) di, >0 & pi(d) = {io}, Ba(d) =10
(137h) diy <0 & Bi(d) =0, Ba(d) = {io}-
In the case (137a), (133) is singular since

<fz/ (‘T*)ad>ei0 + dloleo(x*) = diofi/o(‘r*) € L.

Hence for (133) to be nonsingular for almost all d € N, we must have (137b)
satisfied for almost all d € N. Since N is a subspace, this fact implies that
d;, =0 for all d € N. We therefore have that

(138) (fio (), d) fi, (27) + digeiy = 0

for almost all d € N, so that (133) is singular for almost all d € N.
We now consider the case of e;, € L. Since L = N, , we have that d;, =0
for almost all d € N. Thus from (124) we have

(139a) (fiy(@"),d) >0 < Bi(d) = {io}, B2(d) =10
(139D) (fiy(z7),d) <0 « i(d) =0, Pa2(d) = {io}-

In case (139a), (133) is singular since
(fiy (), d)eiy + di fi, (") = (fi, (27), d)es, € L.

Hence for (123) to be linearly independent, we must be in the case (139b)
for almost all d € N. Since N is a subspace, we thus have (f; (z*),d) = 0 for
almost every d € N. This fact implies that (138) holds for almost all d € N,
so that (133) is singular for almost all d € N.
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We have shown that when |3 = 1 and f] 5, (2*) has full rank then
2%¢-regularity is equivalent to b-regularity. However, when f. 5, (z*) is rank
deficient, 2*¢-regularity may hold, but b-regularity necessarily fails.

Finally, we mention that b-regularity of a singular solution implies the
regularity requirement (Py,¥') (z*; d)d # 0 (129) for d restricted to N\ {0}.
This observation can be justified as follows. By b-regularity and N # {0},
we necessarily have 3 # (. Using the definition of N (108), we have N| =
range {(€;)ica, (f)"}. From b-regularity, for any i € 3, we have e; ¢ N, and
fl ¢ Ni. Hence, for d € N \ {0}, we have d; # 0 and (f/,d) # 0, ensuring
that conditions (131b) and (131c) fail, regardless of the partition (51, 82) of 5.
Thus the entire condition (131), which is equivalent to (Py,¥’) (z*;d)d = 0,
fails for d € N\ {0}.

7 Numerical Results on Simple NCPs

We describe here some computational results obtained from a simple test set
of NCPs of small dimension, defined in Appendix C. Properties of the prob-
lems are shown in Table 1. If the problem has more than one default starting
point/solution pair, the pair’s number is given following the problem name.
These starting points and solutions are listed in Table 3. The convergence
rate shown is for Newton’s method with unit step length. We also tabulate
the sizes of the sets «, 8, and =, and the satisfaction of various rank and reg-
ularity properties at the solution in question. (27-regularity is defined in (7),
29¢_regularity is defined in (5). For a definition of b-regularity, see Definition
(3.3.10) of [6].)

The solutions of our test problems are all isolated except for the solu-
tion x* = (0,1) of the problems affknotl and quadknot. 27-regularity fails
at this solution for both of these problems. This is consistent with the fact
that 27-regularity is sufficient for isolation. In contrast, 2?¢-regularity, that
is, 2-regularity for almost every d € N, is not sufficient for isolation of the
solution. In fact, it holds for quadknot at this solution. For quadknot, we
observe convergence to this solution from arbitrary nearby starting points.
For affknotl, 2%¢-regularity fails, and we observe convergence to this solu-
tion only from points zy for which the projection of zg — x* onto the null
space N (108) gives a direction for which 2-regularity holds. Specifically, for
affknotl, N = {kes |k € R}. 2-regularity along d = ke, fails if k& > 0 and
holds if k < 0. From starting points zg = (2!, 2?), if 22 < 1, we observe con-
vergence to the solution 2* = (0, 1) with rate %, while if 22 > 1, we observe
one-step convergence to the solution (0, z?).

Despite failing 2-regularity for almost every d € N, the problem affknotl
is 2-regular for almost every d € R". Only affknot1, quadl, and quad2 satisfy
2-regularity for directions in N (or R") having positive measure less than 1.
As we have discussed, 2-regularity holds for affknot1 on half of the directions
in N. The problems quadl and quad2 satisfy 2-regularity for half of the
directions in both N and R"™. As a result, convergence to the solution from
nearby points occurs with two different rates. The first starting points for
quadl and quad2 demonstrate convergence along a direction satisfying 2-
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Table 1 Convergence rate of Newton’s Method on ¥ for the Simple NCP test
problems, showing regularity properties. (e = property satisfied, blank = property
not satisfied, — = property not applicable.)

Problem, s.p.

n

dim N

cgce rate

|a

=

2

full rank

regularity

7
f’Y'Y

’
f‘v BU~

2T

gae

quarp, 1

suplin

affl

suplin

DIS6T, 2 suplin

[ BN AN}
o000 T

quarquad, 1 ° °

affknot1

affknot2

quadknot

munson4

DIS61, 1

DIS64

ne-hard

doubleknot

quadl,l

quad2,1

quadl,2

quad?2,2

quarquad, 2

quarp, 2
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[ ]
[ ]

ol wof wo| Do | =] =] = =] = =] = | =] =]
| ] | GOl QO N[ N N[ N[ | N ND| N ND| N[ IND)|

quarn

regularity, while the second starting points demonstrate convergence along a
direction failing 2-regularity. As expected, the convergence rate is % for the
first starting points, and slower for the second starting points.

Of these problems, all but quarquad2, quarp,2, and quarn satisfy 2-
regularity (110) for some d € R" and most satisfy 2-regularity for almost
every d € N as can be seen from Table 1. Further, most of these problems
also satisfy 2-regularity for almost every d € R"; only the problems fail-
ing 2%¢-regularity, except for aftknotl, fail to be 2-regular for almost every
deR".

In Table 2, we report the numbers of iterations required for local conver-
gence of Newton’s method and the Accelerated-Newton method of Section 5
for the subset of Simple NCP test problems and starting points giving conver-
gence rates for Newton’s method of 1/2. This is the subset of problems with a
nontrivial null space N for which 2¢-regularity may hold. (In fact, affknotl,
quadl,1, and quad2,1 have convergence rates of % for Newton’s method but
do not satisfy 2?¢-regularity. Despite the absence of 2%¢-regularity, the ac-
celeration technique of Section 5 hastens the convergence.) We detect linear
convergence at a rate of 1/2 by applying the following tests to successive
Newton steps p;:

llpill _Hpi—lH
[piall llpi-zll

< cCauchy and Ip:] —‘ < cLinear

[pi-all 2
with cCauchy = .005 and cLinear = .01. If both tests are satisfied at itera-
tion ¢, we scale the next step p;+1 (and every second step thereafter) by the
acceleration factor o = 1.9. Convergence is declared when ||¥(z)]] < 10711
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Table 2 Performance of Accelerated Newton Method (with o = 1.9) for the NCP
test problems for which the convergence rate of pure Newton is linear with factor
1/2. We show iterations for the pure Newton method, iterations for Accelerated
Newton Method, and the iterations required by the Accelerated Newton Method
in the accelerated phase, after a convergence rate of 1/2 had been detected in the
pure Newton method.

Problem, Starting Point Newton Iters | Accel Newton Iters | Accel Phase Iters
quarquad,1 16 10 5
affknot1 20 10 7
affknot2 19 10 5
quadknot 18 8 5
munson4 19 12 4
DIS61, 1 19 12 5
DIS64 21 11 7
ne-hard 25 19 5
doubleknot 22 14 5
quadl, 1 15 9 4
quad2; T 20 13 5

The final column of Table 2 shows the number of steps taken in the
“accelerated phase,” following detection of a linear convergence rate in the
pure Newton method. Note that the accelerated phase was present for all
problem instances and that the number of steps taken in this phase is similar
for all problems. For o = 1.9, the convergence rate in the accelerated phase
predicted by Theorem 2 was observed for all problems.

A Convergence of Newton’s Method: Details of Proof

We present here the remaining details of the proof of Theorem 1. The analysis
follows that of Griewank [8] closely, but various aspects of it are referred to in our
discussion of the accelerated Newton’s method in Section 5, so we state it in full
here.

We pick up the thread from the end of Section 4.

A.1 The Form of a Newton Step from z € R

The content of this subsection is taken directly from [8] (with k set to 1); we include
it here for completeness and readability of this section and for further reference in
Section 5.

We consider the form of the Newton step from a point x = pt in the domain of
invertibility R defined in (19) to the point Z, where

(140) Ti=x—F'(x) "F(x).

For x € R, we have o(t) > 0. In the remainder of this discussion, we drop
the argument ¢ from o (t) and dependence of various matrix quantities on z. Using
positivity of o and (13), it can be checked that the following expressions from [8]
are also true here.

G™! -G™'CcE™!

/ -1 _
F@)" =\ _pipet g1 4 g\ pG-1CE |’
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(see [8, (12)]),where
(141) Gl @) = p BN ) + 0 20(°) = 0 720(7Y),
(see [8, (13)]). As in the proof of [8, Lemma 4.1] with k = 1, we have

%G-i—O(pQ) %C +O(p2)] -
D+0(p*) E+O(p) |

2

F(x) = {
Using (13) to aggregate the order terms, as in Griewank [8], we have

ot _ [ HFIGTUI0GR) —167C+ (G0
Fz) Fl@) [O(p)+IIG*1HO(p3) Tro()+ e } :

Due to (13), (141), and the positivity of o, we have

G N (z)C(z) = B~ (t)C(t) + o 20(p).
Hence,

(142)  F'(z) 'F(z) =
sI+IGH0(p?) —53B71()C(t) +0720(p) + |[GHO(p?)

O(p) + 1G7I0(p%), I+0(p) + G [|p?
Since ||G7| = 0720(p™ "), we can write
17 _13-1F
(143) F(a) ' Fa) = | 3 728 0004 @),

where the remainder vector e(z) can be bounded as follows:

" [
(144) leta)l| € 0 s = 055,

where the constant § is positive and finite; in fact, it is a product of finite powers of
the constants in the O(-) terms in (13) which, as we have already noted, are finite.
The definition of r(t) (34) uses this value of .

Using (143), we have

(45) z=o—Fl(2) ' Fla) = | 2L 2B (DC®)

28 NCW 4 4 ew) = Sge) +ele),

where g(x) is defined in (32). In other words, if x, = prtx for ¢, € S is sufficiently
close to z* and o(t;) is bounded below by a positive number, then the Newton
iterate xr41 satisfies

1
Tht1 = Eg(xk) + O(||lz&[?).

The proof provides a single positive lower bound for o (¢ ) for all subsequent Newton

iterates {x\}. Hence, %g(mk) is a first order approximation to the Newton step from
Ti.
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A.2 Entering Ws,

Denoting the sequence of Newton iterates by {z;};>0, we use the following associ-
ated notation in the remainder of this section:

(146) pi =zl ti=z;/pjs o5 =0t;), s;=g(z;)/llg(z;)l-
For s € S, let ¥;(s) denote the angle between t; = x;/p; and s, that is,
(147) ¥j(s) =cos " t;-ps.

We show that if 2o = poto € R, then

sin 1 (so) < sin(so) and p1 < p(so),

so that 1 € Ws,. In the next subsection, we show that all subsequent iterates
remain in R and converge linearly to z*.

In the analysis below, we make repeated use of the following relations. Let wy s
denote the angle between two vectors v € R* and s € S. This angle must lie in the
range [0, 7). If wy s < 7/2, we have

(148) sin wy,s = min ||Av — s||,
areR

as well as sinw,,s > 0. If v is a linear subspace rather than a vector, wy s < /2
trivially, and the above relations hold.
By applying (145) to the Newton step from z; to zj4+1, we have

1 b 1 0
149) s = g9t = s = P (@) = e[ = letel < 0%,
J
By setting 7 = 0 in (149) and using zo € R, we have
(150) sin 1 (so) = min ‘)\xl _ 9lwo) H < <1||g(to)||)15p—°2.
AeR llg(zo)l 2 o0

The equality in (150) is a consequence of (148), provided that 11(so) < 7/2. (We
verify the latter fact in Appendix B.) By the third part of the definition of r(t)
(34), we have from (150) that sin)1(so) < sin ¢(so) and therefore 11(s0) < ¢(s0).
It remains to show that p1 < p(so).

Let 0,41 denote the angle between the iterate z;4+1 and the null space N. By
dividing (149) by pj+1, we obtain

2

. . Pj .
151 041 = tit1 — <6 f =0,1,2,....
( ) S Uj41 Eg}\lf H Jj+1 y” = U?pjﬁ»l’ or j 5 Ly 4y

The equality in (151) is valid because N is a linear subspace. (For the starting
point we have only the trivial upper bound sin 6y < 1.) By the definition of g (32),
we have

(152) 2 = 9(2) = | . Gin6, 0 a;j sin 0

[_Bfl(tj)é(tj):cj sint%] .

[xj cosﬁj} B {I B*l(té)é(tj)} |:5Cj 60593}

x5 sin 6;
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By combining (149) and (152), we obtain

2
§w—B*wxwmwﬁwwmwm+¢%

J
§<;W%m+¢;.9+5m)m

Tj J

< <1—sm0 +5 )pj,
20 o

where the final inequality follows from (23). Dividing by p; and applying the inverse
triangle inequality, we find that

1
(153) j+1 — 59(x;)

o]+

Tj+1 —

\ /\

(154)

P+l —l‘ < l—smc9 +5p3
Pi 2 20 o;?

Upon setting j to zero and rearranging (154), we obtain

1
(155) p1 < po (— <1+i)+6”°)
2 oo o)

From zo € R we have po < r(to) (33), so by the second part of the definition (34),
we have

o5p(s0) _ p(so)
Po < 2 — )
cog + o 1+ c¢/oo
and also 5. ).
po < 09p(50) < o3p(s0)

20y, T 25;70 ’
where the latter inequality follows from po < r(to) < 7(to) < 1 (see (34), (20)).
Applying these inequalities to (155) yields
1, 1. .
p1 < 5p(s0) + 5p(s0) = p(s0)-
We conclude that if zo € R, then x1 € W,

A.3 Convergence from Wy,

We next apply the analysis of [8, Section 5], an inductive argument proving linear
convergence from inside the domain WS).

As in (146), we define so := g(t0)/||g(to)||. From any initial point x1 € Ws,, we
show that the sequence of Newton iterates {z; = p;t;};>1 maintains the properties

(156) pi < P(s0) = p, 05 < d(s0) =, ¥i(s0) =5 < d(s0) = ¢.

By the first and third properties, the iterates remain in Zs, (29). Further, because
of (22), the third property implies that

(157) o; =o(t;) >6(s0) =6 >0,
a fact that is used often in the proof. We also use the abbreviation

(158) q = q(s0).
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For z1 € W,,, the first and third properties follow immediately from the pre-
vious subsection, as does the second property upon observing that s € N implies
sin@; < sin;(s).

We assume that (156) holds for all 1 < ¢ < j. From (154) we have for all
i=1,2,...,7 that

P;‘;l _ %‘ < %Ui sin ¢ + 50’;2 from (154) and (156)
— A2 ~
< <%U£ + (12%) sin ¢ from (26) and (157)
itl—q . 1
< ¢/ ; d sin ¢ from (157)
< g7 from (25).
Therefore,
(159) %gﬁg¥, fori=1,2,...,].
pi

From the right inequality of (159), we have

1 i
(160) pi+1 < p1 <¥) <p, fori=1,2,... 4.
From (151), we have
(161)
2
sin fip1 < f”l fori=1,2,...,j
0; Pi+1

< (%) <1L—q) fori=1,2,...,j, by the left inequality in (159)

dp 2 , ;
< <&2> <1Tq) fori=1,2,...,4, by (156)

=sin ¢ fori=1,2,...,j, by the definition of / (26).

Let Aw; be the angle between two consecutive iterates z; and z;41. From (153)
we have the upper bound
(162)

2(5p1'

. 2 1 . .
sin Ay; = min || Aziy1—ti]| = — min | Azip1— = x| < £ sin@;+——, fori=1,2,...
Pi AcR 2 o o’

xreR

In Appendix B, we verify the first equality in (162) by showing that Ay; < 7/2 for
i=1,2,...,7.
By the definition of At;, we have

7

J
Vit1 <1+ ZAW.

i=1

Using ¢ < ¢ < /2, Aty <
[0,7/2], and the identity sin(«
we have

2, the monotonicity and positivity of sine on
) = sinacos 8 + sin B cos « for angles a and 3,

/
+ 8

J
(163) sinj4+1 < sin b+ Z sin Ag;.

i=1

»J-
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From (162) and (157), we have

J
(164) > sin Ay <

j—1 2 J
<sin 01 + Zsin 0i+1> + 52 Zpi.
i=1

i=1

SHKeY

Using (160), the bound p1 < p, and the definition of p (26), we have the upper
bound

.2

J 2 1 -
;Piépll_q§751n¢-

By combining with bounds like those used in (161), we obtain the upper bound

j—1
Zsin0i+1< l—q sz
=1

Hence, from (164), we have

sm d)

J
(165) Zsin Ay; < g <sin 01 + a i ) sin (;AS) + 2sin ¢.
i=1

From (163), by adding sinqg to this sum and using 61 < qg and the first inequality
implicit in the definition of sin ¢ (25), we have

sin ;1 < <1+ ¢ <1+L) +2) sin ¢
q

o 1
[ —q)c/6+ (@B = 3!1)}
*l—q c/o+1—gq
_ [ -q) C/U+1—Q)+Q(1—‘Z)}
l—q c/6+1—gq
<1_q

Since ¢ = % sin¢ < 1, we find that sin ;11 < sin ¢. From (162) and (166), we have

=1

. 2 1 2
sin Ay = — m1n||>\%+1 -5zl < — o i+ =5
J

Pi x 2

2.q
< —= = <
< pﬂpy g <sing¢.

Combining this inequality with Ay; < 7, we have Ay; < ¢. By definition, we
must have ;41 < ¥; + Avy;. Using our assumption ¢; < ¢ and Ay, < ¢, we have
Yit1 < 2¢ < Z. Along with sint;y1 < sin¢@, this implies that ;11 < ¢. Since

Oj+1 < pjr1 and 41 < 5, we have that (161) implies 0;41 < .

At this point, we have shown that p;+1 < / (160), 6,11 < ¢ (161), and ¥ +1 < ¢
(previous paragraph). Hence, (156) continues to hold if j is replaced by j + 1, and
our inductive argument is complete. We conclude that all iterates remain in the set

T ={z=a"+pt|teS, cos " (t"s0) < $(50),0 < p < p(s0)},

which is contained in R; see (31).
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Noting that (160) and (161) hold for all j > 1, we see that p; and 6; go to zero
as j goes to infinity. Using these facts in (154), we find that

lim Pitl _ 1
j—oo  pj 2

This concludes the proof of Theorem 1, and therefore the extension of Griewank’s
linear convergence result [8] to Assumption 1.

B Verification of applications of (148)

In this section, we justify the use of the formula (148) by showing that the angle
in question is bounded above by /2 in each case. As in earlier discussions, we let
wy,s denote the angle between two vectors v € R", s € §. We use a,,,5 to denote
the projection of v onto s, so that a,,; = v-s = ||v]| coswsy,s. In each case below,
we show that a,,, > 0, so that w, s < 7/2, as desired.

First, we justify the equality in (150). Let 14 := x1/||gt,l[, so that as, /5,50
is the projection of 14 onto so. By setting 7 = 0 in (149) and noting that g(zo) =
pog(to), we have

2
Po H Po
— —g(¢ <d—.
HSC1 2 g(to)|| < ol
Dividing by ||g(%o)]|, we have
H Po
~ agllgo)ll

By expressing the vector on the left as a sum of its components parallel to and
orthogonal to zo, we obtain

po
10 = 5o

H o

Po
Ay /5080 — —— S0 O—————.
H 1o/50 a2g(to)]]

2

Hence, we have

2
Po Po Po r(to) > Po 2
o > - >=(1-20——"~— >—(1—51n s )>0

Mol =y T T oRllglto)]] T 2 ( a2lg(to)ll) = 2 ¢ls0)) >0,

where the second inequality follows from the pg < 7(t0), the third inequality follows
from the third part of the definition of r(¢) (34), and the final (strict) inequality

follows from QS < ¢ < 7. We conclude that o, /s, > 0, as required.
Second, we verify the equality in (162) by showing that a,, ,+, > 0. By (153),
we have for ¢ € {1,2,...,7},

i+1

1c . pi
i1 — 5T < | 5= i+ 0= | pi
(166) Tiy1 = 5T _<2Oism9 +60i2)p
lec . - 1)
< (55 51n¢+5§) pi by (156)
—1(5+1— )sian- by (26)
“39\% q Pi y

< %m by (25).
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By separating into components parallel to and orthogonal to t;, we have that
e,y jeiti—5pitill < (q/2)pi, so that ag, /e, > 5(1—q)pi > 0fori € {1,2,...,j},
where the final inequality uses ¢ < 1 by (24).

Third, we verify (71) by showing that Ay < /2. From (72),

«
ez = (1 = a/2)a1]l < S gapr.
Hence, by the usual argument,
«
||a12/t1t1 —(1—a/2)prta] < 5‘]&/)17

which implies that

«a a(l—a/2) .
Qg /ty > (1—04/2—5%) P1 = <1—Oé/2—§%smqb> P1

> (1-a/2) (1 - Smd’) p1 >0

2

where we have used the definition of go (42) for the equality and the fact that
a < 2 for the final inequality. Therefore, the angle between x2 and x1 must be less
than /2.

Fourth, we use (91) to justify (98) as follows. From (91), we have by the usual
argument that

1 «
<= 1——)a L,
—2( g ) deP2k—2

1 o
Ay, [tog_ot2k—2 — by (1 - 5) p2r—2l2k—2

so that

«
Azop/tak—2 > (1 - 5) (1 - Qa)PZkfz > 0.

1
2
Fifth, we justify (102). Since (83) holds for k = j, we have

< q—apzj.

1
Qpyjivy [ta;t25 — §p2jt2j 5

Therefore oy, /t,; > 1(1 = ga)p2; > 0 as desired.

C Simple NCP Test Set: Problem Descriptions

Below we list the Simple NCP test problems, their solutions, and the corresponding
starting points used to initialize Newton’s method. A solution is any z satisfying

0<z L f(z)>0,

and we denote such x by z*. Table 3 lists the starting point xo that was used for
each solution z*.

1. quarp

2. affl
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3. DIS61 ([1, Example 6.1])

f@ =y ]

1+ 22+ 25— 1

4. quarquad
_ [ —a)!
5. affknotl
T2 — 1
@ ="
6. affknot2

_ X2 — 1
fz) = {561-‘-562—1} ’
For illustration, we consider the properties of this problem in some detail. The
unique solution is z* = (0,1)7, where f(z*) = (0,0)T. Hence a = 0, § = {1},
and v = {2}. We have
1oy _ |00
v (z") = [2 2] .

By inspection, we have N = {(a,—a)”, a € R} and N. = {(b,0)*, b € R}.
Thus,
10
-

L (1,-1)", whose span is N. Using

Consider the unit vector d =

S

@y =vE| T
we have
5 10 —-11 -11
s =[si] vz [H]] =[]
Consider any y = (a,—a)” € N\{0}. We have B(d)y = v2(—a,a)” # 0. Thus,
B(d) is nonsingular, and z* is a 2%°-regular solution of NCP(f).

7. quadknot
-1
f(z) = {m:c% } ’

8. munson4 (from MCPLIB [17])

—(x2 —1)°

r@ =2 )
9. DIS64 ([1, Example 6.4])

10. ne-hard (from MCPLIB [17])

sinx1 + x%
flz) = 5 + z123
:cg — 200 4+ 122
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Table 3 Starting Point/Solution Pairs

Problem, s.p. To z*
quarp, 1 0.1 0
affl (0.1, 0.9) (0,1)
DIS61, 2 (0.2, 0.85) (0, V5-1)/2)
quarquad, 1 (0.1, 0.9) (0, 1)
affknot1 (0.9, 0.1) (0, 1)
affknot?2 (0.5, 0.5) (0, 1)
quadknot (0.5, 0.5) (0, 1)
munson4 (0, 0) (1, 1)
DIS61, 1 (1.5, -0.5) (1, 0)
DIS64 (2, 4) (0, 0)
ne-hard (10, 1, 10) (0, 0, v/200)
doubleknot (0.5, 0.5, 0.5, 0.5) (1,0,0, 1)
quadl,l (0.9, -0.1) (1, 0)
quad2,1 (-1, -1) (0, 0)
quadl,2 (0.9, 0.1) (1,0)
quad2,2 (1, 1) (0, 0)
quarquad, 2 (0.9, 0.1) (1,0)
quarp, 2 0.9 1
quarn 0.9 1
11. doubleknot
1—21+22+ 23
1 —1
flx) = 56411 -1
1+x3— x4
12. quadl
o X1 — 1
fz) = { 2 } :
13. quad2
fa)= |
= |l
14. quarn
fl@)=—(1-a)*
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