
CS 520

Spring 2022

Homework #3

Due on Canvas 11:59 PM Wednesday, April 13, 2022

Rules for Homework. See Homework 1.

1. Let N = {0, 1, 2, 3, . . .} denote the natural numbers. Let Σ = {0, 1}. We can list
the strings in Σ∗, as follows. First group the strings by length. Within each length,
arrange the strings in dictionary order. For example, the first six strings in the list
are

w0 = ǫ, w1 = 0, w2 = 1, w3 = 00, w4 = 01, w5 = 10, w6 = 11.

a) What is w357? Explain how you got it.

b) Assuming that i is presented in binary notation, give an efficient algorithm for
the function

i 7→ wi.

c) Same task, but for the inverse function

s 7→ the unique k for which wk = s.

2. Show that a subset of Σ∗ is recognizable (= recursively enumerable) iff it is the range
of a partial computable function f . Here, range means exact range, that is, the set of
y for which there is an x with f(x) = y.

3. Let M denote a 1-tape Turing machine and w an input string for that machine. The
pair < M,w > is called unidirectional if, after M is started on the input w, the
read/write head of M moves in at most one direction.

Remember Sipser’s convention that a Turing machine that is commanded to move left
from the first tape square will not move at all.

a) Explain why the set of unidirectional pairs < M,w > is decidable.

b) Why doesn’t this violate Rice’s theorem?

4. According to the unwritten laws of Hollywood, every suspense movie must end with
the hero trying to disarm a bomb that ticks menacingly down to 0. In our movie, of
course, the explosives will be connected to a Turing machine.

a) Consider a 1-tape TM that starts with n ≥ 1 written in unary notation on its
tape. Explain how it can count down from n to 0 in O(n) steps.

b) Same question, but now n is presented in binary notation. [Hint: You can decre-
ment in the usual way; the challenge is to analyze this.]


