
CS 787

Spring 2023

Homework #1

Due in class Monday, February 27, 2023

Rules for Homework.

i. Everyone must do his or her own work. Use of any sources other than class notes
and recommended readings should be accompanied by a citation. In any case,
there should be significant “value added” by the student’s work.

ii. Starred problems have research potential. These are optional, as their difficulty
is unknown (at least to me).

1. In class, we discussed an algorithm that, when given a finite set X and a function,
f : X → X, determines a largest S on which f is 1-1. (See Udi Manber, CACM
1998.) This algorithm works by repeatedly removing elements from X. It is not
deterministic, as there may be more than one element to remove.

a) Show that the resulting set S does not depend on these arbitrary choices.

b) Let n = |X|, and suppose that f is chosen at random from the nn possibilities.
Show that the expected number of elements that are not images is Ω(n).

c) The result of b) suggests a parallel algorithm, in which each round removes the
elements that have no preimage. It would use O(log n) rounds in expectation if,
at each stage, f is a random mapping on the elements that remain. Is this true?

2. Suppose that the data for a longest increasing subsequence problem are random. (E.g.
Xi i.i.d. uniform on (0,1), or the Xi are a random permutation of 1..n.)

a) Write down an exact formula for the expected number of increasing subsequences
of X1 . . . Xn.

b) Show that this grows more quickly than any polynomial in n. Thus, if you use
only the first pruning rule that Pruhs mentions, it will not be sufficient to get a
polynomial time algorithm, even on average.

3. For this problem, “simplex” is as described in Karp’s “Great Algorithms” lecture.
This uses a naive pivoting rule: choose any variable from xN that is eligible to be
raised, and try to increase its value as much as possible, thereby obtaining a new
basis matrix B. Here is a small example to show that cycling is possible.

a) Draw the set in R2 defined by x1 ≥ 0, x2 ≤ 1, x2 ≥ x1. What are the vertices?
Where is x1 + x2 maximized?

b) Now we follow the recipe for the simplex algorithm. Introduce a slack variable
for each constraint, to get the (minimizing) problem min cx s.t Ax = b, x ≥ 0,



where

A =





−1 0 1 0 0
0 1 0 1 0
1 −1 0 0 1



 , x =











x1

x2

x3

x4

x5











, b =





0
1
0



 , c = (−1 −1 0 0 0 )

Obtain B by taking the last 3 columns of A, and B′ by taking the first col-
umn and the last 2 columns. Show that with naive pivoting, the bases can be
B,B′, B,B′, . . ..

c) (*) Is there a smaller example for which the naive pivoting rule can cycle? Minimal
cases are known for other rules. See, e.g. Marshall and Suurballe, Naval Research
Logistics, 1969.

4. Recall the min-cost set cover problem: Given positive-cost S1, . . . , Sn ⊂ X =
{1, . . . ,m}, find a minimum-cost collection of these subsets whose union is X. In
class, we studied a greedy algorithm that solves this approximately.

a) Let y1, . . . , ym be the prices paid by the greedy algorithm. Show that if
(y1, . . . , ym) is dual feasible, then the greedy solution is optimal. (Note that
the converse is not true.)

b) Give examples to show that this is possible, for every m ≥ 1.

c) Explain why a minimal cover found as in a) has a short, easily checkable proof of
optimality.

d) (*) How likely is it that such “greedy prices” are dual feasible?


