Answers to some problems in chapter 4

4.1 A maps e; to ej_q for all j, with eg := 0, hence A™ maps all e; to 0, i.e., A" = [A"eq,..., A%, =
[0,...,0] =0.

4.2 Certainly, for any a € IF, A, B € L(X), a(AB) = A(aB), while idA = Aid, hence a id commutes
with every B € L(X).

Now assume that A commutes with every B € L(X). Let V = [v1,...,v,] be a basis for X, with inverse
At = [Al,...,An]t. Then, for all i,j, [A’Uj} = A[vj]()\,»vi) = A([UJ]AZ)UZ = ([’Uj])\i)AUZ‘ = [Uj]()\iA’Ui). In
particular, Av; = a;v; for some «;, therefore A, Av; = «;, and so, altogether, o; = a;. So, AV = oV (with
a = «;), and since V' is a basis, this implies by (4.2) that A = aid .

4.3 (i) For each y € IF™, x — y' Az is the map (y*A)*, hence linear; for each z € X, y — y'Ax is the
map (Azx)*, hence linear.

(i) Let A € IF™"™ be given by A(i, j) := f(es, e;). Then, using bilinearity, f(y,z) = f(32, yiei, >-; zj¢;) :I
fly,o) =323 vizj fleirej) = y' Az, e, f = fa. Ifalso f = fp, then, in particular, B(i,5) = f(ei, e;) =
A(i, j) for all 4, j, hence B = A.

(iii) By (i) and (ii), F™*" — BL(IF™,IF") : A — f4 is well-defined, 1-1 and onto, hence invertible.
Also, y*(aA + B)x = ay Az + y* Bz holds for all A, B € F™*" « € TF, (z,y) € IF™ x IF", showing A — f4
to be linear.

4.4 (a) try things like n=7; ab = rand(1,2); xy = rand(3,n); xx = linspace(0,1,101);
max (abs (ab* [interpl(xy(1,:),xy(2,:) ,xx, ’spline’);
interpl(xy(1,:),xy(3,:),xx, ’spline’)]- interpl(xy(l,:),ab*xy(2:3,:),xx,’spline’)))
which should print out zero (except, perhaps, for round-off).

(b) Let V denote the map, and let A* : f — f(x). Then the description assures us that A'V = id,
hence V must be 1-1.

(c)x = 0:3; yy = eye(4); xx = linspace(0,3,121);c = ’r’,’k’,’y’,’c’; for j=1:4; plot(xx,interpl(x,yy
hold on, end hold off

(d) the word ‘spline’ suggests that these functions might be piecewise cubic. Hence computing third
differences (via diff (vals,3)) of function values vals = f(xx) at equally spaced points xx should produce
a piecewise constant sequence; etc.

4.5 Apply (3.2) to W; the bound columns constitute a basis for ran W.
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Hence bound = (2,5,7),i.e., V=W(,[2,5,7])=1]1 2 0
2 5 —1

4.7 By definition, X := Iy(IR?) = ranV with V := [)* : |a| < 3] = [0%°, O™, )%, )20, ()b, ()*2]
having 6 columns. Hence sufficient to show that V is 1-1. For the ‘data map’ A* : p — (p(0), D1p(0), D2p(0), D?p(0), D1 D2p(0).
we get A'V = diag(1,1,1,2,1,2), an invertible matrix. Hence V is 1-1.

4.8 Being of dimension n, the vector space has a basis V' = [v1,...,v,]. For each j = O, [vq,...,v;]
is 1-1, hence a basis for its range, hence that range is a subspace of dimension j.

4.9 (a),(b) Since DI = id, D is onto, hence ran D = tar D = II;_;. Dimension Formula gives that
dimnull D = (k+1) —k = 1, and D()° = 0, hence null D = ran[()°]. Also, I is 1-1, i.e., ker I = {0}, hence
Dimension Formula gives that dimran I = dimdom I = k. Also, ()7 € ran[ for j > 0, and [()7 : j > 0] is 1-1
(since it is contained in a basis) and has k = dimran I columns, therefore ran I = ran[()? : j > 0].

(c) Ap = 0 implies Dp = —p hence D¥*1p = (—1)k¥*+1p while, by (a), D**'p = 0 for any p € II;. So,
null A = {0}, hence A is 1-1, therefore, by Dimension Formula, A must be onto, i.e., ran A = IIj.



1 0 -1 O 1
01 0 -3 O
4.10 V = VA, with V.= [()%..., (0% 1-1,and A:= |0 0 1 0 —8| upper triangular with
00 0 4 0
00 0 0 8

nonzero diagonal entries, hence invertible by (3.19). Hence V is 1-1, with 5 = dimtar V' columns, hence a
basis for its target.

4.11 By (4.13),0 < dimYp < dimY¥; < --- < dimY, < dim X.

4.12 If dimY = k, then Y = ranfv;]+ - - +ranfvy] for every basis [v1,...,yx] for Y and, by (i) and
induction, d(Y') = >, dimran(v;], and this equals & by (ii). Hence, for any Y, d(Y) = dimY".

4.13 Let B = A|z; then A(Z) = ran B and null B = Z Nnull A, hence the Dimension Formula finishes
the proof.

4.14 (a) Let V be a basis for null B; since null B C null(AB), we may extend V to a basis [V, W] for
null(AB). Then BW is a 1-1 column map into null A, hence #W < defect(A) and therefore defect(AB) =
#V + #W < defect(B) + defect(A).

(b) Since ran AB C ran A, have defect(A) = dimdom A — dimran A < dimdom A — dimran AB =
dim dom AB — dimran AB = defect(AB), using the Dimension Formula twice.

(¢) By (b), we must make certain that dimdom B # dimdom A. However, for AB to be defined, we
must have ran B C dom A. So, how about B =[] : R — R and 4: R' — R' : 2 — 07?

4.15 If A= CB, then Bx = 0 implies Ax = CBx = 0, hence null B C null A.

For the converse, let [U, V] be a basis for X = dom A = dom B so that U is a basis for null B. Then
BV is 1-1, hence extendible to a basis [BV, W] of Z. By (4.2), there is exactly one linear map C' : Z — Y
with CBV = AV, CW = 0. But then, CB[U,V]| = [0,CBV] = [0, AV] = [AU, AV] = A[U, V], showing A
and CB to agree on a basis for their common domain, and this implies that they are equal.

4.16 dimran(AB) = dimran B—dim(null ANran B), while dimran(BC) = dimran(ABC)+dim(null ANJ}
ran(B(C)), and ran(BC) C ran B, hence also dim(null A Nran(BC)) < dim(null A Nran B).

4.17 Since Y is a linear subspace, we have (z +Y) + (z +Y) = (z + 2) + Y and, for any nonzero a,
a(z+Y)=(ax)+Y, while 0(z+Y) =Y, by definition. Hence the map f is linear. Also, null f = {z € X :
r+Y=Y}=Y-Y=Y.

(ii) By (i), X/Y is the range of the map f that satisfies (2.5), and (ii) follows from Problem 2.7.

(iii) By (i) and the Dimension Formula, dim X/Y = dimran f = dimdom f — dimnull f = dim X —
dimY = codimY'.

4.18 Let T :={(i,j) € nxn:i < j}. Then the map IF"*" — F” : 4 — Alp : (i,5) = Ajj is linear,
and maps the subspace of all upper triangular matrices of order n 1-1 onto IFT, hence that subspace has
dimension dim IF" = #T = (n + 1)n/2.

4.19 (i) By (4.7), any basis V for Y can be extended to a basis [V, W] for X, and, by (4.26), X =
Y 4 ranW, i.e., ran W is a complement for Y.

(ii) If V' is a basis for Y and W is a basis for Z, then, by (4.26), Z is a complement for Y iff [V, W] is a
basis. In particular, dim Z = #W = dim X — dim Y, a number that depends on X and Y alone.

(iii) From (ii), codimY = dim X — dimY’, while, by the Dimension Formula, dim(Y + Z) = dimY +
dim Z — dim(Y N Z), so, on subtracting this equation from the identity dim X = dim X 4 dim X — dim X,
the proof is finished.

(iv) If X =Y + Z with both Y and Z proper, then there is a basis [V, W] for X, with V a basis for Y’
and W a basis for Z. If W is neither X nor {0}, then V = [vy,...,v,] for some r > 0 and W = [wy, ..., ws]
for some s > 0, and wy + v, € Z, therefore Z; := ran[wy + vy, wa,...| # Z, yet [V, w1 + vy, wa, ..., ws] is 1-1
hence a basis for X and therefore also Z; is a complement for Y different from Z.

(v) By (i), if codimY > dim Z, then dim X > dimY + dim Z > dim(Y + Z).

(vi) By (ii), if dimY > codim Z, then dimY + dim Z > dim X, hence, by Dimension Formula, dim(Y N
Z) > 0.



4.20 If Zj d; = n, then we can partition the n columns of any basis V' for X into V' = [V4,...,V,] with
#V; = d;, and conclude from (4.26) that then X =Y; +---+Y,, with Y; := ran V; of dimension #V; = d;,
all j.

Conversely, if we have such a direct sum decomposition for X, then, by (4.26), [V4,...,V,] is a basis for
X, hence > .d; =dim X = n.

J

4.21 If dimY = k, then Y = ranfv;]+ - - +ranfvy] for every basis [v1,...,yx] for Y and, by (i) and
induction, d(Y') = >_; dimran(v;], and this equals & by (ii). Hence, for any Y, d(Y) = dimY".

4.22 Straightforward verification. E.g., a((y1,...,9) + (z1,...,2:)) = alyr + z21,-..,yr + 2) =

(alyr +21),...,alyr +2r) = (ay1 + az1, ..., ayr +az) = (ay1, ..., aye) + (@z1, .. az) = a(yr, ... yr) +
a(zi,. ..,z ) verifies (s.3) of (2.1).

4.23 Recall the basis V, :=[()°,..., ()¥] for II.
1 1 -1
(a) V. = V3A, with A = _01 ? (1) 1-1 by inspection, hence V is 1-1, giving dimranV =
1 0 O
dimdomV =3 <5 =dimtarV, ie., V is not onto.
ro 2 -1 1
-1 0 1 1
b)V=VA withA=| 0 0 1 0] 1-1 by inspection (e.g., thinking of elimination from right to
0 1 0 O
1 0 0 0

left, row j is pivot row for column 6 — j, all j), hence V' is 1-1, dimran V = dimdomV =4 < 5 = dimtar V,
i.e., V is not onto.

rt o 0 0 1
000 11
() V=V4A withA= [0 0 1 1 O0]. Using the rows from last to second to eliminate unknowns,
01 100
L1 1.0 00
000 0 2
000 11
we obtain the equivalent matrix A — B= [0 0 1 1 0], and now we see that all columns of A are
01 100
110 0 0

bound, hence A is 1-1, therefore dimranV = dimdomV =5 = dimtar V, i.e., V is also onto.

4.24 (a) V maps into Iy, a 3-dimensional space, hence at most 3 columns can be bound. Since

1 1 1

V=10%04%0°10 -2 —4 ...|, and using the last row of this matrix as pivot row for the second
0 1 4

column gives the modified second row [0 0 4 ---], this shows that the first three columns of V are

bound, hence the others must be free. Therefore [fo, f1, f2] is a basis for ran V| and that smallest n is 3.
Alternative argument: since ranV C I, have dimranV < #[()%, (), ()°] = 3, while, with ¢ = 0:2,

01 4 0 1 4 0 0 8
have [fo(t), f1(t), fa(t)] = [t3, (t— 1% (¢t -2)?]=|1 0 1| — |1 0 1 | — |1 0 1 [, showing
4 1 0 01 —4 01 —4

all three columns to be bound, hence [fo, f1, f2] must be 1-1, therefore a basis for ran V', hence the other
columns of V' must be free. In particular, n = 2.

(b) V = [sin, cos] Ll) Z?r?((i))

free. Since [sin, cos] is 1-1 (e.g., [0 /200][sin, cos] = id,) also the first 2 columns of V' are bound and the rest
are free.

N }, hence first two columns of matrix are bound, the others must be

(¢) V = [exp][1,...], hence the first column of V' is bound and the others are free, i.e., [exp] is a basis



for ranV. So, n = 1.

4.25 Each wj is the product of k linear factors, hence of exact degree k, therefore W maps into IIj.
Also, #W =k + 1 = dim 1. Hence, W is a basis for Il if and only if W is 1-1.

The matrix QW = (w;(Tk+1+4) : 4,7 = 0:k) is upper triangular with nonzero diagonal entries, hence
invertible by (3.19)Proposition, therefore W must be 1-1.

4.26 Each w; is the product of k linear factors, hence of exact degree k, hence W maps into 1I;. Also,
#W =k + 1 =dimIl;. Hence, W is a basis for II; if and only if W is 1-1.

Let Q : p+— (D"p(r)) :j =1k+1), with n; :=max{i <k+1:7 =7} —j,al j. Then QW =

0 x

0 0 x

oo , with X indicating elements that are guaranteed to be nonzero in case 7, < Tg41
0 0 0 -+ x

x 0 0 --- 0

since each is the value of the n;th derivative at 7; of a polynomial that has a root of exact order n; at 7;.
Hence, in that case every column of the square matrix QW is bound. This makes QW invertible, hence W
is 1-1. If, on the other hand, 7 = 7%41, then x in the lower left corner becomes zero since it is wo(7g+1),
hence then w;(7,41) = 0 for every j = 0:k, therefore every p € ran W vanishes at 7441, hence ran W cannot
be Hk

4.27 (a)T; (b)T; (c)F; (d)F.



