On a question by D. I. Mendeleev

A. Markov
read in the session of the Physicomathematical Section on 24 October 1889

In the present work, we will consider the set of all polynomials [lit. entire functions]
f(2) =po2" +p12" T a2 b paaz + g

whose degree does not exceed a given whole number n, whose absolute values do not exceed another given
value L for all values of the variable z lying between the two given values a and b > a. Thus,

—L< f(z)<L for a<z<hb.
The question is which bound the absolute value of the derivative
fl(@) = npoa™ ™ + (n = D)pra™ ™ + - + 2pn_ox + Py

of f(z) with respect to x does not exceed.
This question was posed by D.I.Mendeleev, for n = 2, in his paper “The analysis of water solutions by
specific weight” (§86).
The answer depends on how much the number x is pinned down.
We distinguish two cases:
1) z is a given number,
2) z is an arbitrary number between a and b.
Correspondingly, we consider two problems.

Problem No. 1
To find, for particular x, the biggest absolute value of f'(x).

Solution.

We denote by y that function f(z) of the ones considered by us for which f/'(x) in absolute value is
biggest.
By the statement of the question,
—-L<y<+L

for all values z that lie between a and b.
From all these values z, we single out those at which y equals £+L.
Let us write them in a sequence

A, Q2 ey Ay Qg1 - -y Ol

Denoting by
y(oy)
the value of y at z = a4, equal to =L, we notice that the sequence of s — 1 ratios

y(az) ylas) y(as)
y(aa) ylag)’ " y(as—1)

must contain at least n — 1 numbers equal to —1.
Indeed, in the contrary case it would not be difficult to find, among the polynomials of degree n — 2, an
infinite set of those whose ratios over y at

Z=01,092,...,04



are negative numbers.
If then, having multiplied one of these

¢(2)

by (z — x)? and by a sufficiently small positive number €, we add the product

e(z —2)%¢(2)

to y, then we obtain the polynomial
Y = y+ ez - 2)%(2)

of degree n in z and such that, for a < z < b, |Y| < L and, for z = z,

a _dy
dz  dz’
Finally, if we multiply Y by the ratio of the number L over the biggest absolute value of Y on a < z < b,

then the new function obtained this way will belong to the functions f(z) considered by us and, at z = x,

its derivative is bigger in absolute value than %.

Hence, s is no smaller than n, and the sequence of ratios

y(ao) ylas) y(as)
yloa) " glon) @)

contains no less than n — 1 numbers equal to —1.
If —1 occurs n times in the sequence (1), then it is known that y is reduced to

2r—a—b
iLcosnarccos% =+ fo(2).
In that case,
d +nlL 2r —a—b
Yo I Gnnarccos ———° = +f5(2).
dz (z—a)(b—2) b—a

We study the condition under which the biggest absolute value of f’(z) equals the absolute value of
fo(x).

Since we concern ourselves with absolute values, then among all functions f(z) we can consider only
those for which f/(z) has the same sign as f§(z).

We take, for brevity,

- ; b
e COSE_F +a:§i7 i=0,1,2,...,n,
2 n 2

and
f(2) = fo(z) = #(2).
Considering the value of f(z) and fo(z) at

z = 507517&27 s ag’ru
we find
fo&n) = +L  and therefore w(&n) < 0
fo&n—1) = —L  and therefore on-1) > 0
fi€n—2) = 4L  and therefore wn—2) < 0
fo&) = (=1)"L and therefore (—1)"p(&%) < 0
Hence, the equation
p(z) =0
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must have one root between &y and &1, between & and &, ..., between &,_1 and &,.
In other words, the function ¢(z) must decompose into real factors of first degree in z,
p(z) =qlz=m)(z—n2) - (2 = 1),
where
a=8§<m<&E < << <1 <N <€ =0

Concerning the coefficient ¢, it must be negative.
With this, we have

Fa) = g+ (2 b )l

T—=m T =12 L= Tn

and
B 22n_17’LL

o(z) = W(CE &)@ —&) (2= &)

since f{(z) vanishes at

z 2517627-~-7£n—1
and the leading term of the polynomial fo(z) is
22n=1n[,
(b—a)"

We start with the case when x lies outside the bounds a and b.
Then each of the expressions
e(@) o) e(x)
37_771’37_7]2,.”’37_7771

has its sign opposite the sign of f(z) and so

(@) < [fo(=)].

Thus, if x lies outside the bounds a and b, then the biggest value of |f'(x)| equals |f{(x)].
Now we assume that = lies between &_; and ;.
Then
p(x)
T —n;

=ql@—m)(@—m) - (@—ni-1)(@=ni41) (& =)

has its sign the opposite of the sign of f{(z).
This leaves us to consider the sign of the sum

T —mn; x —n; T —n; T —n; T —n;
—771_‘__7714_.“_'_ i 4 77z_|_.“_|_—77z
rT—m T2 T—="Ni—1 T —1) T —1Mn

=X

3

which, for brevity, we denote by the single letter 3.
We now denote by f(z) some arbitrary polynomial of nth degree in z that satisfies the conditions

—L<f(z)<+Lfora<z<b

. 7'()
> 0.
fo(x)
Then the numbers
m,n2,---sMn
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can take on arbitrary values, subject only to the inequalities

SmZE<m<lHL S <6< <&

and the coefficient ¢ is sufficiently small in absolute value.
Taking into account this remark, it is easy to see that the smallest (extreme) value of the sum ¥ is equal
to the smaller of the numbers

x_gi,1+x—§if1 _i_._._,_Lgil:(a:—&ﬁ{

z — & T —& r—&n—1

@) 1
ﬁu>+x—a}

and

z=§&  x=§ =& o [f(=) 1 }
$—§1+9€—§2+m+9€—§n7(x gl){fé(ﬂﬁ)—kﬂﬁ—b '

If the smallest value of X is positive, then also all values of ¥ are positive and the sign of the expression

1 1 1
+ +-+ o(x)
x—m T —1 T =My

is the opposite of the sign of f{j(z); in addition, surely,

[ (@) <1 fo(x)l-

But if the smallest value of ¥ is negative, then the undetermined numbers

M 725 -5 s

can be so chosen that |f'(x)| exceeds | f{(z)]
From this we conclude that the biggest value of |f’(x)| equals the biggest value of |f}(z)| if and only if
x lies outside the bound a and b, or else

fo () 1 0(x) 1
b, =—-—— 0 d 0. 2
R 1 R R (R .
Instead of the rational expressions
1 1"
0 (@) + 1 and 0(z) 1
filz)  z—a folx) x—0b
it is possible to consider
(z —a)fg(z) + fo(z) and (z—0)ff(x) + fol@),
since, firstly, in obedience to the inequality (2), the expressions
(z —a)fg(z) + fo(z) and (2 —0)f5(x) + folx) (3)

have the same sign and, secondly, our inequalities (2) hold in case the signs of the expressions (3) are the
same and a < x < b.
Having considered in this fashion the case

Y= fO(Z)a

we turn to the others.
If y is not = fy(z), then, by the above, the sequence of ratios

y(az) ylas) y(as)
ylaz) T ylas—1)




contains n — 1 numbers equaling —1. Also, s = n and, of the two differences
ar—a, b—a,

at least one must be zero.
We take one of the functions f(z) that satisfy our conditions.
The equation

f(z)=y=0

of nth or lower degree in z has a root
between «; and as,between as and ag,...,between «,_1; and «,.
In other words, the difference f(z) — y must decompose into real factors of first degree in z:
f@)—y=9(E)=(@z—r)(z-—m)(z—n2) - (z2 = 1m-1)

where
alénl §772§"'§an71§77n71§an;

Also, we have

d 1 1 1 1
Ffa)y=(<2) + - +ot + (),
dz /) ,_. T—mn T —Ne T—Mp—1 X —1Nn
with n, = g.

It is not hard to see also that the sign of the difference
qz—r

is the opposite of the sign of y(a,,) for all values of z that lie between oy and a,.
Under the conditions pointed out above, the numbers

Ms725 -5 s

can be given arbitrary values, subject only to the condition that ¢ be sufficiently small.
We assume, to begin with, that = is bigger than «,.
Then, for n, > x, we get the inequalities

1 1 1 1 1
0< + ot < ot
r—m T =12 T — Tn—-1 T — Q2 T — Qp
1
0> > —00
T —=1n

and the undeterminedness of the numbers
m,n2,--.,7n

can be made use of in such a way that the quantity

( Lo, o >w(x)

rT—m T2 L= Mn

will have an arbitrary sign.
It follows that the case
T > ap,

is impossible.



One shows similarly that the case x < « is impossible.
So assume that x lies between «; and a;y1.
Then, the sign of

is the opposite of the sign of

and so, in order for f’(z) to be, in absolute value, smaller than (d—Z) , the sign of the sum
Z=T

T —1; T —n; T —n; T —n;
T T T, T
r—m T =12 T —1 T —1n

must be the same as the sign of
Now, the expression

is a positive number, hence the sign of

is the same as that of y(a;41) and of (%) B

Z=T
On the other hand, it is not hard to see that the smallest value of the sum

T—1n  xT—n T = T = T = x—n;
_77z+—771+”.+ i + 17’_|_..._|_ i + i
rT—m T2 T —1Ni-1 T —1; T—MNp—1 T —Nn

equals the smaller of the numbers

1 1 1 1 1
(z — ;) + ot ot + ,

xr — r — Q2 Xr — Q4 T — Qp—1 T — Oy

1 1 1 1 1
(:c—am){ - oot ——— 4t + }

T — Q9 T — Q3 T — Q41 T — Qp T — Qg

and therefore cannot be greater nor less than zero.
For that reason, we arrive at the following condition

1 1 1 1
ot +

r—ap T — Qo T—Qp_1 IT—Qp,

= 0. (4)

Our considerations also show that, excluding the case that simultaneously

a+b
2 b

n=2 a=a, a, =b, x =

the derivative f/(z) takes its biggest absolute value only for two functions f(z) and these two only differ by
a sign.

But if
a+b

2 )

n=2 and x =



then the biggest absolute value of f’(x) equals % and there exists an infinite set of different functions f(z):

namely, all functions of the form
2z —a—"b
L {% +q(z—a)(z - b)}
with
I
(b—ap =" —ap

We recall that of the two differences
ay—a, b—a,

at least one must be zero, and correspondingly distinguish three cases:
Dag=a, ap <b; 2)a; >a, ap=">b; 3)a;=a, a, =Db.
If
a; =a and a, <b,

then we can adjoin to the numbers
a1, Q2,...,0n

also some number
On41

which is bigger than b and satisfies the condition

y(ant1) = —y(an),

since, as z increases continuously from «,, to +00, the ratio

Y
y(an)
also changes continuously from —1 to +o0.
Therefore we have
y = L cosn arc cos o6z dnin +f1(2).
Op41 —a

The unknown «,,41, in accordance with equation (4), must satisfy the equation

1"
Z 1 . ie 1 (z) + o
_atant1  Qnp1—a im0 T / —a
i=1,2,..n T 2 2 COs filz)  z—a
and also the inequalities
a+ Qpiq Upt1 — Q T
Qnt1 > b> nt nt cos —,
2 2 n
whence )
b—asin” 3~ b
> Qpg1 > 0.
cos? X s

Therefore, for the case
a1 =a, a, <b

really to occur, one of the values a,, 41 satisfying the equation

(z —a)fi'(x) + fi(z) =0
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must lie between )
us

2n and b.

2 T
COS n

b — asin

And only one, since in the contrary case the sought-for biggest value of f/(z) would be taken on by
several different functions f(z), but the preceding considerations show this to be impossible.
Considering then the sum
1
Z _ atantr  anpi1—a i

i=1,2,..n ¥ 2 2 n

as a function of «a,1, we note this function increases continuously with «,,1; with the exception of those
values a;, 11 at which it is infinite.

Therefore, equation (5) cannot have multiple roots.

From this, it is not hard to conclude that the case

ar=a, a, <b

S22
b—asin® 7

occurs exactly when during the passage of a;, 1 from b to the expression

52 T
cos® o~

(z —a)f'(x) + fi(z)

changes its sign.
We also note that, for «,, 11 = b, the expression

(x —a)fi'(z) + fi(z)

reduces to
(x —a) fg (z) + fo(@).

In exactly the same way, with the introduction of the variable oy and taking

2z—ap—b

fa(2),

L cosn arc cos
— g

we see that the case
a1 >a, ap =0>b

iqin2 -
a—bsin” 7~

occurs exactly when during the passage of «g from to a the expression

P
COSs 5n

(z = b)f5 (x) + fo(x)

changes its sign.
Then

Y= :th(z)a
where oy must satisfy the equation

(= )£ () + f3) = 0

and the inequalities

b b— -1
ag < a< o + + @0 cos (n )ﬂ-.
2 2 n

We now address the case
Q1 = a, p = b,

which occurs exactly when neither of the preceding cases occurs.
If
ay =a, a, = b,
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then the equation

dy
— =0
dz
of (n — 1)st degree in z has the n — 2 roots
Q2,Q3,...,0, 1

between a and b and one root outside these bounds.
We denote this last root by the letter § and assume for definiteness that 8 > b.
In this case, |y|, as z moves from b to [, grows but, as z grows even larger, first diminishes to zero and
then grows without bound.
Also, the equation
y2 _ L2 =0

of 2nth degree in z certainly has the n — 2 double roots
Qg2, A3, ..., 0n—1

and the two simple roots
a,b

and also two roots which we will denote by the letters
~v and 4.

These last two roots are bigger than 3.
It follows that

y? = L? = pj(z — 02)*(z = ag)® (2 = an-1)*(2 — @) (z = b)(z = 7) (2 = 9)

and
L oz = )z~ a5) -+ (2 — € a)(z — ),

from which we derive the first order differential equation

o B E—E=)) (@) ©)
n2(z — §)2 dz )
E. 1. Zolotarev, in his work “The application of elliptic functions to questions concerning functions that
deviate least and most from zero”, expressed the solution of that last equation in terms of elliptic functions.
Without relying on E. I. Zolotarev’s formulas, we show how it is possible to reduce our problem to three
algebraic equations.
For this, we obtain from the equation (6) by differentiation

n’(z—B)%y = (z —a)(z = b)(z —7)(z — )y

Taking now
y=po(z—0)" +pi(z=B)""" 4+ +p, oz - 5) +0,

and rewriting equation (7) in powers of z — 8 and comparing coefficients, we arrive at a system of n + 1

equations in the n 4 2 unknowns
/ / / /
&’ZQ’""M?&’ﬁ?V?d'
Po Po Po Po
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It is not hard to eliminate the unknowns

PPy Paa Pa
po'po’ T po po
which depend linearly on the remaining three

/8777&

By eliminating

Py Py Phoa Pa
po'po’ T po Do
we arrive at two algebraic equations for the unknowns

/87 ’Y7 6'
Now, condition (4) gives the third equation

y"! 1 1 1
= 0.
(y’)z_m + x—a+x—b+x—ﬁ

As concerns the coefficient pg, it is determined from the condition

y(a) = L.
We arrive at the same results also in case (3 is less than a except that, for § < a, v and § must be less
than 3.

For what is to follow it is important to notice that in each case the expression

(z=7)(=9)
(z —B)?
is greater than unity for all values of z lying between a and b.
We now show that equation (6) may be transformed into two first-order linear differential equations
with two unknown polynomials.

Here, for definiteness, we’ll take

yla)=L; a<b<fB<y<d
Let n be even.
Then, denoting the products

(z—ag)(z—aq) - (z—apn—2) and (z—asz)(z—as5) (2 — an_1)
respectively by

U and V,

we obtain
y—L=po(z—a)(z—06)V?
y+ L =po(z —b)(z—)U?
v =po{2(z—a)(z =8V + (22 —a—§)V}V
=po{2(z = b)(z = VU’ + (22 = b—)UU
=npo(z — B)UV

and thereby arrive at the desired two linear first-order differential equations

2z—a)(z =0V '+ (22 —a—0)V =n(z - B)U

10



2z =b)(z—U' + (22 —b—7)U =n(z — B)V.
In similar fashion, for odd n, denoting the products

(z—a)(z—aq) - (z—ap-1) and (z—a3)(z—as) (2 — ap_2)

respectively by
U and V,

we obtain
20z—a)(z=b)(z =YV + {322 +2(a+ b+ )z +ab+ay+by}V =n(z — U

2(z = U +U =n(z — p)V.

Ezamples.
I n=2.
In this case,
fo(z) = ﬁ {8¢z—a)(z—b) + (b—a)’},
’ 8L ” 16L
- _(2r—a-— _
fo(2) = a)2( z—a—"0), f e
8L
(0= o)+ (o) = s (e = 3
8L
(2 = 0)fg (@) + fo(w) = = a4z =8 —a).
Hence, for
x>3b+a or x 3a+b
4 4 7
the greatest value of |f/(z)| equals the absolute value of
’ 8L
= —— 2 — P .
fo() (b—a)Q( x—a—>b)

Turning now also to the functions f;(z) and f2(z), we find

10) = omags (3= @)z = a0) + (3 — ).

(2 — ) f/ () + f1(r) = —2— (42 — 3a — ay)
(a3 —a)
L 2
fa(z) = O {8(z—a0)(z—b)+ (b— )},

" / 8L
(z=b)f3(z) + falz) = m(‘lx —3b — ap).

ag =4r —3a, ag=4x — 3b

from which we conclude that the absolutely largest value of f/(x)
L

3atb atb —8L _

for ; <z< 2 equals (aS_La)Q 2r—az—a) = Pa
+ 3b+ 8 —

for 452 <o <=3t equals  G=iss (2 —ag —b) = 7.
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As to the function y determined by the differential equation (6), for n = 2 it plays no role in our

question.
I n=3.
Taking for simplicity of the results

a=—-1 and b= +1,

we find
fo(2) = L(42® — 32), fi(2) =3L(42* —1), fY(z)=24Lz
(z —a)f (x) + fi(x) = 3L(122% + 8z — 1) = 36 L(x — w1 )(z — w)
(z —b)f () + fo(x) = 3L(122* — 8z — 1) = 36 L(z — w')(z — "),
where
wm=—=x<uw = Cwy=——— < = )
6 6 6 6
Hence, for

r<w, W<r<w or z>w’,

the absolutely largest value of f/(z) equals the absolute value of
fo(x) = 3L(42° — 1).
Turning now to the functions fi(z) and fa2(z), we find
22 —1—ay 3 224+ 11—y
=L<4 -3
fe) { (BEim) -s=rs }

(x —a)f](z)+ fi(z) = ﬁ [16(22+1—ay)(z + 1) + 422+ 1 — ay)® — (aq + 1)°]

(x = b)fY(z) + fi(z) = ﬁ {16(22 — 1 —ap)(z — 1) + 42z — 1 — ap)® — (1 — a0)*}

The expression

1622 4+ 1 —ag)(x+1) +4(22 +1 — ay)? — (g +1)?

for a4 = 1 turns into
4823 4+ 321 — 4 = 48(x — w1 (z — wy),

2

and for ay = 12_;;2 E% = %, it turns into
6
1 1 64 32
32(x — g)(:c +1) +16(z — g)2 -5 =4822 + ST 16=
=48(x — €1)(x — €2),
where
—1—-+v28 -1+ v28
elzT and GQZT.

From this we conclude that the biggest absolute value of f/(z) equals the absolute value of fi(z) in

those cases when w) < x < €1 or wy < x < €.
Here, the number a4 must be determined from the equation

1622 +1—ag)(x+1)+42x+1 —ay)® — (g +1)* = 0.

12



In order to give the expression fi(z) a possibly simple form, we take

ar=—1+¢ and z+1=1.

Then
file) = —tf{ (2)
S e OROIE

{/(I) 63
t 4+7

4812 — 326+ 362 =0, - =
§+ 3¢ g 12

() (0) -

¢ ¢ 144.6

f,(x):_loin/? L
9 r+1

Of the two signs + for /7 one must take the one for which

1+ 12 (x+1)
ay = — ——(x
! 427
lies between 1 and %
And the inequalities
5
g >y > 1
are equivalent to
—1++v28 -2+ V7
T >x > T\/_

Comparing these last inequalities with the ones found earlier

wp <T <€ Or wy <<€y,

we see that the absolutely largest value of f'(x)

for wy <z <€ equals 7‘/79*10%
and for wy < x < ey equals 7‘/?9“0 %H
Similarly, taking
1-v28 1+v28
——— =¢ and —— =«
9 9
we find that the absolutely largest value of f'(x)
7V7—10 _L
for € <x<w’ equals \/_9 S
7V/7410 _L
equals Ry

but for € <z <

If now x lies
between €¢; and € or between ey and €’

then the biggest absolute value of f/(z) coincides with that of the function y which is determined by the

equations (6) and (8) for n =3, a= -1, b= +1.
13



In our example, the differential equation (6) can be changed into the two equations
y—L=po(z* =1)(z=7), y—L=po(z* = az)*(z =),
from which we deduce that

y=06+2a, —1=a3+2a5, —2L=po(a3s+~)

1+ a3 303 —1 4aoL
§0=——F—, =—F— P0o= 73"
2009 202 (1-a3)

Now, equation (8) becomes

1 LS S
r—ay x4+1 z—-1
Hence
o _1—x2 o _3:62—1
2T Ty S
1_a2:1+2x—3x2_(1—x)(1+3x)’ 1_7:(1—a2)(1+3a2)
2x 2x 209
322 422 —1 14+2)3x—1 14+ as)(3as — 1
1+O{2: :( )( )’ 1—|—’y:( 2)( 2 )
2x 2x 3as
1+3a2:9$2+2$—3:9($—61)($—62)
2x 2x
3a2_1:9x2—2x—3_9(x—e’)(:c—e”)
2x 2x
dy B 40ch2 3x2_3a§—1x_1 _4(x—a2)(32a2+1)L
dz z=x (1—042)2 &%) (1—042)2

1623L
(1—-922)(1 —x2)"

Now it is not hard to see that, for

e <x<€ or eg<z<e

the function y constructed by us satisfies all the aforementioned conditions and the absolutely largest value
of f/'(x) equals the absolute value of

1623L
(1—-922)(1 —z?)

Problem No. 2

To find the biggest absolute value of f’(z) for all z lying between a and b

14



Solution.

In solving the previous problem, we found all those functions f(z) for which f’(x) takes on its largest
absolute value.
One of our results is the fact that, for

(o= D@ + @)
(@ —a)fff(z) + fo(z) = 7
the absolutely largest value of f'(z) equals
@) |Lsinn arc cos wa%aa_b |
x)| = .
0 (x—a)b—2)
Assuming now
_a+b L b—a
T=— 5 CO8 P,
we find that onLsi
nLsinny
fo(x) = LCOSTLQO, fé(m) = m,

_ 4nL{sinnycosp —ncosnpsinp}

0(z) =

(z —b) [ (= (
(z —a)fg(x (

fO<p<g- or m>p>nm— g, then

)

(b—a)?sin®p

) 1 —cospsinng + ncosnpsin @

)+ folz
)+ folx

) 14 cosgsinng —ncosnpsing’

sin np| > |n cosnp sin
psm e

and " ,
(2 = D)§ () + o) _
(x —a) ffl(x) + fi(z
On the other hand, from the formula
filz) = 2nLsinny
O (b —a)sing’

it is evident that, for a < < b, the largest absolute value of f((z) equals

2n?L
b—a
and occurs when £ = a and = = b.
Therefore, for all values of = lying
b b— b b—
between a and a—2|— - a4 cos % or between a—2|— 5 a4 cos % and b,
the absolutely largest value of f/(z) equals
2n2L
b—a’
We assume now that z lies between
a+b b-a 7r d a+b+b—a 7r
5 5 COS - an 5 5 COS

15



In this case,

b= (159) - (1) s (5 e 2 (59)

The derivative f’(z) takes on its absolutely largest value at one of the aforementioned functions

fO(x)’fl(l')an(x)

or for the function y that satisfies the differential equation (6).
But, by the above observed
2n2L
!/
< )
fo(e)l < 3

and, in the same way, we see that
2n2L < 2n2L

!
A< T <
and 2r 2
2n 2n
/
‘f1($)| < b—OZO < b_a'

Also, from equation (6) and for

a+b b—-a 7r< <a+b+b—a
— cos — < cos —
2 2 2n 2 2 2n’
the inequality
2
dz),._, (z—a)(b—2x) (b—a)?

results, and therefore

| dy |<2n2L
dz /) ,_. b—a’

All these results show that the sought-for biggest absolute value of f’(x) equals

2n2L
b—a
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