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Overview

1. Vector and Hermite Subdivision schemes,
2. The example of de Rham schemes,

3. Spectral condition, Taylor operators, factorisations and
convergence,

4. Extended schemes with B-splines,
5. New extended schemes,
6. What about multivariables?
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1. Vector subdivision schemes:

» Mask: A € ("*"(Z?%) with
supp(A) :={a: A(a) #0} C |o,0']5,

# Subdivision Operator: Sy : KT(ZS) — 0" (Z.%)
(Sac)(a Z Ala —20)c

BELS
# Subdivision Scheme: fo c (" (Z7°)
Fair(@) = (Safn)(@) = )  Ala—26)f,(5),
BEZLS
» Laurent Polynomial: A*(z Z Ao
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Convergence:

Let S4 be a VSS

# Convergence: If for any data f, € ¢"(Z?), there exists a
function & € C(R* R") such that for any compact
K C R*:

li a — d(a/2")|| =0
S A () = @la20)]

#» Contractive or Degenerated: If & = 0 for any Initial data
seqguence f.
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The scalar caser = s = 1:

Let S, be a scalar subd. scheme

9

If S, IS convergent then a*(z) = (1 + 2)b*(z) where S, IS
a scalar subd. scheme.

Conversely, let a*(z) = (1 + 2)b*(2). S, IS convergent iff
Sy IS contractive.

If Y |a(2a)] < M and ) |a(2a+ 1)] < M with M < 1 then
S, IS contractive.

1+ 2)mt! . .
Let a*(z) = ( 2’2 b*(z) with S, contractive, then S,

IS convergent and the limit function ¢ € C"™(IR).
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The example of B-splines:

Lifz €0, 1]
0ifz ¢ [0,1]

then ¢;(z) = i Z (»7 T 1) pi(2x —a) forj > 0. p; € C771

and ;(0) = [ gt
r—1
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The example of B-splines:

frala) = S e~ 260)£,(5) [where ay(a) = 5 (1),

04
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The example of B-splines:

1
() = 51+ 2), Sles(20)| = 1/2 = X e (20 + 1)),
Convergence and C/—1
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Hermite Subdivision Scheme, diml

For dimension s = 1 with d derivatives, A ¢ ¢(d+1)x(d+1)(7)
the mask, we define the HSS, H 4 by
fo €t (Z)
D" fni(a) = Zﬁez A (a—28) D" f,(5),
where D = diag |1, 5 !

LA
£ = [100] with f90) ~ 6 /27)
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Hermite Subdivision Scheme, diml

For dimension s = 1 with d derivatives, A ¢ ¢(d+1)x(d+1)(7)
the mask, we define the HSS, H 4 by
fo € (1 (Z)
D™ (@) = Yges Ala—28) D" £,(9)
1

where D = diag [1,3,..., 5]

£ = [100] with f90) ~ 6 /27)

# Example of non stationnary VSS, s =1, r = d + 1,
Frr(@) =357 An (@ = 28) f,(8) with
A,()=D "V A() D"

#® The scheme is interpolant if A(0) = I and A(23) = 0 for
B # 0; In this case f,.1(2a) = f,(«a).
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Convergence of HSS

Let H 4 be Hermite subdivision scheme. The scheme is
C‘—convergent with ¢ > d if for any initial vector sequence
fo € (4T (Z) and the corresponding sequence of
refinements f,, there exists a vector function

¢ = [0],=0._a € C'7 (R, R with ¢l € C* (R, R) such
that for any compact K C R

fi e I6(0) 0 (2770) o =1

dt 0]
f@- i=1,....d.
X

and ¢[’i] —
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HC', definition:

// 7 \§ ’f:u;v ) h:U—U,p:f/
* @ = 12[f) + fw)

\ ~1/8h[p(v) = p(u)]
i x oy e = aplts il

Cubic Interpolation +1/4[p(v) + p(u)]
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HC', definition:

// ’ \§ $:u—2|—v . h=v—u,p=f
f) = 1/2[f(w) + f(W)]
—1/8h{p(v) — p(u)]
i x v = aplt I
Cubic Interpolation +1/4[p(v) + p(u)]

Generalization and iterations:
hy = vp — Uy = hn_1/2, LIn+l1 — (Un + Un)/z

fon) + f(un)
2

p(Tps1) = mf(v”) ; fln) p2 [ p(vn) + pun)].

f(@nt1) = M + Aoh [p(vn) — p(un)],
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Convergence

The scheme is convergent (C') if f and p can be extended
into continuous functions on [a, b] with f' = p. If the scheme
IS convergent, then \; = 1/2 and p; + 2ue = 1.

fon) + f(un)

f(ajn%—l) — 9 + Ahy, [p(vn) — p(un)]
n) — J(Un Un) + p(Un
D(tney) = (1_M)f(v )h f( )ﬂLP( )219( )
# Every linear polynomial is reproduced at each step,
# Every quad. pol. is reproduced at each step iff

A= —1/8,

# Every cub. pol. is reproduced at each step iff A\ = —1/8
and u = —1/2.
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HC'', a Hermite subdivision scheme:

Given \, 1 € R, given f, = [féo), fél)]T c (*(Z), for a € Z,

.20 = ), i=0,1
9 a+1) = 12[f+1) + £2@)] + 227 £ (e + 1) — £ ()]
o+ = 1-w2" [f P+ 1) = K @] + p2[f 0 (@ + 1) + 157 (@)].
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HC'', a Hermite subdivision scheme:

Given \, 1 € R, given f, = [féo), fél)]T c (*(Z), for a € Z,

fn—i—l( ) — (’L)( )7i_0 1
9 a+1) = 12[f+1) + £2@)] + 227 £ (e + 1) — £ ()]
IV Ca+1) = (1= w2n A+ 1) = ££2@)] + /2[5 (e + 1) + £ (@)].

It £ () = p(27"a) and £ (a) = ¢/ (27"a),
cubic interpolation at midpoint for A = —1/8, up = —1/2,
piecewise quadradic interpolation at midpoint for A = —1/8, u = —1.
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HC'', a Hermite subdivision scheme:

Given \, 1 € R, given f, = [féo), fél)]T c (*(Z), for a € Z,

fn—i—l( ) — ﬁf)(a),i:o 1
9 a+1) = 12[f+1) + £2@)] + 227 £ (e + 1) — £ ()]
e+ = =2 [fP @+ 1) = K@) + w2l @+ 1) + £ (@)

It £ () = p(27"a) and £ (a) = ¢/ (27"a),
cubic interpolation at midpoint for A = —1/8, up = —1/2,
piecewise quadradic interpolation at midpoint for A = —1/8, u = —1.

1
D =
[0

D™ f 0 (0) = Y ger Ala — 26D ,(9),

1/2 —€A
—e(l—p)/2  p/4

= O

] , A(0) = D, A(€)e=+1 = [ ] , SUuppA = {—1,0,1}
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2. De Rham scheme

From any HSS, H,4, we define H4 with the sequence f,,

fo=fo

D" g(s) = S A(B-20)D"F,(7), BeT

YEZ

Y A(a—28)D"'g(8), a € Z
BEL

fori(@) = h2a+1),a€eZ

Dn+2h(O{)

then

A(a)=D7'Y A0 +1-28)A(8).a € Z
BEZ
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A Non Interpol. Scheme,d =1

From HC!, f,:7Z — R? then, forn >0, f,,.; : Z — R*is
defined by

D", 1(a) =) A(a—28)D"f,(B), a €L

BEZ
1 0 — .
where D = 0 1] SUppA = |—2,1]. The non zero matrices
2
are i i
1 24+ 4X(1 — p) 4N + 2 p 1 6 —4X(1 — p) 8A — 2\
8 |da—2u—2u2 p2+8A1—p)| 8 |4—2u—2u2 2u+pu2—8X1—-p)|

1|1 6—4X1—p) —8\ + 2\ 1| 24401 —p) —4N — 22
8 | —d+2u+2u2 2u4+p2—8A1—p)| 8 |—-4+2u+2u2 p2+8N1—p)|
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3. Spectral Condition in dimensionl

feCHR) — vys() = HARRVAR
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3. Spectral Condition in dimensionl

feCHR) — vys() = HARRVAR

Spectral condition of order d’ if there exist linearly
independent polynomials p; € I1;, 0 < j < d’, such that
Sav,, =2 v, (eigenvalues and vectors). We can also
assume that the polynomials p; are normalized in such a

way that their leading term is & z7.
J:

The spectral condition of order d is equivalent to the sum
rule introduced by Bin Han.
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Examples:

# For HC', the spectral condition of order 1 is satisfied
with eigenpolynomials 1 and X. For A = —1/8, u = —1,
order 2 and for A = —1/8, u = —1/2 order 3.

# For an interpolating convergent HSS of order d, the
spectral condition of order at least d is satisfied with

eigenpolynomials X7 /! for 0 < j < d.

# De Rham: If H4 of order d satisfies the spectral
condition of order ¢, then the de Rham transform H-
also satisfies the spectral condition of order /.

» |If H 4 of order d satisfies the spectral condition of order ¢
with corresponding eigenpolynomials X7 /j!, i =0,....¢,
then H— also satisfies the spectral condition of order ¢
with eigenpolynomials (X — 1/2)7/j! for j =0,... /.
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Taylor Operators in dim 1:

Partial and Complete Taylor Operators on ¢4+1 (Z)

1q = Ty =
A -1 _(d—ll)! _%_ A -1 _(d—ll)' _%-
A : A :
—1 ) —1
A —1 A —1
- 1 - - A -

(Taby) ; (@) = (Taby) (@) = f9) (a4 1) Z 00
E—0
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Taylor Factorization in dim 1

If A e ¢(d+D)x(d+1) (7) satisfies the spectral condition of

order d, then there exists two finitely supported mask

B, B e (d+1)x(d+1)(7) such that 7;S4 = 2-4SgT; or

T (2)A*(2) = 279B*(2)T; (%) and TySa = 27955 T, or

Ti (2)A*(2) = 27B* () Ta (2.

(1 + z)m+l
2m

— Generalization of a*(z) = b* (2).
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Taylor Factorization in dim 1

If A e ¢ld+D)x(d+1)(7) satisfies the spectral condition of

order d, then there exists two finitely supported mask

B, B e (d+1)x(d+1)(7) such that 7;S4 = 2-4SgT; or

T (2)A*(2) = 279B*(2)T; (%) and TySa = 27955 T, or

Ti (2)A*(2) = 27B* () Ta (2.

(1 + z)m+l
2m

— Generalization of a*(z) = b* (2).

For HC'!,

) [o o] . [(1@/2 0] . l 1 0] N [(1,0/2 u] )
22 0 —2) 0 —2X 1 2\ 1
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Taylor Fact. of de Rham from H(C"

H— satisfies the spectral condition with py(z) = 1,
pi1(x) = x — 1/2. A Taylor vector subdivision scheme Sﬁ 1S

~

assoclated with H— with supp {E(a)} = [—1,1]

Ti (A (2) = 5B ()TF()

and

= 1 |24+4X(1 —p) 2A(2 + )

B(-1) = - 5 )
4 0 p? + 81— p)

= 1 |2 +2u2 — 8A\(1 — —AXN1 — p) — p?

Bo) = |t (1—p) (L—p)—p |
4 0 181 — 16

Ba) — 1| =24 401 —p) +2u+2u2  —20\+ 14 \p — 3u2 —4p + 4
4 4 —2u — 2u2 A—2u—p2+8A1—p) |
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Factorization and Convergence in diml

Let H 4 be a Hermite scheme of order d such that the
spectral condition of order ¢ > d Is satisfied. Let Sg and Sj

be the associated vector schemes sqch that
T754 = Q_dSBTd and T754 = Q_dSBTd.

» If Sp is convergent with limit functions ® ¢ C*(R, RY),
0 < k < ¢—dofthe form &(-) = [0,...,0, ()7, then
the H, is C?T*-convergent.

» If Sz is contractive, then the H 4 is C%-convergent.
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Factorization and Convergence in diml

Let H 4 be a Hermite scheme of order d such that the
spectral condition of order ¢ > d Is satisfied. Let Sg and Sj

be the associated vector schemes such that

TySa = Q_dSBTd and 7,54 = Q_dSBTd.

» If Sp is convergent with limit functions ® ¢ C*(R, RY),
0 < k < ¢—dofthe form &(-) = [0,...,0, ()7, then
the H, is C?T*-convergent.

» If Sz is contractive, then the H 4 is C%-convergent.

The question: If a spectral condition of order ¢ > d +
factorization + contractivity, can we obtain more regularity
on the limit function?
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Answer "No" with H, = HC'!

A=—1/8and = —1/2 (in HC', cubic)

Interpolating Scheme

1 . . . T T 2
1 L
0.5F - . 0
_1 L
0 - : -2 : - : - :
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
Function: f(o) First Derivative: 1(1)
2 10
1t 51
0 0
_l - _5 L
-2 -10
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
A/ AT/ h

Extended Hermite Subdivision Schemes — p. 20/41



Answer "Yes?" with H 4. de Rham

A=—1/8and = —1/2 (from HC"' cubic)

de Rham Scheme

1 2
1 L
0.5
0
0
_1 L
_0.5 1 1 1 1 1 _2 1 1 1 1 1
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2
Function: f(o) First Derivative: f(l)
2 5
1 L
0 : 0
_l - .
-2 : -5
-3 -2 -1 0 1 2 3 -3 -2 1 2
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Answer "No" with H 3. de Rham

A= —1/8and = —1 (HC! piecewise quadratic)

de Rham Scheme

0.2 T T T T T 1
0.1
0.5
0
0
-0.1
_0.2 1 1 1 1 1 _0.5 1 1 1 1
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2
Function: f(o) First Derivative: 1(1)
1 4
0.5
0 ‘ . . ‘
o ‘ ‘ ‘
_2_ . S L ) B
_05 _4 ! ! 1
-3 -2 1 2 3 -3 -2 -1 0 1 2
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Factorization and C*-converg. for H 4

If \ = —1/8, then HC"' reproduces polynomials of degree 2

so that the spect. cond. of order 2 is satisfied for H 4 and
Hy.
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Factorization and C*-converg. for H 4

If \ = —1/8, then HC"' reproduces polynomials of degree 2
so that the spect. cond. of order 2 is satisfied for H 4 and
H4. Let Spand Sy be the associated vector schemes

such that 7153 = 2—1f§BT1 and 7153 = 2—1S§T1_and

10 = o o= |1 o0
B (z) =8B (z
0 z=1—-1 (2) (2) 0 z272-1
B(~1) = B(0) =
1 2/, + 6 —p— 2 1 8u? +4p+4  —4p® —2u+2
16 | —8u2 — 8u + 16  4p +4u—4| 16 0 8 ’

ad 1

8u? +10u — 10  —4p® —5u + 8
8u2 +8u—16 —4u? —4p+ 12
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Factorization and C*-converg. for H 4

If \ = —1/8, then HC"' reproduces polynomials of degree 2
so that the spect. cond. of order 2 is satisfied for H 4 and
H4. Let Spand Sy be the associated vector schemes

such that 7153 = 2—1f§BT1 and 7153 = 2—1S§T1_and

10 |= o o= 10
B (z) =8B (z
0 z=1—-1 (2) (2) 0 z272-1
B(~1) = B(0) =
1 2/, + 6 —p— 2 1 8u? +4p+4  —4p® —2u+2
16 | —8u2 — 8u + 16  4p +4u—4| 16 0 8 ’

8u? +10u — 10  —4p® —5u + 8
8u2 +8u—16 —4u? —4p+ 12

For u e [—0.7,0.424], S,z is C° = S is C' = S3 is C”

ad 1
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Hs = HC? and H 4: de Rham

H 4 1s Interpolating and we choose that it reproduces Ps.
The mask depends on three parameters o, 5,v € R.

A(-1) =

O N N

%Hr%| Q

—1—8a |
16
28—3

)

A(0) =

1
0
0

O vk O

= O O

)

A(l) =

1 —1—8a |
) —Q 16
_B8 1= _28-3
2 4 48
_ 1—x
0 4 8
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Hs = HC? and H 4: de Rham

H 4 1s Interpolating and we choose that it reproduces Ps.
The mask depends on three parameters o, 5,v € R.

—1—8a |

[ 1 —1-8a] [ i 1
5 o 6 1 0 O 5 —o 6
1Y = | B 1—-8 28—3 _ 1 _ B 1—3 28—3
A-D=\|3 & x| A0=1j0 5 0], AD=|-5 —F —“F |
K 0 0 4 o -3

We apply the de Rham transform: H 3 which satisfies the
spectral condition of order 3. Let Sz and 5 be the

associated vector schemes such that 7,54 = 272557 and
fQSA = 2_2S§f2.
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Hs = HC? and H 4: de Rham

H 4 1s Interpolating and we choose that it reproduces Ps.
The mask depends on three parameters o, 5,v € R.

1 —1—8a | [ ] 1 —1—8a |
2 o 16a L0 0 2 —Q 16a
1Y = | B 1—-8 28—3 _ 1 _ B 1—3 28—3
A-D=\|3 & x| A0=1j0 5 0], AD=|-5 —F —“F |
o 1—v 1 ~y 11—~y
0 3 s 0 0 4] 0 -3 5

We apply the de Rham transform: H 3 which satisfies the
spectral condition of order 3. Let Sz and 5 be the
associated vector schemes such that 7,54 = 272557 and
T3Sz = 277551,

5 3

Fora = ——, v = —, 1.95,2.1],
O =0 V=g B e }

S,=isCY = Sgis C! = S, is C*
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4. First extended scheme with B-spline:

2ala) = Y asla— 2)1200) where ay() = 5 (V7).
BEL
sothat Afnii(e) = > 5 Aaj(or—25) [n(0).
If v(z) = >z fula)p;j(2"r — ), then
() —v(27™) converges to 0
and also 2"AfV(- + 1) — v/(27™) converges to 0.
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4. First extended scheme with B-spline:

2ala) = Yoyl — 20)73(6) where ajfa) = 5 (7 1),

Q
BEZ

sothat Afnii(e) = > 5 Aaj(or—25) [n(0).

Ifo(z) =) ez fn(@)p;(2"x — ), then
() —v(27™) converges to 0
and also 2"Af)(- + 1) — v/(27") converges to 0.

Hermite scheme with C’~! convergence:

D" f (@)= Ala —28)D" £,(8)

BEZ

Aaj(a—1) 0 I710)

with A(a) = [ w@ O and £, () :[fv?(')].
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Generalization for y =4 and d = 3

aq(a)

0
A(Ck) _ Aag(aa—1) 0
A?a4(—2) 0
Aas(a—3) 0

O

spectra_condition f

. The scheme is C° but the

OOOOI

O o o o o

rder 2 is not satisfied.
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Generalization for y =4 and d = 3

aq(a) 0
A(Ck) _ Aag(aa—1) 0
A?a4(—2) 0
_A3a,4(a —3) O
spectral condition o

f

Ap(a) = R"'A(a)R where R =|°

Ap(2) =4

O o o o o
© © o o

1

0
0

6(1 + z-)5

(1+2)°(1 —2)(11 — 7z + 22?)

0

1
0
0

0

6(1 4+ 2)°(1 — 2)2(2 — 2)

6(1+ 2)°(1 — 2)3

rder 2 is not satisfied.

-
1
6

—1

1

o o o O

The spectral condition of order 3 is satisfied.

. The scheme is C° but the

, Which gives

o o o O
o o o O
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Convergence

Let By be defined by T5A, = 2-3BT5. Then there exists
a vector norm such that the corresponding matrix norm

satisifies » | Bp(20)[ = > [[Br(2a+1)|| =5/12 < L.

aEZ aEZ

Therefore
#® The operator Sa., IS contractive,

® The Hermite scheme H 4, is C?,
# Reprove the known result that H 4 is also C?.
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5. New extended scheme

Idea: Let p € C9t1(R), then

2

P (2= (20 4+ 1)) ~

Extension of the Hermite subdivision scheme:

2 +1) = (@ —1)
2—n—+1
fif o+ 1) — f(0)
2—n

F D 2q) =

AP a+1) =

Extended Hermite Subdivision Schemes — p. 28/41



Extended mask

Let H 4 be a Hermite scheme of order d I.e.
A(Oz) c R(d+1)x(d+1)_
The extended mask A (o) € R(4+2)x(d+2):

A(—2) 0 A(—1) 0
A= o e o MEVTH o pen o)
A(1) 0 A(2) 0
A+) = 0 0 —1/2d+! o]’ A+(2) = [0 0 —1/2d+2 0]’
Al (a) = Ale) O] fora ¢ {—2,—1,1,2}.
0 0 0 0

If H 4 satisfies the spectral condition of order d + 1, then
H 4, satisfies the spectral condition of order d + 1.
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New extension for B-Splines; = 5

I B B R
A2 = 1 42— 1) x (2 +1)° 0
B.*(2) =
(2= D) x(z4+ 12 % (22 +3x2+4) (z—1D)*(z+12%x(2*+3x2+4)]
(e +1)° (2 +1)°
L 2 2
By (2) =
(2 —1)* (2 +1)2 % (22 +3 %2+ 4) _(zQ*(z+1)>1<(z2—|—3>1<z—|—4)_
8 8
_(z—l)*(z—|—1)2 zx(z+1)
2%z 2
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Double extension

(z+1)° 0 0
Ai+(z):% 4272 = 1) x (2 +1)? 0 —10(z+ 1) |
I 0 4(z72 1) x(2+1)%/4  —4(z+1) |
Bii (2) =
T (z—1D)*x(24+1)2 % (22 +3x24+4) _(z—i—l)*(z4+3*z3+4*22—|—2*z—|—2)
(z—l)i(z—i—l)Q !
— . —z—1

0 (z—1)*% (2 +1)2
i z
22 % (23 +4 %22+ 9% 24 16)
8
(z—4)*z
2

22
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Extension of De Rham (fromHC")

" (2 4+ 1)(nz? + 322 —2uz + 102 + p + 3)
B 1622 )
A= —1/8, &1 (2) = (b —D(p+2)(z-1)(z+1)
422
i 0
(z —1)(p2? + 222 + 62 4+ pu +2) O_
22 232’23 2
(z4+ 1) (o2 +pz® —2°4+2z24+p“+pu—1) 0
8z2
(z—1)(z+1)3
a 822 0 i
[ 4pP2? +5u2% — 522 +4plz +2uz + 22+ pu+ 3
— z
Bl () = (6= )(p+ 2z = Dz +1)
z
] 0
_223—|-4,LL222—|-5,LLZ2—4Z2+4/L2Z—I—2/,LZ—|—/,L—|-2 z(2z4+1) 7
8z 5 8
_E-DE+D)E+p 1) z(z+1)
2z 2
(z—1)(z+1)? z(z+ 1)
2z 2 _
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A=—1/8, u=-—1

de Rham Scheme + 1 derivative

1 2 4
1t 2t
0.5} o} o}
_1. _2.
0 ' ' ; -2 ' ; -4 ' ;
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
Function: f(o) First Derivative: 1(1) 2nd Derivative; 1(2)
2 4 4
1f 2 . 2
of of 0
-1t -2 o -2
-2 . -4 : . -4 : '
-4 -2 2 4 -4 -2 0 2 4 -4 -2 0 2 4
AT/ h A? 10/ p?
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AN=—1/8 u=-—1/2

de Rham Scheme + 1 derivative

1 2 5
1 L
0.5
o} ol
0 L
_1 L
-0.5 : : : -2 : : : -5 ; : :
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
Function: f(o) First Derivative: f(l) 2nd Derivative: 1(2)
2
l L
O L
_1 L
-2
-4 4

Extended Hermite Subdivision Schemes — p. 34/41



AN=—1/8, =0

de Rham Scheme + 1 derivative

1 - - - 2 ; ; ; S
1 L
0.5
o L
0 L
_1 L
-0.5 ' ' ' -2 ' ; ; ' : :
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
Function: f(o) First Derivative: f(l) 2nd Derivative: 1(2)
2 5 5
1 L
O L
_1 L
-2
-4 4
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Contractivity of S=
B

14

13

12

1.1\

09F

08

07 -

Max Norm

| | | | | | |
-1 -09 -08 -07 -06 -05 -04 -03 -02 -0.1

U

|
0

| | | |
01 02 03 04 05

C*-convergence of H 3 for p € [—0.85,0.45].
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Extended De Rham fromH C? Cubic

a=—23/144; 8 =9/4;~v = 3/2;

de Rham Scheme + 1 derivative

1.5 4 10 1000
1 2 5 500
0.5 0 0 0
0 -2 -5 -500
-0.5 -4 -10 -1000
-5 0 5 -5 0 5 -5 0 5 -5 0
Function: f(o) First Derivative: 1‘1) 2nd derivative; 1(2) 3rd derivative; 1‘(3)
x 10° x 10°
1000 1000 2 5
500 500 1
0 0 0 0
-500 -500 -1
-1000 -1000 -2 -5
-5 0 5 -5 5 -5 0 5 -5 0
A §D 1 p? AT h A? 12 n2
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Extended De Rham from HC? Quartic

a=—5/32;8=2;v=3/2

de Rham Scheme + 1 derivative

15

1

0.5

50

0
Function: f(o)

50

5

10 50

5

0 0

-5

-10 -50

-5 0 5 -5 0 5

2nd derivative: 1‘2) 3rd derivative; f(3)

400 400

200 200

o —{lll— of - —li—
-200 -200
-400 -400

-5 0 5 -5 0 5

AT/ h A? 12 n2
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Extended De Rham from HC? Quintic

a=—5/32;0=15/8;~v = 3/2;

de Rham Scheme + 1 derivative

1.5 10 40
1 5 20
0.5 0 0
0 -1 -5 -20
-0.5 -2 -10 -40
-5 0 5 5 -5 0 5 -5 0 5
Function: f(o) 2nd derivative: 1‘2) 3rd derivative; f(3)
40 40 400 400
20 20 200 200
0 0 0
-20 -20 -200 -200
-40 -40 -400 -400
-5 0 5 -5 0 5 -5 0 5 -5 0 5
A% §D 1 p? AP [ h AT/ h A? 12 n2
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Contractivity of S=
B

a=—5/32;v=23/2;

1.05

Max Norm

o951\
ool \
ossk \
ogl -\

0.751 X

0.7 | | | | | | | | | | | | |
0.8 0.9 1 11 1.2 13 1.4 15 1.6 1.7 1.8 1.9 2 21 22

B
C3-convergence of H for 3 € [—0.82,2.02].
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6. The multivariable case,s > 1

The tools:

. Definition of Hermite scheme: OK

. Definition of spectral condition: OK

. Definition of Taylor operators: OK

. Theorem on factorizations with Sp and S5: OK

. Convergence: a little more difficult.
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6. The multivariable case,s > 1

The tools:

. Definition of Hermite scheme: OK

. Definition of spectral condition: OK

. Definition of Taylor operators: OK

. Theorem on factorizations with Sp and S5: OK

. Convergence: a little more difficult.
The difficulty for any extension:

IREY i
f(i—l—l,j) (Oél ()42> N ott ‘|‘]gp (g_rlm g—ﬁ) _ OvtI+ 2 ((2)[_7”1&7 3_7%)
n ) -

i+149,,.J i 5]
Ox{" Oxy 0x 015011

— The extension for a derivative in one direction has to be
linked with the extensions in the other directions.

Extended Hermite Subdivision Schemes — p. 41/41



	Overview
	1. Vector subdivision schemes:
	Convergence: 
	The scalar case, $r=s=1$: 
	The example of B-splines:
	The example of B-splines:
	The example of B-splines:

	Hermite Subdivision Scheme, dim $1$
	Hermite Subdivision Scheme, dim $1$

	Convergence of HSS
	$HC^1$, definition:
	$HC^1$, definition:

	Convergence
	$HC^1$, a Hermite subdivision scheme:
	$HC^1$, a Hermite subdivision scheme:
	$HC^1$, a Hermite subdivision scheme:

	2. De Rham scheme
	A Non Interpol. Scheme, $d=1$
	3. Spectral Condition in dimension $1$
	3. Spectral Condition in dimension $1$

	Examples:
	Taylor Operators in dim $1$:
	Taylor Factorization in dim $1$
	Taylor Factorization in dim $1$

	Taylor Fact. of de Rham from $HC^1$
	Factorization and Convergence in dim $1$
	Factorization and Convergence in dim $1$

	Answer "No" with $H_vA =HC^1$
	Answer "Yes?" with $H_{�ar vA }$: de Rham
	Answer "No" with $H_{�ar vA }$: de Rham
	Factorization and $C^2$-converg. for $H_{�ar vA }$
	Factorization and $C^2$-converg. for $H_{�ar vA }$
	Factorization and $C^2$-converg. for $H_{�ar vA }$

	$H_vA =HC^2$ and $H_{�ar vA }$: de Rham
	$H_vA =HC^2$ and $H_{�ar vA }$: de Rham
	$H_vA =HC^2$ and $H_{�ar vA }$: de Rham

	4. First extended scheme with B-splines
	4. First extended scheme with B-splines

	Generalization for $j=4$ and $d=3$
	Generalization for $j=4$ and $d=3$

	Convergence
	5. New extended scheme
	Extended mask
	New extension for B-Splines, $j=5$
	Double extension
	Extension of De Rham (from $HC^1$)
	$lambda =-1/8$, $mu =-1$
	$lambda =-1/8$, $mu =-1/2$
	$lambda =-1/8$, $mu =0$
	Contractivity of $S_{widetilde {�ar vB _+}}$
	Extended De Rham from $HC^2$ Cubic
	Extended De Rham from $HC^2$ Quartic
	Extended De Rham from $HC^2$ Quintic
	Contractivity of $S_{widetilde {�ar vB _+}}$
	6. The multivariable case, $s>1$
	6. The multivariable case, $s>1$


