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Interpolation on polynomial spaces

Hermite interpolation problems on P,

For xo, ..., xn, not necessarily distinct, find p € P, such that
)\,'p:)\,'f, i:0,...,n,

where

MNf o= f0D0G), =4 <i|x=x}

The Hermite interpolation problem in P, has always a unique solution
P(f; xo, ..., xn) for any set of nodes xp, . .., Xp.
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Newton basis functions
Given xg, . .., Xp—1, not necessarily distinct, the Newton basis function

wp(x) == (x —x0) -+ (x = Xp—1).

For n = 0, define wp(x) = 1.

The Newton basis function wp(x) is a function in P, vanishing on

X0, - -+, Xn—1 and whose coefficient in x” with respect to the basis

(1L, x,...,x")is 1.

This function can be regarded as the interpolation error of the function x”

at xp, ..., Xp—1
wn(x) =x" = P((-)" x0, - - -, Xn—1) ()

The set of functions (wk(x))k=o.,....» form a basis of P,.
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Divided differences and Newton interpolation formula

Divided difference

[0, ..., xn]f is the coefficient in x" with respect to the basis (1, x, ..., x")
of the interpolant P(f; xo, ..., Xn)

Newton interpolation formula

P(f; x0, .., xn)(x) = Z[Xo, o Xk F wi(x)
k=0
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Aitken-Neville formula and recurrence relations

Neville formula for the polynomial interpolant

X X — X
——P(f; %0y - -y Xn—1) + —OP(f;xl,...,x,,).
Xn — X0 Xn — X0 )

Xp —

P(f; X0y, Xn) =

Recurrence relations for divided differences

[x1, ..., xn]f — [X0y- -y Xn—1]f
Xn — X0 ’

[x0, ..., xn]f =

Divided differences at a single point

£(n)
[x0, ..., xn]f = M, X0 ="+ =Xp
n!
Follows from Taylor formula: P(f;xp,...,x0) = > r_o f( ;((!Xo)(x — x0)k.
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Interpolation on Chebyshev spaces

Given ug, ..., u, a set of linearly independent functions,

Uy, = (uo,...,up)

Hermite interpolation problems on U,:

For xo, ..., xn, not necessarily distinct, find u € U, such that
Aiu=Xf, i=0,...,n,

where \;f := f(r"_l)(x,-), ri=#{ <i|x=x}.

Hermite interpolation problems do not have a solution for any set of
nodes. A condition is required.
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Extended collocation matrices

If we express the interpolant u(x) = >} _, ckuk(x) in terms of the given
basis, the interpolation conditions lead to a linear system

Co Aof
M*(uo,...,un) | = _

X0y -+ -5 Xn :
Y Ch Anf
whose coefficient matrix

/\/l*(uo’ o un) = (u™(t))oicn 0zjcn, mi = #{k < ilxi = xi}

X0, - - - » Xn J

is called the extended collocation matrix.

The Hermite problem has a unique solution if and only if the
corresponding extended collocation matrix has nonzero determinant.
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Extended Chebyshev systems

Definition

A system of functions is extended Chebyshev (ET) on [a, b] if all extended
collocation matrices have positive determinants,

detM*<U0,...,un

>>07 for all xg <--- < x, in [a, b].
X0y ---5Xn

An extended Chebyshev (ET) space is a space generated by an extended
Chebyshev basis.

If U, is ET, then the Hermite interpolation problem at an arbitrary
extended sequence of nodes has always a unique solution.
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In order to derive Newton and Aitken-Neville formulae, it is required that
interpolation problems at k < n nodes x;, ..., Xj+, have a unique solution
in the space Ux = (uo, - . ., Uk).

Definition

A system of functions is extended complete Chebyshev (ECT) on [a, b] if
all systems (ug, ..., ux), k=0,...,n, are extended Chebyshev.

Mihlbach derived Newton formulae and Aitken-Neville formulae for ECT
spaces on [a, b].

An ET space on [a, b] is ECT on sufficiently small subintervals. The
hypothesis that we have a ECT basis might lead to strong restrictions on
the domain. For our purposes we need to discuss the validity of the
formulae under weaker hypotheses.
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Critical length

J. M. Carnicer, E. Mainar, J. M. Pefia; Critical Length for Design Purposes
and Extended Chebyshev Spaces, Const. Approx. 20, 55-71.

Definition

Let U, be a space of differentiable functions which is invariant under
translations. The critical length of U is the number ¢, € (0, +oc] such
that U is ET on any interval / if and only if / does not contain a compact
interval of length #,,.
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Critical length

Proposition

Let U, be an (n + 1)-dimensional space of differentiable functions which is
invariant under translations and reflections. Let (uo, ..., u,) be a basis
such that W(uo, ..., un)(0) is lower triangular with positive diagonal
entries. Then U, is an ET space on each interval of length less than or
equal to « if and only if

Wi n(x) := det W(uk, ..., us)(x) >0, Vk>n/2, te(0,a]

If the space is invariant under reflections, the critical length can be
identified as the first positive zero of the functions wy ,, k > n/2, that is

ln:= min min{a; wy p(a) =0, > 0}.
k>n/2

J. M. Carnicer (Universidad de Zaragoza) Interpolation on cycloidal spaces MAIA 2013 11 / 32



Cycloidal spaces

General Cycloidal spaces C,

(1 := (cos x, sin x)

C,:= <cosx,sinx, 1,x,... ,x”_2>, n>?2

An alternative basis to (cos x,sin x, 1, x,x2,...,x"~2) for C, is given by

©o(x) := cos x,
1

wi(x) = / vi—1(y)dy = / (x—t)tcostdt, i=1,...,n.
0 (=1 Jo
Clearly, ¢k € Cx and

ok(0) = ¢ (0) = - = o V() =0, $(0)=1.

J. M. Carnicer (Universidad de Zaragoza) Interpolation on cycloidal spaces MAIA 2013 12 / 32



Fundamental functions

X2
wo(x):cosx:l—aJru-,
. x3
<P1(X):smx:x—§+...,
2 4
x* x
‘P2(X):1—COSX=E—E+---,
. X3 xP
@3(X):X—SIHX:§—§+--.’
2 xh b
¢4(X)ZCOSX71+E:H75+”"
. 2 x> X
@5(x)—5|nx—x+i_a—ﬂ+...’
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The Hermite interpolation problem on cycloidal spaces

Hermite interpolation problems on C,

For xg, ..., xn, not necessarily distinct, find ¢ € C, such that

Nc=MNf, i=0,....,n, Nfi=fUD(x), n=#{<i|x=x}

Hermite interpolation problems on cycloidal spaces do not have solution
on any sequence of nodes.

If the solution exists and is unique, we denote it by C(f; xo,. .., Xn).
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Existence of the cycloidal interpolant

They are spaces invariant under translations and reflections and therefore
they have a critical length £,,.

Proposition
The cycloidal space C, is ET on [a, b] if b—a < ¢,

Therefore a sufficient condition on xg < --- < x, for the existence of
solution of the Hermite interpolation problem is that x, — xg < £,,.
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A Taylor formula

The Taylor problem has solution because xp = - -+ = x, and
Xn— X0 =0 < ¥,.

Taylor formula

3>
|
N

CFix™ M) = f<k>(xo>(x_k—f“’)k+ >~ F90)ek(x — o).
0 ’ k=n—1

>
Il
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Critical length of cycloidal spaces

J. M. Carnicer, E. Mainar, J. M. Pefia, On the critical lengths of cycloidal
spaces, to appear in Constructive Approximation

The critical length £,, of the cycloidal spaces C, is non-decreasing and
satisfies lox = lopr1 < lokao for each k > 1. The critical length
lo) = L1 is the first positive zero of wyi12k = det W (w1, .., 92k)

The above theorem permits the computation of the critical lengths

Critical lengths

The critical length of the cycloidal spaces is non-decreasing

by =03 =21 ~ 6.28318 < ¥4 = l5 ~ 8.9868 < 5 = {7 ~ 11.5269
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Restrictions on the position of the nodes

Proposition
The cycloidal space C, is ECT on [a,b] if b—a < {1 = .

Newton formulae and Aitken-Neville formulae will work on intervals of
length less than .

However we can extend this formulae to a wider class of interpolation
problems:

—Newton Formula holds, if x, — xg < £k, k=2,...,n.

—Neville Formula holds, if maxi—o . p—k(Xitk — Xi) < ik, k=2,...,n.

MAIA 2013 18 / 32
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Cycloidal Newton basis and cycloidal divided differences

Cycloidal Newton basis functions

Given X, ...,x,—1 (n > 2), not necessarily distinct such that the Hermite
interpolation problem has a unique solution in C,_1, we define the
cycloidal Newton basis function

W(X; X0y - -y Xn—1) := P C((-)”_2; X0, - - - ,x,,_l)(x)

Cycloidal divided differences

If the Hermite interpolation problem at xp, ..., X,, n > 2 has a unique
solution, we define the cycloidal divided difference [xo, . .., xn]cf as the
coefficient in x"~2 with respect to the basis (cos x,sinx, 1, x,...,x"~2) of
the cycloidal interpolant C(f; x, . .., Xp)-
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Cycloidal Newton interpolation formula

Cycloidal Newton interpolation formula

Let xg,...,Xn, N > 2, be an extended sequence such that the Hermite
interpolation problems on Cy at xp,...,xk, for k =1,...,n, have a unique
solution. Then we have

C(f;x0y---,xn)(x) = C(f;x0,x1)(x)

n
—i—Z[xo, cooy Xk ef w(xi X0y -y Xk—1)
k=2

Remark: The hypotheses hold if xx — xg < £ for any k > 1.
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Aitken-Neville formula

Aitken-Neville formula for the cycloidal interpolant

Let xp,...,X,, n > 3, be an extended sequence such that the Hermite
interpolation problems on the corresponding cycloidal spaces have a
unique solution for the sequences of nodes (xo, ..., Xn), (X0, .-, Xn—1),
(x1,...,xn) and (x1,...,Xxp—1). Then we have

(%0, - -+ s Xn-1]c(-)" ™2 =[xty -+, Xl ()" %) C(Fi X0, - - -y Xn) =
W(X; X1y .+ y Xn)

C(f; X0y -y Xn-1) — MC(f;xl,...,x,,).
wW(X; X1y« y Xn—1)

wW(X; X1y -« y Xn—1)
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Recurrence realations

Recurrence relations for cycloidal divided differences

Let xp,...,Xxn, n > 3, be an extended sequence such that the Hermite
interpolation problems on the corresponding cycloidal spaces have a
unique solution for the sequences of nodes

(X07""Xn)a (le"'axn)a (X07""Xn—1)7 (X17"'aXn—1)-

Then we have

[x1,...,xn]cf — [x0,- -+, Xn—1]cf
[x0, - Xn—1]c(-)" 2 — [x1,. .., Xn]c(-)"2"

[x0y .-, xn]cf =

Cycloidal divided differences at a single point
(=2 (x0) + F17)(x0)

[x0, .-, Xn]cf = ., Xg= = Xp.

(n—2)!
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Efficient computation of cycloidal divided differences

Notation: d,'7kf = [X,'7 R ,XiJrk]Cf.

and
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div1k—1(-Y — d, k—1(-)
. drirr1()2—d; k=2
dii(-y = { GrLk 1) k-1(")

Xj_k<(k£2)xi2 + k(k — 1)({()), otherwise,

if x; < Xitks

1

diy1k—1f — djk—1f
dig1k—1(-)2 = dj g1 (-)2
’ f(k_2)(X,') —+ f(k)(X,')
(k-2

if x; < Xitk,

otherwise.




Efficient computation of Newton’s functions

w(x; X0, -+ -5 Xj—1) = w(x; X0, x1) — § do k(Y "2 w(xX; X05 - - - s Xk—1)-
with
sin
2 2 .
= , if x1 # xp,
w(x; x0, x1) = sin =5
2 X — XO .
2sin — if x1 = xp,

Finally, the cycloidal interpolant is given by

C(f;x0,---yxn) = C(f; x0,x1) + Z do kf w(x; X0, - ., Xk—1)-
k=2
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Relation between cycloidal and polynomial interpolants

Theorem

The Hermite interpolation problem at the extended sequence xp, . . ., Xp,
n > 1, has a unique solution in C, if and only if

[0, .-, Xn—1] COS [x0, - . ., Xn] SIN # [X0, - .., Xp—1] SIN-[X0, . .., Xn] COS .

C(fix0,- -, xn)(x) = P(f; x0,- ., xn)(x) + a0eo(x) + are1(x),

where ep(x) := cos(x) — P(cos X0y -+ -5 Xn)(X),
e1(x) :=sin(x) — P(sin; xp, . . ., Xn)(x ) and (ao, a1) is the solution of the
linear system

[Xo, 500 7X,,_;[] Cos [Xo, 000 ,Xn_1] sin ao . [Xo, 600 ,Xn_l]f
[x0,...,xn]cOs  [Xo,-..,Xn]sin a ) [x0,-- . xn]f )~
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Relation between cycloidal and polynomial divided differences

Theorem

Let xg,...,x,, n > 2, be an extended sequence such that there exists a
unique solution to the corresponding Hermite interpolation problem. Then

[Xo, 500 ,Xn]cf = [XQ, 500 ,x,,_2]f—ao[x0, 500 ,Xn_2] COS—al[Xo, oo ,Xn_g] sin,

where ag, a1 are the solutions of the linear system

[x0, .. Xxn—1]COS [X0,.-.,Xn—1]sin a \ _ [x0, -y Xn—1]f
[x0, ..., Xn] cos [x0,- ., Xn] sin ap [x0,...,xn]f )~

v
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Interpolation error

Error formula

Assume that the Hermite interpolation problem at the extended sequence
X0, - - - Xp, N > 1, has a unique solution in C,. Then

e(x) :=f(x) — C(f; x0,---,%n)(x) = e2(x) — ageo(x) — are1(x),

where ag and a; are the constants defined above,
eo(x) 1= cos(x) — P(cos; xg, - - ., Xn)(x),

e1(x) :=sin(x) — P(sin; xp, - - . , X5)(x) and

ex(x) == f(x) — P(f; x0, - - -, xn)(x).

A bound for the interpolation error is

Knt1 + |aol + |a1]
le(x)] < =~ CEm HI - xil,

with Knp1 1= Maxye[x ] [FTD(X))].
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The constants ag, a; can be bounded in terms of derivatives of f and the
following error bound follows

1 + K,
(n+1)!(K"+1+2 I(n i1 ||D|>H’X

where e(x) = f(x) — C(f; x0, - - -, Xn)(X), Kj 1= MaXyc[x,x] 1F0)(x)),
j=n—-1,nn+1, and

le(x)] <

[x0, ..., Xn—1]COS [x0,...,Xn—1]sin

D= .
[x0,...,xn]cOs  [xo,...,Xn]sin
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Example with a cycloidal interpolant in C,

10 T

x-sin 2x
cycloidal interpolant
polynomial interpolant
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Runge example with a cycloidal interpolant in
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Runge example and choice of w

Interpolate with spaces <cos(wx), sin(wx), 1, x, ... ,x"_2> and choose w.
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