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Introduction

special bivariate interpolation problem

find mapping f between two simple polygons

bijective

linear along edges

f:0° =
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Image warping
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Barycentric coordinates

functions b;: 2 — R with

partition of unity Z bi(v) =1
1=1

linear reproduction Z bi(v)v; = v

Lagrange property  b;(v;) = d;;

interpolation of data f; given at v;

fv) = Z bi(v) f;

()
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Barycentric coordinates

special casen =3

A,,; (U)
A1 (v) + Az(v) + As(v)

bi (U) —

general case

homogeneous weight functions w;: {2 — R with

sz ;i —v)=0

barycentric coordinates
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Examples

Wachspress (WP) coordinates

__Coty; 1 +cotp;

T‘Z‘Q

Wy

mean value (MV) coordinates

_ tan(a;_1/2) + tan(«; /2)

Wy

discrete harmonic (DH) coordinates

w; = cot B;_1 + cot y;
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Barycentric mappings

source polygon

target polygon
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e | Wachspress mappings

based on WP coordinates [Wachspress 1975]

bijective for convex polygons [Floater & Kosinka 2010]
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Ii‘::ﬁ? | Wachspress mappings

based on WP coordinates [Wachspress 1975]
bijective for convex polygons [Floater & Kosinka 2010]
not bijective for non-convex target

not well-defined for non-convex source
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Ia;zgﬁga Mean value mappings

based on MV coordinates [Floater 2003]
well-defined for non-convex source

not bijective
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Ia;z;s;a Mean value mappings

based on MV coordinates [Floater 2003]
well-defined for non-convex source

not bijective, even for convex polygons

)
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I%;z;:: | Barycentric mappings

WP MV

convex — convex v v

convex — NoN-convex v v

non-convex — convex x v

non-convex — non-convex x v
general barycentric mappings [Jacobson 2012]

not bijective for non-convex target polygon
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I%Z%sz | Composite barycentric mappings
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I%zz;s;a | Sufficient condition

f: 0% — Qs bijective, if [Meisters & Olech 1963]

0OV and Q' without self-intersection

f bijective on the boundary

O1f' Oyf!
I =lofe ape| >0
o>
0 0!

13/36 MAIA 2013 — Erice — 30 September 2013



I%E%:s o Perturbation bounds
1
move one vy to v; = v} 4 u; 0 Uiy
)
f bijective, if
o] <
L
. Z M;
with
M; = sup ||Vb;(v)]|
veo
0 1 __ 0 1
move all v; to v; =v; + u; 0 Ui v;
7

f bijective, if

max ||u;]| < Vo1

1<i<n = 2M
with

M =M +---+ M,
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I%Zz:z:;a | Composite barycentric mappings

continuous vertex paths ¢;: [0,1] — R
intermediate polygons Q% = [p1(tk), . - ., ©n(tk)]

barycentric mappings fi: Q"% — Q%+

—_
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Composite barycentric mappings

ggog}caéxmfg%anvz vl < 2n M *

partition 7 = (tg,t1,...,t,,) Oof [0,1]

composite barycentric mapping

fT:fm—lofm—Zo'”oflofO

f- bijective, if

VhH—1

M* = \W4, ¥
[JaX max, sup IVb; (v) ||

max gradient
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I%Z%sz | Composite barycentric mappings

00 7 =(0,0.5,1)

VAV VYN
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I%Z%:: | Composite mean value mappings

use mean value coordinates to define mappings f;

well-defined, as long as Q% without self-intersections

|Vt (v)|| bounded for v €

if QY is convex [Rand et al. 2012]
if Qf is non-convex = future work

constant M™ is finite
f, bijective for uniform steps t; =i/m

continuous vertex paths ¢;

m sufficiently large
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Isgz;z:f | Vertex paths

0O by linearly interpolating [Sederberg at al. 1993]
edges lengths
signed turning angles
barycentre

orientation of one edge

—o
¢ ¢
¢ ¢
¢ ¢
—o—o
t=0 t=0.25 t=0.5 t=0.75 =1
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Adaptive binary partition

—> checklnterval (0, 1)

J .

. = computejmin( , )

it J .. < 0then
c=( + )/2
T=T1Uc

checklnterval ( , ¢)
checklnterval (¢, )

end

end

r={0, 1} <‘;<

>
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checklnterval (0, 1)
—> J_.. = computeJmin (0, 1)

it J .. < 0then
c=(C + )/2
T=71Uec

checklnterval ( , ¢)
checklnterval (¢, )
end
end

T ={0, 1}

>
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checklnterval (0, 1)
J .. = compute/min (0, 1)

m

it J .. < 0then
c=(0+1)/2
T=71Uec
> checklInterval (0, ¢)
checkinterval (¢, 1)
end

end

Son O

>
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checklInterval (0, 0.5)
=  J,., = compute/min (0, 0.5)

it J .. < 0then
c=( + )/2
T=71Uec

checklnterval ( , ¢)
checklnterval (¢, )
end
end

Son O

>
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checklInterval (0, 0.5)
J . = compute]min (0, 0.5)

it J .. < 0then
c=( + )/2
T=71Uec

checklnterval ( , ¢)
checklnterval (¢, )
end

—> end
A O

>
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checklInterval (0.5, 1)
=  J,., = computeJmin (0.5, 1)

it J . < 0then
c=( + )/2
T=71Uec

checklnterval ( , ¢)
checkinterval (¢, )
end
end

T ={0, 0.5, 1} O

>
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checklInterval (0.5, 1)
J .. = computeJmin (0.5, 1)

it J .. < 0then
c=(0.5+1)/2
T=71Uec
—> checklnterval (0.5, ¢)
checkinterval (¢, 1)
end
end
ooy ()

>
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Ia;z:z:: | | Adaptive binary partition

checklInterval (0.5, 1)
J .. = computeJmin (0.5, 1)

it J .. < 0then
c=(0.5+1)/2
T=71Uec

checkinterval (0.5, ¢)
checkinterval (¢, 1)
end

—> end
T ={0, 0.5, 0.75, ..., 1} O {;Z <‘;<

> 3 K
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I%E%s;a | Composite barycentric mapping
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I%Z%:: | Image warping comparison

mean value
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I%Z%:: | Image warping comparison

composite mean value
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I%Zz | Infinite barycentric mappings
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= | Infinite barycentric mappings

infinite barycentric mapping: fo = lim f.
m— 00
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Ii:zss;a Conclusion

construction of bijective barycentric mappings
composition of intermediate mappings
theoretical bounds on the displacement

real-time composite mean value mappings
construction of the adaptive binary partition
real-time GPU implementation

infinite composite mappings
natural inverse

empiric result of convergence
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