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Given sites = and data y € R find f such that

f(2) =y, ie.  f(&)=y,, &€=

Well known ...
© Many, many solutions.
@ Try linear function space of dimension #=.

@ = C R: polynomials of degree at most #= — 1 are perfect.

© 1D: Only a matter of counting — no geometry. Haar space ...
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Point set constructions

Given a space &7 C IT find sites = such that there always exists a
unique p € .# with p(Z) =f(2).
Answers: Chung—Yao, GPL, ...

Point set constructions

Find smallest subspace & C IT such that for any = with #= = N there
exists p € & with p(Z) =f(2).
Answers: TTy_1, TTo,_1, (”erz) =N, fors =2.

Space constructions

Given = find & such that there always exists p € & with p(Z) =f(Z).
Answers: Buchberger-Moller, deBoor-Ron, ideal remainders
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Polynomials

@ TT polynomials = finite sums

= Z pocx‘x

le|<n

@ Total degree degp :=n.
© Monomials or terms of degreek, ..., n: row vectors

xkn._ k< |(X| <n), Xt =y
O Coefficients as column vectors p, = (px : || = k).

@ Polynomials: p(x Zxkpk
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Correctness for T,

Vandermonde matrix

Then:
Lef =x™p,  p=2"" (27 f(2).

Fundamental “Theorem”

Correctness = nonsingularity of Vandermonde matrix.
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Degree reducing interpolation
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Minimal degree interpolation space
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Degree of a subspace

deg & = max{degp : p € &}.

Degree reducing interpolation

fen = degL=zf < degf.

Minimal degree interpolation space

£ interpolation space = deg 2 > deg .

Facts
© Degree reducing is always minimal degree.
@ None of them is unique for general =.
@ Different elimination strategies for x*" (Z).
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© Computation of interpolant: solve Vandermonde system.

But...
@ Polynomials can be multiplied.
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The linear part

© Computation of interpolant: solve Vandermonde system.

But...
@ Polynomials can be multiplied.
@ Polynomial algebra ...

T. Pratchett, Jingo

There’s al-gebra. That’s like sums with letters. For ... for people
whose brains aren’t clever enough for numbers, see?
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o Idealf'f—l—ﬂzfandf-ﬂzf.

Q@ /(2)={fecll: f(Z)=0}L

(s} Ideal generated by P CIm

ngf : ngH

fez

Q 7 basis of . = (F).

Hilbert’s Basissatz
Any polynomial ideal has a finite basis.
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Construction of basis
Q@ Z degree reducing interpolation space for =.
@ P basis for Z.
Q SetP*={(.)jp : peP,j=1,...,5}. (Pre-)border basis.
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Construction of basis
Q@ Z degree reducing interpolation space for =.
@ P basis for Z.
Q SetP*={(.)jp : peP,j=1,...,5}. (Pre-)border basis.

Q Set
F

U}

={p—Lzp : p € P}

@ Then: v (Z) = (Fz).

Even better

Basis is H-basis:
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The cases =1

Quw=J[Jr-8.
Ee=
@ Division with remainder:
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The cases =1

Qw=[]Jt-2.
Ee=
@ Division with remainder:

f=wp+r, degr < degw —1=#Z—1.

@ L=f :=r interpolation polynomial.
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Quw=J[Jr-8.
Ee=
@ Division with remainder:

f=wp+r, degr < degw —1=#Z—1.

@ L=f :=r interpolation polynomial.

Algebraic interpretation
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Implicit Interpolation L wyemsar

The cases =1

Q@ w=]](-9.

Ee=
@ Division with remainder:

f=wp+r, degr < degw —1=#Z—1.

@ L=f :=r interpolation polynomial.

Algebraic interpretation

@ Principal ideal: .7 (Z) = (w).
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Implicit Interpolation )
p p //;}] })Jpl:élg/lgSSITAT

The cases =1

Qw=[]Jt-2.
Ee=
@ Division with remainder:

f=wp+r, degr < degw —1=#Z—1.

@ L=f :=r interpolation polynomial.

Algebraic interpretation
@ Principal ideal: .7 (Z) = (w).
@ Ideal + Quotient Space.

Tomas Sauer (Universitdt Passau) Divided differences MAIA 2013, Erice 11/ 24
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Implicit Interpolation II liny
/{((

Division with remainder
@ Division by set F:
8= gf +Vrlg)

f€F
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Implicit Interpolation II .
ReC(\

Division with remainder
@ Division by set F:
8= gf +Vrlg)

f€F

@ Ideal + normal form.
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Implicit Interpolation II )
R
Division with remainder
@ Division by set F:
g§=) gf +Vr(g)
f€F

@ Ideal + normal form.
@ Normal form is
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Implicit Interpolation II
P P D UNIVERSITAT
Division with remainder
@ Division by set F:
8= gf +Velg)
feF
@ Ideal + normal form.
@ Normal form is
@ interpolant.

Tomas Sauer (Universitdt Passau) Divided differences MAIA 2013, Erice 12 /24



Implicit Interpolation II //2]%%5”“
Division with remainder
© Division by set F:
g=) &f +vlg).
f€F
@ Ideal + normal form.

© Normal form is

@ interpolant.
@ unique if F is H-basis.

Tomas Sauer (Universitdt Passau) Divided differences MAIA 2013, Erice 12 /24



UNIVERSITAT
PASSAU

Implicit Interpolation II y\r‘
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Division with remainder
@ Division by set F:
g= ngf +vr(g)
f€F
@ Ideal + normal form.

@ Normal form is

@ interpolant.
@ unique if F is H-basis.

Constructive chain
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Implicit Interpolation II y\r‘
ST ((

Division with remainder
@ Division by set F:
g= ngf +vr(g)
f€F
@ Ideal + normal form.

@ Normal form is

@ interpolant.
@ unique if F is H-basis.

Constructive chain

—_

—
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Implicit Interpolation II y\r‘
(4

Division with remainder
@ Division by set F:
g= ngf +vr(g)
f€F
@ Ideal + normal form.

@ Normal form is

@ interpolant.
@ unique if F is H-basis.

Constructive chain

= (9
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Implicit Interpolation II //2] raversiT
Division with remainder
@ Division by set F:
g=) &f +vlg).
f€F
© Ideal + normal form.

@ Normal form is

@ interpolant.
@ unique if F is H-basis.

Constructive chain

= — #(Z) — H-basisF

Tomas Sauer (Universitdt Passau) Divided differences MAIA 2013, Erice 12 /24



Implicit Interpolation II Ly L

Division with remainder
© Division by set F:
g§=D gf +vilg)
f€F
© Ideal + normal form.

© Normal form is

@ interpolant.
@ unique if F is H-basis.

Constructive chain

Z — J(Z) — H-basis F — interpolant Lz = vr.
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Implicit Interpolation II //2]%%5”“
Division with remainder
© Division by set F:
g=) &f +vlg).
f€F
@ Ideal + normal form.

© Normal form is

@ interpolant.
@ unique if F is H-basis.

Constructive chain

Z — J(Z) — H-basis F — interpolant Lz = vr.

Remark

All degree reducing interpolants can be constructed this way.

v
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Theorem

Z is degree reducing interpolation space if and only if

M= (ZNTMY & (LN, k=0,...,n:=deg 2.

Tomas Sauer (Universitdt Passau) Divided differences MAIA 2013, Erice 13 /24



Space Decompositions )
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Theorem

Z is degree reducing interpolation space if and only if

M= (2N & (F(E)NT), k=0,...,n:=deg 2.

Theorem

& is degree reducing interpolation space if and only if

v

Tomas Sauer (Universitdt Passau) Divided differences MAIA 2013, Erice 13 /24



Space Decompositions

Theorem

Z is degree reducing interpolation space if and only if

//{((

=(ZNT) @ (L (Z)NTT), k=0,...,n:=deg 2.

IVERSITAT

Theorem
& is degree reducing interpolation space if and only if
Q=Z=5U---UZ,.
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Theorem

& is degree reducing interpolation space if and only if

Me=(ZNTE) @ (F(2)NTT), k=0,...,n:=deg 2.

Theorem

& is degree reducing interpolation space if and only if
Q=Z=5U---UZ,.
@ There exists Newton basis n* € TT", k =0, ...,n, such that
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Theorem

& is degree reducing interpolation space if and only if

Me=(ZNTE) @ (F(2)NTT), k=0,...,n:=deg 2.

Theorem

& is degree reducing interpolation space if and only if
Q=Z=5U---UZ,.
@ There exists Newton basis n* € TT", k =0, ...,n, such that

1" (Zx1) =0,

= U U
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Space Decompositions mq
~““&4(| PASSAU

Theorem

& is degree reducing interpolation space if and only if

Me=(ZNTE) @ (F(2)NTT), k=0,...,n:=deg 2.

Theorem

& is degree reducing interpolation space if and only if
Q=Z=5U---UZ,.
@ There exists Newton basis n* € TT", k =0, ...,n, such that

1" (Zx1) =0, n* (%) =L

= U U
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Assumption (for simplicity)
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Monic basis
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Two bases

UNIVERSITAT
//;2‘ PASSAU
Assumption (for simplicity)
c@ - nn.
Monic basis
k . k(= _
m' = ((1)*—Lz, ()% : |al =k} = m" (Zox—1) = 0.
Newton basis
k k = y—1
n' =m"my (%)
Tomas Sauer (Universitdt Passau)
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leading monomial coefficients in Lzf
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Divided Differences )
R

Definition

[E]f = [Zo.u]f =leading monomial coefficients in L=f:

LEf =m" [E]f + qn—1
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Divided Differences
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Definition

[E]f = [Zo.u]f =leading monomial coefficients in L=f:

Lef =m" [Zoulf + Lz, of
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Divided Differences
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Definition

[Zknlf = monomial coefficients in Lzf:

Lef = ) m" [Eoslf
k=0
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Divided Differences )
™

Definition

[Zknlf = monomial coefficients in Lzf:

Lef = ) m" [Eoglf.
k=0

Natural idea, e.g. [Rabut2000].
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Divided Differences y\r‘
774

Definition

[Zknlf = monomial coefficients in Lzf:

Lef = ) m" [Eoslf
k=0

Natural idea, e.g. [Rabut2000].

Properties
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Divided Differences

Definition

[Zknlf = monomial coefficients in Lzf:

Lef = ) m" [Eoglf.
k=0

Natural idea, e.g. [Rabut2000].

_¥ [UNIVERSITAT
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Properties

@ Structure like derivative
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Divided Differences

Definition

[Zknlf = monomial coefficients in Lzf:

Lef = ) m" [Eoslf
k=0

Natural idea, e.g. [Rabut2000].

UNIVERSITAT
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Properties

@ Structure like derivative — “vector”
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Divided Differences )
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Definition

[Zknlf = monomial coefficients in Lzf:

Lef = ) m" [Eoglf.
k=0

Natural idea, e.g. [Rabut2000].

Properties

@ Structure like derivative — “vector”, multilinear: x*[=] If, ...
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Divided Differences
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Definition

[Zknlf = monomial coefficients in Lzf:

Lef = ) m" [Eoglf.
k=0

Natural idea, e.g. [Rabut2000].

Properties

@ Structure like derivative — “vector”, multilinear: x*[=] If, ...
@ Depends only on f (Zpy).

v
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Divided Differences hq
=74

Definition

[Zknlf = monomial coefficients in Lzf:

Lef = ) m" [Eoglf.
k=0

Natural idea, e.g. [Rabut2000].

Properties
@ Structure like derivative — “vector”, multilinear: x*[=] If, ...
@ Depends only on f (Zpy).
@ Symmetric in =y, and affine invariant.
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Divided Differences “‘T
=74

Definition

[Zknlf = monomial coefficients in Lzf:

Lef = ) m" [Eoglf.
k=0

Natural idea, e.g. [Rabut2000].

Properties

@ Structure like derivative — “vector”, multilinear: x*[=] If, ...
@ Depends only on f (Zpy).

@ Symmetric in =y, and affine invariant.

© Annihilates IT;_1.

v
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Divided Differences hq

Definition

[Zknlf = monomial coefficients in Lzf:

Lef = ) m" [Eoglf.
k=0

Natural idea, e.g. [Rabut2000].

Properties

@ Structure like derivative — “vector”, multilinear: x*[=] If, ...
@ Depends only on f (Zpy).

@ Symmetric in =y, and affine invariant.

© Annihilates IT;_1.

@ Duality: I = [Soy] &*
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Divided Differences hq

Definition

[Zknlf = monomial coefficients in Lzf:

Lef = ) m" [Eoglf.
k=0

Natural idea, e.g. [Rabut2000].

Properties

@ Structure like derivative — “vector”, multilinear: x*[=] If, ...
@ Depends only on f (Zpy).

@ Symmetric in =y, and affine invariant.

© Annihilates IT;_1.

@ Duality: I = [Soi] & = [Zo4] m*.

v
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h—0
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Theorem

. _ 1 ok
lm [6+ 20, f = (—— (€ - |oc|=k).

ol Ox*

de Boor’s “divided” difference

Elsf = BZDf = | iyt Deyos .

@ Simplex spline integral.
@ Appears in Kergin interpolation.
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Theorem

ol Ox*

k
lim [E—l—hEo;k]f:(l T fie) - |oc|=k).

de Boor’s “divided” difference

Elsf == [5=Dlsf 1=J Dey—gy - Dey—ey o f-

© Simplex spline integral.
@ Appears in Kergin interpolation.
@ Building block for spline representation of divided difference.
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Notation
Q@ Path: 0=y x---xZ,=(0g,...,0,), e]EE]
@ Pathstoé €=Z,:P(§)={® : 0, =¢&)

© Newton value of ©:
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The Spline Representation ny
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Notation
Q@ Path: 0=y x---xZ,=(0g,...,0,), GJEEJ

@ Pathsto{ € Z,:P(§)={O : 0, =&}
n+1
© Newton value of ©: n ( H ne I+1
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The Spline Representation ny
ae(\

UNIVERSITAT
PASSAU

Notation
Q@ Path: 0=y x---xZ,=(0g,...,0,), GJEEJ

@ Pathsto{ € Z,:P(§)={O : 0, =&}
n+1
© Newton value of ©: n ( H ne I+1

Theorem

Spline representation of divided difference:

Eonlf = m" (2,) Z n(@) [Blsf : & €3,

OcP(§
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Lemma

For & € Z; there exists £’ € Z;_; such that

k1 = Zoa1 \ {&'U{E)

is correct for TT;_;.
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Recurrence Relation )
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Lemma

For & € Z; there exists £’ € Z;_; such that
Eé:k_l = EO:k—1 \ {‘t-./} U {Ev}

is correct for TT;_;.

Theorem

The divided difference satisfies
Eonlf =m" (27" | Y Me [Z,1]f—M Eoulf
£ES,

where
M; = egm”’l(é), M=m"1(z,).
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Background
@ Joint work with J. Carnicer.
@ Formulas and understanding of [Z..] (fg).

Observation and definition
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Leibniz Formula
a9 UNIVERSITAT
Background
@ Joint work with J. Carnicer.

@ Formulas and understanding of [=.,] (fg).

Observation and definition

© Simple computation:

n

[EO:n] (fg) = Z[Ek:n] /8 [EO:k]f/

k=0
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Leibniz Formula )
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Background

@ Joint work with J. Carnicer.
@ Formulas and understanding of [Z.,] (fg).

Observation and definition

© Simple computation:

n

(Z0:] (fg) = Z[Ek:n] /g [EO:k]f/ [Zkenl Ig = [Zo.] (mkg> .

k=0
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Leibniz Formula hq
“Z&L(| PASSAU

Background
@ Joint work with J. Carnicer.
@ Formulas and understanding of [Z.,] (fg).

Observation and definition

© Simple computation:

n

ol (1) = Y_(Zeal’g Eonlf,  [Beal'g = Eol (mi'g).

k=0

@ Complementary divided difference [=.,]’g.
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Leibniz Formula hﬂ
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Background
@ Joint work with J. Carnicer.
@ Formulas and understanding of [Z.,] (fg).

Observation and definition

© Simple computation:

n

(Z0:n] (fg) = Z[Ek:n] /g [EO:k]f/ [Ek:n] ,g = [Zou) (mkg> .

k=0

@ Complementary divided difference [=.,]’g.
Q #=y., X #Zp,—matrix valued.
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Leibniz Formula hﬂ
~“Z@4(|PASSAU

Background
@ Joint work with J. Carnicer.
@ Formulas and understanding of [Z.,] (fg).

Observation and definition

© Simple computation:

n

(Z0:n] (fg) = Z[Ek:n] /g [EO:k]f/ [Ek:n] ,g = [Zou) (mkg> .

k=0

@ Complementary divided difference [=.,]’g.
Q #=y., X #Zp,—matrix valued.

e [EO:n]/ = [EO:n]
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Leibniz Formula hﬂ
~“Z@4(|PASSAU

Background
@ Joint work with J. Carnicer.
@ Formulas and understanding of [Z.,] (fg).

Observation and definition

© Simple computation:

n

(Z0:] (fg) = Z[Ek:n] /g [EO:k]f/ [Zkenl ,g = [Zo.] (mkg> .

k=0

@ Complementary divided difference [=.,]’g.
Q #=y., X #Zp,—matrix valued.

Q [0 = [Zo.n] — generalization!

v
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Interpretation

Complementary divided difference [Z;x]’
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Interpretation
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© describes interpolation at =y, = Zo., \ Zox_1 by means of (m").
@ [Zk.)'f depends on f (Zy.,).
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Complementary Divided Difference .
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Interpretation

Complementary divided difference [Z;x]’

© describes interpolation at =y, = Zo., \ Zox_1 by means of (m").
@ [Zk.)'f depends on f (Zy.,).

The cases =1

k-1
o)’ = [0, &n) | & H ( - E'j)
j=0
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Interpretation

Complementary divided difference [Z;x]’
© describes interpolation at =y, = Zo., \ Zox_1 by means of (m").
@ [Zk.)'f depends on f (Zy.,).

The cases =1

k—1
Eod's =0, & [ [ (-—5) | =&, &g
j=0
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Interpretation

Complementary divided difference [Z;x]’
© describes interpolation at =y, = Zo., \ Zox_1 by means of (m").
@ [Zk.)'f depends on f (Zy.,).

The cases =1

k—1
[EO:k] /g = [E.O; v &l g H ( - E.]) = [ak/ - g = [Ek:n]g
j=0
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Divided Difference

e NIVERSITAT
Interpretation
Complementary divided difference [Z;x]’
© describes interpolation at =y, = Zo., \ Zox_1 by means of (m").

[Zknl’f depends on f (Z.,).

The cases =1

[EO:k] /g = [E.O; v &l g H ( - E.]) = [ak/ - g = [Ek:n]g
j=0

Definition

Divided Difference [Z.,Jf := [Zo.] (m'f).

V.
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Leibniz rule

[Ek:n] (fg )= Z[E]n]g [Ek]]f .

j=k
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Leibniz rule
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[Ek:n] (fg )= Z[E]n]g [Ek]]f .

j=k

Covers...
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Leibniz rule

n

[Ek:n] (fg )= Z[E]n]g [Ek]]f .

j=k

Covers...

@ ...univariate case.
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Divided Difference

_¥ [UNIVERSITAT
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Leibniz rule

n

[Ek:n] (fg ) = Z[E]n]g [Ek]]f .

j=k

Covers...
@ ...univariate case.

@ ...tensor product case:

B
[E(x:[?)](fg) = Z[Eoc:y]f [Efyﬁ]g/

Y=o

where
Explf = [E,cxl,lr---raﬁl,l;---;E»ocs,s/---/aﬁs,s]f-
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Theorem

with the tensor

Corollary
EhiR) = ) Eowlsf Eoplps +Ry(Ef.8)

a+p=y
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Another product rule )
p //;}] })Jpl:élg/lgSSITAT

Theorem

with the tensor

Corollary
Eh(R) = Y Eowlef Eoplpg + Ry(Ef,8)
a+p=y

Leibniz for partial derivatives.
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Q Interpretation of “generalized” divided difference [=y.,]f.

@ Consider Lz as operator on IT.
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Goal
Q Interpretation of “generalized” divided difference [=y.,]f.
@ Consider Lz as operator on IT.

The ideal

I = I (Zok-1)
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@ Interpretation of “generalized” divided difference [Zj.,]f
@ Consider Lz as operator on I
The ideal

I =7 (Z0k-1)
The interpolant

(o)
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@ Interpretation of “generalized” divided difference [Zj.,]f
@ Consider Lz as operator on IT
The ideal

I =9 (Zox-1) = {Zm“h“ : By € n}
a=k
The interpolant

/

Sk

I — 7,
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Interpolation in Ideals )
p //;}:‘ }’JA’EI;/,H}SITAT

Goal
@ Interpretation of “generalized” divided difference [Zj.,]f.
@ Consider L= as operator on IT.

The ideal
I = I (Zoxk1) = {m"hT ch=(hy: ol =) € n#zk}_

The interpolant

n
Lz =9, Lt f= Z m! trace ([Ek:j]hT> .
=k

Tomas Sauer (Universitdt Passau) Divided differences MAIA 2013, Erice 23 /24



Summary

UNIVERSITAT
//;E‘ PASSAU
Conclusions

Tomas Sauer (Universitit Passau)

Divided differences

Dacr
MAIA 2013, Erice

24/24



Summary :
. UNIVERSITAT
//;}] PASSAU

Conclusions
Q Leading coefficient of L= is the “right” divided difference.

Tomas Sauer (Universitdt Passau) Divided differences MAIA 2013, Erice 24 /24



Summary :
s UNIVERSITAT
//;}] PASSAU

Conclusions
O Leading coefficient of L= is the “right” divided difference.

@ Various properties extend.

Tomas Sauer (Universitdt Passau) Divided differences MAIA 2013, Erice 24 /24



Summary :
— | UNIVERSITAT
//;:] PASSAU

Conclusions
O Leading coefficient of L= is the “right” divided difference.
@ Various properties extend.
@ Complicated formulas simplify for s = 1.

Tomas Sauer (Universitdt Passau) Divided differences MAIA 2013, Erice 24 /24



Summary )
__~ |UNIVERSITAT
//;m PASSAU

Conclusions
O Leading coefficient of L= is the “right” divided difference.
@ Various properties extend.
@ Complicated formulas simplify for s = 1.

© Extension via complementary difference.
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Conclusions
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Summary )
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Conclusions
O Leading coefficient of L= is the “right” divided difference.
@ Various properties extend.

@ Complicated formulas simplify for s = 1.

© Extension via complementary difference. Natural?!

We earned our coffee! |
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