Polynomial identities

(1) Definition.

(2) Multinomial identity.

[e+y+-+2%= > [l [

Etvt+(=a

Proof: by induction on |«

(3) Taylor. For any polynomial p,

p(x+y) = [#]"Dp(y).
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Proof: For the particular polynomial p = [[]]ﬁ ,

ple+y) = [ = [=]*(D°p)(y).
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(4) Leibniz. For any functions f,g,...,h and any scalar s,

[sDI*(fg---h)= > [sDI?f[sD]"g ---[sD]"h

O+y+tn=a

Proof: by induction on |«

(5) Leibniz-Hérmander (Hormander69: p. 10). For any polynomial p, scalar s, and functions f, g,
p(sD)(f9) = 3 ((ID)p) (sD)f ) [sD1 .
B

Proof:
p(sD)(fg) = Z a)[sD]*(fg)
Z ) S LDI s D) = > ((101°p) s0)f) 11’

B



Note. The identity is linear in p, f, g, hence verifiable by checking it just for pure powers.

(6) Convolution. For any compactly supported ¢ and any p € II,

¢xp=p(-—iD)p(0) = Y _[I"D'p(-iD)p(0) = Y _ D'p|

Proof:
DP§ = / o(y)(—iy) e 0 dy,
hence
(~iD)"3(0) = / 6(v)(~y)” dy.
So,
o[1" = /qs(- — )] dy = /¢<y>[[-—y]1ady

—iD]"$(0).

— [0 - dy =307 [ o)l - ol ay.
B B

=Y 1*°[ - iDI°4(0) = [- ~iD]*$(0).
B

(This is an updated version of an appendix to Boor90c)
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