Block orthogonal systems for symmetric P -forms

Dieter van Melkebeek^∗ and Adhemar Bultheel^† Department of Computer Science K.U. Leuven

Abstract

To study polynomials orthogonal with respect to the logarithmic equilibrium measure on the Julia set of a nonlinear polynomial P , Daniel Bessis and his coworkers introduced a symmetric bilinear form, the symmetric P -form. It is a nonhermitian variant of a genuine inner product, the hermitian P -form. The main reason for doing so, was the existence of a three term recurrence relation between the polynomials of successive degree of an orthogonal system.

However, this is only true if the moment matrix of the symmetric P -form is strongly regular. In this paper, we investigate what happens if this condition is not met. We distinguish between the case where an orthogonal system still exists and the one where it does not, and illustrate them by P (z) = z^2 and P (z) = z^2 � 1 respectively.

1 Introduction

It is known for more than 20 years [11, theorem 2.2 p. 27] that the iterates of a nonlinear complex polynomial P form, up to an additive constant, a subsequence of an orthogonal system, i.e. a sequence of polynomials of successive degree (starting with degree 0) orthogonal to all polynomials of lower degree. The inner product for which this orthogonality relation holds, is defined as

(·, ·)_h : C [z] × C [z] → C : (P_1, P_2) → ∫ P_1(z)P_2(z) dμ_ℓ(J(P ))(z), (1)

where μ_ℓ(J(P )) represents the logarithmic equilibrium measure on the Julia set of P . We call (·, ·)_h the hermitian P -form.

An obvious question to ask is that for the lacking polynomials of the system. In general however their construction appears to be difficult. The difficulty is related to the fact that there is no simple three term recurrence relation between the successive polynomials of an orthogonal system, which goes hand in hand with the moment matrix being a general (hermitian positive definite) matrix, without any other interesting structure. In the special case where the Julia set of P is a subset of the real line, the moment matrix becomes Hankel-structured, and we do get a three term recurrence relation.

∗Research Assistant of the Belgian National Fund for Scientific Research †Work partially supported by a research grant from the Belgian National Fund for Scientific Research

Probably inspired by this fact, Daniel Bessis and his coworkers [3, 4, 9] investigated the nonhermitian variant of (1), defined as

(·, ·)_s : C [z] × C [z] → C : (P_1, P_2) → ∫ P_1(z)P_2(z) dμ_ℓ(J(P ))(z). (2)

We shall call it the symmetric P -form. As its moment matrix is always Hankel-structured, a three term recurrence relation between the successive polynomials of an orthogonal system holds, provided that an orthonormal system exists, which is equivalent to the moment matrix being strongly regular. Moreover, it is equally true that the iterates of P are orthogonal polynomials up to an additive constant. As a consequence, the iterates of P can be calculated using the recurrence relation at the expense of introducing the lacking orthogonal polynomials.

In this paper we investigate the symmetric P -form (2) in the case where the moment matrix is not strongly regular. Using a weakening of the concept of an orthogonal system, namely a block orthogonal system, we shall derive a three term recurrence relation, no longer between orthogonal polynomials of successive degree (which may not exist), but between successive so called regularly orthogonal polynomials [7, p. 47]. In the case where the moment matrix is strongly regular, this relation reduces to the ordinary one.

We shall distinguish between two cases. In the first one, an orthogonal system still exists, although there is no orthonormal system. It is illustrated by P (z) = z^2. The second case is characterized by the non-existence of an orthogonal system and is illustrated by P (z) = z^2 − 1. We examine the structure of block orthogonal systems for both cases, and determine the recurrence relation between the successive regularly orthogonal polynomials. Finally we also derive a connection between these regularly orthogonal polynomials and the iterates of P and see which recurrence relation results between the iterates for the second case, this being impossible for the first one.

2 Symmetric P-forms

Let P be a complex polynomial. The sequence of the successive iterates of P is denoted by (P^{∘k})^∞_{k=0} and can be defined recurrently by P^{∘0}(z) = z and P^{∘(k+1)} = P ∘ P^{∘k} for

k ∈ N. Strongly related to the iterates of a nonlinear complex polynomial P is its Julia

set J(P ). It is the boundary of the set of points of the complex plane that converge to ∞ under the successive iterates of P : J(P ) = ∂{z ∈ C | lim_{k→∞} P^{∘k}(z) = ∞} On this Julia set J(P ), one can consider the logarithmic equilibrium measure μ_ℓ(J(P )), defined as the unique Borel probability measure μ on C with support on J(P ) minimizing its associated logarithmic potential energy E(μ) = ∫ ∫ ln ( 1 |z − ζ| ) dμ(ζ) dμ(z). It has the property of being balancedly P -invariant [2, theorem 1 p. 510-511], which can be used to prove the following lemma ([1, theorem 2 p. 382] for the monic case and [12, lemma 3.1 p. 64-65] for the general one).

Lemma 1 Let P : C → C : z → ∑n i=0 p_iz^i be of degree n > 2 and μ = μ_ℓ(J(P )), then ∀ f ∈ L(μ) : ∫ z^if(P (z)) dμ(z) = s_i n ∫ f(z) dμ(z) for i = 0(1)n − 1,

where

s_0 = n s_i = −i p_{n−i} p_n − i−1∑ j=1 p_{n+j−i} p_n s_j for i = 1(1)n − 1.

L(μ) denotes the set of all functions integrable with respect to μ.

J(P ) being a bounded subset of C , μ_ℓ(J(P )) can be used to define a symmetric bilinear form for complex polynomials as in (2), the so called symmetric P -form. It is a Hankel-form, i.e. (zP (z), Q(z))_s = (P (z), zQ(z))_s holds for any P (z), Q(z) ∈ C [z], and it has the following interesting property.

Theorem 1 Let P ∈ C [z] of degree n > 2, Q ∈ C [z] and nonconstant and (·, ·)_s defined by (2), then (z^i, Q(z))_s { = 0 ≠ 0 for i = 0(1)k − 1 if i = k =⇒ (z^i, Q(P (z)))_s { = 0 ≠ 0 for i = 0(1)kn − 1 if i = kn holds for any k ∈ N.

Proof Let μ = μ_ℓ(J(P )). Let l and m be any integers such that 0 6 l < n and 0 6 m < k, and f : C → C : z → z^mQ(z). μ having a bounded support, it follows that f ∈ L^1(μ). So lemma 1 is applicable to f. It asserts that ∫ z^lf(P (z)) dμ(z) = s_l n ∫ f(z) dμ(z), that is to say, ∫ z^l(P (z))^mQ(P (z)) dμ(z) = s_l n ∫ z^mQ(z) dμ(z) The right-hand side of this equation vanishes because of the premise of the theorem. Since {z^l(P (z))^m}_{l=0(1)n−1,m=0(1)k−1} spans the space of complex polynomials of degree less than n − 1 + (k − 1)n + 1 = kn, the first part of the theorem is established. An analogue argument choosing l = 0 and m = k, in conjunction with the first part, proves the second part of the theorem. 2

This theorem can be used to prove inductively the orthogonality relation mentioned in the introduction ([1, theorem 3 p. 383] for the monic case and [12, corollary 3.5 p. 77-78] for the general one).

Corollary 1 Let P : C → C : z → ∑n i=0 p_iz^i be of degree n > 2 and (·, ·)_s be defined by (2), then (z^i, P^{∘k}(z) + p_{n−1} np_n )_s = 0 for i = 0(1)n^k − 1

holds for any k ∈ N.

We notice that theorem 1 does not only hold for symmetric P -forms, although in the proof given we make use of lemma 1, which is typical for symmetric P -forms. In fact, another argument can be given for theorem 1, that establishes it for a class of symmetric bilinear forms associated to P , containing the symmetric P -form. In this more general context, corollary 1 reads

(z^i, P^{∘k}(z) − μ_1) = 0 for i = 0(1)n^k − 1

for any k ∈ N, where (·, ·) represents the symmetric bilinear form and μ_1 = (z, 1). We refer to [6, p. 505] and [9, p. 318] for the definition of these symmetric bilinear forms (using line integrals in the complex plane), to [6, theorem 13 and 14 p. 521–522] and [9, p. 322] for the argument and to [12, theorem 3.2 p. 76–77] and [10, theorem 6 p. 302– 303] for the relation with symmetric bilinear forms defined analogously to the symmetric P -form (using integrals with respect to a measure).

3 Block orthogonal systems

In this section we introduce the notion of a block orthogonal system for a general symmetric bilinear form and subsequently we shall give some specific properties for the Hankel case. In the next section we shall apply this to symmetric P -forms.

3.1 A general symmetric bilinear form

Consider a symmetric bilinear form (·, ·) : C [z] × C [z] → C , and its moment matrix M = [(z^i, z^j)]^∞_{i,j=0}. As M is not guaranteed to be strongly regular, an orthogonal system for (·, ·) may not exist. Indeed, if the leading submatrix of dimension ν × ν of M, denoted by M_{ν×ν} is singular, an orthogonal polynomial of degree ν does not exist, or it is not determined up to a multiplicative scalar. What we do know for sure, is that there is a polynomial of degree ν orthogonal to all polynomials of degree less than μ, where M_{μ×μ} is the largest regular leading submatrix of M_{ν×ν} . This property can be used to define a generalization of an orthogonal system, that reduces to the latter one if M is strongly regular, but that always exists. We call it a block orthogonal system for reasons that will become apparent from the sequel.

Definition 1 (block orthogonal system and its block structure) Let (·, ·) : C [z] × C [z] → C be a symmetric bilinear form and M = [(z^i, z^j)]^∞_{i,j=0} its moment matrix. By (ν_k)^B_{k=0} we denote the possibly terminating sequence of block indices of M, defined such that (M_{νk ×νk} )^{B−1}_{k=1} are the successive regular leading submatrices of M, ν_0 = 0 and ν_B = ∞ if the sequence is terminating.

A sequence (P_j(z))^∞_{j=0} of complex polynomials is called a block orthogonal system for (·, ·) iff P_j(z) is of degree j for any j ∈ N and

(z^i, P_j(z)) = 0 for i = 0(1)ν_k − 1 , j = ν_k(1)ν_{k+1} − 1 , k = 1(1)B − 1 (3)

The subsequence (P_j(z))^{νk+1−1}_{j=νk} is called the k-th block of the block orthogonal system

(0 6 k < B). It contains ℓk+1 , νk+1 − νk polynomials of successive degree.

The relations (3) say that the polynomials of a block have to be orthogonal to those of the previous blocks. It can be interpreted in terms of matrices as follows. Let R be the upper triangular matrix such that

(P_j(z))^∞_{j=0} = j∑ i=0 R_{ij}z^i ∞

j=0 ,

then D , R^T MR is a block diagonal matrix D = diag(D_i)^B_{i=1}, where dim(D_i) = ℓ_i × ℓ_i. If M is strongly regular, D becomes scalar diagonal.

3.2 A Hankel-form

If (·, ·) is a Hankel-form, or equivalently, if M is a Hankel-matrix, then the following theorem can be used to determine the structure of the blocks of any block orthogonal system for (·, ·).

Theorem 2 Let (·, ·) : C [z]×C [z] → C be a bilinear form with Hankel-structured moment matrix M. If ν_k is a block index of M and P (z) ∈ C [z] is an orthogonal polynomial of degree ν_k, then ν_{k+1} = ν + 1, where ν = { min{i ∈ N | (z^i, P (z)) ≠ 0} if the set considered is not empty ∞ otherwise.

Proof Let R be any upper triangular matrix of dimension (ν + 1) × (ν + 1) such that R_{νk×νk} is regular and j∑ i=0 R_{ij}z^i ν

j=ν_k = (z^{j−νk} P (z))^ν_{j=νk} . Because of the Hankel structure of M, z^{j−νk} P (z) is orthogonal to all polynomials of degree less than ν_k for j = ν_k(1)ν, so that D , R^T MR = diag(R^T_{νk ×νk} Mν_k ×ν_k Rν_k ×ν_k , D^⋆). Since M_{νk ×νk} and R_{νk ×νk} are regular, this implies that M_{j×j} is regular iff D^⋆_{(j−νk )×(j−νk )} is regular, for j = ν_k +1(1)ν +1. Moreover D^⋆ is a regular lower triangular Hankel matrix if ν is finite, and D^⋆ = 0 if ν is infinite. It follows that ν_{k+1} = ν + 1 in both cases. 2

On account of the regular right lower triangular structure of the matrix D^⋆ used in the previous proof, the next corollary can be established [7, property 1.14 p. 41-43].

Corollary 2 An orthogonal polynomial of degree i exists iff there is a block index ν_k satisfying ν_k 6 i < ν_k + ⌈ℓ_{k+1}/2⌉. An orthonormal polynomial of degree i exists iff there is a block index ν_k satisfying i = ν_k +^{ℓk+1−1}_2 .

Based on the relation between orthogonal polynomials and Padé approximants to the generating function g(z) , ∑_∞ i=1 μ_i z^i of the moments μi , (z

i, 1) [8, paragraph 1], the first part of corollary 2 can be rephrased as stating that the Padé approximant to g(z) of order [ i−1 i ] around ∞ exists iff there is a block index ν_k satisfying ν_k 6 i < ν_k + ⌈ℓ_{k+1}/2⌉.

The specific block structure used in the proof of theorem 2, can also be used to derive a three term recurrence relation between the first polynomials of successive blocks of the system [7, theorem 1.5 p. 54-67]. These polynomials are called regularly orthogonal, because they are orthogonal polynomials uniquely determined up to a multiplicative scalar: the coefficient matrices determining their coefficients as a function of the highest order coefficient are regular.

Theorem 3 Let (P_i(z))^∞_{i=0} be a block orthogonal system for the Hankel-form (·, ·) : C [z]×

C [z] → C . For any integer k satisfying 0 6 k < B − 1, there exist a polynomial ck+1(z) ∈ C [z] of degree ℓk+1 and a constant bk+1, such that

P_{νk+1} (z) = c_{k+1}(z)P_{νk} (z) + b_{k+1}P_{νk−1} (z), (4)

where P_{ν−1} (z) ≡ 0.

Proof Let (Q_i(z))^∞_{i=0} = ((z^jP_{νk} (z))^{ℓk+1−1}_{j=0} )^{B−1}_{k=0} . From the proof of theorem 2, we know that (Q_i(z))^∞_{i=0} is also a block orthogonal system for (·, ·). Let k be any integer satisfying 0 6 k < B − 1. Theorem 2 itself implies that

(Q_i(z), z^{ℓk+1} P_{νk} (z)) = 0 for i = 0(1)ν_k − 2 (Q_i(z), P_{νk−1} (z)) = 0 for i = 0(1)ν_k − 2 (Q_i(z), P_{νk−1} (z)) ≠ 0 if i = ν_k − 1.

Therefore, we can choose

b_{k+1} = − (z^{νk+1 −1}, P_{νk} (z)) (z^{νk −1}, P_{νk−1} (z)) , such that (Q_i(z), z^{ℓk+1} P_{νk} (z) + b_{k+1}P_{νk−1} (z)) = 0 for i = 0(1)ν_k − 1.

Because (Q_i(z))^∞_{i=0} is a block orthogonal system for (·, ·),

(Q_i(z), ν_{k+1}−1 ∑ j=ν_k γ_jQ_j(z)) = 0 for i = 0(1)ν_k − 1

and hence also

(Q_i(z), z^{ℓk+1} P_{νk} (z) + b_{k+1}P_{νk−1} (z) +

ν_{k+1}−1 ∑ j=ν_k γ_jQ_j(z)) = 0 for i = 0(1)ν_k − 1 (5)

holds for any choice of c , [γ_j]^{νk+1−1}_{j=νk} ∈ C^{ℓk+1 ×1}.

Because of the same reason, [(Q_i(z), Q_j(z))]^{νk+1−1}_{i,j=νk} is a regular matrix, which implies that there is a (unique) c that makes (5) also hold for i = ν_k(1)ν_{k+1} − 1. This means that the second argument of (·, ·) in (5) is an orthogonal polynomial of degree ν_{k+1}. As it is determined up to a multiplicative scalar, the theorem follows because of the particular choice Q_j(z) = z^{j−νk} P_{νk} (z) for j = ν_k(1)ν_{k+1} − 1. 2

There is a connection between (4) and the following three term relation, which is a generalization of [6, theorem 3 p. 512]. For any k, l, m ∈ N satisfying k < l < m and an orthogonal system (P_i)^∞_{i=0} for a Hankel-form, there exist α_{k,l,m}(z), β_{k,l,m}(z), γ_{k,l,m}(z) ∈

C [z] of degree l − k − 1, m − k − 1 and m − l − 1 respectively, such that α_{k,l,m}(z)P_m(z) = β_{k,l,m}(z)P_l(z) + γ_{k,l,m}(z)P_k(z). (6) Using the techniques of [6, appendix p. 526–527] (6) can be established for some block orthogonal system of any symmetric P -form, even if the moment matrix M is not strongly regular. The polynomials α_{k,l,m}(z), β_{k,l,m}(z) and γ_{k,l,m}(z) turn out to have polynomial coefficients in the coefficients of P and need not be of strict degree if M is not strongly regular. When applied to successive regularly orthogonal polynomials, (6) reduces to (4). A detailed analysis is beyond the scope of this article.

If M is strongly regular, (4) comes to the ordinary three term recurrence relation between orthogonal polynomials of successive degree.

4 Block orthogonal systems for symmetric P -forms

We now investigate the orthogonality properties for symmetric P -forms whose moment matrix M is not strongly regular, using the concept of a block orthogonal system. We can distinguish between two cases, both of which we shall illustrate by an example. As to the choice of these examples, we can make use of [6, theorem 17 p. 525], which is based on [5, p. 136–137]. Interpreted in our terms, this theorem states that a sufficient condition for M not being strongly regular for a polynomial P (z) = z^2 + c, is that P has a superstable cycle, say of order k, or equivalently, that P^{∘k}(0) = 0. Moreover, we know that in that case the block index of the first block containing more than one polynomial, is less than 2^k and odd. Solving P^{∘k}(0) = 0 yields P (z) = z^2 for k = 1 and P (z) = z^2 − 1 (and P (z) = z^2) for k = 2. These two polynomials give rise to two different types of block orthogonal systems.

1. The first is the one where an orthogonal system still exists, although M is not strongly regular. Corollary 2 implies that in this case all orthogonal polynomials up to a certain degree ν are unique apart from a multiplicative scalar, whereas all others are not. In terms of the proof of theorem 2, we are in the case where D^⋆ = 0 for ν_k = ν. It is therefore easy to see that any polynomial of degree at least ν of a block orthogonal system, is orthogonal to any other polynomial. It follows that the concepts of orthogonal system and that of block orthogonal system coincide. This situation is illustrated by P (z) = z^2.

2. In the second case, there is no orthogonal system, because for at least one degree, there is no orthogonal polynomial of that degree. It is illustrated by P (z) = z^2 − 1.

4.1 The case P (z) = z^2

The Julia set of P (z) = z^2 is the unit circle C_1 and μ , μ_ℓ(J(P )) is the uniform Borel probability measure on C_1. Hence all moments of μ of positive order vanish, since

μ_i = ∫ z^i dμ(z) = ∮ C_1 z^iz^{−1} dz = ∮ C_1 z^{i−1} dz = 0 for any positive integer i, whereas μ_0 = 1 because μ is a probability measure. So M contains only one nonzero entry, the left upper one, and therefore has only one regular leading submatrix, the one of dimension 1 × 1. Consequently, each block orthogonal system consists of two blocks, the first of which contains a single nonvanishing constant polynomial and the other one all nonconstant polynomials of the system. The polynomials of the second block are orthogonal to any other polynomial and can be any polynomial of the correct degree without a constant term. Indeed, any two polynomials at least one of which does not have a constant term, are orthogonal to each other. The recurrence relation (4) degenerates into one single relation.

4.2 The case P (z) = z^2 � 1

In the sequel, we shall need the following results on the moments of μ , μ_ℓ(J(z^2 − 1)).

Lemma 2 Let μ = μ_ℓ(J(z^2−1)). All moments of μ of odd order vanish, and μ_0 = μ_2 = 1.

Proof That all moments of odd order vanish can be proved inductively using lemma 1, stating that ∫ z(P (z))^i dμ(z) = 0 for i ∈ N.

μ_0 = 1 because μ is a probability measure, whereas

μ_2 = ∫ z^2 dμ(z) = ∫ (P (z) + 1) dμ(z) = ∫ z dμ(z) + ∫ 1 dμ(z) = μ_1 + μ_0 = 1

because of lemma 1. 2

It follows that all regularly orthogonal polynomials of a block orthogonal system are even or odd.

As to the structure of the blocks of a block orthogonal system, we know by corollary 1 that the iterates of P (z) are orthogonal polynomials. Moreover, another application of lemma 1 yields that their norm equals μ_2. This moment being nonvanishing according to the previous lemma, corollary 2 implies that to each iterate of P (z), say P^{∘k}(z), there is a corresponding block containing a polynomial of degree deg(P^{∘k}(z)) = 2^k in the middle. The next theorem asserts that there are no other blocks.

Theorem 4 Let (P_i(z))^∞_{i=0} be a block orthogonal system of monic polynomials for the symmetric P -form with P (z) = z^2 − 1. Then

ν_0 = 0, ℓ_1 = 1, P_{ν0} (z) ≡ 1 ν_1 = 1, ℓ_2 = 1, P_{ν1} (z) = z ν_{2k} = 2ν_{2k−1}, ℓ_{2k+1} = ν_{2k} − 1, P_{ν2k} (z) = P_{ν2k−1} (P (z)) ν_{2k+1} = 2ν_{2k} − 1, ℓ_{2k+2} = ν_{2k+1}, P_{ν2k+1} (z) =^{Pν2k (P (z))}_z

for any positive integer k.

Proof We also prove that P_{ν2k} (−1) = 0 and P_{ν2k+1} (0) = 0 for any positive integer k. The proof is by induction on the subscript l of the block index ν_l. The basic steps for l = 0, 1, 2 and 3 can be easily verified. We establish the induction step seperately for l even and odd.

• l = 2k (1 < k ∈ N)

ν_{2k} , ν_{2k−1} + ℓ_{2k} = ν_{2k−1} + ν_{2k−1} = 2ν_{2k−1} P_{ν2k−1} (P (z)) is a monic polynomial of degree 2ν_{2k−1} = ν_{2k} and because of theorems 1 and 2

(z^i, P_{ν2k−1} (P (z))) = 0 for i = 0(1)2(ν_{2k−1} + ℓ_{2k} − 1) − 1 ≠ 0 if i = 2(ν_{2k−1} + ℓ_{2k} − 1).

Since 2(ν_{2k−1} +ℓ_{2k} − 1) = ν_{2k} +(2ℓ_{2k} − 1) − 1, it follows that P_{ν2k} (z) = P_{ν2k−1} (P (z)) and that ℓ_{2k+1} = 2ℓ_{2k} − 1 = 2ν_{2k−1} − 1 = ν_{2k} − 1. P_{ν2k} (−1) = P_{ν2k−1} (P (−1)) = P_{ν2k−1} (0) = 0.

• l = 2k + 1 (1 < k ∈ N)

ν_{2k+1} , ν_{2k} + ℓ_{2k+1} = ν_{2k} + ν_{2k} − 1 = 2ν_{2k} − 1 P_{ν2k} (P (z)) is a monic polynomial of degree 2ν_{2k} and is divisible by z as P_{ν2k} (P (z))|_{z=0} = P_{ν2k} (−1) = 0. So^{Pν2k (P (z))}_z is a monic polynomial of degree 2ν_{2k} − 1 = ν_{2k+1}. Moreover,

(z^i,^{Pν2k (P (z))}_z ) = 0 for i = 0(1)2(ν_{2k} + ℓ_{2k+1} − 1) ≠ 0 if i = 2(ν_{2k} + ℓ_{2k+1} − 1) + 1.

For i = 1(1)2(ν_{2k} + ℓ_{2k+1} − 1) + 1 this is a consequence of theorems 1 and 2 applied to (z^{i−1}, P_{ν2k} (P (z))) = (z^i,^{Pν2k (P (z))}_z ), whereas for i = 0 the result holds because^{Pν2k (P (z))}_z is odd and all moments of μ_ℓ(J(z^2 −1)) of odd order vanish. Since 2(ν_{2k} +ℓ_{2k+1} −1)+1 = ν_{2k+1} +(2ℓ_{2k+1} +1)−1, it follows that P_{ν2k+1} (z) =^{Pν2k (P (z))}_z and that ℓ_{2k+2} = 2ℓ_{2k+1} + 1 = 2(ν_{2k} − 1) + 1 = ν_{2k+1}. P_{ν2k+1} (0) = 0, because P_{ν2k+1} (z) is odd. 2 An explicit expression for the block indices is ν_0 = 0 and ν_k = ⌈2^k/3⌉ for any positive integer k.

Using the previous theorem, we can determine the coefficients occurring in the three term recurrence relation (4) between the regularly orthogonal polynomials of a block orthogonal system consisting of monic polynomials.

Theorem 5 Let (P_i(z))^∞_{i=0} be a block orthogonal system of monic polynomials for the symmetric P -form with P (z) = z^2 − 1. Then

∀ k ∈ N : P_{νk+1} (z) = c_{k+1}(z)P_{νk} (z) − P_{νk−1} (z), where

P_{ν−1} (z) ≡ 0 c_1(z) = c_2(z) = z

c_{k+1}(z) =

∏_{⌊(}k_{+1)}/_{2⌋}

i=2 P^{∘(k+1−2i)}(z) ∏_⌊k/_{2⌋} i=2 P^{∘(k−2i)}(z) P^{∘(k−2)}(z) for 1 < k ∈ N

The proof is by induction on k

In the same way, the following relation between the regularly orthogonal polynomials and the iterates of P (z) occurring in the same block, can be established.

Theorem 6 Let (P_i(z))^∞_{i=0} be a block orthogonal system of monic polynomials for the symmetric P -form with P (z) = z^2 − 1. Then

∀ k ∈ N : P^{∘k}(z) = ⌊k/2⌋∏ i=1 P^{∘(k−2i)}(z) · P_{νk+1} (z) The recurrence relation between the iterates of P (z) that results from the two previous theorems, reads

P^{∘(k+1)}(z) = [ P^{∘(k−1)}(z) ]_2 P^{∘k}(z) − [ P^{∘(k−1)}(z) ]_2 , for any k ∈ N \ {0, 1}, which is no longer linear and quite obvious, since

P^{∘(k+1)}(z) = P (P^{∘k}(z)) = [ P^{∘k}(z) ]_2 − 1 = [ P^{∘k}(z) + 1 ] [ P^{∘k}(z) − 1 ]

= [ P^{∘(k−1)}(z) ]_2 [ P^{∘k}(z) − 1 ]

= [ P^{∘(k−1)}(z) ]_2 P^{∘k}(z) − [ P^{∘(k−1)}(z) ]_2 . References

[1] Michael Barnsley, Jeffrey Geronimo, and A. Harrington. Orthogonal polynomials associated with invariant measures on Julia sets. Bulletin of the American Mathematical Society, 7(2):381–384, 1982.

[2] Michael Barnsley, Jeffrey Geronimo, and A. Harrington. Geometry, electrostatic measure and orthogonal polynomials on Julia sets for polynomials. Ergodic Theory and Dynamical Systems, 3:509–520, 1983.

[3] Daniel Bessis. Orthogonal polynomials, Padé approximations and Julia sets. In Paul Nevai, editor, Orthogonal polynomials, pages 55–97, Dordrecht, 1990. NATO, Kluwer Academic Publishers.

[4] Daniel Bessis, Jeffrey Geronimo, and Pierre Moussa. Function weighted measures and orthogonal polynomials on Julia sets. Constructive Approximation, 4:157–173, 1988.

[5] Daniel Bessis, M. Mehta, and Pierre Moussa. Orthogonal polynomials on a family of Cantor sets and the problem of iterations of quadratic mappings. Letters in Mathematical Physics, 6:123–140, 1982.

[6] Daniel Bessis and Pierre Moussa. Orthogonality properties of iterated polynomial mappings. Communications in Mathematical Physics, 88:503–529, 1983.

[7] André Draux. Polynômes orthogonaux formels - Applications, volume 974 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1983.

[8] Martin Gutknecht. A completed theory of the unsymmetric Lanczos process and related algorithms, part I. SIAM Matrix analysis and applications, 13:594–639, 1992.

[9] Pierre Moussa. Itération de polynômes et propriétés d’orthogonalité. Annales de l’Insititut Henri Poincaré - Physique Théorique, 44(3):315–325, 1986.

[10] Pierre Moussa. Application of rational approximations to some functional equations.

In Rational approximation and its applications in mathematics and physics, Berlin, 1987. Springer-Verlag.

[11] Tom Pitcher and John Kinney. Some connections between ergodic theory and the iteration of polynomials. Arkiv för Matematik, 8(4):25–32, 1968.

[12] Dieter van Melkebeek. Orthogonaliteitsbetrekingen tussen de iteraties van een complexe veelterm (orthogonality relations between the iterates of a complex polynomial). Master’s thesis, Department of Computer Science, K.U.Leuven, July 1991. In Dutch.