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tProbabilisti
 relational models (PRMs) are a language for des
ribingstatisti
al models over typed relational domains. A PRM models the un-
ertainty over the attributes of obje
ts in the domain and un
ertainty overthe relations between the obje
ts. The model spe
i�es, for ea
h attribute ofan obje
t, its (probabilisti
) dependen
e on other attributes of that obje
tand on attributes of related obje
ts. The dependen
e model is de�ned atthe level of 
lasses of obje
ts. The 
lass dependen
e model is instantiatedfor any obje
t in the 
lass, as appropriate to the parti
ular 
ontext of theobje
t (i.e., the relations between this obje
ts and others). PRMs 
an alsorepresent un
ertainty over the relational stru
ture itself, e.g., by spe
ifyinga (
lass-level) probability that two obje
ts will be related to ea
h other.PRMs provide a foundation for dealing with the noise and un
ertainty en-
ountered in most real-world domains. In this 
hapter, we show that the
ompa
t and natural representation of PRMs allows them to be learneddire
tly from an existing relational database using well-founded statisti-
al te
hniques. In this 
hapter, we give an introdu
tion to PRMs and anoverview of methods for learning them. We show that PRMs provide anew framework for relational data mining, and o�er new 
hallenges for theendeavor of learning relational models for real-world domains.1.1 Introdu
tionRelational models are the most 
ommon representation of stru
tured data.Enterprise business information, marketing and sales data, medi
al re
ords,and s
ienti�
 datasets are all stored in relational databases. E�orts to extra
tknowledge from partially stru
tured (e.g., XML) or even raw text data alsoaim to extra
t relational information. Re
ently, there has been growing inter-est in extra
ting interesting statisti
al patterns from these huge amounts ofdata. These patterns provide a deeper understanding of the domain and therelationships in it. In addition, extra
ted patterns 
an be used for rea
hing
on
lusions about important attributes whose values may be unobserved.
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 graphi
al models, and parti
ularly Bayesian networks , havebeen shown to be a useful way of representing statisti
al patterns in real-world domains. Re
ent work [1.5, 1.11℄ develops te
hniques for learning thesemodels dire
tly from data, and shows that interesting patterns often emergein this learning pro
ess. However, all of these learning te
hniques apply onlyto 
at-�le representations of the data, and not to the ri
her relational dataen
ountered in many appli
ations. An obvious solution is to take a relationaldatabase and \
atten" it, 
reating a 
at �le on whi
h standard Bayesiannetwork learning algorithms 
an be run. As we dis
uss in Se
tion 1.7, thisapproa
h has several important short
omings.Probabilisti
 relational models (PRMs) are a re
ent development [1.15,1.20, 1.23℄ that extend the standard attribute-based Bayesian network rep-resentation to in
orporate a mu
h ri
her relational stru
ture. These modelsallow the spe
i�
ation of a probability model for 
lasses of obje
ts ratherthan simple attributes; they also allow properties of an entity to dependprobabilisti
ally on properties of other related entities. The probabilisti
 
lassmodel represents a generi
 dependen
e, whi
h is then instantiated for spe
i�

ir
umstan
es, i.e., for parti
ular sets of entities and relations between them.We have developed methods for learning PRMs dire
tly from stru
tureddata su
h as relational databases. The two key tasks in the 
onstru
tion ofany statisti
al model are model sele
tion and parameter estimation. We havedeveloped algorithms for ea
h of these tasks. These algorithms are based onthe same underlying prin
iples that govern the learning of Bayesian networks.A learned PRM provides a statisti
al model that 
an un
over and dis
overmany interesting probabilisti
 dependen
ies that hold in a domain. Unlike aset of (probabilisti
) rules for 
lassi�
ation, PRMs spe
ify a joint distributionover a relational domain. Thus, like Bayesian networks, they 
an be used foranswering queries about any aspe
t of the domain given any set of obser-vations. Furthermore, rather than trying to predi
t one parti
ular attribute,the PRM learning algorithm attempts to tease out the most signi�
ant di-re
t dependen
ies in the data. The resulting model thus provides a high-level,qualitative pi
ture of the stru
ture of the domain, in addition to the quanti-tative information provided by the probability distribution. Thus, PRMs areideally suited to exploratory analysis of a domain and relational data mining.This 
hapter is stru
tured as follows. We begin by brie
y surveying someof the foundations on whi
h PRMs are built: In the next two se
tions, we pro-vide some basi
 ba
kground on probabilisti
 models and relational models.In Se
tion 1.4, we de�ne PRMs and give their semanti
s. In Se
tion 1.5 wedes
ribe how to learn a PRM from an existing database. In Se
tion 1.6 we de-s
ribe experimental results for several real-world domains. We 
on
lude witha dis
ussion of related work and brie
y mention some promising dire
tionsfor future work.
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 modelsThe traditional logi
-based approa
h to representing knowledge is to writedown a knowledge base in the form of logi
al axioms about the domain.The knowledge base restri
ts the set of possible worlds, or models, to those
onsistent with the axioms. Additional fa
ts | those that are true in all ofthese possible worlds | are logi
ally entailed by the knowledge base.In a standard logi
al framework, we are restri
ted to representing onlyfa
ts that are true absolutely. Thus, this framework is unable to representand reason with un
ertain and noisy information. This is a signi�
ant gapin the expressive power of the framework, and a major barrier to its use inmany real-world appli
ations. Un
ertainty is unavoidable in the real world:our information is often ina

urate and always in
omplete, and only a fewof the \rules" that we use for reasoning are true in all (or even most) of thepossible 
ases.This limitation, whi
h is 
riti
al in many domains (e.g., medi
al diagno-sis), has led over the last de
ade to the resurgen
e of probabilisti
 reasoningin arti�
ial intelligen
e. Probability theory models un
ertainty by assigning aprobability to ea
h of the states of the world that an agent 
onsiders possible.Most 
ommonly in probabilisti
 reasoning, these states are the set of possibleassignments of values to a set of attributes or random variables. Consider,for example, a simple model of the performan
e of a student in a 
ourse.There are six random variables: Intelligen
e, DiÆ
ulty (of the 
ourse), GoodTest Taker , Understands Material , Exam Grade and Homework Grade. Ofthese variables, Intelligen
e, Good Test Taker , and Understands Materialare boolean variables, DiÆ
ulty takes values from flow, medium, highg, andExam Grade and Homework Grade take values from fA;B;C;D;Fg. Thepossible worlds are all possible assignments of values to these variables, 600(2� 2� 2� 3� 5� 5) in this 
ase.A probabilisti
 model spe
i�es a joint distribution over all possible worlds.Thus, it spe
i�es impli
itly the probability of any event, su
h as an assign-ment of values to some subset of variables. Unlike many models, su
h as a setof rules used for predi
ting some parti
ular attribute, a probabilisti
 modelis not limited to 
on
lusions about a prespe
i�ed set of attributes, but rather
an be used to answer queries about any variable or subset of variables. Nordoes it require that the values of all other variables be given; it applies inthe presen
e of any eviden
e. For example, a probabilisti
 model of a stu-dent's performan
e 
an be used to predi
t the distribution over the student'sexam grade given his intelligen
e. As new eviden
e is obtained, e.g., abouthis homework grade, 
onditioning 
an be used to update this probability, sothat the probability of a high exam grade will go up if we observe good home-work grades. The same model is used to do the predi
tive and the evidentialreasoning.Furthermore, a probabilisti
 model 
an perform explaining away , a rea-soning pattern that is very 
ommon in human reasoning, but very diÆ
ult to



10 Getoor, Friedman, Koller and Pfe�erobtain in other formal frameworks. Explaining away uses eviden
e support-ing one 
ause to de
rease the probability in another, not be
ause the two arein
ompatible, but simply be
ause the one 
ause explains away the eviden
e,removing the support for the other 
ause. For example, if we observe that thestudent's exam grade is high, our belief that she is intelligent will go up. Ifwe then hear that the 
lass is known to be easy, that fa
t provides an alter-native explanation for the student's high grade, redu
ing our belief that sheis intelligent. The same probabilisti
 model supports all of these reasoningpatterns, allowing it to be used in many di�erent tasks.The traditional obje
tion to probabilisti
 models has been their 
ompu-tational 
ost. A 
omplete joint probability distribution over a set of randomvariables must spe
ify a probability for ea
h of the exponentially many dif-ferent instantiations of the set. Even in our very simple example, we mustspe
ify 600 numbers to spe
ify the joint distribution. This type of represen-tation is impra
ti
al both from a knowledge engineering perspe
tive, sin
eit is almost impossible for a person to spe
ify an entry in a 
omplex jointdistribution, far less to spe
ify an exponential number of them, and from areasoning perspe
tive, sin
e any 
omputation requires us to enumerate anexponential number of events.Therefore, a naive representation of the joint distribution is infeasible forall but the simplest domains. Bayesian networks [1.21℄ use the underlyingstru
ture of the domain to over
ome this problem. The key insight is thelo
ality of in
uen
e present in many real-world domains: ea
h variable is di-re
tly in
uen
ed by only a few others. For example, a student's intelligen
eindu
es a better understanding of the material, whi
h in turns leads to ahigher homework grade. But the e�e
t of intelligen
e on homework grade isan indire
t one: if the student does not understand the material, her intelli-gen
e does not help her get better grades. A Bayesian network 
aptures thisinsight graphi
ally; it represents the distribution as a dire
ted a
y
li
 graphwhose nodes represent the random variables and whose edges represent dire
tdependen
ies. Figure 1.1 shows a Bayesian network for our simple studentdomain.A Bayesian network has formal semanti
s in terms of probabilisti
 
ondi-tional independen
e. Formally, the network asserts that ea
h node (or ratherthe random variable) is 
onditionally independent of its non-des
endantsgiven values for its parents. For example, if we know that the student doesnot understand the material, our distribution over her grades is no longerin
uen
ed by information that we might have about her intelligen
e.These 
onditional independen
e assumptions allow a very 
on
ise repre-sentation of the joint probability distribution over these random variables: weasso
iate with ea
h node a 
onditional probability distribution (CPD), whi
hspe
i�es for ea
h node X the probability distribution over the values of Xgiven ea
h 
ombination of values for its parents, denoted Pa(X). The 
on-ditional independen
e assumptions asso
iated with the Bayesian networks
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0.15P (I;D; G; U;E;H) = P (I)P (D)P (G j I)P (U j I;D)P (E j G;U)P (H j U)Fig. 1.1. A simple Bayesian network for the student performan
e domain, thede
omposition of the joint distribution into a produ
t of CPDs, and the CPD forone of the nodes in the networkimply that these numbers suÆ
e to uniquely determine the probability dis-tribution over these random variables. More pre
isely, the joint distributionover all variables 
an be fa
torized into a produ
t of the CPDs of all thevariables via the Chain Rule for Bayesian Networks :P (X1; : : : ; Xn) = nYi=1P (Xi j Pa(Xi)):Consider the Bayesian network for our student performan
e domain (Fig-ure 1.1). In this model, the student's performan
e in tests depends on herintelligen
e. depends both on her intelligen
e and on the diÆ
ulty of the
lass. Her exam grade depends on whether she is a good test taker, and onher understanding of the material, while her homework grade depends on herunderstanding of the material. The stru
ture of the network en
odes a num-ber of 
onditional independen
e assertions. For example, the student's examgrade is 
onditionally independent of her intelligen
e given her test takingability and understanding of the material.These independen
e assumptions allow us to fa
tor the joint distributioninto a produ
t form as shown in Figure 1.1. Ea
h of the 
onditional probabili-ties in this produ
t form is a CPD of one of the variables. In this example, theCPD is simply a table, su
h as the one shown for P (E j G;U) in the �gure.This CPD shows that if a student is a good test taker and understands thematerial, then she has probability 0.7 of getting an A on the exam, whereasif the student is a bad test taker and does not understand the material, herprobability of getting an A is only 0.05.Bayesian networks provide a 
ompa
t representation of 
omplex jointdistributions. By modeling an entire joint distribution, Bayesian networksimpli
itly spe
ify the answer to any probability query, in parti
ular, anyquery where we want to �nd the probability distribution over some variablesgiven eviden
e about any others. In theory, the problem of doing inferen
e



12 Getoor, Friedman, Koller and Pfe�erin Bayesian networks is NP-hard [1.4℄. However, the dependen
y stru
turemade expli
it by the network representation 
an be exploited by inferen
ealgorithms, allowing for eÆ
ient inferen
e in pra
ti
e, even for very largenetworks.The semanti
s and 
ompa
t representation of Bayesian networks also al-low e�e
tive statisti
al learning from data. Standard statisti
al parameterestimation te
hniques 
an be used for learning the parameters of a givennetwork. For learning the stru
ture of the network, typi
al approa
hes use as
ore fun
tion (whi
h is typi
ally based on Bayesian 
onsiderations) to s
orehow di�erent stru
tures \mat
h" the training data. The learning pro
essthen redu
es to the task of sear
hing for the highest s
oring stru
ture [1.11℄.These te
hniques allow a Bayesian network stru
ture to be dis
overed fromdata. The learned stru
ture 
an often give us insight about the nature of the
onne
tions between the variables in the domain. Furthermore, the graphstru
ture 
an sometimes be interpreted 
ausally [1.24℄, allowing us to indu
e
ause and e�e
t, whi
h 
an be very useful for understanding our domain,and to rea
h 
on
lusions about the 
onsequen
es of intervening (a
ting) inthe domain. Statisti
al learning te
hniques are also robust to the presen
e ofmissing data and hidden variables. Te
hniques su
h as EM (expe
tation max-imization) 
an be used to deal with this issue in the 
ontext of parameterestimation [1.16℄ and have re
ently been generalized to the harder problemof stru
ture sele
tion [1.7℄.Bayesian network learning has been applied su

essfully to data miningappli
ations. For example, Breese et al. [1.2℄ show how a Bayesian network
an be learned from data des
ribing people's preferen
es over a variety ofitems. The learned dependen
ies 
orrespond to 
orrelations between a per-son's preferen
e for di�erent items. The resulting Bayesian network 
an beused for 
ollaborative �ltering, and is a better predi
tor than the standardapproa
hes to this task. In addition to their predi
tive ability, Bayesian net-works have the advantage that they provide a visualization of the most sig-ni�
ant dire
t 
orrelations in the domain, 
larifying the domain stru
ture tothe user.1.3 Relational modelsOver the last de
ade, Bayesian networks have been used with great su

essin a wide variety of real-world and resear
h appli
ations. However, despitetheir su

ess, Bayesian networks are often inadequate to properly model as-pe
ts of 
omplex relational domains. A Bayesian network for a given domaininvolves a prespe
i�ed set of random variables, whose relationship to ea
hother is �xed in advan
e. Hen
e, a Bayesian network 
annot be used to dealwith domains where we might en
ounter several entities in a variety of 
on-�gurations. This limitation of Bayesian networks is a dire
t 
onsequen
e ofthe fa
t that they la
k the 
on
ept of an \obje
t" (or domain entity). Hen
e,
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(a) (b)Fig. 1.2. (a) A relational s
hema for a simple university domain. The underlinedattributes are referen
e slots of the 
lass and the dashed lines indi
ate the typesof obje
ts referen
ed. (b) An example instan
e of this s
hema. Here we do notshow the referen
e slots, we use dashed lines to indi
ate the relationships that holdbetween obje
ts.they 
annot represent general prin
iples about multiple similar obje
ts whi
h
an then be applied in multiple 
ontexts.Relational logi
, whi
h has traditionally formed the basis for most large-s
ale knowledge representation systems, addresses these problems. The no-tions of \individuals", their properties, and the relations between them pro-vide an elegant and expressive framework for reasoning about many diversedomains. The use of quanti�
ation allows us to 
ompa
tly represent generalrules, that 
an be applied in many di�erent situations. For example, whenreasoning about geneti
 transmission of 
ertain properties (e.g., geneti
allytransmitted diseases), we 
an write down general rules that hold for all peopleand many properties.1Probabilisti
 relational models (PRMs) [1.15, 1.22℄ extend Bayesian net-works with the 
on
epts of individuals, their properties, and relations be-tween them. In a way, they are to Bayesian networks as relational logi
 isto propositional logi
. Bayesian networks have a formal semanti
s in termsof probability distributions over sets of propositional interpretations that areassignments of values to attributes. PRMs have a similar formal semanti
s interms of probability distributions over sets of relational logi
 interpretations.Our relational framework, on whi
h PRMs are based, is derived from thepresentation of Friedman et al. [1.8℄; it is motivated primarily by the 
on
eptsof relational databases, although some of the notation is derived from frame-based and obje
t-oriented systems. However, the framework is a fully generalone, and is equivalent to the standard vo
abulary and semanti
s of relationallogi
.1 See Chapter 1 and Chapter 3 in this volume for a more extensive dis
ussion ofthe advantages of relational representations.
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hema for a relational model des
ribes a set of 
lasses, X = fX1; : : : ; Xng.Ea
h 
lass is asso
iated with a set of des
riptive attributes and a set of refer-en
e slots. There is a dire
t mapping between our representation and that ofrelational databases. Ea
h 
lass 
orresponds to a single table. Our des
riptiveattributes 
orrespond to standard attributes in the table, and our referen
eslots 
orrespond to attributes that are foreign keys (key attributes of anothertable).Figure 1.2(a) shows a s
hema for a simple domain that we will be usingas our main running example. The domain is that of a university, and 
on-tains professors, students, 
ourses, and 
ourse registrations. The 
lasses inthe s
hema are Professor, Student, Course, and Registration.The set of des
riptive attributes of a 
lass X is denoted A(X). AttributeA of 
lass X is denoted X:A, and its spa
e of values is denoted V(X:A).We assume here that value spa
es are �nite. For example, the Student 
lasshas the des
riptive attributes Intelligen
e and Ranking . The value spa
e forStudent:Intelligen
e might be fhigh, lowg.The set of referen
e slots of a 
lass X is denoted R(X). We use a similarnotation, X:�, to denote the referen
e slot � of X . Ea
h referen
e slot � istyped, i.e., the s
hema spe
i�es the range type of obje
t that may be refer-en
ed. More formally, for ea
h � in X , the domain type Dom[�℄ is X and therange type Range[�℄ is Y for some 
lass Y in X . For example, the 
lass Coursehas referen
e slot Instru
tor with range type Professor, and 
lass Registrationhas referen
e slots Course and Student. In Figure 1.2(a) the referen
e slotsare underlined.For ea
h referen
e slot �, we 
an de�ne an inverse slot ��1, whi
h isinterpreted as the inverse fun
tion of �. For example, we 
an de�ne an inverseslot for the Student slot of Registration and 
all it Registered-In. Note thatthis is not a one-to-one relation, but returns a set of Registration obje
ts.Finally, we de�ne the notion of a slot 
hain, whi
h allows us to 
ompose slots,de�ning fun
tions from obje
ts to other obje
ts to whi
h they are indire
tlyrelated. More pre
isely, we de�ne a slot 
hain �1; : : : ; �k to be a sequen
eof slots (inverse or otherwise) su
h that for all i, Range[�i℄ = Dom[�i+1℄.For example, Student:Registered-In:Course:Instru
tor 
an be used to denotea student's set of instru
tors.An instan
e I of a s
hema is simply a standard relational logi
 interpreta-tion of this vo
abulary. It spe
i�es: a set of obje
ts x, partitioned into 
lasses;a value for ea
h attribute x:A (in the appropriate domain); and a value forea
h referen
e slot x:�, whi
h is an obje
t in the appropriate range type. Weuse A(x) as a shorthand for A(X), where x is of 
lass X . For ea
h obje
t x inthe instan
e and ea
h of its attributes A, we use Ix:A to denote the value ofx:A in I. For example, Figure 1.2(b) shows an instan
e of the s
hema fromour running example. In this (simple) instan
e there is one Professor, twoClasses, three Registrations, and two Students. The relations between themshow that the Professor is the instru
tor in both 
lasses, and that one stu-
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 Relational Models 15dent (\Jane Doe") is registered only for one 
lass (\Phil101"), while the otherstudent is registered for both 
lasses.1.4 Probabilisti
 relational modelsProbabilisti
 relational models are a new development that integrates thestrengths of probabilisti
 models and relational logi
. Several approa
hes havebeen proposed, some based on probabilisti
 logi
 programming [1.20, 1.23℄and others based on a more obje
t-relational framework [1.15℄. Our presen-tation is based on the ideas presented by Koller and Pfe�er [1.15℄ and followsthe presentation of [1.8℄. It also a

ommodates and generalizes the proba-bilisti
 logi
 programming approa
hes [1.20, 1.23℄.1.4.1 Basi
 languagePRMs provide a language for spe
ifying a probability distribution over a setof relational interpretations. More pre
isely, a PRM spe
i�es a distributionover a set of instan
es of a given s
hema. One might 
onsider PRMs thatspe
ify a distribution over all possible instan
es of the s
hema, i.e., all possibledatabases over that s
hema. This set of databases is in�nitely large, as itin
ludes all the possible variations over the number of obje
ts in ea
h 
lassand the possible relations between them. It is 
learly very diÆ
ult to pla
ea distribution over this type of spa
e, and it is not obvious that su
h ageneral-purpose distribution is useful. On the other hand, unlike in the 
aseof Bayesian networks, we want PRMs to be a general model, that 
an applyto a wide variety of situations. Hen
e, a PRM is a
tually a template: givena set of ground obje
ts, a PRM spe
i�es a probability distribution over aset of interpretations involving these obje
ts (and perhaps other obje
ts).We begin with des
ribing the simplest form of PRMs, where the relationalstru
ture of the model | the set of obje
ts and the relations between them| is assumed to be part of the input to the template. Only the attributes ofthe obje
ts parti
ipate in the probabilisti
 model. In Se
tion 1.8 we dis
usshow to extend this framework to mu
h ri
her settings.A relational skeleton � of a relational s
hema is a partial spe
i�
ation ofan instan
e of the s
hema. It spe
i�es the set of obje
ts for ea
h 
lass andthe relations that hold between the obje
ts. However, it leaves the values ofthe attributes unspe
i�ed. Figure 1.3(a) shows the relational skeleton of theinstan
e shown in Figure 1.2(b). A PRM spe
i�es a probability distributionsover 
ompletions I of any given skeleton. As we will show, for any skeletonfor the s
hema, the PRM indu
es a distribution over instan
es that 
ompletethe skeleton.A PRM spe
i�es the probability distribution using the same underlyingprin
iples used in spe
ifying Bayesian networks. The assumption is that ea
h
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hool domain. Here we knowonly the obje
ts in our domain and the relationships that hold between them.(b) A PRM stru
ture for the s
hool domain. Edges 
orrespond to probabilisti
dependen
y. Edges from one 
lass to another are routed through slot-
hains (
hainsof referen
es). For 
larity these are not expli
itly stated in the diagram (see text).of the random variables in the PRM | in this 
ase the attributes x:A ofthe individual obje
ts x | is dire
tly in
uen
ed by only a few others. ThePRM therefore de�nes for ea
h x:A a set of parents, whi
h are the dire
tin
uen
es on it, and a lo
al probabilisti
 model that spe
i�es the dependen
eon these parents. However, there are two primary di�eren
es between PRMsand Bayesian networks. First, a PRM de�nes the dependen
y model at the
lass level, allowing it to be used for any obje
t in the 
lass. In a sense, the
lass dependen
y model is universally quanti�ed and instantiated for everyelement in the 
lass domain. Se
ond, the PRM expli
itly uses the relationalstru
ture of the model, in that it allows the probabilisti
 model of an attributeof an obje
t to depend also on attributes of related obje
ts. The spe
i�
 setof related obje
ts 
an vary with the skeleton �; the PRM spe
i�es the depen-den
y in a generi
 enough way that it 
an apply to an arbitrary relationalstru
ture.A PRM 
onsists of two 
omponents: the qualitative dependen
y stru
-ture, S, and the set of parameters asso
iated with it, �S . Figure 1.3(b) showsan example PRM stru
ture for our s
hool domain. The dependen
y stru
tureis de�ned by asso
iating with ea
h attribute X:A a set of parents Pa(X:A).These 
orrespond to formal parents; they will be instantiated in di�erentways for di�erent obje
ts in X . Intuitively, the parents are attributes thatare \dire
t in
uen
es" on X:A. In Figure 1.3(b), the arrows de�ne the de-penden
y stru
ture.We distinguish between two types of formal parents. The attribute X:A
an depend on another probabilisti
 attribute B of X . This formal depen-den
e indu
es a 
orresponding dependen
y for individual obje
ts: for anyobje
t x in of 
lass X , x:A will depend probabilisti
ally on x:B. For ex-ample, in Figure 1.3(b), a professor's Popularity depends on her Tea
hing
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 Relational Models 17Ability . This dependen
y model is dupli
ated for ea
h professor in the skele-ton. Thus, we essentially assume that the same probabilisti
 model appliesto all the professors in our domain.In addition, an attribute X:A 
an also depend on attributes of related ob-je
ts X:�:B, where � is a slot 
hain. In Figure 1.3(b), the grade of a studentin a 
ourse, Registration.Grade, depends on Registration.Student .Intelligen
eand Registration.Course.DiÆ
ulty . The PRM language also allows us to uselonger slot 
hains, for example the dependen
e of Student.Satisfa
tion onRegistration.Course.Instru
tor .Tea
hing-Ability . Su
h slot 
hains are instan-tiated for ea
h obje
t by following the referen
es that are assigned to itby the skeleton. Thus, for example, for the registration obje
t #5639 , Reg-istration.Student .Intelligen
e referen
es Jane-Doe.Intelligen
e, and the slotRegistration.Course.DiÆ
ulty referen
es Phil101 .DiÆ
ulty .Our example PRM also 
ontains a dependen
e of Student.Ranking onStudent.Registered-In.Grade. Note that a student will typi
ally be registeredin several 
lasses; the model spe
i�es a dependen
e of the student's rankingon the grades that he re
eives in all of them. In general, x:� represents theset of obje
ts that are � -relatives of x. Ex
ept in 
ases where the slot 
hainis guaranteed to be single-valued, we must spe
ify the probabilisti
 depen-den
e of x:A on the multiset fy:B : y 2 x:�g. This dependen
e poses arepresentational problem, sin
e we need to spe
ify the distribution of x:Agiven a multiset of values of size 1, 2, 3, and so on. It is 
learly impra
ti
al toto provide a dependen
y model for ea
h of the unboundedly many possiblemultiset sizes.The notion of aggregation from database theory gives us an appropriatetool to address this issue. The dependen
e of x:A on x:�:B, is interpretedas a probabilisti
 dependen
e of x:A on some (deterministi
ally 
omputed)aggregate property of this multiset. There are many natural and useful no-tions of aggregation: the mode of the set (most frequently o

urring value);mean value of the set (if values are numeri
al); median, maximum, or min-imum (if values are ordered); 
ardinality of the set; et
. More formally, ourlanguage allows a notion of an aggregate 
; 
 takes a multiset of values ofsome ground type, and returns a summary of it. The type of the aggregate
an be the same as that of its arguments. However, we allow other types aswell, e.g., an aggregate that reports the size of the multiset. More pre
isely,we allow X:A to have as a parent 
(X:�:B); the semanti
s is that for anyx 2 X , x:A will depend on the value of 
(x:�:B). We de�ne V(
(X:�:B)) tobe the set of possible values of this aggregate. In our example PRM, thereare two aggregate dependen
ies de�ned, one that spe
i�es that the rankingof a student depends on the average of his grades and one that spe
i�es thatthe rating of a 
ourse depends on the average satisfa
tion of students in the
ourse.As in Bayesian networks, the se
ond 
omponent of a PRM is the param-eters asso
iated with the qualitative stru
ture. A PRM 
ontains a CPD for
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y of Student.Rank on Student.Registered-In.Grade. (b) The dependen
y graphfor the s
hool PRM.ea
h attribute of ea
h 
lass. As for the dependen
ies, we assume that theparameters are shared by ea
h obje
t in the 
lass. We asso
iate with ea
hattribute X:A a 
onditional probability distribution P (X:A j Pa(X:A)). Fig-ure 1.4(a) shows two CPDs, one for a dependen
y on a single-valued 
hainand one for an aggregate dependen
y. More pre
isely, let U be the set ofparents Pa(X:A). Ea
h of these parents Ui | whether a simple attribute oran aggregate | has a set of values V(Ui) in some ground type. For ea
h tupleof values u 2 V(U), we spe
ify a distribution P (X:A j u) over V(X:A). Weuse �X:Aju to denote the parameters of this distribution. The entire set ofthese parameters, for all X:A and all u, 
omprises �S .De�nition 1 : A probabilisti
 relational model (PRM) � for a relationals
hema R is de�ned as follows. For ea
h 
lass X 2 X and ea
h des
riptiveattribute A 2 A(X), we have:{ a set of parents Pa(X:A) = fU1; : : : ; Ulg, where ea
h Ui has the form X:Bor 
(X:�:B), where � is a slot 
hain;{ a 
onditional probability distribution (CPD) that represents P� (X:A jPa(X:A)).1.4.2 PRM semanti
sGiven any skeleton, we have a set of random variables of interest: the at-tributes x:A of the obje
ts in the skeleton. Formally, let O�(X) denote theset of obje
ts in skeleton � whose 
lass in X . The set of random variables for� is the set of attributes of the form x:A where x 2 O�(Xi) and A 2 A(Xi)for some 
lass Xi. The PRM spe
i�es a probability distribution over the pos-sible joint assignments of values to these random variables. As with Bayesiannetworks, the joint distribution over these assignments 
an be fa
tored. That
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 Relational Models 19is, we take the produ
t, over all x:A, of the probability in the CPD of the spe-
i�
 value assigned by the instan
e to the attribute given the values assignedto its parents. Formally, this is written as follows:P (I j �;S; �S) = Yx2� YA2A(x)P (Ix:A j IPa(x:A))=YXi YA2A(Xi) Yx2O�(Xi)P (Ix:A j IPa(x:A)) (1.1)This expression is very similar to the 
hain rule for Bayesian networks. Thereare two primary di�eren
es. First, our random variables are the attributesof a set of obje
ts. Se
ond, the set of parents of a random variable 
an varya

ording to the relational 
ontext of the obje
t | the set of obje
ts to whi
hit is related.As in any de�nition of this type, we have to take 
are that the resultingfun
tion from instan
es to numbers does indeed de�ne a 
oherent probabilitydistribution, i.e., where the sum of the probability of all instan
es is 1 . InBayesian networks, where the joint probability is also a produ
t of CPDs,this requirement is satis�ed if the dependen
y graph is a
y
li
: a variable isnot an an
estor of itself. A similar 
ondition is suÆ
ient to ensure 
oheren
ein PRMs as well. We want to ensure that our probabilisti
 dependen
ies area
y
li
, so that a random variable does not depend, dire
tly or indire
tly, onits own value. To do so, we 
an 
onsider the graph of dependen
ies amongattributes of obje
ts in the skeleton. Consider the parents of an attributeX:A. When X:B is a parent of X:A, we de�ne an edge x:B !� x:A; when
(X:�:B) is a parent of X:A and y 2 x:� , we de�ne an edge y:B !� x:A. Wesay that a dependen
y stru
ture S is a
y
li
 relative to a skeleton � if thedire
ted graph de�ned by !� over the variables x:A is a
y
li
. In this 
ase,we are guaranteed that the PRM de�nes a 
oherent probabilisti
 model over
omplete instantiations I 
onsistent with �.This pro
edure allows us to 
he
k whether a dependen
y stru
ture S isa
y
li
 relative to a �xed skeleton �. However, we often want stronger guar-antees: we want to ensure that our dependen
y stru
ture is a
y
li
 for anyskeleton that we are likely to en
ounter. How do we guarantee this propertybased only on the 
lass-level PRM? To do so, we 
onsider potential depen-den
ies at the 
lass level. More pre
isely, we de�ne a 
lass dependen
y graph,whi
h re
e
ts these dependen
ies [1.15, 1.8℄. This 
lass dependen
y graph hasan edge from Y:B to X:A if either: X = Y and X:B is a parent of X:A; or
(X:�:B) is a parent of X:A and Range[X:� ℄ = Y . Figure 1.4(b) shows thedependen
y graph for our s
hool domain.The most obvious approa
h for using the 
lass dependen
y graph is tosimply require that it be a
y
li
. This requirement is equivalent to assuminga strati�
ation among the attributes of the di�erent 
lasses, and requiringthat the parents of an attribute pre
ede it in the strati�
ation ordering. It is
lear that if the 
lass dependen
y graph is a
y
li
, we 
an never have that x:A
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s domain. (b) the 
orresponding depen-den
y graph. Dashed edges 
orrespond to \guaranteed a
y
li
" dependen
ies.depends (dire
tly or indire
tly) on itself. For example, if we examine the PRMof Figure 1.3(b), we 
an easily 
onvin
e ourselves that we 
annot 
reate a 
y-
le in any instan
e. Indeed, as we saw in Figure 1.4(b), the 
lass dependen
ygraph is a
y
li
. Note, however, that if we introdu
e additional dependen-
ies we 
an 
reate 
y
les. For example, if we make Professor.Tea
hing-Abilitydepend on the rating of 
ourses she tea
hes (e.g., if high tea
hing ratingsin
rease her motivation), then the resulting 
lass dependen
y graph is 
y
li
,and there is no strati�
ation order that is 
onsistent with the PRM stru
-ture. An inability to stratify the 
lass dependen
y graph implies that thereare skeletons for whi
h the PRM will indu
e a distribution with 
y
li
 de-penden
ies. In general, however, a 
y
le in the 
lass dependen
y graph doesnot imply that all skeletons indu
e 
y
li
 dependen
ies.While this simple approa
h 
learly ensures a
y
li
ity, it is too limited to
over many important 
ases. Consider, for example, a simple geneti
 modelof the inheritan
e of a single gene that determines a person's blood type,shown in Figure 1.5(a). Ea
h person has two 
opies of the 
hromosome 
on-taining this gene, one inherited from her mother, and one inherited from herfather. There is also a possibly 
ontaminated test that attempts to re
og-nize the person's blood type. Our s
hema 
ontains two 
lasses Person andBloodTest. Class Person has referen
e slots Mother and Father and des
rip-tive attributes Gender, P-Chromosome (the 
hromosome inherited from thefather), and M-Chromosome (inherited from the mother). BloodTest has areferen
e slot Test-Of that points to the owner of the test, and des
riptiveattributes Contaminated and Result.In our geneti
 model, the genotype of a person depends on the genotypeof his parents; thus, at the 
lass level, we have Person :P-Chromosome de-pending dire
tly on Person :P-Chromosome . As we 
an see in Figure 1.5(b),this dependen
y results in a 
y
le that 
learly violates the requirements ofour simple approa
h. However, it is 
lear to us that the dependen
ies in this
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tually 
y
li
 for any skeleton that we will en
ounter in thisdomain. The reason is that, in \legitimate" skeletons for this s
hema, a per-son 
annot be his own an
estor, whi
h disallows the situation of the person'sgenotype depending (dire
tly or indire
tly) on itself. In other words, althoughthe model appears to be 
y
li
 at the 
lass level, we know that this 
y
li
ityis always resolved at the level of individual obje
ts.Our ability to guarantee that the 
y
li
ity is resolved relies on some priorknowledge that we have about the domain. We want to allow the user to giveus information su
h as this, so that we 
an make stronger guarantees abouta
y
li
ity. The user 
an spe
ify that 
ertain slots are guaranteed a
y
li
. In ourgeneti
s example, Father andMother are guaranteed a
y
li
; 
y
les involvingthese attributes may in fa
t be legal. In fa
t, they are mutually guaranteeda
y
li
, so that 
ompositions of the slots are also guaranteed a
y
li
. Fig-ure 1.5(b) shows the 
lass dependen
y graph for the geneti
s domain, withguaranteed a
y
li
 edges shown as dashed edges. It turns out that be
auseall of the 
y
les in this graph 
ontain mutually guaranteed a
y
li
 relations,the stru
ture is legal. In [1.8℄, we give an algorithm for 
he
king the legalityof stru
tures that 
ontain guaranteed a
y
li
 slots and slot 
hains.1.5 Learning PRMsIn the previous se
tions, we de�ned the PRM language and its semanti
s. Wenow move to the task of learning a PRM from data. In the learning problem,our input 
ontains a relational s
hema, that spe
i�es the basi
 vo
abulary inthe domain | the set of 
lasses, the attributes asso
iated with the di�erent
lasses, and the possible types of relations between obje
ts in the di�erent
lasses (whi
h simply spe
i�es the mapping between a foreign key in onetable and the asso
iated primary key). Our training data 
onsists of a fullyspe
i�ed instan
e of that s
hema. We assume that this instan
e is given inthe form of a relational database. Although our approa
h would also workwith other representations (e.g., a set of ground fa
ts 
ompleted using the
losed world assumption), the eÆ
ient querying ability of relational databasesis parti
ularly helpful in our framework, and makes it possible to apply ouralgorithms to large datasets.There are two variants of the learning task: parameter estimation andstru
ture learning. In the parameter estimation task, we assume that thequalitative dependen
y stru
ture of the PRM is known; i.e., the input 
onsistsof the s
hema and training database (as above), as well as a qualitativedependen
y stru
ture S. The learning task is only to �ll in the parametersthat de�ne the CPDs of the attributes. In the stru
ture learning task, thereis no additional required input (although the user 
an, if available, provideprior knowledge about the stru
ture, e.g., in the form of 
onstraints). Thegoal is to extra
t an entire PRM, stru
ture as well as parameters, from thetraining database alone. We dis
uss ea
h of these problems in turn.



22 Getoor, Friedman, Koller and Pfe�er1.5.1 Parameter EstimationWe begin with the parameter estimation task for a PRM where the depen-den
y stru
ture is known. In other words, we are given the stru
ture S thatdetermines the set of parents for ea
h attribute, and our task is to learn theparameters �S that de�ne the CPDs for this stru
ture. While this task isrelatively straightforward, it is of interest in and of itself. Experien
e in thesetting of Bayesian networks shows that the qualitative dependen
y stru
-ture 
an be fairly easy to eli
it from human experts, in 
ases where su
hexperts are available. In addition, the parameter estimation task is a 
ru
ial
omponent in the stru
ture learning algorithm des
ribed in the next se
tion.The key ingredient in parameter estimation is the likelihood fun
tion, theprobability of the data given the model. This fun
tion measures the extent towhi
h the parameters provide a good explanation of the data. Intuitively, thehigher the probability of the data given the model, the better the ability of themodel to predi
t the data. The likelihood of a parameter set is de�ned to bethe probability of the data given the model: L(�S j I; �;S) = P (I j �;S; �S):As in many 
ases, it is more 
onvenient to work with the logarithm of thisfun
tion:l(�S j I; �;S) = logP (I j �;S; �S)=XXi XA2A(Xi)24 Xx2O�(Xi) logP (Ix:A j IPa(x:A))35 : (1.2)The key insight is that this equation is very similar to the log-likelihoodof data given a Bayesian network [1.11℄. In fa
t, it is the likelihood fun
tionof the Bayesian network indu
ed by the stru
ture given the skeleton: thenetwork with a random variable for ea
h attribute of ea
h obje
t x:A, andthe dependen
y model indu
ed by S and �, as dis
ussed in Se
tion 1.4.2. Theonly di�eren
e from standard Bayesian network parameter estimation is thatparameters for di�erent nodes in the network | those 
orresponding to thex:A for di�erent obje
ts x from the same 
lass | are for
ed to be identi
al.This similarity allows us to use the well-understood theory of learning fromBayesian networks.Consider the task of performing maximum likelihood parameter estima-tion. Here, our goal is to �nd the parameter setting �S that maximizes thelikelihood L(�S j I; �;S) for a given I, � and S. Thus, the maximum likeli-hood model is the model that best predi
ts the training data. This estimationis simpli�ed by the de
omposition of log-likelihood fun
tion into a summationof terms 
orresponding to the various attributes of the di�erent 
lasses. Ea
hof the terms in the square bra
kets in (1.2) 
an be maximized independentlyof the rest. Hen
e, maximum likelihood estimation redu
es to independentmaximization problems, one for ea
h CPD. In fa
t, a little further work re-du
es Eq. (1.2) even further, to a sum of terms, one for ea
h multinomial
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 Relational Models 23distribution �X:Aju. Furthermore, there is a 
losed form solution for the pa-rameter estimates. In addition, while we do not des
ribe the details here, we
an take a Bayesian approa
h to parameter estimation by in
orporating pa-rameter priors. For an appropriate form of the prior and by making standardassumptions, we 
an also get a 
losed form solution for the estimates.1.5.2 Stru
ture LearningWe now move to the more 
hallenging problem of learning a dependen
ystru
ture automati
ally, as opposed to having it given by the user. The mainproblem here is �nding a good dependen
y stru
ture among the potentiallyin�nitely many possible ones. As in most learning algorithms, there are threeimportant issues that need to be addressed in this setting:{ hypothesis spa
e: spe
i�es whi
h stru
tures are 
andidate hypothesesthat our learning algorithm 
an return;{ s
oring fun
tion: evaluates the \goodness" of di�erent 
andidate hy-potheses relative to the data;{ sear
h algorithm: a pro
edure that sear
hes the hypothesis spa
e for astru
ture with a high s
ore.We dis
uss ea
h of these in turn.Hypothesis Spa
e. Fundamentally, our hypothesis spa
e is determined byour representation language: a hypothesis spe
i�es a set of parents for ea
hattribute X:A. Note that this hypothesis spa
e is in�nite. Even in a very sim-ple s
hema, there may be in�nitely many possible stru
tures. In our geneti
sexample, a person's genotype 
an depend on the genotype of his parents, orof his grandparents, or of his great-grandparents, et
. While we 
ould imposea bound on the maximal length of the slot 
hain in the model, this solutionis quite brittle, and one that is very limiting in domains where we do nothave mu
h prior knowledge. Rather, we 
hoose to leave open the possibilityof arbitrarily long slot 
hains, leaving the sear
h algorithm to de
ide how farto follow ea
h one.We must, however, restri
t our hypothesis spa
e to ensure that the stru
-ture we are learning is a legal one. Re
all that we are learning our modelbased on one training database, but would like to apply it in other settings,with potentially very di�erent relational stru
ture. We want to ensure thatthe stru
ture we are learning will generate a 
onsistent probability model forany skeleton we are likely to see. As we dis
ussed in Se
tion 1.4.2, we 
an testthis 
ondition using the 
lass dependen
y graph for the 
andidate PRM. Itis straightforward to maintain the graph during learning, and 
onsider onlymodels whose dependen
y stru
ture passes the appropriate test.S
oring Stru
tures. The se
ond key 
omponent is the ability to evaluatedi�erent stru
tures in order to pi
k one that �ts the data well. We adapt
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tion methods to our framework. Bayesian model sele
-tion utilizes a probabilisti
 s
oring fun
tion. In line with the Bayesian phi-losophy, it as
ribes a prior probability distribution over any aspe
t of themodel about whi
h we are un
ertain. In this 
ase, we have a prior P (S) overstru
tures, and a prior P (�S j S) over the parameters given ea
h possiblestru
ture. The Bayesian s
ore of a stru
ture S is de�ned as the posteriorprobability of the stru
ture given the data I. Formally, using Bayes rule, wehave that:P (S j I; �) / P (I j S; �)P (S j �)where the denominator, whi
h is the marginal probability P (I j �) is a nor-malizing 
onstant that does not 
hange the relative rankings of di�erent stru
-tures.This s
ore is 
omposed of two main parts: the prior probability of thestru
ture, and the probability of the data given that stru
ture. It turns outthat the marginal likelihood is a 
ru
ial 
omponent, whi
h has the e�e
tof penalizing models with a large number of parameters. Thus, this s
oreautomati
ally balan
es the 
omplexity of the stru
ture with its �t to the data.In the 
ase where I is a 
omplete assignment, and we make 
ertain reasonableassumptions about the stru
ture prior, there is a 
losed form solution for thes
ore.Stru
ture Sear
h. Now that we have a hypothesis spa
e and a s
oring fun
-tion that allows us to evaluate di�erent hypotheses, we need only provide apro
edure for �nding a high-s
oring hypothesis in our spa
e. For Bayesiannetworks, we know that the task of �nding the highest s
oring network isNP-hard [1.3℄. As PRM learning is at least as hard as Bayesian networklearning (a Bayesian network is simply a PRM with one 
lass and no rela-tions), we 
annot hope to �nd an eÆ
ient pro
edure that always �nds thehighest s
oring stru
ture. Thus, we must resort to heuristi
 sear
h.The simplest heuristi
 sear
h algorithm is greedy hill-
limbing sear
h,using our s
ore as a metri
. We maintain our 
urrent 
andidate stru
tureand iteratively improve it. At ea
h iteration, we 
onsider a set of simple lo
altransformations to that stru
ture, s
ore all of them, and pi
k the one withhighest s
ore. As in the 
ase of Bayesian networks, we restri
t attention tosimple transformations su
h as adding or deleting an edge. We 
an showthat, as in Bayesian network learning, ea
h of these lo
al 
hanges requiresthat we re
ompute only the 
ontribution to the s
ore for the portion of thestru
ture that has 
hanged in this step; this has a signi�
ant impa
t on the
omputational eÆ
ien
y of the sear
h algorithm. We deal with lo
al maximausing random restarts, i.e., when a lo
al maximum is rea
hed in the sear
h, wetake a number of random steps, and the,n 
ontinue the greedy hill-
limbingpro
ess.There are two problems with this simple approa
h. First, as dis
ussedin the previous se
tion, we have in�nitely many possible stru
tures. Se
ond,
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 steps of the sear
h are expensive; the pro
ess of 
omputingthe statisti
s ne
essary for parameter estimation requires expensive databaseoperations. Even if we restri
t the set of 
andidate stru
tures at ea
h step ofthe sear
h, we 
annot a�ord to do all the database operations ne
essary toevaluate all of them.We propose a heuristi
 sear
h algorithm that addresses both these issues.At a high level, the algorithm pro
eeds in phases. At ea
h phase k, we havea set of potential parents Potk(X:A) for ea
h attribute X:A. We then do astandard stru
ture sear
h restri
ted to the spa
e of stru
tures in whi
h theparents of ea
h X:A are in Potk(X:A). We stru
ture the phased sear
h sothat it �rst explores dependen
ies within obje
ts, then between obje
ts thatare dire
tly related, then between obje
ts that are two links apart, et
. Thisapproa
h allows us to gradually explore larger and larger fragments of thein�nitely large spa
e, giving priority to dependen
ies between obje
ts thatare more 
losely related. The se
ond advantage of this approa
h is that we
an pre
ompute the database view 
orresponding to X:A;Potk(X:A); mostof the expensive 
omputations | the joins and the aggregation required inthe de�nition of the parents | are pre
omputed in these views. The suÆ
ientstatisti
s for any subset of potential parents 
an easily be derived from thisview. The above 
onstru
tion, together with the de
omposability of the s
ore,allows the steps of the sear
h (say, greedy hill-
limbing) to be done veryeÆ
iently.1.6 Experimental resultsWe have tested our learning algorithm in several domains, both real andsyntheti
. We now des
ribe experimental results on one syntheti
 datasetand two real ones.1.6.1 Geneti
s DomainWe begin by presenting our results on a syntheti
 dataset generated by thegeneti
s example used in this 
hapter. The goal of these experiments is totest the learning algorithm, showing that it 
an re
onstru
t the dependen
ystru
ture if it is 
learly present in the distribution.The datasets here were generated by a PRM that has the stru
ture shownin Figure 1.5(a). We generated various training sets, of size from 200 to 800,with 10 training sets of ea
h size. We also generated an independent testdatabase of size 10,000. A data set of size n 
onsists of a family tree 
ontainingn people, with an average of 0.6 blood tests per person. For ea
h training set,we learned a PRM using the algorithm des
ribed in the previous se
tion, andthen tested how well the learned PRM predi
ts the test data. For measuringthe predi
tive ability, we used the log-likelihood of the test data, the standard
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Fig. 1.6. Learning 
urve showing the generalization performan
e of PRMs learnedin the geneti
 domain. The x-axis shows the training set size; the y-axis showslog-likelihood of a test set of size 10,000. For ea
h sample size, we show learningexperiments on ten di�erent independent training sets of that size. The 
urve showsmedian log-likelihood of the models as a fun
tion of the sample size.measure for evaluating density estimation pro
edures. Figure 1.6 shows theresults for the di�erent training sets. The straight line at the top is the log-likelihood of the test data given the \true" model used to generate the data.The data is presented is in the form of a s
atter plot, showing the a

ura
y forea
h of the training sets, as well as the median log-likelihood of the learnedmodels for ea
h size. We 
an see that the median is quite reasonable, butthere are a few outliers. In most 
ases, our algorithm learned a model withthe 
orre
t stru
ture, and s
ored well; the di�eren
e in s
ore is due to theparameter estimation, whi
h is inherently noisy given limited data. However,in a small minority of 
ases, the algorithm got stu
k in lo
al maxima, learninga model with in
orre
t stru
ture that s
ored quite poorly.1.6.2 Tuber
ulosis Patient DomainWe also applied the algorithm to various real-world domains. The �rst ofthese is drawn from a database of epidemiologi
al data for 1300 patientsfrom the San Fran
is
o tuber
ulosis (TB) 
lini
, and their 2300 
onta
ts [1.1,1.26℄. For the Patient 
lass, the s
hema 
ontains demographi
 attributes su
has age, gender, ethni
ity, and pla
e of birth, as well as medi
al attributessu
h as HIV status, disease site (for TB), X-ray result, et
. In addition,a sputum sample is taken from ea
h patient, and subsequently undergoesgeneti
 marker analysis. This allows us to determine whi
h strain of TBa patient has, and thereby 
reate a Strain 
lass, with a relation betweenpatients and strains. Ea
h patient is also asked for a list of people with



1. Learning Probabilisti
 Relational Models 27
hivres

# contacts

result

transmitted

infectivity

smrpos

care

closecont

ageatdx

closecont

hh_oohh

ethnic

 # infected

% infected

hh_oohh

contype

homeless

gender

contype

disease site

contage

xray

pob

� � � �� � �� � � � ��

� 	 
 � � � �
 � � �� � �
Fig. 1.7. The PRM stru
ture for the TB domain.whom he has been in 
onta
t; the Conta
t 
lass has attributes that spe
ifythe type of 
onta
t (sibling, 
oworker, et
.) 
onta
t age, whether the 
onta
tis a household member, et
.; in addition, the type of diagnosti
 pro
edure thatthe 
onta
t undergoes (Care) and the result of the diagnosis (Result) are alsoreported. In 
ases where the 
onta
t later be
omes a patient in the 
lini
, wehave additional information. We introdu
e a new 
lass Sub
ase to represent
onta
ts that subsequently be
ame patients; in this 
ase, we also have anattribute Transmitted whi
h indi
ates whether the disease was transmittedfrom one patient to the other, i.e., whether the patient and sub
ase have thesame TB strain.The stru
ture of the learned PRM is shown in Figure 1.7. We see thatwe learn a ri
h dependen
y stru
ture both within 
lasses and between at-tributes in di�erent 
lasses. We showed this model to our domain expertswho developed the database, and they found the model quite interesting.They found many of the dependen
ies to be quite reasonable, for exam-ple: the dependen
e of age at diagnosis (ageatdx ) on HIV status (hivres) |typi
ally, HIV-positive patients are younger, and are infe
ted with TB as aresult of AIDS; the dependen
e of the 
onta
t's age on the type of 
onta
t| 
onta
ts who are 
oworkers are likely to be younger than 
onta
ts whoare parents and older than those who are s
hool friends; or the dependen
eof HIV status on ethni
ity | Asian patients are rarely HIV positive whereaswhite patients are mu
h more likely to be HIV positive, as they often getTB as a result of having AIDS. In addition, there were a number of depen-
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ies that they found interesting, and worthy of further investigation. Forexample, the dependen
e between 
lose 
onta
t (
lose
ont) and disease sitewas novel and potentially interesting. There are also dependen
ies that seemto indi
ate a bias in the 
onta
t investigation pro
edure or in the treatmentof TB; for example, 
onta
ts who were s
reened at the TB 
lini
 were mu
hmore likely to be diagnosed with TB and re
eive treatment than 
onta
tswho were s
reened by their private medi
al do
tor. Our domain experts werequite interested to identify these and use them as a guide to develop betterinvestigation guidelines.We also dis
overed dependen
ies that are 
learly relational, and thatwould have been diÆ
ult to dete
t using a non-relational learning algorithm.For example, there is a dependen
e between the patient's HIV result andwhether he transmits the disease to a 
onta
t: HIV positive patients are mu
hmore likely to transmit the disease. There are several possible explanationsfor this dependen
y: for example, perhaps HIV-positive patients are morelikely to be involved with other HIV-positive patients, who are more likelyto be infe
ted; alternatively, it is also possible that the sub
ase is a
tuallythe infe
tor, and original HIV-positive patient was infe
ted by the sub
aseand simply manifested the disease earlier be
ause of his immune-suppressedstatus. Another interesting relational dependen
y is the 
orrelation betweenthe ethni
ity of the patient and the number of patients infe
ted by the strain.Patients who are Asian are more likely to be infe
ted with a strain whi
h isunique in the population, whereas other ethni
ities are more likely to havestrains that re
ur in several patients. The reason is that Asian patients aremore often immigrants, who immigrate to the U.S. with a new strain of TB,whereas other ethni
ities are often infe
ted lo
ally.1.6.3 Company DomainThe se
ond domain we present is a dataset of 
ompany and 
ompany oÆ
ersobtained from Se
urity and Ex
hange Commission (SEC) data.2 The dataset in
ludes information, gathered over a �ve year period, about 
ompanies(whi
h were restri
ted to banks in the dataset we used), 
orporate oÆ
ersin the 
ompanies, and the role that the person plays in the 
ompany. Forour tests, we had the following 
lasses and table sizes: Company (20,000),Person (40,000), and Role (120,000). Company has yearly statisti
s, su
h asthe number of employees, the total assets, the 
hange in total assets betweenyears, the return on earnings ratio, and the 
hange in return on assets. Roledes
ribes information about a person's role in the 
ompany in
luding theirsalary, their top position (president, CEO, 
hairman of the board, et
.), thenumber of roles they play in the 
ompany and whether they retired or were2 This dataset was developed by Alphate
h Corporation based on Primark bankingdata, under the support of DARPA's Eviden
e Extra
tion and Link Dis
overy(EELD) proje
t.
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Fig. 1.8. The PRM stru
ture for the Company domain.�red. Prev-Role indi
ates a slot whose range type is the same 
lass, relatinga person's role in the 
ompany in the 
urrent year to his role in the 
ompanyin the previous year.The stru
ture of the learned PRM is shown in Figure 1.8. We see thatwe learn some reasonable persisten
e ar
s su
h as the fa
ts that this year'ssalary depends on last year's salary and this year's top role depends on lastyear's top role. There is also the expe
ted dependen
e between Person.Ageand Role.Retired . A more interesting dependen
e is between the number ofemployees in the 
ompany, whi
h is a rough measure of 
ompany size, and thesalary. For example, an employee that re
eives a salary of $200K in one yearis mu
h more likely to re
eive a raise to $300K the following year in a largebank (over 1000 employees) than in a small one. Again, we see interesting
orrelations between obje
ts in di�erent relations.1.7 Dis
ussion and related workThere are 
learly many other approa
hes to learning from data. We 
an 
ate-gorize them along three main axes: probabilisti
 versus deterministi
; modellearning versus 
lassi�
ation; and attribute-based versus relational.Most approa
hes to ma
hine learning fall into the 
ategory of attribute-based 
lassi�
ation, with Naive Bayes falling into the probabilisti
 
ategory,
on
ept learning into the deterministi
 
ategory, and approa
hes su
h as de-
ision trees and neural networks somewhere in between.
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ategory of attribute-based model-learning:the result of the learning is a model of the dependen
ies within the set of at-tributes, rather than an attempt to predi
t one parti
ular attribute usingthe others. However, as we dis
ussed in Se
tion 1.2, Bayesian networks areattribute-based in nature, whi
h substantially limits their ability to repre-sent 
omplex domains involving multiple entities. One might ask, however,whether they 
an be nevertheless be applied as a dis
overy tool for relationaldata. A standard and fairly obvious solution is to 
atten the data, 
reatinga single table that 
ontains all the attributes, and then apply Bayesian net-work learning. While this approa
h 
an be useful, it su�ers from three majorproblems.One key issue relates to the statisti
al 
orre
tness of this approa
h. Con-sider our TB dataset, and imagine 
attening the data to a table that 
ontainsa patient and a 
onta
t. In this 
ase, a patient who has two 
onta
ts wouldappear in the table twi
e (on
e with ea
h 
onta
t), whereas one who has ten
onta
ts would appear in the table ten times. This has the e�e
t of skew-ing the data substantially, leading to parameter estimates (and 
orrelations)that are highly non-representative of the true distribution. In more te
hni
alterms, Bayesian network learning makes the assumption that the data 
asesare independent (IID), whereas this assumption is 
learly violated when ourdata set is obtained by 
attening a relational database.A se
ond limitation is that we have to determine in advan
e whi
h are therelevant attributes to put in the table. Consider, for example, the geneti
sdomain, but where we have only phenotype observations (observable featuresof the person). We might think to join the table to itself, 
reating a tablethat 
ontains the person and his parents. However, this would restri
t us todis
overing 
orrelations that 
ross generations. For example, male baldnessis inherited from a man's maternal grandfather rather than his father; thistype of 
orrelation would be lost if we 
attened the data in the obvious way.Finally, even if a Bayesian network model is learned for su
h a database,it 
annot be used to rea
h 
on
lusions based on relational dependen
ies. Forexample, in the TB domain, we might imagine inferring that a patient hasa parti
ularly infe
tious strain by noti
ing that he transmitted the strainto many of his 
onta
ts; we 
an then infer that a new 
onta
t is likely tohave the same strain, and therefore that she is also likely to infe
t manyof her 
onta
ts. This type of reasoning is only possible using the relationalstru
ture that allows us to use information obtained about one patient torea
h 
on
lusions about the strain and from that rea
h 
on
lusions aboutanother patient entirely.Other than PRMs (and the related approa
hes of [1.20, 1.23℄), theonly relational learning approa
hes are variants of indu
tive logi
 program-ming (ILP). Most ILP approa
hes are deterministi
 
lassi�
ation approa
hes,whi
h do not attempt to model a probability distribution, but rather onlyto predi
t (
lassify) a parti
ular predi
ate. However, there are two re
ent de-



1. Learning Probabilisti
 Relational Models 31velopments within the ILP 
ommunity that are related to PRMs: sto
hasti
logi
 programs (SLPs)[1.18, 1.6℄ and Bayesian logi
 programs (BLPs)[1.13℄.The semanti
s for these two approa
hes are quite di�erent, with the BLP se-manti
s being the 
losest to PRMs. An SLP de�nes a sampling distributionover logi
 programming proofs; as a 
onsequen
e, it indu
es a probability dis-tribution over the possible ground fa
ts for a given predi
ate. On the otherhand, a BLP 
onsists of a set of rules, along with 
onditional probabilitiesand a 
ombination rule; following the approa
h of knowledge-based model
onstru
tion [1.25℄, the BLP essentially spe
i�es a propositional Bayesiannetwork. This approa
h is very similar to the probabilisti
 logi
 programsof [1.20, 1.23℄.Learning algorithms for these approa
hes are being developed. Methodsfor learning SLPs are des
ribed in [1.19℄. A maximum likelihood approa
his taken for parameter estimation for an SLP whi
h is based on maximizingthe posterior probability of the program. The task of learning the stru
tureof an SLP is quite di�erent from learning a PRM stru
ture and is basedon more traditional ILP approa
hes. On the other hand, while BLPs aremore 
losely related to PRMs, and methods for learning BLPs have beensuggested in [1.13℄, learning algorithms have not yet been developed. Methodsfor learning PRMs may be found to be appli
able to learning BLPs.1.8 Extensions1.8.1 Stru
tural Un
ertaintySo far, we have assumed that the skeleton is external to the probabilisti
model; in other words, the skeleton is assumed to be part of the input to thePRM. This limitation has two main impli
ations. Most obviously, it impliesthat the model 
an only be used in settings where the relational stru
tureis known. Thus, for example, we 
annot use it to 
on
lude that a patient ismore likely to have a parti
ular strain of TB, based on his demographi
s andhis 
onta
ts. A more subtle point is that this restri
tion 
an diminish thequality of our model even in 
ases where the relational stru
ture is given,be
ause it ignores interesting 
orrelations between attributes of entities andthe relations between them. For example, in a movie domain a \serious" a
toris unlikely to appear in many horror movies; hen
e, we 
an infer informationabout an a
tor's (unknown) attributes based on the Role relation betweena
tors and movies.The PRM framework 
an be extended to a

ommodate un
ertainty aboutthe stru
tural relationships between obje
ts as well as about their proper-ties [1.22℄. We have extended our learning algorithms to deal with su
h stru
-tural un
ertainty . We now provide a brief sket
h of this extension, whi
h isdes
ribed in more detail in [1.10℄.



32 Getoor, Friedman, Koller and Pfe�erSuppose we have a simple domain in whi
h we have Movie-Theaters andMovies. Ea
h theater shows some number of movies; this is represented by the
lass Shows, with referen
e slots that point to both the theater and the movie.We might know the number of s
reens that a theater has, but would like torepresent a probabilisti
 model over whi
h movie ea
h theater 
hooses toshow. One way of representing this model is by de�ning a distribution overthe referen
e slot Shows.Movie: whi
h movie, among the movies 
urrentlyavailable, is a theater likely to show. We 
all this approa
h to stru
turalun
ertainty Referen
e Un
ertainty.Naively, we might think of representing this distribution as a very largemultinomial distribution, with a probability for every movie in our domain.This approa
h is infeasible for two reasons. First, the representation is mu
htoo large. Se
ond, our training set will 
ontain one set of movies, but we wantto learn a model that 
an also be applied to other domains, with a di�erent setof movies. In one approa
h, we 
an partition the movies into 
ategories, usingsome set of attributes, either of the movies or of related obje
ts. For example,we might partition on the type of movie (a
tion, horror, 
omedy), and/oron the origin of the studio whi
h is the sour
e of the movie (Hollywood,independent U.S., or foreign). We then represent the probability that a movietheater shows a movie from a parti
ular 
ategory in the partition. As usual,this distribution might depend on some set of parents, e.g., the type of theater(megaplex or art theater). Thus, we might state that an art theater is morelikely to play a foreign movie, while a megaplex may be more likely to playa Hollywood movie.Another approa
h to stru
tural un
ertainty we 
all Existen
e Un
ertainty.Existen
e un
ertainty is a general approa
h to modeling the probability thata relationship exists between any two entities. To do so, we require that therelationship between the entities is represented by a 
lass; for example, theRegistration 
lass in our s
hool domain represents the relationship between astudent and a 
ourse. We 
an now represent a probabilisti
 model that a stu-dent will register for a 
lass by introdu
ing a probabilisti
 model that a givenpair (student, 
lass) will appear in the Registration table. More pre
isely, wespe
ify the probability that su
h a pair exists in the table given attributes ofthe student and of the 
ourse. For example, it is more likely that a universitysenior would register for an advan
ed 
lass, whereas a freshman is more likelyto register for an introdu
tory 
lass.1.8.2 Class Hierar
hiesWe have also investigated the idea of learning PRMs with 
lass hierar
hies.Class hierar
hies 
hange the language in two important ways. In the non-hierar
hi
al 
ase, all obje
ts in a 
lass must share the same CPDs. Hier-ar
hi
al models allow us to spe
ialize the CPDs of attributes in di�erentparts of the hierar
hy. In our s
hool example, we might 
hoose to parti-tion the Course 
lass a

ording to their intended year, 
reating the two sub-
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lasses Undergraduate-Course and Graduate-Course. We might then spe
ializethe CPD for DiÆ
ulty in ea
h of the sub
lasses. More interestingly, a hier-ar
hi
al model allows us to 
reate dependen
ies that might seem 
y
li
 inthe non-hierar
hi
al 
ase. For example, we 
an now have a student's gradesin a graduate 
ourse depend on her grades in the undergraduate 
ourses shehas taken. Note that this dependen
y is apparently 
y
li
 at the level of theCourse 
lass, sin
e an attribute of one 
ourse depends on the same attributein another 
ourse. However, the division of 
ourses into two sub
lasses re-solves this apparent 
y
le. A preliminary dis
ussion of these issues 
an befound in [1.9℄.1.9 Con
lusionsPRMs provide a new approa
h to relational data mining that is grounded ina sound statisti
al framework. Algorithms for learning PRMs build on there
ent developments in learning Bayesian networks, and extend learning tothis ri
h 
lass of relational models. Be
ause these models do not fo
us on asingle 
lassi�
ation task, they are parti
ularly well suited to exploratory dataanalysis.There are several dire
tions for future work. Perhaps the most obvious oneis the treatment of missing data and hidden variables. We 
an extend stan-dard te
hniques (su
h as Expe
tation Maximization for missing data) to thistask. (See [1.14℄ for some preliminary work on related models.) However, the
omplexity of inferen
e on large databases with many missing values make the
ost of a naive appli
ation of su
h algorithms prohibitive. Clearly, this domain
alls both for new inferen
e algorithms and for new learning algorithms thatavoid repeated 
alls to inferen
e over these very large problems. Even moreinteresting is the issue of automated dis
overy of hidden variables. There aresome preliminary answers to this question in the 
ontext of Bayesian net-works [1.7℄, in the 
ontext of ILP [1.17℄, and very re
ently in the 
ontext ofsimple binary relations [1.12℄. Combining these ideas and extending them tothis more 
omplex framework is a signi�
ant and interesting 
hallenge. Ul-timately, we would want these te
hniques to help us automati
ally dis
overinteresting entities and relationships that hold in the world.A
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