Inductive Logic Programming:
The Problem Specification

* Given:
— Examples: first-order atoms or definite clauses,
each labeled positive or negative.

— Background knowledge: in the form of a
definite clause theory.

— Language bias: constraints on the form of
interesting new clauses.

|LP Specification (Continued)

* Find:

— A hypothesis h that meets the language
constraints and that, when conjoined with B,
entails (implies) al of the positive examples but
none of the negative examples.

 To handle real-world issues such as noise,
we often relax the requirements, so that h
need only entail significantly more positive
examples than negative examples.




A Common Approach

» Use agreedy covering algorithm.
— Repeat while some positive examples remain

uncovered (not entailed):

 Find agood clause (one that covers as many
positive examples as possible but no/few negatives).

» Add that clause to the current theory, and remove
the positive examplesthat it covers.

 |[LP agorithms use this approach but vary in
their method for finding a good clause.

A Difficulty

» Problem: It is undecidable in general
whether one definite clause implies another,
or whether a definite clause together with a
logical theory implies a ground atom.

o Approach: Use subsumption rather than
implication.




Subsumption for Literals

Literal LisubsumesL:if andonlyif thereexists
asubstitution € such that L16 = L.

Example: p(f(X), X) subsumesp(f(a),a) but not
p(f(a), b).

Subsumption for Clauses

Clause CisubsumesclauseCzif andonly if there
existsasubstitution 8 such that C.6 < Cz (where
aclauseisviewed astheset of itsliterals).

Examples: p(X,Y) v p(Y, Z) subsumes p(W, W),
using thesubstitution @ ={X > W, Y —» W,

Z +— W}. p(a,X) subsumesp(a,c) v p(Y,b)
using thesubstitution & ={ X + c}.
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Least Generalization of Terms

I nput : Two termstiand te.

Output : least generalization Igg(ty, t2).

Let ¢ beabijection from (ordered) pairsof terms
to variablesthat do not appear intior tz.

If trand t2 are built from the same primary function
symbol f, thenti= f (us,...,un) andtz= f (si,...,S),
wherethearity of f isn>0and us,...,unand s,...,S
areterms. Return f (Igg(us,s1),...,1gg(Un,s)).
Otherwise, return ¢(tu,t2).




Least Generdlization of Terms
(Continued)

e Examples:
—lgg(a,a) =a
—lgog(X,a) =Y
—lgg(f(a,b),g(a)) = Z
—lgg(f(a,9(a)).f(b,g(h))) = f(X,9(X))

* lgg(ty,trts) = lga(ty.lga(tyts) =
lgg(lgg(t,,t,).ts): justifies finding the Igg of a
set of terms using the pairwise algorithm.

L east Generalization of Literals

Input : LiteralsLiand L.

Output : Least generalization Igg(L, L2).

If Liand L2 havedifferent predicatesor different
signs (oneis negated and the other unnegated)
then return TOP. Otherwise, L1 hastheform
p(Us,...,un) and L2 hastheform p(si,...,s).

Return p(lgg(uz,s1),...,1gg(un,sn) ).




L attice of Literals

» Consider the following partially ordered set.

» Each member of the set is an equivalence
class of literals, equivalent under variance.

* One member of the set is greater than
another if and only if one member of the
first set subsumes one member of the
second (can be shown equivalent to saying:
if and only if every member of the first set
subsumes every member of the second).

Lattice of Literals (Continued)

» For simplicity, we now will identify each
eguivalence class with one (arbitrary)
representative literal.

o Add elements TOP and BOTTOM to this

set, where TOP is greater than every literal,
and every literal is greater than BOTTOM.

o Every pair of literals has aleast upper
bound, which istheir Igg.




L attice of Literals (Continued)

o Every pair of literals has a greatest lower
bound, which istheir greatest common

Instance (the result of applying their most
general unifier to either literal, or BOTTOM

If no most general unifier exists.)
» Therefore, this partially ordered set satisfies
the definition of alattice.
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L east Generalization of Clauses

Input : Two clauses, Ci=l11v...v |1, nand
Ce=l21v..viam

Output : Least generalizaion Igg(Ci, Cz).
Initializetheset of literalsin Igg(Cs, Cz) to the
empty set. For every pair of literals,onefrom
Ciand onefrom Cz, if their lggisnot TOP then
add thislggasaliteral of 1gg(C:, Cz). Return
theresulting clause.

Example

Thelgg of the following two clauses

p(a, f(a)) v p(b,b)v ~ p(b, f (b)) and

p(f (&), f (@) v p(f(a).b)v ~ p(a, f(a))

IS

p(X, f(a))v p(X,Y)v p(Z,Z)v p(Z,b)v ~ pU, f(U))




L attice of Clauses

» We can construct alattice of clausesin a
manner analogous to our construction of
literals.

» Again, the ordering is subsumption; again
we group clauses into variants; and again
we add TOP and BOTTOM elements.

» Again the least upper bound isthe Igg, but
the greatest lower bound isjust the union
(clause containing all literals from each).

L attice of Clauses for the Given

Hypothesis Language
active(X)
active(X) :- active(X) :- active(X) :-

has-hydrophobic(X,A) has-donor (X,A) has-acceptor (X,A)

active(X) :- active(X) :- active(X) :-
has-hydrophobic(X,A), has-donor (X,A), has-acceptor (X,A),
has-donor (X,B), has-donor (X,B), has-donor (X,B),
distance(X,A,B,5.0) distance(X,A,B,4.0) distance(X,A,B,6.0)
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Incorporating Background
Knowledge: Saturation

» Recall that we wish to find a hypothesis
clause h that together with the background
knowledge B will entail the positive
examples but not the negative examples.

Consider an arbitrary positive example e.
Our hypothesis h together with B should
entail e BAh [ e. We can aso writethis
ashllB—e

Saturation (Continued)

If eisan atom (atomic formula), and we
only use atomsfrom B, thenB — eisa
definite clause.

We cal B — ethe saturation of ewith
respect to B.
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Saturation (Continued)

Recall that we approximate entailment by
subsumption.

Our hypothesis h must be in that part of the

|attice of clauses above (subsuming) B — e.

Alternative Derivation of
Saturation

From BAh [ e by contraposition: B A{—e€}
1 —=h.

Again by contraposition: h [ — (B A —€)
So by DeMorgan’'sLaw: h (1 —=Bve

If eisan atom (atomic formula), and we
only use atoms from B, then— B v eisa
definite clause.
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Frxample  of Saturation
nl nz &: node (6,X) - red (6,%).
@ node (6,X) - black (6,X).
ny n3 path(6,% ¢)i- arc (6, 7).
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X \=2, r\=2.
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Refinement Cperaters — (Mis- £ Shapns)
(T-c,o - Down )
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Common  Refinement Operators
for Definte Clanses
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Overview of SomelLP
Algorithms

 GOLEM (bottom-up): saturates every
positive example and then repeatedly takes
lggs as long as the result does not cover a
negative example.

 PROGOL, ALEPH (top-down): saturates
first uncovered positive example, and then
performs top-down admissible search of the
lattice above this saturated example.
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Algorithms (Continued)

* FOIL (top-down): performs greedy top-
down search of the lattice of clauses (does
not use saturation).

 LINUS/DINUS: dtrictly limit the
representation language, convert the task to
propositional logic, and use a propositional
(single-table) learning algorithm.
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