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1 Introduction

Algorithms for aligning images and stitching them into séssa photo-mosaics are among the
oldest and most widely used in computer vision. Frame-rai@ge alignment is used in every
camcorder that has an “image stabilization” feature. Imstgehing algorithms create the high-
resolution photo-mosaics used to produce today's digitapsnand satellite photos. They also
come bundled with most digital cameras currently being,sahd can be used to create beautiful
ultra wide-angle panoramas.

An early example of a widely-used image registration akiomiis the patch-based translational
alignment (optical ow) technique developed by Lucas anch&ae (1981). Variants of this algo-
rithm are used in almost all motion-compensated video cesgion schemes such as MPEG and
H.263 (Le Gall 1991). Similar parametric motion estimatgorithms have found a wide variety
of applications, including video summarization (Bergeral. 1992a, Teodosio and Bender 1993,
Kumaret al. 1995, Irani and Anandan 1998), video stabilization (Haretesl. 1994), and video
compression (Iraret al. 1995, Leeet al. 1997). More sophisticated image registration algorithms
have also been developed for medical imaging and remoténgenrsee (Brown 1992, Zitov'aa
and Flusser 2003, Goshtasby 2005) for some previous suof@ysge registration techniques.

In the photogrammetry community, more manually intensie¢hads based on surveygeund
control pointsor manually registeretle pointshave long been used to register aerial photos into
large-scale photo-mosaics (Slama 1980). One of the keynadsgan this community was the de-
velopment ofbundle adjustmerdlgorithms that could simultaneously solve for the locasiof
all of the camera positions, thus yielding globally corestsolutions (Trigg®t al. 1999). One
of the recurring problems in creating photo-mosaics is timeiration of visible seams, for which
a variety of techniques have been developed over the yealgréivh 1975, Milgram 1977, Peleg
1981, Davis 1998, Agarwalet al.2004)

In Im photography, special cameras were developed at the of the century to take ultra
wide angle panoramas, often by exposing the Im through dicarslit as the camera rotated
on its axis (Meehan 1990). In the mid-1990s, image alignnextiniques started being applied
to the construction of wide-angle seamless panoramas fegular hand-held cameras (Mann
and Picard 1994, Szeliski 1994, Chen 1995, Szeliski 19969preMecent work in this area has
addressed the need to compute globally consistent aligisni®peliski and Shum 1997, Sawhney
and Kumar 1999, Shum and Szeliski 2000), the removal of “gfialie to parallax and object
movement (Davis 1998, Shum and Szeliski 2000, Uyttendztedd 2001, Agarwalaet al. 2004),
and dealing with varying exposures (Mann and Picard 1994teldglaeleet al. 2001, Levinet al.
2004b, Agarwalat al.2004). (A collection of some of these papers can be found @amgBman
and Kang 2001).) These techniques have spawned a large nahtoenmercial stitching products
(Chen 1995, Sawhnest al. 1998), for which reviews and comparison can be found on thie We



While most of the above techniques work by directly minim@pixel-to-pixel dissimilarities,

a different class of algorithms works by extracting a spaeteffeaturesand then matching these
to each other (Zoghlanat al. 1997, Capel and Zisserman 1998, Cham and Cipolla 1998, Badra
al. 1998, McLauchlan and Jaenicke 2002, Brown and Lowe 2003)%uFe-based approaches have
the advantage of being more robust against scene movemerarpotentially faster, if imple-
mented the right way. Their biggest advantage, howevengisbility to “recognize panoramas”,
i.e., to automatically discover the adjacency (overlaf@tr@nships among an unordered set of im-
ages, which makes them ideally suited for fully automatédhshg of panoramas taken by casual
users (Brown and Lowe 2003).

What, then, are the essential problems in image alignmeshtsaitching? For image align-
ment, we must rst determine the appropriate mathematicadieh relating pixel coordinates in
one image to pixel coordinates in another. Section 2 revibese basienotion modelsNext, we
must somehow estimate the correct alignments relatinguwanpairs (or collections) of images.
Section 3 discusses haslirect pixel-to-pixel comparisons combined with gradient des¢and
other optimization techniques) can be used to estimate ghesmmeters. Section 4 discusses how
distinctivefeaturescan be found in each image and then ef ciently matched todtgpmstablish
correspondences between pairs of images. When multiplgasexist in a panorama, techniques
must be developed to compute a globally consistent set ghmkents and to ef ciently discover
which images overlap one another. These issues are disidasSection 5.

For image stitching, we must rst choose a nal compositingface onto which to warp and
place all of the aligned images (Section 6). We also needveldp algorithms to seamlessly blend
overlapping images, even in the presence of parallax, lstsrtion, scene motion, and exposure
differences (Section 6). In the last section of this suridiscuss additional applications of image
stitching and open research problems.

2 Motion models

Before we can register and align images, we need to estdhksmathematical relationships that
map pixel coordinates from one image to another. A varietgumhparametric motion models
are possible, from simple 2D transforms, to planar persgentodels, 3D camera rotations, lens
distortions, and the mapping to non-planar (e.g., cylraljisurfaces (Szeliski 1996).

To facilitate working with images at different resolutiomge adopt a variant of theormalized
device coordinatesised in computer graphics (Watt 1995, OpenGL-ARB 1997). &typical
(rectangular) image or video frame, we let the pixel coaaths range fronj 1;1] along the
longer axis, and a;a] along the shorter, whera is the inverse of thaspect ratio as shown
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Figure 1: Mapping from pixel coordinates to normalized device cauatks

in Figure 1! For an image with widthV and heightH, the equations mapping integer pixel
coordinatex = (X;y) to normalized device coordinatgs= ( X;y) are
X W 2y

= - d =
X S anda y S

Note that if we work with images injpyramid we need to halve th& value after each decimation
step rather than recomputing it fromax(W;H), since the(W; H) values may get rounded or
truncated in an unpredictable mannbiote that for the rest of this paper, we use normalized
device coordinates when referring to pixel coordinates.

where S =max(W;H): Q)

2.1 2D (planar) motions

Having de ned our coordinate system, we can now describedwwdinates are transformed. The
simplest transformations occur in the 2D plane and aretititesd in Figure 2.

Translation. 2D translations can be written 88= x + t or
x°= 1t x (2)

wherel is the @ 2) identity matrix andx = (X;y; 1) is thehomogeneousr projective2D
coordinate.

Rotation + translation. This transformation is also known @® rigid body motioror the2D
Euclidean transformatioigsince Euclidean distances are preserved). It can be writse® =
Rx + tor h i
x°= Rt x (3)

1In computer graphics, it is usual to have both axes range froin1], but this requires the use of two different
focal lengths for the vertical and horizontal dimensions] anakes it more awkward to handle mixed portrait and
landscape mode images.
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Figure 2: Basic set of 2D planar transformations
where 2 3
cos sin
R=4" S 4)
sin cos
is an orthonormal rotation matrix witRR T = | andjRj = 1.

Scaled rotation. Also known as thesimilarity transform this transform can be expressed as

x%= sRx + t wheres is an arbitrary scale factor. It can also be written as
2 3

h i a bt
x°= sR t x=4 X5

bak/x; )

where we no longer require that + b = 1. The similarity transform preserves angles between
lines.

Afne. The af ne transform is written ag®= A x, whereA is an arbitrary2 3 matrix, i.e.,
2 3

Aip A1 a1

Parallel lines remain parallel under af ne transformasion

Projective. This transform, also known aspeerspective transforrar homographyoperates on
homogeneous coordinatesandx®,
x°  Hox; (7)
where denotes equality up to scale ahd is an arbitrary3 3 matrix. Note that? is itself
homogeneous, i.e., it is only de ned up to a scale. The re@muliomogeneous coordinat@ must
be normalized in order to obtain an inhomogeneous reslite.,
0 hooX + hoty + ho
haoX + ha1y + ha

o_ DX+ huy+ hao
haoX + ha1y + ha
Perspective transformations preserve straight lines.

and

(8)
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| Name Matrix | # D.O.F.| Preserves: | Icon |
translation I ‘t iz . 2 orientation+ D
rigid (Euclidean)] R ‘t |2 . 3 lengths+ S s
similarity SR |t |2 , 4 angles+ sS
af ne ! A |2 s 6 parallelism+ __
projective " H |3 . 8 straight lines ‘ ‘

Table 1: Hierarchy of 2D coordinate transformations. TBe 3 matrices are extended with a thif™ 1]
row to form a full3 3 matrix for homogeneous coordinate transformations.

Hierarchy of 2D transformations The preceding set of transformations are illustrated in Fig
ure 2 and summarized in Table 1. The easiest way to think cfetle as a set of (potentially
restricted)3 3 matrices operating on 2D homogeneous coordinate vectasleM and Zisser-
man (2004) contains a more detailed description of the ikyeof 2D planar transformations.

The above transformations form a nested sejrotips i.e., they are closed under composition
and have an inverse that is a member of the same group. Eaubl€s) group is a subset of the
more complex group below it.

2.2 3D transformations

A similar nested hierarchy exists for 3D coordinate transftions that can be denoted using
4 4 transformation matrices, with 3D equivalents to translatirigid body (Euclidean) and
af ne transformations, and homographies (sometimesdakdiineations) (Hartley and Zisserman
2004).

The process ofentral projectionmaps 3D coordinatgs = ( X;Y;Z) to 2D coordinates =
(x;y; 1) through gpinholeat the camera origin onto a 2D projection plane a distédnaleng thez

axis, « v
=f—; =f—; 9

x=1— y=1- 9)

as shown in Figure 3. The relationship between the (ung}tescal lengthf and the eld of view

is given by
=2tan ! 1 (10)
= =

To convert the focal length to its more commonly used 35mm equivalent, multiply the &ov

f 1=tan = or
2
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Figure 3: Central projection, showing the relationship between tBea®d 2D coordinatep andx, as well
as the relationship between the focal lengthnd the eld of view .

number by 17.5 (the half-width of a 35mm photo negative franT® convert it to pixel coordi-
nates, multiply it byS=2 (half-width for a landscape photo).
In the computer graphics literature, perspective prapects often written as a permutation
matrix that permutes the last two elements of homogeneaestbrp = ( X;Y; Z; 1),
2 3

- |

followed by a scaling and translation into screen arlauiffercoordinates.
In computer vision, it is traditional to drop the z-buffedwas, since these cannot be sensed in
an image and to write 5

§ p; (11)

o O O
o O+ O
= O O O
o OO

f 00O ° h i
x%OfOOép=KOp (22)
0 010
whereK = diag(f;f; 1)is called thantrinsic calibrationmatrix? This matrix can be replaced by
a more general upper-triangular matkixthat accounts for non-square pixels, skew, and a variable
optic center location (Hartley and Zisserman 2004). Howewepractice, the simple focal length
scaling used above provides high-quality results wheahstiy images from regular cameras.
In this paper, | prefer to useda 4 projection matrix P,

2 3

K |0
4 Sp=Pp; 13
ot 1 P=FPP (13)

2The last column oK usually contains the optical cent; ¢,), but this can be set to zero if we use normalized
device coordinates.
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Figure 4. A point is projected into two images: (a) relationship betwethe 3D point coordinate

(X;Y;Z; 1) and the 2D projected pointx;y; 1;d); (b) planar homography induced by points all lying
onacommon placBg p+ ¢ =0.

which maps the homogeneous 4-vegior ( X;Y; Z; 1) to a special kind of homogeneosesreen
vectorx = (x;y;1;d). This allows me to denote the upper-18ft 3 portion of the projection
matrix P asK (making it compatible with the computer vision literatyrehile not dropping
altogether the inverse screen depth informatigavhich is also sometimes called thesparityd
(Okutomi and Kanade 1993)). This latter quantity is neagssareason about mappings between
images of a 3D scene, as described below.

What happens when we take two images of a 3D scene from diffeaenera positions and/or
orientations (Figure 4a)? A 3D poiptgets mapped to an image coordingtan camera 0 through
the combination of a 3D rigid-body (Euclidean) motién,

2 3
Ro to
Xo=4 Sp= Ep; 14
0 or 1 P7 Eop (14)
and a perspective projectiéhy,
Xo PoEop: (15)

Assuming that we know the z-buffer valdg for a pixel in one image, we can map it back to the
3D coordinate using
p E Py (16)

and then project it into another image yielding
X1 PlE 1P = PlE 1E01P01X‘0 =M 10%0- (17)

Unfortunately, we do not usually have access to the depthdamates of pixels in a regular
photographic image. However, forpdanar scengwe can replace the last row Bfy in (13) with
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Figure 5. Pure 3D camera rotation. The form of the homography (mappisgarticularly simple and
depends only on the 3D rotation matrix and focal lengths.

a generaplane equationfty p + ¢y that maps points on the planedg = 0 values (Figure 4b).
Then, if we setdy = 0, we can ignore the last column bf 15 in (17) and also its last row, since
we do not care about the nal z-buffer depth. The mapping @qng17) thus reduces to

X1 H 10%X0; (18)

whereH 1o is a generaB 3 homography matrix ang; andx, are now 2D homogeneous co-
ordinates (i.e., 3-vectors) (Szeliski 1994, Szeliski )99®his justi es the use of the 8-parameter
homography as a general alignment model for mosaics of pkosnes (Mann and Picard 1994,
Szeliski 1996

Rotational panoramas The more interesting case is when the camera undergoesqiat®n
(Figure 5), which is equivalent to assuming all points argy\far from the camera, i.e., on the
plane at in nity. Settingto = t; = 0, we get the simplied3 3 homography

H 0= K1R1R,'K ;1= K 1R K % (19)
whereK = diagf; f; 1) is the simpli ed camera intrinsic matrix (Szeliski 1996)hi§ can also
be re-writtenas - 3 2 3 2 32 3

X1 f]_ fO ! Xo
fvid § f ERof ottt E§wid (20)
1 1 1 1

3For points off the reference plane, we get out-of-plpagallax motion, which is why this representation is often
called theplane plus parallaxepresentation (Sawhney 1994, Szeliski and Coughlan 198%aret al. 1994).

“Note that for a single pair of images, the fact that a 3D plareeing viewed by a set of rigid cameras does not
reduce the total number of degrees of freedom. However, farge collection of images taken of a planar surface
(e.g., a whiteboard) from a calibrated camera, we couldaethe number of degrees of freedom per image from 8 to
6 by assuming that the plane is at a canonical location ®1).

8



or 3 2
X1 Xo
g Y1 Z Rlog Yo Z; (21)
f]_ fo

which reveals the simplicity of the mapping equations andkesaall of the motion parameters
explicit. Thus, instead of the general 8-parameter honggraelating a pair of images, we get the
3-, 4-, or 5-parametéD rotationmotion models corresponding to the cases where the foagtHen
f is known, xed, or variable (Szeliski and Shum 1997). Estiimg the 3D rotation matrix (and
optionally, focal length) associated with each image ignstcally more stable than estimating a
full 8-d.o.f. homography, which makes this the method oficbdor large-scale image stitching
algorithms (Szeliski and Shum 1997, Shum and Szeliski 2B8&yn and Lowe 2003).

Parameterizing 3D rotations. If we are going to represent panoramas using a combination of
rotations and focal lengths, what is the best way to reptekenotations themselves? The choices
include:

the full3 3 matrixR, which has to be re-orthonormalized after each update;

Euler angleg ; ; ), which are a bad idea as you cannot always move smoothly fream o
rotation to another;

the axis/angle (or exponential twist) representationcWwihepresents the rotation by an axis
it and a rotation angle, or the product of the two,

= A=yl (22)
which has the minimal number of 3 parameters, but is stillumogue;

and unit quaternions, which represent rotations with wviédtors,

q=(xy;z;w)=(v;w)=(sin =

2n ; cosé); (23)

wherent and are the rotation axis and angle.
The rotation matrix corresponding to a rotation bground an axig is
R(®; )= 1 +sin [A] +(1 cos )[R]?; (24)

which is known afRodriguez's formulgdAyache 1989), an{lt] is the matrix form of the cross-

product operator, 5 3
0 n, Ny

m=§n o nfi: (25)
fy Ny 0



For small (in nitesimal) rotations, the rotation reduces t
RM#*) |+ [if] =1+[+]: (26)
Using the trigonometric identities
sin = 2sin = cos- = 2kvkw
2 2

and
(1 cos)=2sin? 5= 2kvk?;

Rodriguez's formula for a quaternion can be converted to

R(q) = | +sin [n] +(1 cos )[R
= | +2w[v] +2[v]?*: (27)

This suggests a quick way to rotate a vector by a quaterniomg us series of cross products,
scalings, and additions. From this, we can derive the contynased formula forR(q) as a
function ofg = (X;y; z;w),

’ 1 2(y?’+ 2% 2(xy zw) 2(xz + yw)
R(q) = § 2xy +zw) 1 2(x2+ 7% 2(yz xw) £: (28)
2(xz  yw) 2(yz+ xw) 1 2(x%2+y?)

The diagonal terms can be made more symmetrical by repldcing(y? + z?) with (x? + w?
y?  Z7?), etc.

Between the axis/angle representation and quaternionsnérglly prefer unit quaternions,
because they possess a nice algebra that makes it easy tprtakects (compositions), ratios
(change in rotation), and linear interpolations (Shoeni5). For example, the product of two
quaterniong|, = (Vo; Wp) andq, = (v1;w;) is given by

O, = 0001 = (Vo Vit WoVi+ WiVg; WoW1 Vg V3); (29)

with the property thaR (g,) = R(gy)R(q,). (Note that quaternion multiplication r©t commu-
tative, just as 3D rotations and matrix multiplications act.) Taking the inverse of a quaternion
is also easy: just ip the sign of or w (but not both!). However, when it comes time to update
rotation estimates, | use amcrementalform of the axis/angle representation (26), as described in
x4.3.

10
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Figure 6: Projection from 3D to cylindrical and spherical coordinate

2.3 Cylindrical and spherical coordinates

An alternative to using homographies or 3D motions to aligages is to rst warp the images
into cylindrical coordinates and to then use a pure translational modelgo tilem (Szeliski 1994,
Chen 1995). Unfortunately, this only works if the imagesalt¢aken with a level camera or with
a known tilt angle.

Assume for now that the camera is in its canonical positian, its rotation matrix is the
identity,R = |, so that the optic axis is aligned with theaxis and the axis is aligned vertically.
The 3D ray corresponding to &r; y) pixel is thereforgx;y;f).

We wish to project this image ontocglindrical surfaceof unit radius (Szeliski 1994). Points
on this surface are parameterized by an anglad a heighh, with the 3D cylindrical coordinates
corresponding t@ ; h) given by

(sin ;h;cos )/ (xy;f); (30)

as shown in Figure 6a. From this correspondence, we can derttpiformula for thevarpedor
mappedcoordinates (Szeliski and Shum 1997),

x° = s = stan 1?; (31)
V" = sh=sp; (32)

wheres is an arbitrary scaling factor (sometimes called heius of the cylinder) that can be set
tos = f to minimize the distortion (scaling) near the center of timage> The inverse of this
mapping equation is given by

0

x = ftan =f tan Xg; (33)
q oq —— 0 0
y = h x2+f2= ygf 1+tan2X0=s=fy§seCX§: (34)

5The scale can also be set to a larger or smaller value for taecompositing surface, depending on the desired
output panorama resolution—se@

11
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Figure 7: An example of a cylindrical panorama: (a) two cylindricallyarped images related by a hori-
zontal translation; (b) part of a cylindrical panorama coogited from a sequence of images.

Images can also be projected ontspdnerical surfac€Szeliski and Shum 1997), which is use-
ful if the nal panorama includes a full sphere or hemisphefrgiews, instead of just a cylindrical
strip. In this case, the sphere is parameterized by two algle), with 3D spherical coordinates
given by

(sin cos; sin; cos cos )/ (xy;f); (35)
as shown in Figure 6b. The correspondence between coadirnhow given by (Szeliski and
Shum 1997)

x = s = stan 1?; (36)
0 — - 1 y .
y' = s =stan e (37)
while the inverse is given by
XO
x = ftan =f tan g; (38)
q yoa——— Yo x°
y = x2+f2tan =tan gf 1+tan?x%s= f tan S secss (39)

Note that it may be simpler to generate a scdbed; z) direction from (35) followed by a per-
spective division by and a scaling by .

Cylindrical image stitching algorithms are most commorggd when the camera is known to
be level and only rotating around its vertical axis (Chen3)9®nder these conditions, images at
different rotations are related by a pure horizontal tratish® This makes it attractive as an initial
class project in an introductory computer vision course;ethe full complexity of the perspective
alignment algorithmx3.5 & x4.3) can be avoided. Figure 7 shows how two cylindricallypear
images from a leveled rotational panorama are related byra tpanslation (Szeliski and Shum
1997).

6Small vertical tilts can sometimes be compensated for vettical translations.

12



Figure 8: An example of a spherical panorama constructed from 54 gnaghs.

Professional panoramic photographers sometimes alsopeme it head that makes it easy to
control the tilt and to stop at specidetentsn the rotation angle. This not only ensures a uniform
coverage of the visual eld with a desired amount of imagertag but also makes it possible
to stitch the images using cylindrical or spherical cooati#s and pure translations. In this case,
pixel coordinategx;y;f ) must rst be rotated using the known tilt and panning angle®oie
being projected into cylindrical or spherical coordina€en 1995). Having a roughly known
panning angle also makes it easier to compute the alignmeiece the rough relative positioning
of all the input images is known ahead of time, enabling a cedusearch range for alignment.
Figure 8 shows a full 3D rotational panorama unwrapped drestrface of a sphere (Szeliski and
Shum 1997).

One nal coordinate mapping worth mentioning is {b&lar mapping where the north pole lies
along the optic axis rather than the vertical axis,

(cos sin; sin sin; cos )= s(X;y;2z): (40)

In this case, the mapping equations become

0

X
X' = s cos = sFtan ; 41

0

.
z

y s sin = s tan 'L (42)

r z
wherer = P X2 + y2 is theradial distancein the (x;y) plane ands plays a similar role in the
(x%y9 plane. This mapping provides an attractive visualizatianfiese for certain kinds of wide-
angle panoramas and is also a good model for the distortthuced by sheye lensesas discussed
in x2.4. Note how for small values ¢k; y), the mapping equations reducesxto  sx=z, which
suggests that plays a role similar to the focal length

13
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Figure 9: Examples of radial lens distortion: (a) barrel, (b) pincush, and (c) sheye. The sheye image
spans almost a complel80 from side-to-side.

2.4 Lens distortions

When images are taken with wide-angle lenses, it is ofteessry to modelens distortions
such agadial distortion The radial distortion model says that coordinates in treeoked images
are displaced awaybérrel distortion) or towardsgincushiondistortion) the image center by an
amount proportional to their radial distance (Figure 9a-i§)e simplest radial distortion models
use low-order polynomials, e.g.,

x0 = x(1+ ¥+ or?
yo = y(@+ ar®+ orf); (43)

wherer? = x2+ y?and ; and , are called theadial distortion parameter¢Brown 1971, Slama
1980)/ More complex distortion models also inclutingential (decentering) distortior{fSlama
1980), but these are usually not necessary for consumelrdatching.

A variety of techniques can be used to estimate the radigbrticen parameters for a given
lens. One of the simplest and most useful is to take an imagesoéne with a lot of straight lines,
especially lines aligned with and near the edges of the imalge radial distortion parameters can
then be adjusted until all of the lines in the image are diaighich is commonly called thaelumb
line methodBrown 1971, Kang 2001, EI-Melegy and Farag 2003).

Another approach is to use several overlapping images atwhtbine the estimation of the ra-
dial distortion parameters together with the image aligninppeocess. Sawhney and Kumar (1999)
use a hierarchy of motion models (translation, af ne, pectije) in a coarse-to- ne strategy cou-
pled with a quadratic radial distortion correction term. eytuse direct (intensity-based) mini-

’Sometimes the relationship betweeandx®is expressed the other way around, i.e., using primed ( cadydi-
nates on the right-hand side.

14



mization to compute the alignment. Stein (1997) uses alfedtased approach combined with
a general 3D motion model (and quadratic radial distortiamich requires more matches than a
parallax-free rotational panorama but is potentially mgpeaeral. More recent approaches some-
times simultaneously compute both the unknown intrinsiapeeters and the radial distortion
coef cients, which may include higher order terms or morenpdex rational or non-parametric
forms (Claus and Fitzgibbon 2005, Sturm 2005, Thirthala Ralliefeys 2005, Barreto and Dani-
ilidis 2005, Hartley and Kang 2005, Steele and Jaynes 2041@|flet al. 2006b).

Fisheye lenses require a different model than traditioobimomial models of radial distortion
(Figure 9c). Instead, sheye lenses behave, to a rst apjpnation, asequi-distanceprojectors
of angles away from the optic axis (Xiong and Turkowski 199vhich is the same as thpolar
projectiondescribed by equations (40-42). Xiong and Turkowski (19#8cribe how this model
can be extended with the addition of an extra quadratic cbore in , and how the unknown
parameters (center of projection, scaling faciogtc.) can be estimated from a set of overlapping
sheye images using a direct (intensity-based) non-limearimization algorithm.

Even more general models of lens distortion exist. For exangme can represent any lens as
a mapping of pixel to rays in space (Grembaral. 1988, Champlebougt al. 1992, Grossberg
and Nayar 2001, Tardiét al. 2006a), either represented as a dense mapping or usingsespar
interpolated smooth function such as a spline (Goshtas89,X®hamplebourt al. 1992).

3 Direct (pixel-based) alignment

Once we have chosen a suitable motion model to describeigmant between a pair of images,
we need to devise some method to estimate its parametersagpneach is to shift or warp the
images relative to each other and to look at how much the piagitee. Approaches that use
pixel-to-pixel matching are often calledirect methodsas opposed to thieature-based methods
described in the next section.

To use a direct method, a suitaldeor metric must rst be chosen to compare the images.
Once this has been established, a suitabkrchtechniqgue must be devised. The simplest tech-
nigue is to exhaustively try all possible alignments, ite.do afull search In practice, this may
be too slow, sdierarchical coarse-to- ne techniques based on image pyramids have deei-
oped. Alternatively, Fourier transforms can be used todjpgethe computation. To get sub-pixel
precision in the alignmenincrementaimethods based on a Taylor series expansion of the image
function are often used. These can also be appliggatametric motion modelsEach of these
techniques is described in more detail below.
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3.1 Error metrics

The simplest way to establish an alignment between two isi&gg shift one image relative to
the other. Given @aemplateimagel(x) sampled at discrete pixel locatiohs; = (Xi;VY;)g, we
wish to nd where it is located in imagk (x). A least-squares solution to this problem is to nd
the minimum of thesum of squared differenc€SSD) function

X X
Esso(U) = [lai(xi+u) lo(x)>= " € (44)
| |
whereu = (u;V) is thedisplacemenande = 1,(x; + u) Iq(X;) is called theresidual error
(or thedisplaced frame differenda the video coding literature®) (We ignore for the moment the
possibility that parts ofy may lie outside the boundarieslafor be otherwise not visible.)

In general, the displacementcan be fractional, so a suitable interpolation function nhings
applied to image (x). In practice, a bilinear interpolant is often used, but lbic interpolation
should yield slightly better results. Color images can lmepssed by summing differences across
all three color channels, although it is also possible td transform the images into a different
color space or to only use the luminance (which is often donedeo encoders).

Robust error metrics We can make the above error metric more robust to outliergphacing
the squared error terms with a robust functide,) (Huber 1981, Hampett al. 1986, Black and
Anandan 1996, Stewart 1999) to obtain

X X
Esro(U) = (Iai(xi+u)  lo(xi)) = (e): (45)
i i
The robust norm (e€) is a function that grows less quickly than the quadratic figressociated
with least squares. One such function, sometimes used ilomestimation for video coding
because of its speed, is ttkem of absolute differencéSAD) metric, i.e.,

Eano(U) =l +u) To(x)i=  jei: (46)
| |
However, since this function is not differentiable at thegior, it is not well suited to gradient-
descent approaches such as the ones presemtadtin
Instead, a smoothly varying function that is quadratic foa$f values but grows more slowly
away from the origin is often used. Black and Rangarajan §18&cuss a variety of such func-
tions, including theGeman-McClurdunction,
X2

1+ x2=2 x2:a2; 47)

om (X) =

8The usual justi cation for using least squares is that itis bptimal estimate with respect to Gaussian noise. See
the discussion below on robust alternatives.

16



wherea is a constant that can be thought of asoarlier threshold An appropriate value for the
threshold can itself the derived using robust statistiagogt 1981, Hampaedt al. 1986, Rousseeuw
and Leroy 1987), e.g., by computing theedian of absolute differenced AD = medjej, and
multiplying by 1.4 to obtain a robust estimate of the stadddviation of the non-outlier noise
process (Stewart 1999).

Spatially varying weights. The error metrics above ignore that fact that for a givennalignt,
some of the pixels being compared may lie outside the origmnage boundaries. Furthermore,
we may want to partially or completely downweight the cdmitions of certain pixels. For ex-
ample, we may want to selectively “erase” some parts of ag@ieom consideration, e.g., when
stitching a mosaic where unwanted foreground objects haega but out. For applications such as
background stabilization, we may want to downweight thediagbart of the image, which often
contains independently moving objects being tracked by #meera.

All of these tasks can be accomplished by associating aadlyatiarying per-pixel weight
value with each of the two images being matched. The errorerteen become the weighted (or
windowed SSD function,

Ewsso (W)= Wo(OWA(x; + Wls(xi + 1) 1o(x)I% (48)
|
where the weighting functions, andw, are zero outside the valid ranges of the images.

If a large range of potential motions is allowed, the abovérimean have a bias towards
smaller overlap solutions. To counteract this bias, thedaived SSD score can be divided by the
overlap area X

A= Wo(X)wi(Xi + u) (49)

i
to compute ger-pixel(or mean) squared pixel error. The square root of this gtyaistiheroot
mean squareehtensity error q
RMS = EWSSD =A (50)

often seen reported in comparative studies.

Bias and gain (exposure differences). Often, the two images being aligned were not taken with
the same exposure. A simple model of linear (af ne) intgnegdriation between the two images is
thebias and gairmodel,

li(x +u)=(@+ )lo(x)+ ; (51)
where is thebiasand is thegain (Lucas and Kanade 1981, Gennert 1988, Fuh and Maragos
1991, Bakeet al. 2003b). The least squares formulation then becomes

X X
Esa(U) = [ha(xi+u) (L+ )lo(xi) = L o(xi) + Gy (52)
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Rather than taking a simple squared difference betweeegmonding patches, it becomes neces-
sary to perform dinear regressionwhich is somewhat more costly. Note that for color images,
it may be necessary to estimate a different bias and gairafdr eolor channel to compensate for
the automaticolor correctionperformed by some digital cameras.

A more general (spatially-varying non-parametric) modehtensity variation, which is com-
puted as part of the registration process, is presentedarafd Tang 2003). This can be useful
for dealing with local variations such as thignettingcaused by wide-angle lenses. It is also
possible to pre-process the images before comparing takies, e.g., by using band-pass Itered
images (Burt and Adelson 1983, Bergetral. 1992a) or using other local transformations such as
histograms or rank transforms (Cexkal. 1995, Zabih and Wood |l 1994), or to maximizautual
information(Viola and Wells Il 1995, Kimet al. 2003).

Correlation. An alternative to taking intensity differences is to penfiarorrelation i.e., to max-
imize theproduct(or cross-correlation of the two aligned images,

X
Ecc(u) = To(Xi)l1(Xi + u): (53)
i
At rst glance, this may appear to make bias and gain modelmgecessary, since the images will
prefer to line up regardless of their relative scales ansktét However, this is actually not true. If
a very bright patch exists in(x), the maximum product may actually lie in that area.
For this reasomormalized cross-correlatiois more commonly used,

P _ J—
Ence(U) = 4 _illo(xi)  Tol [la(xi +u) T4] | (54)

Tillo(i)  ToRlla(xi +u) o

where
_ 1 X
lg = W I o(X i) and (55)
_ 1 XI
Iy = N l1(X; + u) (56)

|
are themean imagesf the corresponding patches aNds the number of pixels in the patch. The
normalized cross-correlation score is always guarantebd in the rangg 1; 1], which makes it
easier to handle in some higher-level applications (sualkeagling which patches truly match).
Note, however, that the NCC score is unde ned if either oftthe patches has zero variance (and
in fact, its performance degrades for noisy low-contragiomes).
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3.2 Hierarchical motion estimation

Now that we have de ned an alignment cost function to optenizow do we nd its minimum?
The simplest solution is to dofall searchover some range of shifts, using either integer or sub-
pixel steps. This is often the approach usedftock matchingin motion compensated video
compressiopwhere a range of possible motions (say6 pixels) is explored.

To accelerate this search procdssyarchical motion estimatiois often used, where an image
pyramid is rst constructed, and a search over a smaller rerrabdiscrete pixels (corresponding to
the same range of motion) is rst performed at coarser lef@is|am 1984, Anandan 1989, Bergen
et al. 1992a). The motion estimate from one level of the pyramidtben be used to initialize a
smallerlocal search at the next ner level. While this is not guaranteeprtmuce the same result
as full search, it usually works almost as well and is muctefas

More formally, let

1) R PExg) (57)

be thedecimatedimage at level obtained by subsamplingl@wnsamplinya smoothed (pre-
ltered) version of the image at levél 1. Atthe coarsest level, we search for the best displacement
u® that minimizes the difference between imagé)s andlf). This is usually done using a full
search over some range of displacemenits2 2 '[ S; SJ? (whereS is the desiregearch range
at the nest (original) resolution level), optionally follved by the incremental re nement step
described in3.4.

Once a suitable motion vector has been estimated, it is og@eédicta likely displacement

al D 2u® (58)

for the next ner level!® The search over displacements is then repeated at the wel dwer

a much narrower range of displacements, 88y" 1, again optionally combined with an in-
cremental re nement step (Anandan 1989). A nice descmptibthe whole process, extended to
parametric motion estimationd.5), can be found in (Bergest al. 1992a).

°In stereo matching, an explicit search over all possiblpatisies (i.e., glane sweepis almost always performed,
since the number of search hypotheses is much smaller doe idx nature of the potential displacements (Scharstein
and Szeliski 2002).

10This doubling of displacements is only necessary if disptaents are de ned in integeixel coordinates, which
is the usual case in the literature, e.g., (Bergesl. 1992a). Ifnormalized device coordinatée?) are used instead, the
displacements (and search ranges) need not change frointoléaeel, although the step sizes will need to be adjusted
(to keep search steps of roughly one pixel).
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3.3 Fourier-based alignment

When the search range corresponds to a signi cant fractidhenlarger image (as is the case in
image stitching), the hierarchical approach may not wodk thell, since it is often not possible
to coarsen the representation too much before signi caatufes get blurred away. In this case, a
Fourier-based approach may be preferable.

Fourier-based alignment relies on the fact that the Fotna@sform of a shifted signal has the
same magnitude as the original signal but linearly varyingse, i.e.,

Fflyx+u)g= Ffly(x)ge 20UT = (fle2iuf. (59)

wheref is the vector-valued frequency of the Fourier transform aeduse calligraphic notation
| 1(f ) = Ffly(x)gto denote the Fourier transform of a signal (Oppenhetiml. 1999, p. 57).

Another useful property of Fourier transforms is that cdation in the spatial domain corre-
sponds to multiplication in the Fourier domain (Oppenhetnal. 1999, p. 58). Thus, the Fourier
transform of the cross-correlation functiic can be written as

( )
FiEcog=F  lo(x)la(xi+u) = Fflo(u)yTaw)a= 1o )I,();  (60)
|
where X
f(u)7g(u) = f(xi)g(xi+ u) (61)
|
is the correlation function, i.e., the convolution of one signal with the reseeiof the other, and
| ,(f ) isthecomplex conjugatef | 1(f ). (This is because convolution is de ned as the summation
of one signal with the reverse of the other (Oppenheiral. 1999).)

Thus, to ef ciently evaluat& ¢ over the range of all possible valuesunfwe take the Fourier
transforms of both imagds(x) andl1(x), multiply both transforms together (after conjugating
the second one), and take the inverse transform of the r@hétFast Fourier Transform algorithm
can compute the transform of &h M image in GNM logNM ) operations (Oppenheist al.
1999). This can be signi cantly faster than th€N\D’M 2) operations required to do a full search
when the full range of image overlaps is considered.

While Fourier-based convolution is often used to accedetta computation of image correla-
tions, it can also be used to accelerate the sum of squarfededites function (and its variants) as
well. Consider the SSD formula given in (44). Its Fourienstorm can be written as

( X ) X
FfEsso(u)g=F  [lai(xi+u) To(x)I* = (f) [50i)+ 12(x)]  2o(f )1, (F):
| | (62)
Thus, the SSD function can be computed by taking twice theetadron function and subtracting
it from the sum of the energies in the two images.
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Windowed correlation. Unfortunately, the Fourier convolution theorem only applivhen the
summation ovek; is performed oveall the pixels in both images, using a circular shift of the
image when accessing pixels outside the original bounslaki¢hile this is acceptable for small
shifts and comparably sized images, it makes no sense waémé#ges overlap by a small amount
or one image is a small subset of the other.

In that case, the cross-correlation function should beagal with awindowed(weighted)
cross-correlation function,

X. Wo(Xi)lo(Xi) wi(Xi + u)li(x; + u); (63)
[Wo(X)To(X)] Twa(X)1 1(X)] (64)

where the weighting functions, andw; are zero outside the valid ranges of the images, and both
images are padded so that circular shifts return 0 valuessdmuthe original image boundaries.

An even more interesting case is the computation oftteghtedSSD function introduced in
(48),

Ewcc (U)

Wo(X)Wi(Xi + U)[12(Xi + u)  lo(X;)]? (65)

Wo(x) TTw1(x)1 ()] + [Wo(x)I 5 ()W (x)  2[Wio(x)1o(x )] Twa (X )1 1(x)]:

Ewssp(U)

The Fourier transform of the resulting expression is troreef

FfEwsso(U)g= Wo(f)S;(f)+ So(f )W, (f)  20o(f )y (F); (66)
where

Wy = Ffwy(x)g; W; = Ffwi(x)g;

o = Ffwe(x)lo(X)g; 1 = Ffwi(x)l1(x)g; (67)

So = Ffw(x)I3(x)g; and S = Ffw(x)I13(x)g

are the Fourier transforms of the weighting functions amditbightedoriginal and squared image
signals. Thus, for the cost of a few additional image mukgpbnd Fourier transforms, the correct
windowed SSD function can be computed. (To my knowledgeyveh®t seen this formulation
written down before, but | have been teaching it to studemtsdveral years now.)

The same kind of derivation can be applied to the bias-gamected sum of squared difference
function Egg. Again, Fourier transforms can be used to ef ciently congpall the correlations
needed to perform the linear regression in the bias and gasmnpeters in order to estimate the
exposure-compensated difference for each potential shift

Phase correlation. A variant of regular correlation (60) that is sometimes ulsgdnotion esti-
mation isphase correlatior{fKuglin and Hines 1975, Brown 1992). Here, the spectrum eftio
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signals being matched whitenedby dividing each per-frequency product in (60) by the magni-
tudes of the Fourier transforms,

Lo(f)14(F)
Kl o(f YKkl 1(f )k

before taking the nal inverse Fourier transform. In the ead noiseless signals with perfect
(cyclic) shift, we havd ;(x + u) = 19(x), and hence from (59) we obtain

FfEpc(u)g=

(68)

1,(Fe 2 Uf =) and
e2iuf. (69)

Fflyx + u)g
FfEpc(u)g

The output of phase correlation (under ideal conditionsheésefore a single spike (impulse) lo-
cated at the correct value of which (in principle) makes it easier to nd the correct asdte.

Phase correlation has a reputation in some quarters of botpeng regular correlation, but
this behavior depends on the characteristics of the sigmadsnoise. If the original images are
contaminated by noise in a narrow frequency band (e.g.fleguency noise or peaked frequency
“hum?”), the whitening process effectively de-emphasizes noise in these regions. However,
if the original signals have very low signal-to-noise rasibsome frequencies (say, two blurry
or low-textured images with lots of high-frequency noistile whitening process can actually
decrease performance. Recently, gradient cross-coorelas emerged as a promising alternative
to phase correlation (Argyriou and Vlachos 2003), altholugther systematic studies are probably
warranted. Phase correlation has also been studied bydtideiepson (1990) as a method for
estimating general optical ow and stereo dispatrity.

Rotations and scale. While Fourier-based alignment is mostly used to estimatesiational
shifts between images, it can, under certain limited comutt also be used to estimate in-plane
rotations and scales. Consider two images that are rgbatedly by rotation, i.e.,

11(RX ) = 1o(X): (70)
If we re-sample the images infmlar coordinates
Mo(r; )= lo(rcos;r sin ) and Ii(r; )= l.(rcos;r sin ); (71)
we obtain
i+ = ): (72)

The desired rotation can then be estimated using an FFFlssid technique.
If the two images are also related by a scale,

11(€°Rx ) = 1o(X); (73)
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we can re-sample intl@g-polar coordinates
ro(s; )= lo(e’cos;e®sin ) and TIi(s; )= I(€’cos;e®sin ); (74)

to obtain
M(s+% + )= lo(s; ) (75)

In this case, care must be taken to choose a suitable rargyeatifes that reasonably samples the
original image.
For images that are also translated by a small amount,

1(e°RX + t) = Io(X); (76)

De Castro and Morandi (1987) proposed an ingenious soltiiainuses several steps to estimate
the unknown parameters. First, both images are convertdtet&ourier domain, and only the
magnitudes of the transformed images are retained. Inipl@dhe Fourier magnitude images
are insensitive to translations in the image plane (althahg usual caveats about border effects
apply). Next, the two magnitude images are aligned in rotaéind scale using the polar or log-
polar representations. Once rotation and scale are estilmane of the images can be de-rotated
and scaled, and a regular translational algorithm can bkealip estimate the translational shift.

Unfortunately, this trick only applies when the images hkarge overlap (small translational
motion). For more general motion of patches or images, thenpetric motion estimator described
in x3.5 or the feature-based approaches described need to be used.

3.4 Incremental re nement

The techniques described up till now can estimate trawslatialignment to the nearest pixel (or
potentially fractional pixel if smaller search steps ared)s In general, image stabilization and
stitching applications require much higher accuraciedtaia acceptable results.

To obtain bettessub-pixelestimates, we can use one of several techniques (Tian andsHuh
1986). One possibility is to evaluate several discretee@et or fractional) values @ti; v) around
the best value found so far anditderpolatethe matching score to nd an analytic minimum.

A more commonly used approach, rst proposed by Lucas anciai(1981), is to dgradient
descenbn the SSD energy function (44), using a Taylor Series expartf the image function
(Figure 10),

X

[o(xi +u+ u) lo(xi)]?
X [a(xi+u)+ Ja(xi+u) u Io(xi)]? (77)
X [Dixi+u) u+el; (78)

Eik sso(u+ u)
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Figure 10: Taylor series approximation of a function and the increrabEnbmputation of the optic ow
correction amountJ 1(X; + u) is the image gradient dtx; + u) ande; is the current intensity difference.

where

Jl(xi+u):rll(xi+u):(%x;%(xi+u) (79)

is theimage gradienat(x; + u) and
e = li(x;+u) lo(Xi); (80)

rst introduced in (44), is the current intensity error.
The above least squares problem can be minimizing by sothimgssociatedormal equations
(Golub and Van Loan 1996),

A u=b (81)
where X
A= J1(xi+ u)di(xi+u) (82)
i
and
X
b= eJ1(xi+ u) (83)

i
are called the (Gauss-Newton approximation of tieysianandgradient-weighted residual vec-

tor, respectively? These matrices are also often written as
2 p P 3 3

P
| 2 | [y

A=4p Pi‘y5 and b= 4P|X|t5; (84)

ylt

Ixy

2
I

2
y

where the subscripts i, andl, denote spatial derivatives, ahds called theemporal derivative
which makes sense if we are computing instantaneous welodit video sequence.

The gradients required far,(x; + u) can be evaluated at the same time as the image warps
required to estimati (x; + u), and in fact are often computed as a side-product of imagegat
lation. If ef ciency is a concern, these gradients can bdaegd by the gradients in themplate

\We follow the convention, commonly used in robotics and iaK& and Matthews 2004), that derivatives with

respect to (column) vectors result in row vectors, so thaeféaransposes are needed in the formulas.
12The true Hessian is the full second derivative of the erracfionE , which may not be positive de nite.
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(@) (b) (©)

Figure 11: Aperture problems for different image patches: (a) stabt®rher-like”) ow; (b) classic
aperture problem (barber-pole illusion); (c) texturelasgion.

image,
Ji(xi+u)  Jo(x); (85)

since near the correct alignment, the template and displerget images should look similar.
This has the advantage of allowing the pre-computationeHéssian and Jacobian images, which
can result in signi cant computational savings (Hager amthBmeur 1998, Baker and Matthews
2004). A further reduction in computation can be obtainew/hting the warped imagk; (X + u)
used to compute in (80) as a convolution of a sub-pixel interpolation Itentv the discrete
samples in; (Peleg and Rav-Acha 2006). Precomputing the inner prodetetden the gradient
eld and shifted version of ; allows the iterative re-computation gfto be performed in constant
time (independent of the number of pixels).

The effectiveness of the above incremental update rulesrel the quality of the Taylor series
approximation. When far away from the true displacemeny (s pixels), several iterations
may be needed. (It is possible, however, to estimate a valug {f using a least-squares t to
a series of larger displacements in order to increase thgerahconvergence (Jurie and Dhome
2002).) When started in the vicinity of the correct solutionly a few iterations usually suf ce.
A commonly used stopping criterion is to monitor the maghéwf the displacement correction
kuk and to stop when it drops below a certain threshold sa§’ of a pixel). For larger motions,
itis usual to combine the incremental update rule with agdngdrical coarse-to- ne search strategy,
as described in3.2.

Conditioning and aperture problems. Sometimes, the inversion of the linear system (81) can
be poorly conditioned because of lack of two-dimensiondiuie in the patch being aligned. A

commonly occurring example of this is tla@erture problem rst identi ed in some of the early
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papers on optic ow (Horn and Schunck 1981) and then studiedenextensively by Anandan
(1989). Consider an image patch that consists of a slantgel mving to the right (Figure 11).
Only thenormal component of the velocity (displacement) can be reliabtpvered in this case.
This manifests itself in (81) as @nk-de cientmatrix A, i.e., one whose smaller eigenvalue is
very close to zerd?

When equation (81) is solved, the component of the displac¢along the edge is very poorly
conditioned and can result in wild guesses under small m@sirbations. One way to mitigate
this problem is to add prior (soft constraint) on the expected range of motions (Simitineeal.
1991, Baketet al. 2004, Govindu 2006). This can be accomplished by adding & satae to the
diagonal ofA , which essentially biases the solution towards smallervalues that still (mostly)
minimize the squared error.

However, the pure Gaussian model assumed when using a qixgdé quadratic prior, as in
(Simoncelliet al. 1991), does not always hold in practice, e.g., because adiaj along strong
edges (Triggs 2004). For this reason, it may be prudent tsadw small fraction (say 5%) of the
larger eigenvalue to the smaller one before doing the matviersion.

Uncertainty modeling The reliability of a particular patch-based motion estinean be cap-
tured more formally with amncertainty modelThe simplest such model iscavariance matrix
which captures the expected variance in the motion estimaiépossible directions. Under small
amounts of additive Gaussian noise, it can be shown thaoWweriance matrix y is proportional
to the inverse of the Hessian,

u= 2A % (86)
where 2 is the variance of the additive Gaussian noise (Anandan,189Bthieset al. 1989,
Szeliski 1989). For larger amounts of noise, the lineawraperformed by the Lucas-Kanade
algorithmin (78) is only approximate, so the above quatt#gomes th€ramer-Rao lower bound
on the true covariance. Thus, the minimum and maximum eajaas of the HessiaA can now
be interpreted as the (scaled) inverse variances in thededasin and most-certain directions of
motion. (A more detailed analysis using a more realistic eh@d image noise can be found in
(Steele and Jaynes 2005).)

Bias and gain, weighting, and robust error metrics. The Lucas-Kanade update rule can also
be applied to the bias-gain equation (52) to obtain

Ev eeu+ W= Dal+u) ute o) ®7)

13The matrixA is by construction always guaranteed to be symmetric pessimi-de nite, i.e., it has real non-
negative eigenvalues.
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(Lucas and Kanade 1981, Gennert 1988, Fuh and Maragos 18Réré® al.2003b). The resulting
4 4system of equations in can be solved to simultaneously astithe translational displacement
update u and the bias and gain parameterand .4

A similar formulation can be derived for images (templatéd&t have dinear appearance
variation, X

li(x+u) To(x)+  Bj(x); (88)
J
where theB; (x) are thebasis imagesnd the ; are the unknown coef cients (Hager and Bel-
humeur 1998, Bakeet al. 2003a, Bakeket al. 2003b). Potential linear appearance variations in-
clude illumination changes (Hager and Belhumeur 1998) amallsion-rigid deformations (Black
and Jepson 1998).
A weighted (windowed) version of the Lucas-Kanade alganmitk also possible,
Eic weso(U+ W)= WoWa(x; + W10k, + u) U+ T (89)
|

Note that here, in deriving the Lucas-Kanade update fromotiginal weighted SSD function
(48), we have neglected taking the derivativevg{x; + u) weighting function with respect to,
which is usually acceptable in practice, especially if treeghiting function is a binary mask with
relatively few transitions.

Bakeret al. (2003a) only use thevy(x) term, which is reasonable if the two images have
the same extent and no (independent) cutouts in the ovextapr. They also discuss the idea
of making the weighting proportional to | (x), which helps for very noisy images, where the
gradient itself is noisy. Similar observation, formulatederms oftotal least squaregHuffel and
Vandewalle 1991), have been made by other researchersrgjuniytic ow (motion) estimation
(Weber and Malik 1995, Bab-Hadiashar and Suter 1998, Mhldnd Mester 1998). Lastly, Baker
et al. (2003a) show how evaluating (89) at just tim@st reliable(highest gradient) pixels does
not signi cantly reduce performance for large enough inggen if only 5%-10% of the pixels
are used. (This idea was originally proposed by Dellaert @allins (1999), who used a more
sophisticated selection criterion.)

The Lucas-Kanade incremental re nement step can also biedpp the robust error metric
introduced inx3.1,

Ec sroU+ W)= (il +u) U+ e); (90)
|
We can take the derivative of this function w.utand set it to O,
@F=" (@)3ux + w)=0; o1)

YIn practice, it may be possible to decouple the bias-gaimaoiibn update parameters, i.e., to solve two indepen-
dent2 2systems, which is a little faster.
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where ( €) = Ye) is the derivative of . If we introduce a weight functiow(e) = ( €)=g we
can write this as

w(e)d 1 (x + u)[J1(xi+ u) u+e]=0: (92)

|

This results in thdteratively Re-weighted Least Squasdgorithm, which alternates between com-
puting the weight functionsv(g) and solving the above weighted least squares problem (Hu-
ber 1981, Stewart 1999). Alternative incremental robuastiesquares algorithms can be found
in (Sawhney and Ayer 1996, Black and Anandan 1996, Black aadlgRrajan 1996, Bakeat
al. 2003a) and textbooks and tutorials on robust statisticdh@dii981, Hampeét al. 1986,
Rousseeuw and Leroy 1987, Stewart 1999).

3.5 Parametric motion

Many image alignment tasks, for example image stitchin@p Wéndheld cameras, require the use
of more sophisticated motion models, as describe@inSince these models typically have more
parameters than pure translation, a full search over theildesrange of values is impractical.
Instead, the incremental Lucas-Kanade algorithm can bergkred to parametric motion models
and used in conjunction with a hierarchical search algori(hucas and Kanade 1981, Rehg and
Witkin 1991, Fuh and Maragos 1991, Bergetral. 1992a, Baker and Matthews 2004).

For parametric motion, instead of using a single constanstation vectou, we use a spatially
varyingmotion eld or correspondence mag {x ; p), parameterized by a low-dimensional vector
p, wherex °can be any of the motion models presenteddn The parametric incremental motion
update rule now becomes

Ev eu®+ P) = Dacxip+ P o) (93)
O+ 26 P ol (94)
= " P.x) el (95)
i
where the Jacobian is now al &°
Ja(x) = @ r |1(Xi0)@(xi); (96)
i.e., the product of the image gradientl; with the Jacobian of correspondence eldl,o =

A=@.
Table 2 shows the motion Jacobiahgo for the 2D planar transformations introducedin!®
Note how | have re-parameterized the motion matrices sciltiegtare always the identity at the

15The derivatives of the 3D rotational motion model introddizex2.2 are given irx4.3.
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Transform Matrix | Parameters | Jacobian] x o

41 0t 4,1 0,
translation 01y (te;ty) ) 01 )
4 S kg 410 sx cy,
Euclidean| =~ S ¢ bt (t;ty ) 01 cx sy
4 1ta b &g 421 0x yg
similarity | b 1l+a g X (tty;a; b ) 01y x )
41+a00 o1 tX5 4lOXyOO5
af ne A0 ltan by (gitapamapan) | 01 00Xy
z 3
1+ho hox ho2
g hio 1+hy hp Z
projective h2o ho1 1 (oo 2 23 har) (see text)

Table 2: Jacobians of the 2D coordinate transformations.

originp = 0. This will become useful below, when we talk about the contpmsal and inverse
compositional algorithms. (It also makes it easier to ingysors on the motions.)

The derivatives in Table 2 are all fairly straightforwaragcept for the projective 2-D motion
(homography), which requires a per-pixel division to eeadi) c.f. (8), re-written here in its new
parametric form as

0= (1 + hoo)X + Nozy + hoz

hioX + (1 + hy))y + hg
d y°= : 97
hyox + hyy + 1 and y hooX + hay + 1 ®7)
The Jacobian is therefore
2 3
0
Jyo= _1,xy 1000 x% x%/5; (98)

whereD is the denominator in (97), which depends on the currentpeter settings (as ddand
Y.
For parametric motion, the (Gauss-Newtdtgssianand gradient-weighted residual vector
become
X T T
A= I%0G)r (XD T2(xP1I xo(xi) (99)

and X
b= Ixo(xi)er 17 (xI: (100)
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Note how the expressions inside the square brackets aranhe egnes evaluated for the simpler
translational motion case (82—-83).

Patch-based approximation. The computation of the Hessian and residual vectors fompeira
ric motion can be signi cantly more expensive than for thanglational case. For parametric
motion withn parameters anil pixels, the accumulation ok andb takes @n?N) operations
(Baker and Matthews 2004). One way to reduce this by a sigmt@mount is to divide the image
up into smaller sub-blocks (patchd%)and to only accumulate the simpr 2 quantities inside
the square brackets at the pixel level (Shum and Szeliskd200

rif(xdr 11(x9) (101)

i2P;

ar I (x): (102)

i2P

Aj

by

The full Hessian and residual can then be approximated as

X X . X ;
AT 3% T T I xe(R) = I%e(R)AIxe(R))  (103)
j i2Pj j
and X X ; X
b IxoRDL &r 1{(x)] = J xo(R})by; (104)
j i2Pj j
whereR; is thecenterof each patcli; (Shum and Szeliski 2000). This is equivalent to replacing
the true motion Jacobian with a piecewise-constant appratxon. In practice, this works quite
well. The relationship of this approximation to featureséd registration is discussedx#.4.

Compositional approach For a complex parametric motion such as a homography, th@aom
tation of the motion Jacobian becomes complicated, and nvaje a per-pixel division. Szeliski
and Shum (1997) observed that this can be simpli ed by rstpiag the target imagk according
to the current motion estimase{x ; p),

M(x) = 1.(xqx;p)); (105)

and then comparing thisarpedimage against the templaitg(x ),

X
RLELCSCSHNY)) lo(Xi)]?

X
Fikxi) p+el (106)

X
I xi)Ix(xi) p+ el (107)

Ewk ss( p)

30



Note that since the two images are assumed to be fairly sinoitdy anincrementalparametric
motion is required, i.e., the incremental motion can bewatald aroung = 0, which can lead
to considerable simpli cations. For example, the Jacolmfithe planar projective transform (97)

now becomes 2 3
JX=@ _,Xxy 1000 x?2 XY 5.
@’p=o 0 00xvy 1 xy V2
Once the incremental motionhas been computed, it can pependedo the previously estimated
motion, which is easy to do for motions represented withdf@mation matrices, such as those
givenin Tables 1 and 2. Baker and Matthews (2004) call tle$dfward compositionahlgorithm,
since the target image is being re-warped, and the nal maggtimates are being composed.

If the appearance of the warped and template images is sientaugh, we can replace the
gradient off71(x) with the gradient of o(x), as suggested previously in (85). This has potentially
a big advantage in that it allows the pre-computation (anérgion) of the Hessian matrii
given in (99). The residual vectdr (100) can also be partially precomputed, i.e., stheepest
descentmages 1o(x)J x (x) can precomputed and stored for later multiplication withex ) =
i(x) lo(x) error images (Baker and Matthews 2004). This idea was rggested by Hager
and Belhumeur (1998) in what Baker and Matthews (2004) dalhaard additivescheme.

Baker and Matthews (2004) introduce one more variant théytloa inverse compositional
algorithm. Rather than (conceptually) re-warping the \edrparget imagé;(x), they instead
warp the template imageg(x) and minimize

Evc eu( P) = I0)  lo(x(cii PP

X
I lo(xi)Ix(xi) p el (109)

(108)

This is identical to the forward warped algorithm (107) witie gradients I;(x) replaced by
the gradients 1,(x), except for the sign o§. The resulting update p is the negativeof the
one computed by the modi ed (107), and hence tinerseof the incremental transformation
must be prepended to the current transform. Because thes@wempositional algorithm has the
potential of pre-computing the inverse Hessian and thgps&talescent images, this makes it the
preferred approach of those surveyed in (Baker and Matt@é@4). Figure 12, taken from (Baker
et al. 2003a), beautifully shows all of the steps required to imp@at the inverse compositional
algorithm.

Baker and Matthews (2004) also discusses the advantagegf@auss-Newton iteration (i.e.,
the rst order expansion of the least squares, as above)thisr approaches such as steepest de-
scent and Levenberg-Marquardt. Subsequent parts of thes g8akeret al. 2003a, Bakekt al.
2003b, Bakeet al. 2004) discuss more advanced topics such as per-pixel viregglpixel selec-
tion for ef ciency, a more in-depth discussion of robust next and algorithms, linear appearance
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Figure 12: A schematic overview of the inverse compositional algorificopied, with permission, from
(Bakeret al.2003a)). Steps 3-6 (light-color arrows) are performed oasea pre-computation. The main
algorithm simply consists of iterating: image warping (Stg), image differencing (Step 2), image dot
products (Step 7), multiplication with the inverse of thessian (Step 8), and the update to the warp (Step
9). All of these steps can be performed ef ciently.
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variations, and priors on parameters. They make for in\Wéueeading for anyone interested in
implementing a highly tuned implementation of incrementage registration.

4 Feature-based registration

As | mentioned earlier, directly matching pixel intensstig just one possible approach to image
registration. The other major approach is to rst extractidictive featuresfrom each image,
to match these features to establish a global correspoadand to then estimate the geometric
transformation between the images. This kind of approachben used since the early days
of stereo matching (Hannah 1974, Moravec 1983, Hannah 1&88has more recently gained
popularity for image stitching applications (Zoghlasti al. 1997, Capel and Zisserman 1998,
Cham and Cipolla 1998, Badet al. 1998, McLauchlan and Jaenicke 2002, Brown and Lowe
2003, Brownret al. 2005).

In this section, | review methods for detecting distinctpaants, for matching them, and for
computing the image registration, including the 3D rotatodel introduced ix2.2. | also dis-
cuss the relative advantages and disadvantages of dirtétaiure-based approaches.

4.1 Keypoint detectors

As we saw inx3.4, the reliability of a motion estimate depends mostaalty on the size of the
smallest eigenvalue of the image Hessian matrix(Anandan 1989). This makes it a reason-
able candidate for nding points in the image that can be imedcwith high accuracy. (Older
terminology in this eld talked about “corner-like” feates (Moravec 1983), but the modern usage
is keypointsinterest pointsor salient points) Indeed, Shi and Tomasi (1994) propose using this
guantity to ndgood features to tragkand then use a combination of translational and af ne-base
patch alignment to track such points through an image seguen

Using a square patch with equal weighting may not be the beste. Instead, a Gaussian
weighting function can be used. Forstner (1986) and Hamis Stephens (1988) both proposed
nding keypoints using such an approach. The Hessian anehggjue images can be ef ciently
evaluated using a sequence of Iters and algebraic opersitio

Gi(x) = 26,00 1(x); (110
_ @ |

600 = B .00 100 3 (111)

B (X) 4 G)Z((X) GX(X)GY(X) 5. (112)

Gx(X)Gy(x)  Gj(x) ’
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A(x)

G () B(x) (113)
Qoo + A1 (30  @u1)*+ Qo110
> :
whereG | is a noise-reducing pre-smoothing “derivative” lter ofath 4, andG , is the in-
tegration lter whose scale; controls the effective patch size. (Tlag are the entries in the
A (x) matrix, where | have dropped tljg) for succinctness.) For example, Forstner (1994) uses
¢ =0:7and ; = 2. Once the minimum eigenvalue image has been computed,iaama can
be found as potential keypoints.
The minimum eigenvalue is not the only quantity that can leelus nd keypoints. A simpler
quantity, proposed by Harris and Stephens (1988) is

0:2(X) (114)

def(A) tracdA)’= o1 (ot 1)° (115)
with  =0:06. Triggs (2004) suggest using the quantity
0 1 (116)

(say with = 0:05), which reduces the response at 1D edges, where aliasiogs eaometimes
affect the smaller eigenvalue. He also shows how the Hasic2 Hessian can be extended to
parametric motions to detect points that are also accyraiedlizable in scale and rotation. Brown
et al. (2005), on the other hand, use the harmonic mean,

detA_ 01 .
tr A - ot 1’

(117)

which is a smoother function in the region wherg 1. Figure 13 shows isocontours of the
various interest point operators (note that all the detsatequire both eigenvalues to be large).
Figure 14 shows the output of the multi-scale oriented peatiector of Browret al. (2005) at 5
different scales.

Schmidet al. (2000) survey the vast literature on keypoint detection@erfiorm some exper-
imental comparisons to determine ttepeatabilityof feature detectors, which is de ned as the
frequency with which keypoints detected in one image aredowithin = 1:5 pixels of the cor-
responding location in a warped image. They also measurstbenation contentavailable at
each detected feature point, which they de ne as the entobpyset of rotationally invariant local
grayscale descriptors. Among the techniques they survey, hd that animprovedversion of the
Harris operator with 4 =1 and ; = 2 works best.

More recently, feature detectors that are more invariastée (Lowe 2004, Mikolajczyk and
Schmid 2004) and af ne transformations (Baumberg 2000,iKaxd Brady 2001, Schaffalitzky
and Zisserman 2002, Mikolajczgt al.2005) have been proposed. These can be very useful when
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Figure 13: Isocontours of popular keypoint detection functions (takem (Brownet al. 2004)). Each
detector looks for points where the eigenvalugs 1 of H = L r Ir | Tdx are both large.

Figure 14: Multi-scale Oriented Patches (MOPS) extracted at ve pyictevels (taken from (Browet

al. 2004)). The boxes show the feature orientation and the mefyjmm which the descriptor vectors are
sampled.

35



matching images that have different scales or aspects {et®D object recognition). A simple
way to achieve scale invariance is to look for scale-spacemreof Difference of Gaussian (DoG)
(Lindeberg 1990, Lowe 2004) or Harris corner (Mikolajczyideschmid 2004, Triggs 2004) detec-
tors computed over a sub-octave pyramid, i.e., an imagempgrashere the subsampling between
adjacent levels is less than a factor of two. Lowe's origi{28l04) paper uses a half-octaveZ)
pyramid, whereas Triggs (2004) recommends using a quactaxe Ei). The area of feature
point detectors and descriptors continues to be very aqetitle papers appearing every year at ma-
jor computer vision conferences (Carneiro and Jepson 208aneyet al. 2005, Bayet al. 2006,
Platelet al. 2006, Rosten and Drummond 2006)—see the recent survey amplacison of af ne
region detectors by Mikolajczyét al. (2005).

Of course, keypoints are not the only kind of features thatlmaused for registering images.
Zoghlamiet al. (1997) use line segments as well as point-like featuresttmate homographies
between pairs of images, whereas (Bartidlial. 2004) use line segments with local correspon-
dences along the edges to extract 3D structure and motioytel@dars and Van Gool (2004) use
af ne invariant regions to detect correspondences for viadseline stereo matching. Mateisal.
(2004) detecmaximally stable regionsising an algorithm related to watershed detection, wiserea
Kadir et al. (2004) detect salient regions where patch entropy andtésofechange with scale are
locally maximal. (Corso and Hager (2005) use a related tigci@to t 2-D oriented Gaussian ker-
nels to homogeneous regions.) While these techniques Iche ased to solve image registration
problems, they will not be covered in more detail in this gytv

4.2 Feature matching

After detecting the features (keypoints), we mansttchthem, i.e., determine which features come
from corresponding locations in different images. In sorm&sions, e.g., for video sequences (Shi
and Tomasi 1994) or for stereo pairs that have hreeti ed (Loop and Zhang 1999, Scharstein
and Szeliski 2002), the local motion around each featunetpoay be mostly translational. In this
case, the error metrics introducedx®.1 such agssp or Encc can be used to directly compare
the intensities in small patches around each feature pd@ihe comparative study by Mikolajczyk
and Schmid (2005) discussed below uses cross-correjpBecause feature points may not be ex-
actly located, a more accurate matching score can be cothputeerforming incremental motion
re nement as described 8.4, but this can be time consuming, and can sometimes eveeate
performance (Browret al.2005).

If features are being tracked over longer image sequertugis apppearance can undergo larger
changes. In this case, it makes sense to compare appeauwsiogsnaf ne motion model. Shi
and Tomasi (1994) compare patches using a translationatlhhetiveen neighboring frames, and
then use the location estimate produced by this step taliziéi an af ne registration between
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the patch in the current frame and the base frame where ardeatas rst detected. In fact,
features are only detected infrequently, i.e., only in@agihere tracking has failed. In the usual
case, an area around the currpredictedlocation of the feature is searched with an incremental
registration algorithm. This kind of algorithm isdetect then traclapproach, since detection
occurs infrequently. It is appropriate for video sequerngbsre the expected locations of feature
points can be reasonably well predicted.

For larger motions, or for matching collections of imagesewhthe geometric relationship
between them is unknown (Schaffalitzky and Zisserman 280@wn and Lowe 2003), detect
then matchapproach in which feature points are rst detected in allgesis more appropriate.
Because the features can appear at different orientatiopsates, a morgiew invariantkind of
representation must be used. Mikolajczyk and Schmid (268&gw some recently developed
view-invariant local image descriptors and experimeptatimpare their performance.

The simplest method to compensate for in-plane rotations iad a dominant orientation
at each feature point location before sampling the patchlogravise computing the descriptor.
Brown et al. (2005) use the direction of the average gradient oriemtatomputed within a small
neighborhood of each feature point, whereas Lowe (2004)véisas Mikolajczyk and Schmid
(2005)) look for a peak in the local gradient orientationtdggam. The descriptor can be made
invariant to scale by only selecting feature points that@ral maxima in scale space, as discussed
in x4.1. Making the descriptors invariant to af ne deformasofstretch, squash, skew) is even
harder (Baumberg 2000, Schaffalitzky and Zisserman 20@&Kolajczyk and Schmid (2004) use
the local second moment matrix around a feature point to @@ eanonical frame, whereas Corso
and Hager (2005) t 2-D oriented Gaussian kernels to homegaas regions and store the weighted
region statistics.

Among the local descriptors that Mikolajczyk and SchmidQ20compared, they found that
David Lowe's (2004) Scale Invariant Feature Transform {Sl§enerally performed the best, fol-
lowed by Freeman and Adelson's (1991) steerable Iters duaah tcross-correlation (which could
potentially be improved with an incremental re nement ofdion and pose—but see (Browh
al. 2005)). Differential invariants, whose descriptors argemmsitive to changes in orientation by
design, did not do as well.

SIFT features are computed by rst estimating a local oaénh using a histogram of the local
gradient orientations, which is potentially more accuthgmn just the average orientation. Once
the local frame has been established, gradients are captiedifferent orientation planes, and
blurred resampled versions of these images as used as thesfeaThis provides the descriptor
with some insensitivity to small feature localization esrand geometric distortions (Lowe 2004).

Steerable lters are combinations of derivative of Gaussliters that permit the rapid com-
putation of even and odd (symmetric and anti-symmetriceddge and corner-like features at all
possible orientations (Freeman and Adelson 1991). Bedaegaise reasonably broad Gaussians,
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Figure 15: MOP descriptors are formed using & 8 sampling of bias/gain normalized intensity values,
with a sample spacing of 5 pixels relative to the detecticaies¢taken from (Browret al. 2004)). This
low frequency sampling gives the features some robustodssypoint location error, and is achieved by
sampling at a higher pyramid level than the detection scale.

they too are somewhat insensitive to localization and ¢ei@m errors.

For tasks that do not exhibit large amounts of foreshorggrsach as image stitching, simple
normalized intensity patches perform reasonably well arcsanple to implement (Browat al.
2005) (Figure 15). The eld of feature descriptors contistie evolve rapidly, with newer results
including a principal component analysis (PCA) of SIFT teatdescriptors (Ke and Sukthankar
2004) and descriptors that include local color informafjeem de Weijer and Schmid 2006).

Rapid indexing and matching. The simplest way to nd all corresponding feature pointsin a
image pair is to compare all the features in one image agalirtbe features in the other, using one
of the local descriptors described above. Unfortunatélg, is quadratic in the expected number
of features, which makes it impractical for some appliaagio

More ef cient matching algorithms can be devised usinget#int kinds oindexing schemes
many of which are based on the idea of nding nearest neighlohigh-dimensional spaces. For
example, Nene and Nayar (1997) developed a technique thleslicang that uses a series of 1D
binary searches to ef ciently cull down a list of candidatargs that lie within a hypercube of the
guery point. They also provide a nice review of previous wiarkhis area, including spatial data
structures such dsd trees (Samet 1989). Beis and Lowe (1997) propose a BesFiBst (BBF)
algorithm, which uses a modi ed search ordering fdt-d tree algorithm so that bins in feature
space are searched in the order of their closest distancedu®ry location. Shakhnaroviat
al. (2003) extend a previously developed technique cdbedlity-sensitive hashingvhich uses
unions of independently computed hashing functions, to beersensitive to the distribution of
points in parameter space, which they gallameter-sensitive hashingrownet al. (2005) hash
the rst three (non-constant) Haar wavelets from8n 8 image patch. Even more recently, Nister
and Stewenius (2006) usereetric tree which consists of comparing feature descriptors to a small
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number of prototypes at each level in a hierarchy. Despitefahis promising work, the rapid
computation of image feature correspondences is far frangteesolved problem.

RANSAC and LMS. Once an initial set of feature correspondences has beenutethpwve
need to nd a set that is will produce a high-accuracy aligntneOne possible approach is to
simply compute a least squares estimate or to use a robdgtteratively re-weighted) version of
least squares, as discussed belgd3). However, in many cases, it is better to rst nd a good
starting set oinlier correspondences, i.e., points that are all consistentssitine particular motion
estimate'®

Two widely used solution to this problem are called RANdommg»?e Consensus, or RANSAC
for short (Fischler and Bolles 1981) atehst median of squardsMS) (Rousseeuw 1984). Both
techniques start by selecting (at random) a subsdét adrrespondences, which is then used to
compute a motion estimage as described ir4.3. Theresidualsof the full set of correspondences
are then computed as

ri=xXxi;p) R (118)
wherex? are theestimated(mapped) locations, angl? are the sensed (detected) feature point
locations.

The RANSAC technique then counts the numbein@érs that are within of their predicted
location, i.e., whosér k . (The value is application dependent, but often is around 1-3
pixels.) Least median of squares nds the median value okthk values.

The random selection process is repeddtmes, and the sample set with largest number of
inliers (or with the smallest median residual) is kept as tia solution. Either the initial param-
eter guesg or the full set of computed inliers is then passed on to thé data tting stage. In a
more recently developed version of RANSAC called PROSACJBRssive SAmple Consensus),
random samples are initially added from the most “con demitches, thereby speeding up the
process of nding a (statistically) likely good set of intfge(Chum and Matas 2005).

To ensure that the random sampling has a good chance of reding set of inliers, a suf cient
number of trialsS must be tried. Lep be the probability that any given correspondence is valid,
andP be the total probability of success aftetrials. The likelihood in one trial that ad random
samples are inliers ig¢. Therefore, the likelihood th& such trials will all fail is

1 P=(1 pos (119)
and the required minimum number of trials is
_ log1 P).
= og@ )’ (120)

18For direct estimation methods, hierarchical (coarsefte) techniques are often used to lock ontodbeninant
motionin a scene (Bergeet al. 1992a, Bergeet al. 1992h).
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Stewart (1999) gives the following examples of the requirethber of trialsS to attain a 99%
probability of success:

ki p| S
3|/05| 35|
6|06 97|
6|0:5|293

As you can see, the number of trials grows quickly with the hanof sample points used. This
provides a strong incentive to use tmeimumnumber of sample points possible for any given
trial, which in practice is how RANSAC is normally used.

4.3 Geometric registration

Once we have computed a set of matched feature point corrdepoes, the next step is to estimate
the motion parametegs that best register the two images. The usual way to do thsuse least
squares, i.e., to minimize the sum of squared residualsdiy€118),

X
Eis=  krik? = kxdxi;p) 2% (121)
i
Many of the motion models presentedx®, i.e., translation, similarity, and af ne, haveliaear
relationship between the motion and the unknown parametéfsin this case, a simple linear
regression (least squares) using normal equatigns b works well.

Uncertainty weighting and robust regression. The above least squares formulation assumes
that all feature points are matched with the same accurduy.i3 often not the case, since certain
points may fall in more textured regions than others. If weoagte a variance estimatg with
each correspondence, we can minimaegghted least squaresstead,

X
Ews = 2krik%: (122)
i
As discussed ix3.4, a covariance estimate for patch-based matching camtaeed by multi-
plying the inverse of the Hessian with the per-pixel noigeste (86). Weighting each squared
residual by the inverse covariance ! = _2?A; (which is called thenformation matriy, we
obtain X X X
Ecwes =  krik® .= ! . try= A TAGr (123)
i ' i [

whereA; is thepatch Hessiarf101).

172-D Euclidean motion can be estimated with a linear algorithy rst estimating the cosine and sine entries
independently, and then normalizing them so that their ritada is 1.
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If there are outliers among the feature-based correspaeddand there almost always are), it
is better to use a robust version of least squares, evenriitgad RANSAC or MLS stage has been
used to select plausible inliers. The robust least squasiswetric (analogous to (45)) is then

X
Eris(u) = _ (krik i1)3 (124)
As before, a commonly used approach to minimize this quaigito use iteratively re-weighted
least squares, as describeckdw.

Homography update. Fornon-linearmeasurement equations such as the homography given in
(97), rewritten here as

hiox + (1 + hy)y + hyo
hooX + hory + 1

o_ (1+ hoo)x + hory + hoz

0_
haox + hory + 1 and y"=

, (125)
an iterative solution is required to obtain accurate resuiin initial guess for the 8 unknowns
fhoo; :::; hy1g can be obtained by multiplying both sides of the equationsudph by the denomi-
nator, WhICh yields the linear set of equations,

Z : (126)

However, this is not optimal from a statistical point of viesince the denominator can vary quite
a bit from point to point.

One way to compensate for this isresweighteach equation by the inverse of current estimate
of the denominatoi,

2
2 3 2
1,2 x,_1,xy 1000 2% koyg

1 h00
D 99y D 000xy 1 9%

z (127)

While this may at rst seem to be the exact same set of equatisn(126), because least squares
is being used to solve the over-determined set of equatibesyeightinggio matter and produce
a different set of normal equations that performs betteraciice (with noisy data).

The most principled way to do the estimation, however, isiteally minimize the squared
residual equations (118) using the Gauss-Newton appraxima.e., performing a rst-order Tay-
lor series expansion ip, which yields,

RY xAxi;p)= Jxo p (128)
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or 2
2 3
0 0
s X X5

I —% g: (129)

h21

While this looks similar to (127), it differs in two importanespects. First, the left hand side
consists of unweightedrediction errorsrather than pixel displacements, and the solution vector
is aperturbationto the parameter vectqr. Second the quantities insideyo involve predicted
feature locationgx® y9) instead ofsensedeature locationgx® ¥9. Both of these are subtle and
yet they lead to an algorithm that, when combined with pragpercking for downhill steps (as in
the Levenberg-Marquardt algorithm), will converge to a imiam. (lterating the (127) equations
is not guaranteed to do so, since it is not minimizing a welkdd energy function.)

The above formulais analogous to tditivealgorithm for direct registration since the change
to thefull transformation is being computed.5. If we prepend an incremental homography to the
current homography instead, i.e., we ussoapositionaklgorithm, we geD = 1 (sincep = 0)
and the above formula simpli es to

: (130)

h21

where | have replace@® y9 with (x;y) for conciseness. (Notice how this results in the same
Jacobian as (108).)

Rotational panorama update. As described irx2.2, representing the alignment of images in a
panorama using a collection of rotation matrices and faaadjths results in a much more stable
estimation problem than directly using homographies (Skel996, Szeliski and Shum 1997).
Given this representation, how do we update the rotatiomicestto best align two overlapping
images?

Recall from (18-19) that the equations relating two views loa written as

X1 H 10%0 with H 10 — K 1R 10K 0 l; (131)

whereK = diagf;f; 1) is the calibration matrix an® 1o = RlRO1 is rotationbetweerthe
two views. The best way to updale, is to prepend amcrementalkotation matrixR (+) to the
current estimat® ;o (Szeliski and Shum 1997, Shum and Szeliski 2000),

H(+)= KiR(#F)R1w0K o' = [K1R(#F)K ;1K 1R10K 1= D H 10 (132)
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Note that here | have written the update rule in tdoenpositionalform, where the incremental
updateD is prependedo the current homography ;9. Using the small-angle approximation to

R (+) given in (26), we can write the incremental update matrix as

2 3

D =K;R#)K ;' Kl +[+] )K 11:§ I, 1 fal é: (133)
!y:fl !x:fl 1

Notice how there is now a nice one-to-one correspondenaecket the entries in thB matrix

(hoo; hot; No2; Noo; N11; Nios o hog) = (0 1o fql st 2300 faly 1y=fq=f1): (134)

We can therefore apply the chain rule to (130) and (134) tainbt

2 3 2 3?2 I

A X X5 _y xy=f1  fi+x%=f, y5§ l é (135)

Py (f1+ y?=fy) xy=Ff1 X e

which give us the linearized update equations needed tmatstt = (! ;! ;! ,).® Notice that
this update rule depends on the focal lenigtlof the targetview, and is independent of the focal
lengthf of the templateview. This is because the compositional algorithm essintaakes
small perturbations to the target. Once the incrementatioot vector+ has been computed, the
R ; rotation matrix can be updated usiRg R (+)R;.

The formulas for updating the focal length estimates aréla nore involved, and are given
in (Shum and Szeliski 2000). | will not repeat them here, siag alternative update rule, based on
minimizing the difference between back-projected 3D rayB be given inx5.1. Figure 16 shows
the alignment of four images under the 3D rotation motion ehod

Focal length initialization. In order to initialize the 3D rotation model, we need to sitané-
ously estimate the focal length(s) of the camera(s) andiéialiguess for a rotation matrix. This
can be obtained directly from a homography-based (planappetive) alignmend 19, using the
formulas rst presented in (Szeliski and Shum 1997).

Using the simpli ed form of the calibration matricés = diag(fk;fk;1) rst used in (19),

we can rewrite (131) as
2
h00 hOl f0 1h02
R K 1l|'T 10K o § hio h11 fo hy, é ; (136)

f1hZO flh21 folfthZ

8This is the same as the rotational component of instantaégid ow (Bergenet al.1992a) and the same as the
update equations given in (Szeliski and Shum 1997, Shum aelisis 2000).
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Figure 16: Four images taken with a hand-held model registered usin® ac®ation motion model (from
(Szeliski and Shum 1997)). Notice how the homographidserahan being arbitrary, have a well de ned
keystone shape whose width increases away from the origin.

where theh;; are the elements ¢t 4.
Using the orthonormality properties of the rotation maRix and the fact that the right hand
side of (136) is known only up to a scale, we obtain

hgo + hg, + o 2hg, = hip+ 3, + f, *h, (137)

and
hoohio + hoihis + T %hgohyp = 0: (138)

From this, we can compute estimatesffgiof

h2, h3 :
fé= R h%i hgz = if hj,+h3, 6hi +hi; (139)
or
2 h02h12 .
fO = if h00h10 6 h01h11: (140)

hooh1o + horhig

(Note that the equations given in (Szeliski and Shum 199% earoneous; the correct equations
can be found in (Shum and Szeliski 2000).) If neither of thas®ditions holds, we can also take
the dot products between the rst (or second) row and thelthiire. Similar result can be obtained
for f; as well by analyzing the columns Hf 5. If the focal length is the same for both images, we
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(a) (b)
Figure 17: Gap closing: (a) a gap is visible when the focal length is vgr@in = 510); (b) no gap is visible
for the correct focal lengthf( = 468).
can take the geometric meanfgfandf ; as the estimated focal length= P f1fo. When multiple
estimates of are available, e.g., from different homographies, the aredalue can be used as
the nal estimate.

Gap closing. The techniques presented in this section can be used toadstnseries of rotation
matrices and focal lengths, which can be chained togetherete large panoramas. Unfortu-
nately, because of accumulated errors, this approachavély produce a closegb0 panorama.
Instead, there will invariably be either a gap or an overkagyre 17).

We can solve this problem by matching the rst image in theusege with the last one.
The difference between the two rotation matrix estimatss@ated with this frame indicates the
amount of misregistration. This error can be distributegindy across the whole sequence by tak-
ing the quotient of the two quaternions associated withehesations and dividing this “error
guaternion” by the number of images in the sequence (asguralatively constant inter-frame
rotations). We can also update the estimated focal lengtacdban the amount of misregistration.
To do this, we rst convert the error quaternion intagap angle 4. We then update the focal
length using the equatidi?= f (1  4=360).

Figure 17a shows the end of registered image sequence andttimage. There is a big gap
between the last image and the rst which are in fact the sanage. The gap i82 because the
wrong estimate of focal length (= 510) was used. Figure 17b shows the registration after closing
the gap with the correct focal length € 468). Notice that both mosaics show very little visual
misregistration (except at the gap), yet Figure 17a has besputed using a focal length which
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has 9% error. Related approaches have been developed de{HEI94, McMillan and Bishop
1995, Stein 1995, Kang and Weiss 1997) to solve the focatteestimation problem using pure
panning motion and cylindrical images.

Unfortunately, this particular gap-closing heuristicyoworks for the kind of “one-dimensional”
panorama where the camera is continuously turning in the shiraction. In next sectioxb, | de-
scribe a different approach to removing gaps and overlaastbrks for arbitrary camera motions.

4.4 Direct vs. feature-based alignment

Given that there exist these two alternative approacheguirag images, which is preferable?

| used to be rmly in the direct matching camp (Irani and Anand 999). Early feature-based
methods seemed to get confused in regions that were eitbeextured or not textured enough.
The features would often be distributed unevenly over thegies, thereby failing to match image
pairs that should have been aligned. Furthermore, estaii€orrespondences relied on simple
cross-correlation between patches surrounding the feg@kints, which did not work well when
the images were rotated or had foreshortening due to horpbigs

Today, feature detection and matching schemes are renharkblst, and can even be used for
known object recognition from widely separated views (Ld2@®4). Features not only respond
to regions of high “cornerness” (Forstner 1986, Harris Stephens 1988), but also to “blob-like”
regions (Lowe 2004), as well as uniform areas (Tuytelaacs\&an Gool 2004). Furthermore,
because they operate in scale-space and use a dominartaboierfor orientation invariant de-
scriptors), they can match images that differ in scale,nvaigon, and even foreshortening. My
own recent experience in working with feature-based apmtresiis that if the features are well
distributed over the image and the descriptors reasonasigded for repeatability, enough corre-
spondences to permit image stitching can usually be founaNBet al. 2005).

The other major reason | used to prefer direct methods washew make optimal use of the
information available in image alignment, since they measioe contribution oéverypixel in the
image. Furthermore, assuming a Gaussian noise model (buatr@d version of it), they properly
weight the contribution of different pixels, e.g., by empizang the contribution of high-gradient
pixels. (See Bakeet al. (2003a), who suggest that adding even more weight at stn@tiemts is
preferable because of noise in the gradient estimates.xQuild argue that for a blurry image with
only slowly varying gradients, a direct approach will nd allgnment, whereas a feature detector
will fail to nd anything. However, such images rarely ocdarpractice in consumer imaging, and
the use of scale-space features means that some features framd at lower resolutions.

The biggest disadvantage of direct techniques is that theg & limited range of convergence.
Even though they can be used in a hierarchical (coarse-p-estimation framework, in practice it
is hard to use more than two or three levels of a pyramid befopertant details start to be blurred
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away. For matching sequential frames in a video, the difgataach can usually be made to work.
However, for matching partially overlapping images in giibaised panoramas, they fail too often
to be useful. Our older systems for image stitching (SzeliSkR6, Szeliski and Shum 1997) relied
on Fourier-based correlation of cylindrical images andiamoprediction to automatically align
images, but had to be corrected by hand for more complex segaeOur newer system (Brown
et al. 2004, Brownet al. 2005) uses features and has a good success rate at autdgnstitcdning
panoramas without any user intervention.

Is there no rdle then for direct registration? | believer¢his. Once a pair of images has been
aligned with a feature-based approach, we can warp the tagesito a common reference frame
and re-compute a more accurate estimate using patch-blagetent. Notice how there is a close
correspondence between the patch-based approximatiaretd dlignment given in (103-104)
and the inverse covariance weighted feature-based leastesjerror metric (123).

In fact, if we divide the template images up into patches aladgan imaginary “feature
point” at the center of each patch, the two approaches retxantly the same answer (assuming
that the correct correspondences are found in each case)evdq for this approach to succeed,
we still have to deal with “outliers”, i.e., regions that don the selected motion model due
to either parallaxx5.2) or moving objectsx6.2). While a feature-based approach may make it
somewhat easier to reason about outliers (features caass eld as inliers or outliers), the patch-
based approach, since it establishes correspondencesiargely, is potentially more useful for
removing local mis-registration (parallax), as we disanss.2.

5 Global registration

So far, I have discussed how to register pairs of images titigdirect and feature-based methods
using a variety of motion models. In most applications, we giwen more than a single pair of
images to register. The goal is then to ndybbally consistenset of alignment parameters that
minimize the mis-registration between all pairs of imagesefiski and Shum 1997, Shum and
Szeliski 2000, Sawhney and Kumar 1999, Coorg and Teller gQ@®rder to do this, we need to
extend the pairwise matching criteria (44), (94), and (188 global energy function that involves
all of the per-image pose parametex5.{). Once we have computed the global alignment, we
often need to perfornocal adjustmentsuch agparallax removalto reduce double images and
blurring due to local mis-registrationgH.2). Finally, if we are given an unordered set of images
to register, we need to discover which images go togethesrta bne or more panoramas. This
process opanorama recognitios described irx5.3.
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5.1 Bundle adjustment

One way to register a large number of images is to add new isiagfe panorama one at a time,
aligning the most recent image with the previous ones ajr@athe collection (Szeliski and Shum
1997), and discovering, if necessary, which images it apsri(Sawhney and Kumar 1999). In
the case oB60 panoramas, accumulated error may lead to the presencgay @or excessive
overlap) between the two ends of the panorama, which can &é by stretching the alignment
of all the images using a process caltgp closing(Szeliski and Shum 1997). However, a better
alternative is to simultaneously align all the images tbhgeusing a least squares framework to
correctly distribute any mis-registration errors.

The process of simultaneously adjusting pose parametessléoge collection of overlapping
images is calledundle adjustmenin the photogrammetry community (Triggs al. 1999). In
computer vision, it was rst applied to the general strueténrom motion problem (Szeliski and
Kang 1994) and then later specialized for panoramic imagehstg (Shum and Szeliski 2000,
Sawhney and Kumar 1999, Coorg and Teller 2000).

In this section, | formulate the problem of global alignmesing a feature-based approach,
since this results in a simpler system. An equivalent diagpgiroach can be obtained either by di-
viding images into patches and creating a virtual featureespondence for each one (as discussed
in x4.4 and (Shum and Szeliski 2000)), or by replacing the patufe error metrics with per-pixel
metrics.

Consider the feature-based alignment problem given in)(12l,

Epairwise LS = X kr ik2 = kX‘iO(Xi; p) kiokz: (141)
|

For multi-image alignment, instead of having a single aln of pairwise feature correspon-
dencesf (x;; ®))g, we have a collection af features, with the location of thgh feature point in
thej th image denoted by; and its scalar con dence (inverse variance) denoted;b¥® Each
image also has some associgbedeparameters.

In this section, | assume that this pose consists of a raotatiatrix R; and a focal length
f;, although formulations in terms of homographies are alsssipte (Shum and Szeliski 1997,
Sawhney and Kumar 1999). The equation mapping a 3D pgintto a pointx;; in framej can
be re-written from (15-19) as

X K j Rin and Xi Rj 1Kj 1X'ij ; (142)

whereK ; = diadf;;f;; 1) is the simpli ed form of the calibration matrix. The motionapping

Features that not seen in imagkavec; = 0. We can also us2 2 inverse covariance matrices; Yin place
of ¢j , as shown in (123).
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a pointx; from framej into a pointx in framek is similarly given by
Xik |‘Tkj Xij = KR kRj 1Kj 1X'ij . (143)

Given an initial set of (R;; f;)g estimates obtained from chaining pairwise alignments, tow
we re ne these estimates?

One approach is to directly extend the pairwise end&giwise s (141) to a multiview for-
mulation, % X

Eai pairs 20 = Gj G kot Ry s Ry Fi s RiGFi) - Ruck?; (144)

i jk

where thexj function is thepredictedlocation of featurd in framek given by (143),; is
the observedocation, and the “2D” in the subscript indicates than angexalane error is being
minimized (Shum and Szeliski 1997). Note that sixge depends on th&; observed value,
we actually have amrrors-in-variableproblem, which in principle requires more sophisticated
techniques than least squares to solve. However, in peadtiwve have enough features, we can
directly minimize the above quantity using regular noreéinleast squares and obtain an accurate
multi-frame alignment?

While this approach works well in practice, it suffers frowotpotential disadvantages. First,
since a summation is taken over all pairs with correspontiagures, features that are observed
many times get overweighted in the nal solution. (In effeatfeature observenh times gets
counted ”2“ times instead ofm times.) Second, the derivativesef w.r.t. thef (R;;f;)g are a
little cumbersome, although using the incremental coiwadb R introduced inx2.2 makes this
more tractable.

An alternative way to formulate the optimization is to useetbundle adjustment, i.e., to solve
not only for the pose parametdr&R ;; f;)g but also for the 3D point positiorf;g,

X X
Ega 20 = G ki (Xi; Ry fj) Ry K5 (145)
L
wherex; (xi; Rj; f;) is given by (142). The disadvantage of full bundle adjustm&that there
are more variables to solve for, so both each iteration aadverall convergence may be slower.
(Imagine how the 3D points need to “shift” each time sometrotamatrices are updated.) How-
ever, the computational complexity of each linearized Gadswton step can be reduced using
sparse matrix techniques (Szeliski and Kang 1994, Hartltely Zisserman 2000, Triggst al.
1999).

20While there exists an overall pose ambiguity in the solytien, all theR; can be post-multiplied by an arbitrary
rotationR 4, a well-conditioned non-linear least squares algorithchsas Levenberg Marquardt will handle this
degeneracy without trouble.
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An alternative formulation is to minimize the error in 3D poted ray directions (Shum and

Szeliski 2000), i.e., % X
Ega 3p = G ke (Ri iRy fj) Xk (146)
i

wherex; (X ; Rj; f;) is given by the second half of (142). This in itself has noipatar advantage
over (145). In fact, since errors are being minimized in 3i space, there is a bias towards
estimating longer focal lengths, since the angles betwagnliecome smaller &sincreases.

However, if we eliminate the 3D rays, we can derive a pairwise energy formulated in 3D ray
space (Shum and Szeliski 2000),

Eal pairs 30 = * X G ckkti(Ri R f)) % (Rics Ry F)k®: (147)
ik

This results in the simplest set of update equations (Shuh8aeliski 2000), since thig can be
folded into the creation of the homogeneous coordinateovexs in (21). Thus, even though this
formula over-weights features that occur more frequeittly,the method used both by Shum and
Szeliski (2000) and in our current work (Brovern al. ZOOSJ.Brder to reduce the bias towards
longer focal lengths, | multiply each residual (3D error) b¥; f, which is similar to projecting
the 3D rays into a “virtual camera” of intermediate focaldédm and which seems to work well in
practice.

Up vector selection. As mentioned above, there exists a global ambiguity in tree@s the 3D
cameras computed by the above methods. While this may netappmatter, people have a pref-
erence for the nal stitched image being “upright” ratheamhtwisted or tilted. More concretely,
people are used to seeing photographs displayed so thagtteaV (gravity) axis points straight
up in the image. Consider how you usually shoot photograpliste you may pan and tilt the
camera any which way, you usually keep vertical scene lireallel to the vertical edge of the
image. In other words, the horizontal edge of your camesx{#xis) usually stays parallel to the
ground plane (perpendicular to the world gravity direc}ion

Mathematically, this constraint on the rotation matricas be expressed as follows. Recall
from (142) that the 3D 2D projection is given by

Xik K kRX;: (148)

We wish to post-multiply each rotation matifik, by a global rotatiorR 4 such that the projection
of the globaly-axis,{* = (0; 1; 0) is perpendicular to the imageaxis,{ = (1; 0;0).2

2INote that here we use the convention common in computer gstat the vertical world axis corresponds/to
This is a natural choice if we wish the rotation matrix asated with a “regular” image taken horizontally to be the
identity, rather than 80 rotation around th&-axis.
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This constraint can be written as
"RR =0 (149)

(note that the scaling by the calibration matrix is irrel@vhere). This is equivalent to requiring
that the rst row of Ry, ryo = {‘TRk be perpendicular to the second columrRaf, rg1 = Ryl

This set of constraints (one per input image) can be writtem l@ast squares problem,
" #

X
g1 = arg min k (rTryo)? =arg min rt k Meol o T (150)

Thus,r 4; is the smallest eigenvector of tiseatteror momentmatrix spanned by the individual
camera rotationx-vectors, which should generally be of the fo(m0; s) when the cameras are
upright.

To fully specify theR 4 global rotation, we need to specify one additional constrailhis
is related to thesiew selectiorproblem discussed ir6.1. One simple heuristic is to prefer the
averagez-axis of the individual rotation matricek, = P K QTRk to be close to the world-axis,
rg = RgyK. We can therefore compute the full rotation mafR in three steps:

1. r g1 = min eigenvectof I kol ko);
P

2.Tg=N( krk2) Trgq);

3.rg2=rg0 Ig1s

whereN (v) = v=kvk normalizes a vector.

5.2 Parallax removal

Once we have optimized the global orientations and focgtlesof our cameras, we may nd that
the images are still not perfectly aligned, i.e., the rasglstitched image looks blurry or ghosted
in some places. This can be caused by a variety of factorsidimg unmodeled radial distortion,
3D parallax (failure to rotate the camera around its optoegiter), small scene motions such as
waving tree branches, and large-scale scene motions sp&gopke moving in and out of pictures.

Each of these problems can be treated with a different apprd@adial distortion can be es-
timated (potentially before the camera’'s rst use) using af the techniques discussedx2.4.
For example, th@lumb line methodBrown 1971, Kang 2001, El-Melegy and Farag 2003) ad-
justs radial distortion parameters until slightly curvetes become straight, while mosaic-based
approaches adjust them until mis-registration is reduc@unage overlap areas (Stein 1997, Sawh-
ney and Kumar 1999).

3D parallax can be attacked by doing a full 3D bundle adjustme., replacing the projection
equation (142) used in (145) with (15), which models camenasiations. The 3D positions of the
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matched features points and cameras can then be simul&peecovered, although this can be
signi cantly more expensive that parallax-free image s¢igition. Once the 3D structure has been
recovered, the scene could (in theory) be projected to desfegntral) viewpoint that contains
no parallax. However, in order to do this, derstereocorrespondence needs to be performed
(Kumaret al. 1995, Szeliski and Kang 1995, Scharstein and Szeliski 200Rich may not be
possible if the images only contain partial overlap. In ttase, it may be necessary to correct
for parallax only in the overlap areas, which can be accashpli using 8Multi-Perspective Plane
SweegMPPS) algorithm (Kangt al. 2004, Uyttendaelet al. 2004).

When the motion in the scene is very large, i.e., when obggmear and disappear completely,
a sensible solution is to simpbelectpixels from only one image at a time as the source for the
nal composite (Milgram 1977, Davis 1998, Agarwadaal.2004), as discussed 6.2. However,
when the motion is reasonably small (on the order of a fewlpjxgeneral 2-D motion estimation
(optic ow) can be used to perform an appropriate correchiefore blending using a process called
local alignment(Shum and Szeliski 2000, Kareg al. 2003). This same process can also be used
to compensate for radial distortion and 3D parallax, algioi uses a weaker motion model than
explicitly modeling the source of error, and may theref@# hore often or introduce unwanted
distortions.

The local alignment technique introduced by Shum and Sa€R€00) starts with the global
bundle adjustment (147) used to optimize the camera posese (ese have been estimated,
the desiredlocation of a 3D poink; can be estimated as tla@erageof the back-projected 3D
locations, X

Xi G xi(Rij Ry f)); (151)
j
which can be projected into each imgg® obtain atarget locationx;; . The difference between
the target locationg;; and the original features; provide a set of local motion estimates

Ui = Xj X, (152)

which can be interpolated to form a dense correction e|dx;). In their system, Shum and
Szeliski (2000) use aimverse warpingalgorithm where the sparseu;; values are placed at the
new target locations;; , interpolated using bilinear kernel functions (Nielso®3Pand then added
to the original pixel coordinates when computing the warfmeatrected) image. In order to get a
reasonably dense set of features to interpolate, Shum aal$Z2000) place a feature point at
the center of each patch (the patch size controls the smesghn the local alignment stage), rather
than relying of features extracted using an interest operat
An alternative approach to motion-based de-ghosting waysgsed by Kanegt al. (2003), who

estimate dense optical ow between each input image andtaateeferencamage. The accuracy
of the ow vector is checked using a photo-consistency meabefore a given warped pixel is
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considered valid and therefore used to compute a high dymeange radiance estimate, which
is the goal of their overall algorithm. The requirement favimg a reference image makes their
approach less applicable to general image mosaicing, uthan extension to this case could
certainly be envisaged.

5.3 Recognizing panoramas

The nal piece needed to perform fully automated image Biitg is a technique to recognize
which images actually go together, which Brown and Lowe @Qfll recognizing panoramadf
the user takes images in sequence so that each image ovieslapsdecessor and also speci es
the rst and last images to be stitched, bundle adjustmemttioed with the process abpology
inferencecan be used to automatically assemble a panorama (Sawhdd¢uamar 1999). How-
ever, users often jump around when taking panoramas, bay.,may start a new row on top of
a previous one, or jump back to take a repeated shot, or cg3é@tgpanoramas where end-to-end
overlaps need to be discovered. Furthermore, the abilitystcover multiple panoramas taken by
a user over an extended period of time can be a big convenience

To recognize panoramas, Brown and Lowe (2003) rst nd alirpase image overlaps using
a feature-based method and then nd connected componetite ioverlap graph to “recognize”
individual panoramas (Figure 18). The feature-based majcétage rst extracts SIFT feature
locations and feature descriptors (Lowe 2004) from all tiput images and then places these in
an indexing structure, as describedxth2. For each image pair under consideration, the nearest
matching neighbor is found for each feature in the rst imagsing the indexing structure to
rapidly nd candidates, and then comparing feature desmripto nd the best match. RANSAC
is then used to nd a set ahlier matches, using a pairs of matches to hypothesize a simgilarit
motion model that is then used to count the number of inliers.

In practice, the most dif cult part of getting a fully autotea stitching algorithm to work is
deciding which pairs of images actually correspond to timeesparts of the scene. Repeated struc-
tures such as windows (Figure 19) can lead to false matches wséing a feature-based approach.
One way to mitigate this problem is to perform a direct pikaked comparison between the regis-
tered images to determine if they actually are differenivgief the same scene. Unfortunately, this
heuristic may fail if there are moving objects in the scengyfe 20). While there is no magic bul-
let for this problem short of full scene understanding,tartimprovements can likely be made by
applying domain-speci ¢ heuristics such as priors on tgbtamera motions as well as machine
learning techniques applied to the problem of match vabdat
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(@)

(b)

(€)
Figure 18: Recognizing panoramas using our new algorithm (Braatal. 2004): (a) input images with

pairwise matches; (b) images grouped into connected cormsr{(panoramas); (c) individual panoramas
registered and blended into stitched composites.
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Figure 19: Matching errors (Browret al.2004): accidental matching of several features can leaddtches
between pairs of images that do not actually overlap.

Figure 20: Validation of image matches by direct pixel error companisan fail when the scene contains
moving objects.
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6 Compositing

Once we have registered all of the input images with respeeath other, we need to decide how
to produce the nal stitched (mosaic) image. This involvekesting a nal compositing surface
(at, cylindrical, spherical, etc.) and view (referencedge). It also involves selecting which pixels
contribute to the nal composite and how to optimally blehdse pixels to minimize visible seams,
blur, and ghosting.

In this section, | review techniques that address theselgmd) namely compositing surface
parameterization, pixel/seam selection, blending, anqmbgxre compensation. My emphasis is
on fully automatedapproaches to the problem. Since the creation of high{gyadinoramas and
composites is as much amtistic endeavor as a computational one, various interactive taole
been developed to assist this process, e.g., (Agaretadh 2004, Liet al. 2004a, Rotheet al.
2004). 1 will not cover these in this article, except whereytiprovide automated solutions to our
problems.

6.1 Choosing a compositing surface

The rst choice to be made is how to represent the nal imadenly a few images are stitched
together, a natural approach is to select one of the imag#seasferenceand to then warp all
of the other images into the reference coordinate systema. r@sulting composite is sometimes
called aat panorama, since the projection onto the nal surface i$ aterspective projection,
and hence straight lines remain straight (which is oftensirdele attribute).

For larger elds of view, however, we cannot maintain a apresentation without excessively
stretching pixels near the border of the image. (In practatgpanoramas start to look severely dis-
torted once the eld of view excee®® or so.) The usual choice for compositing larger panoramas
is to use a cylindrical (Szeliski 1994, Chen 1995) or spla(igzeliski and Shum 1997) projection,
as described im2.3. In fact, any surface used fenvironment mappinm computer graphics can
be used, including aube maghat represents the full viewing sphere with the six squaced of
a cube (Greene 1986, Szeliski and Shum 1997). Cartographeesalso developed a number of
alternative methods for representing the globe (Bugaygwsid Snyder 1995).

The choice of parameterization is somewhat applicatioredéent, and involves a tradeoff
between keeping the local appearance undistorted (eapirgpstraight lines straight) and provid-
ing a reasonably uniform sampling of the environment. Awtoally making this selection and
smoothly transitioning between representations baselleaxtent of the panorama is an interest-
ing topic for future research.
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View selection. Once we have chosen the output parameterization, we séitl te determine
which part of the scene will beenteredn the nal view. As mentioned above, for a at composite,
we can choose one of the images as a reference. Often, a abésahoice is the one that is
geometrically most central. For example, for rotationahggamas represented as a collection
of 3D rotation matrices, we can choose the image wimaris is closest to the averageaxis
(assuming a reasonable eld of view). Alternatively, we ce@ the averageaxis (or quaternion,
but this is trickier) to de ne the reference rotation matrix

For larger (e.g., cylindrical or spherical) panoramas, ae still use the same heuristic if a
subset of the viewing sphere has been imaged. If the casdl &30 panoramas, a better choice
might be to choose the middle image from the sequence ofsnputsometimes the rst image,
assuming this contains the object of greatest interestl bf these cases, having the user control
the nal view is often highly desirable. If the “up vector” ogputation described ixb.1 is working
correctly, this can be as simple as panning over the imagetong a vertical “center line” for the
nal panorama.

Coordinate transformations. Once we have selected the parameterization and refereese vi
we still need to compute the mappings between the input atpibpixels coordinates.

If the nal compositing surface is at (e.g., a single planetbe face of a cube map) and the
input images have no radial distortion, the coordinatesfi@mation is the simple homography
described by (19). This kind of warping can be performed apbics hardware by appropriately
setting texture mapping coordinates and rendering a smgldrilateral.

If the nal composite surface has some other analytic forng.(ecylindrical or spherical), we
need to convert every pixel in the nal panorama into a viggviay (3D point) and then map it
back into each image according to the projection (and optipmnadial distortion) equations. This
process can be made more ef cient by precomputing some |[ptéales, e.g., the partial trigono-
metric functions needed to map cylindrical or sphericalrdowtes to 3D coordinates and/or the
radial distortion eld at each pixel. It is also possible wralerate this process by computing exact
pixel mappings on a coarser grid and then interpolatingethratues.

When the nal compositing surface is a texture-mapped pedlybn, a slightly more sophisti-
cated algorithm must be used. Not only do the 3D and textupecoardinates have to be properly
handled, but a small amount ofrferdrawoutside of the triangle footprints in the texture map is
necessary, to ensure that the texture pixels being intaigmbturing 3D rendering have valid values
(Szeliski and Shum 1997).

Sampling issues. While the above computations can yield the correct (fractippixel addresses
in each input image, we still need to pay attention to sangpksues. For example, if the nal
panorama has a lower resolution than the input images, lpggng the input images is neces-
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sary to avoid aliasing. These issues have been extensivglied in both the image processing
and computer graphics communities. The basic problem istapate the appropriate pre- lter,
which depends on the distance (and arrangement) betwegmboging samples in a source image.
Various approximate solutions, such as MIP mapping (Wiibal983) or elliptically weighted
Gaussian averaging (Greene and Heckbert 1986) have beeloped in the graphics commu-
nity. For highest visual quality, a higher order (e.g., c)lmterpolator combined with a spatially
adaptive pre- Iter may be necessary (Wagigal. 2001). Under certain conditions, it may also be
possible to produce images with a higher resolution thannpet images using a process called
super-resolutiorfx7).

6.2 Pixel selection and weighting

Once the source pixels have been mapped onto the nal conepsisiface, we must still decide
how to blend them in order to create an attractive lookingopama. If all of the images are in
perfect registration and identically exposed, this is asygaroblem (any pixel or combination
will do). However, for real images, visible seams (due toaype differences), blurring (due to
mis-registration), or ghosting (due to moving objects) caaur.

Creating clean, pleasing looking panoramas involves bethdihg which pixels to use and
how to weight or blend them. The distinction between thesediages is a little uid, since per-
pixel weighting can be thought of as a combination of sedectind blending. In this section, |
discuss spatially varying weighting, pixel selection (egdacement), and then more sophisticated
blending.

Feathering and center-weighting. The simplest way to create a nal composite is to simply
take anaveragevalue at each pixel,

C(x)= § Wi (X) Tk (X) * Wi (X) ; (153)
k k
whererly(x) are thewarped(re-sampled) images amg(x) is 1 at valid pixels and O elsewhere.
On computer graphics hardware, this kind of summation capdsrmed in araccumulation
buffer (using theA channel as the weight).

Simple averaging usually does not work very well, since expe differences, mis-registrations,
and scene movement are all very visible (Figure 21a). lidigphoving objects are the only prob-
lem, taking amedianIter (which is a kind of pixel selection operator) can oftbe used to remove
them (Irani and Anandan 1998) (Figure 21b). Converselyteremeighting (discussed below) and
minimum likelihoodselection (Agarwalat al. 2004) can sometimes be used to retain multiple
copies of a moving object (Figure 24).
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(a) (b)

(c) (d)
(e) Q)
(9) (h)

Figure 21: Final composites computed by a variety of algorithms: (agrage, (b) median, (c) feathered
average, (dp-normp = 10, (e) Vornoi, (f) weighted ROD vertex cover with featherifgg,graph cut seams
with Poisson blending, (h) and with pyramid blending.
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A better approach to averaging is to weight pixels near théec®f the image more heavily and
to down-weight pixels near the edges. When an image has sotoetcegions, down-weighting
pixels near the edges of both cutouts and edges is prefer@hle can be done by computing a
distance majr grass re transform

wi(x) = arg rrg/infkykj k(x + y)isinvalidg ; (154)

where each valid pixel is tagged with its Euclidean distaticéhe nearest invalid pixel. The
Euclidean distance map can be ef ciently computed using@pass raster algorithm (Daniels-
son 1980, Borgefors 1986). Weighted averaging with a distanap is often callefeathering
(Szeliski and Shum 1997, Chen and Klette 1999, Uyttendatedd. 2001) and does a reasonable
job of blending over exposure differences. However, bhgrand ghosting can still be problems
(Figure 21c). Note that weighted averaginghi the same as compositing the individual images
with the classiover operation (Porter and Duff 1984, Blinn 1994), even when gisie weight
values (normalized to sum up to one)apha (translucency) channels. This is because the over
operation attenuates the values from more distant surfaoelshence is not equivalent to a direct
sum.

One way to improve feathering is to raise the distance mapegaio some large power, i.e.,
to usewf(x) in (153). The weighted averages then become dominated bipriper values, i.e.,
they act somewhat like genorm The resulting composite can often provide a reasonalide difé
between visible exposure differences and blur (Figure .21d)

Inthe limitasp!1 , only the pixel with the maximum weight gets selected,

C(x) = Mx)(x); (155)

where
| =arg max Wi (X) (156)

is thelabel assignmenor pixel selectiorfunction that selects which image to use at each pixel.
This hard pixel selection process produces a visibilitykesensitive variant of the familiarornoi
diagram which assigns each pixel to the nearest image center ireti®®odet al. 1997, Peleg
et al. 2000). The resulting composite, while useful for artistiadance and in high-overlap
panoramasnjanifold mosaidstends to have very hard edges with noticeable seams when the
exposures vary (Figure 21e).

Xiong and Turkowski (1998) use this Vornoi idea (local maximof the grass re transform)
to select seams for Laplacian pyramid blending (which isuised below). However, since the
seam selection is performed sequentially as new imagesldeslan, some artifacts can occur.
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(@) (b) (€)

Figure 22: Computation of regions of differences (RODSs): (a) threglapping images with a moving face;
(b) corresponding RODs; (c) graph of coincident RODs. (Takem (Uyttendaelet al.2001)).

Optimal seam selection. Computing the Vornoi diagram is one way to selectshamsbetween
regions where different images contribute to the nal cosifm However, Vornoi images totally
ignore the local image structure underlying the seam.

A better approach is to place the seams in regions where thgesnagree, so that transitions
from one source to another are not visible. In this way, tigerthm avoids “cutting through”
moving objects where a seam would look unnatural (Davis L99& a pair of images, this process
can be formulated as a simple dynamic program starting froe(short) edge of the overlap region
and ending at the other (Milgram 1975, Milgram 1977, Davi88,%Efros and Freeman 2001).

When multiple images are being composited, the dynamicrarogdea does not readily gen-
eralize. (For square texture tiles being composited sd@isnEfros and Freeman (2001) run a
dynamic program along each of the four tile sides.)

To overcome this problem, Uyttendaeleal. (2001) observed that for well-registered images,
moving objects produce the most visible artifacts, nanralydlucent lookinghosts Their system
therefore decides which objects to keep and which ones teefirst, the algorithm compares
all overlapping input image pairs to determiregjions of differenc€dRODs) where the images
disagree. Next, a graph is constructed with the RODs axesréind edges representing ROD pairs
that overlap in the nal composite (Figure 22). Since thesprece of an edge indicates an area of
disagreement, vertices (regions) must be removed from tlaécomposite until no edge spans a
pair of remaining vertices. The smallest such set can be atedpsing avertex covemlgorithm.
Since several such covers may existaighted vertex covas used instead, where the vertex
weights are computed by summing the feather weights in the R@yttendaeleet al. 2001). The
algorithm therefore prefers removing regions that are tieaedge of the image, which reduces
the likelihood that partially visible objects will appear the nal composite. (It is also possible
to infer which object in a region of difference is the foregnd object by the “edginess” (pixel
differences) across the ROD boundary, which should be highen an object is present (Herley
2005).) Once the desired excess regions of difference hese lemoved, the nal composite can
be created using a feathered blend (Figure 21f).

A different approach to pixel selection and seam placemeastrecently proposed by Agarwala
et al. (2004). Their system computes the label assignment thathizets the sum of two objective
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Figure 23: From a set of ve source images (of which four are shown on #fig, [IPhotomontage quickly
creates a composite family portrait in which everyone idliagniand looking at the camera (right). Users
simply ip through the stack and coarsely draw strokes usheydesignated source image objective over the
people they wish to add to the composite. The user-applieklest and computed regions are color-coded
by the borders of the source images on the left (middle). iE&ippvith permission, from (Agarwalet al.
2004)).

functions. The rstis a per-pixamage objectivéhat determines which pixels are likely to produce
good composites,

G = * Dix)(x); (157)
X

whereD,x)(x) is thedata penaltyassociated with choosing imagat pixelx. In their system,
users can select which pixels to use by “painting” over argenaith the desired object or appear-
ance, which set® (x;1) to a large value for all labelsother than the one selected by the user
(Figure 23). Alternatively, automated selection critexéan be used, such asaximum likelihood
that prefers pixels that occur repeatedly (for object reahpwr minimum likelihoodfor objects
that occur infrequently (for greatest object retentionkirldg a more traditional center-weighted
data term tends to favor objects that are centered in the im@ages (Figure 24).
The second term is seam objectivéhat penalizes differences in labelings between adjacent
images, X
G = Sixyyy (X3 Y) (158)
(X:Y)2N
whereS;x ). (y)(X;Y) is the image-dependeimtteraction penaltyor seam cosbf placing a seam
between pixelsx andy, andN is the set ofN4 neighboring pixels. For example, the simple
color-based seam penalty used in (Kwadtal. 2003, Agarwalaet al. 2004) can be written as

Sicyyy (X5 y) = Kl (X)) Tiyy (XK + Ko (y) — Feyy (Y)k: (159)

More sophisticated seam penalties can also look at imagikemta or the presence of image edges
(Agarwalaet al.2004). Seam penalties are widely used in other computervegpplications such
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Figure 24: Set of ve photos tracking a snowboarder's jump stitchedetbgr into a seamless compos-
ite. Because the algorithm prefers pixels near the centeh@fimage, multiple copies of the boarder are
retained.

as stereo matching (Boyket al. 2001) to give the labeling function itbherencer smoothness
An alternative approach, which places seams along stromgjstent edges in overlapping images
using a watershed computation has recently been develgp@dilke (2006).

The sum of the two objective functions is often called¥Merkov Random FielMRF) energy,
since it arises as the negative log-likelihood of an MRFtistion (Geman and Geman 1984). For
general energy functions, nding the minimum can be NP-h@udykov et al. 2001). However,

a variety of approximate optimization techniques have hsreloped over the years, including
simulated annealingGeman and Geman 1984), graph cuts (Boy&bal. 2001), and loopy belief
propagation (Suet al.2003, Tappen and Freeman 2003). Both Kwatral.(2003) and Agarwala
et al. (2004) use graph cuts, which involves cycling through a $edimpler -expansionre-
labelings, each of which can be solved with a graph cut (m@ax) polynomial-time algorithm
(Boykov et al.2001).

For the result shown in Figure 21g, Agarwafgal. (2004) use a large data penalty for invalid
pixels and O for valid pixels. Notice how the seam placemégarghm avoids regions of differ-
ences, including those that border the image and which méghit in cut off objects. Graph cuts
(Agarwalaet al. 2004) and vertex cover (Uyttendaedeal. 2001) often produce similar looking
results, although the former is signi cantly slower sinteptimizes over all pixels, while the latter
is more sensitive to the thresholds used to determine regibdifference.
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6.3 Blending

Once the seams have been placed and unwanted object remavstil| need to blend the images
to compensate for exposure differences and other misrabgis. The spatially-varying weighting
(feathering) previously discussed can often be used tonaglish this. However, it is dif cult in
practice to achieve a pleasing balance between smoothirigwtirequency exposure variations
and retaining sharp enough transitions to prevent blurg@igpough using a high exponent does
help).

Laplacian pyramid blending. An attractive solution to this problem was developed by Bund
Adelson (1983). Instead of using a single transition widtHrequency-adaptive width is used
by creating a band-pass (Laplacian) pyramid and makingrtmesition widths a function of the
pyramid level. The process operates as follows.

First, each warped image is converted into a band-passdtiapl) pyramid, which involves
smoothing each level with &6(1; 4; 6; 4; 1) binomial kernel, subsampling the smoothed image by
a factor of 2, and subtracting the reconstructed (low-pasage from the original. This creates a
reversible, overcomplete representation of the imageasigmvalid and edge pixels are lled with
neighboring values to make this process well de ned.

Next, themask(valid pixel) image associated with each source image iseed into a low-
pass (Gaussian) pyramid. These blurred and subsampled mas&tme the weights used to per-
form a per-level feathered blend of the band-pass sourcgema

Finally, the composite image is reconstructed by intefpodeand summing all of the pyramid
levels (band-pass images). The result of applying thismiddlending is shown in Figure 21.i.

Gradient domain blending. An alternative approach to multi-band image blending isstidgrm

the operations in thgradient domainReconstructing images from their gradient elds has a long
history in computer vision (Horn 1986), starting origiryallith work in brightness constancy
(Horn 1974), shape from shading (Horn and Brooks 1989), dradgmnetric stereo (Woodham
1981). More recently, related ideas have been used for séwmting images from their edges
(Elder and Golderg 2001), removing shadows from images{8V2001), separating re ections
from a single image (Leviet al.2004a), andone mappindnigh dynamic range images by reducing
the magnitude of image edges (gradients) (Fattal. 2002).

Pérezet al. (2003) showed how gradient domain reconstruction can be tssdo seamless
object insertion in image editing applications. Rathemtlapying pixels, theyradientsof the
new image fragment are copied instead. The actual pixelegafar the copied area are then
computed by solving #oisson equationthat locally matches the gradients while obeying the
xed Dirichlet (exact matching) conditions at the seam boundary. Péret. (2003) show that
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this is equivalent to computing an additimeembrandanterpolant of the mismatch between the
source and destination images along the boundary. (The na@elnterpolant is known to have

nicer interpolation properties for arbitrary-shaped ¢ists than frequency-domain interpolants
(Nielson 1993).) In earlier work, Peleg (1981) also propbadding a smooth function to force a
consistency along the seam curve.

Agarwalaet al. (2004) extended this idea to a multi-source formulationgrghit no longer
makes sense to talk of a destination image whose exact @kety must be matched at the seam.
Instead,eachsource image contributes its own gradient eld, and the $isequation is solved
usingNeumanrboundary conditions, i.e., dropping any equations thablirespixels outside the
boundary of the image.

Rather than solving the Poisson partial differential eiuat Agarwalaet al. (2004) directly
minimizevariational problem

; 2.
(r:r(l)l(r} kr C(x) r Nx)(x)k= (160)

The discretized form of this equation is a set of gradienst@mt equations

Cx+9{ C(x)
Cx+1) C(®x)

Foy(x + ) Nxy(x) and (161)
Noo(X + 1) Fo(x); (162)

wheref = (1;0) and{ = (0; 1) are unit vectors in th& andy directions?? They then solve the

associated sparse least squares problem. Since this syE&uations is only de ned up to an
additive constraint, Agarwalet al. (2004) ask the user to select the value of one pixel. In practi
a better choice might be to weakly bias the solution towaegsaducing the original color values.

In order to accelerate the solution of this sparse lineaegys(Fattakt al. 2002) use multigrid,
whereas (Agarwalat al. 2004) use hierarchical basis preconditioned conjugatgigmédescent
(Szeliski 1990, Szeliski 2006). The resulting seam blegdwork very well in practice (Fig-
ure 21h), although care must be taken when copying largeegradalues near seams so that a
“double edge” is not introduced.

Copying gradients directly from the source images aftemspacement is just one approach
to gradient domain blending. The paper by Legtral. (2004b) examines several different variants
on this approach, which they c&lradient-domain Image STitchif&IST). The techniques they
examine include feathering (blending) the gradients frammgource images, as well as using an
L1 norm in performing the reconstruction of the image frora fradient eld, rather than using
an L2 norm as in (160). Their preferred technique is the Linoigation of a feathered (blended)
cost function on the original image gradients (which thely G&ST1-l;). Since L1 optimization
using linear programming can be slow, they develop a fasteative median-based algorithm in

22At seam locations, the right hand side is replaced by theageeof the gradients in the two source images.
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a multigrid framework. Visual comparisons between theef@ired approach and what they call
optimal seam on the gradienfa/hich is equivalent to Agarwalat al. (2004)'s approach) show
similar results, while signi cantly improving on pyramiddénding and feathering algorithms.

Exposure compensation. Pyramid and gradient domain blending can do a good job of eomp
sating for moderate amounts of exposure differences betiwesmges. However, when the exposure
differences become large, alternative approaches maydessay.

Uyttendaeleet al. (2001) iteratively estimate a local correction betweerhesirce image and
a blended composite. First, a block-based quadratic gafgfction is t between each source im-
age and an initial feathered composite. Next, transfertfons are averaged with their neighbors to
get a smoother mapping, and per-pixel transfer functioeaxamputed bgplining(interpolating)
between neighboring block values. Once each source imagbden smoothly adjusted, a new
feathered composite is computed, and the process is betedp@gpically 3 times). The results
in (Uyttendaeleet al. 2001) demonstrate that this does a better job of exposurp&osation than
simple feathering, and can handle local variations in enpodue to effects like lens vignetting.

High dynamic range imaging. A more principled approach to exposure compensation is to
estimate a singleigh dynamic rang¢HDR) radiance map from of the differently exposed images
(Mann and Picard 1995, Debevec and Malik 1997, MitsunagaNayr 1999, Reinhardt al.
2005). Most techniques assume that the input images weea taith a xed camera whose pixel
values

l(x) = f(aR(x); p) (163)

are the result of applying a parameterizadiometric transfer functior (R; p) to scaled radi-
ance valuegyR(x). The exposure valueg are either known (by experimental setup, or from a
camera's EXIF tags), or are computed as part of the ttingcpss.

The form of the parametric function differs from paper to @agMann and Picard (1995) use
a three-parametdr(R) = + R function, Debevec and Malik (1997) use a thin-plate cubic
spline, while Mitsunaga and Nayar (1999) use a low-or8ler ( 10) polynomial for theinverseof
the transfer function.

To blend the estimated (noisy) radiance values into a nahgosite, Mann and Picard (1995)
use a hat function (accentuating mid-tone pixels), DebawnecMalik (1997) use the derivative of
the response function, while Mitsunaga and Nayar (1999ope the signal-to-noise ratio (SNR),
which emphasizes both higher pixel values and larger gnéslia the transfer function.

Once aradiance map has been computed, it is usually negésshsplay it on a lower gamut
(i.e., 8-bit) screen or printer. A variety t¢dne mappingechniques have been developed for this
purpose, which involve either computing spatially varyingnsfer functions or reducing image
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(@) (b) (©)

(d) (e)

Figure 25: Merging multiple exposures to create a high dynamic rangepmusite: (a—c) three different
exposures; (d) merging the exposures using classic alguost(note the ghosting due to the horse's head
movement); (e) merging the exposures with motion comgengitanget al.2003).

gradients to t the the available dynamic range (Fagalal. 2002, Durand and Dorsey 2002,
Reinhardet al. 2002, Lischinsket al. 2006).

Unfortunately, casually acquired images may not be pdyfeegjistered and may contain mov-
ing objects. Kanget al. (2003) present an algorithm that combines global registratith local
motion estimation (optic ow) to accurately align the imagleefore blending their radiance es-
timates (Figure 25). Since the images may have widely @iffeexposures, care must be taken
when producing the motion estimates, which must themséeefiecked for consistency to avoid
the creation of ghosts and object fragments.

Even this approach, however, may not work when the camernmigitaneously undergoing
large panning motions and exposure changes, which is a coronturrence in casually acquired
panoramas. Under such conditions, different parts of tregyg@mmay be seen at one or more expo-
sures. Devising a method to blend all of these differentsmievhile avoiding sharp transitions
and dealing with scene motion is a challenging task that éeantly been tackled by rst nding
a consensus mosaic and then selectively computing radiamesder- and over-exposed regions
(Edenet al.2006).

In the long term, the need to compute high dynamic range isyigen multiple exposures may
be eliminated by advances in camera sensor technology &&alg1999, Nayar and Mitsunaga
2000, Kanget al. 2003, Tumbliret al. 2005). However, the need to blend such images and to tone
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map them to a pleasing nal result will likely remain.

7 Extensions and open issues

In this paper, | have surveyed the basics of image alignmahsttching, concentrating on tech-
niques for registering partially overlapping images arehbing them to create seamless panora-
mas. A large number of additional techniques have been olesdlfor solving related prob-
lems such as increasing the resolution of images by takingipteudisplaced picturess(per-
resolution, stitching videos together to create dynamic panorantas sttching videos and im-
ages in the presence of large amounts of parallax.

Perhaps the most common question that comes up in relatiorage stitching is the following.
“Why can't you just take multiple images of the same scenéwiib-pixel displacements and
produce an image with a higher effective resolution?” Irfjekis problem has been studied for
a long time and is generally known asultiple image super-resolutiocd Examples of papers
that have addressed this issue include (Kexteal. 1988, Irani and Peleg 1991, Cheesereaal.
1993, Capel and Zisserman 1998, Capel and Zisserman 2080d8tri 2001). (See (Baker and
Kanade 2002) for a recent paper with lots of additional exfees and experimental comparisons.)
The general idea is that different images of the same sc&ea feom slightly different positions
(i.e., where the pixels don't sample exactly the same ragpace) contain more information than
a single image. However, this is only true if the imager atyualiasesthe original signal, e.g., if
the silicon sensor integrates over a nite area and the spliccnot cut off all the frequencies above
the Nyquist frequency. Motion estimation also needs to Ipg &ecurate for this to work, so that in
practice, an increase in resolution greater thans dif cult to achieve (Baker and Kanade 2002).

Another popular topic is video stitching (Teodosio and Bartb93, Massey and Bender 1996,
Sawhney and Ayer 1996, Irani and Anandan 1998, Baudgcil. 2005, Steedlyet al. 2005).
While this problem is in many ways a straightforward geneagion of multiple-image stitching,
the potential presence of large amounts of independenomatamera zoom, and the desire to
visualize dynamic events impose additional challenges.ekample, moving foreground objects
can often be removed usingedian ltering Alternatively, foreground objects can be extracted
into a separate layer (Sawhney and Ayer 1996) and later csitepidoack into the stitched panora-
mas, sometimes as multiple instances to give the impressiba “Chronophotograph” (Massey
and Bender 1996) and sometimes as video overlays (Irani aathddan 1998). Videos can also
be used to create animatpdnoramic video textures which different portions of a panoramic
scene are animated with independently moving video loops(Aalaet al. 2005, Rav-Achat al.

230ne can also increase the resolution of a single image usirigus kinds of non-linear or example-based inter-
polation techniques (Freemahal. 2002, Baker and Kanade 2002).
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2005).

Video can also provide an interesting source of contentrigaiting panoramas taken from mov-
ing cameras. While this invalidates the usual assumpti@sifigle point of view (optical center),
interesting results can still be obtained. For example tkdedBrush system (Sawhneyal. 1998)
uses thin strips taken from the center of the image to crepmarama taken from a horizontally
moving camera. This idea can be generalized to other cametiama and compositing surfaces
using the concept of mosaics on adaptive manifold (Petead. 2000). Related ideas have been
used to create panoramic matte paintings for multi-plafleacémation (Woodet al. 1997), for
creating stitched images of scenes with parallax (Kuetal. 1995), and as 3D representations of
more complex scenes usingultiple-center-of-projection imagéRademacher and Bishop 1998).

Another interesting variant on video-based panoramasameentric mosaicé§Shum and He
1999). Here, rather than trying to produce a single panaramage, the complete original video
is kept and used to re-synthesize novel views (from diffecamera origins) using ray remapping
(light eld rendering), thus endowing the panorama with aseof 3D depth. The same data set
can also be used to explicitly reconstruct the depth using-inaseline stereo (Shum and Szeliski
1999, Shunet al. 1999, Peleget al. 2001, Liet al. 2004b).

Open issues. While image stitching is by now a fairly mature eld with a waty of commercial
products, there remain a large number of challenges and extemsions. One of these is to
increase the reliability of fully automated stitching afigloms. As discussed ixb.3 and illustrated

in Figures 19 and 20, it is dif cult to simultaneously avoidatohing spurious features or repeated
patterns while also being tolerant to large outliers suchmasging people. Advances in semantic
scene understanding could help resolve some of these prepées well as better machine learning
techniques for feature matching and validation.

The problem of parallax has also not been adequately soadsmall amounts of parallax,
the deghosting techniques described®2 andx6.2 can often adequately disguise these effects
through local warping and careful seam selection. For laggdap panoramas, concentric mo-
saicsconcentric mosaic$Shum and He 1999), panoramas with parallax €tial. 2004b) and
careful seam selection (with potential user guidance) (fgha et al. 2004) can be used. The
most challenging case is limited overlap panoramas withel@arallax, since the depth estimates
needed to compensate for the parallax are only availableeioterlap regions (Kanet al. 2004,
Uyttendaeleet al. 2004).
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