Theorem 8
min fo(z) s.t. v € X, F(z) € K

using a penalty function [(x) which is zero if F(x) € K and positive other-
wise.

z; € argmin fo(x) +7:0(z)

Let C ={xz € X: F(z) € K} and suppose {v;} — oc.
Suppose C' # 0, X is closed, and fo and 3 are lowersemicontinuous on
X. Each accumulation point T of {x;} solves

min fo(z)

Furthermore,
hIIl 7136(x23> =0
j—00

Jor z;, — .

Proof Since X isclosed, Z € X. Since C'is nonempty, (iv) implies lim; ., B(x;) =
0. By lower semicontinuity of 3

0 < B(z) < lim fx;) = 0

1—00

so that G(z) = 0. Hence z € C'. Similarly, the lower semicontinuity of fy
implies
fo() < lim fo(z;) < inf fo(z)

the last inequality from (i). Hence fo(Z) = mingec fo(x).
Suppose {z;;} — 7. Then

0> P (z;) — P, (%) = folzi;) + i, 8(x;) — folT)

Rearranging:
fo(@) = fo(i;) = vi,8(x;) =2 0

Taking limits gives the required result. 0
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