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Equivalence of polyhedrality and finite generation for convex sets.

Definition. A subset S of R is a finitely generated convex set if there are points
Y1,.--,Yk and z1,...,2L in R™ such that
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Theorem. A polyhedral convex set in R" is finitely generated.

Badely ge-emied .
Proof: If C is empty it is polyhedral, so assume that C is a nonempty polyhedral

convex set, and represent it as { z | Dz < d} for appropriate D and d. Define a cone Q in

R by
Q= {z\(_cl) [ceC,A >0:iu{(g) | Dv < 0}.
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To see this, note first that if (:_) € Q then either 0 <0 or ¢ = 0. If 0 < 0 then
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and D(—s/o) < d. Then Ds +do < 0 (remember that (—o) > 0!), and of course o < 0.
On the other hand, if ¢ = 0 then the definition of Q implies that Ds < 0 so we have
Ds +d(0) < 0 and 0 < 0. This proves the inclusion “C”.

To prove “D”, suppose that Ds + do < 0 and ¢ < 0. Either 0 <0 oro =0. In the
former case we have D(—s/c) < d,s0 —s/o € C and then
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In the latter case we have Ds < 0, so
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This proves (1), and therefore we know that the set Q is actually a polyhedral convex
cone and, therefore, also finitely generated. Each element of Q has a non-positive last
component, so we can write the generators of Q as
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where not necessarily both kinds of generators need be present. - :

Now the points ¢ € C are exactly those ¢ such that (¢,—1)* € @Q, and therefore ¢
belongs to C if and only if there are Ay,...,A K. and (1,...,( Ly all non-negatwe, with
c = Ek_ Aeyr + Z,_ Ciz; and with —1 = Zk L Ae(-1) + }:,__ ¢i(0): that is, with
Zf:{:l =11

Corollary. Let C = {z | Dz < d} be the set described in the last theorem. If C is
bounded then in fact C = conv{w1,--.,Yk }; also, D has the property that Dv < 0 only
forv=0.

Proof: If any z; is present in the representation of C then zx must be zero (otherwise C
could not be bounded), so (z,0)* can be deleted from the representation without changing
C. This proves the first assertion. Now if Dv < 0 then (v,0)* € @; however, since no
(zk,0)* are included among the generators of Q, we must havev = 0. |

Theorem. A finitely generated convex set is polyhedral.

Proof: Let C C R™ be such a set. If C = @ then this is obvious, so assume C ;é 9,
and represent C as -

{Z,\kyk+2c,z,|,\k>o (>0, ZAk=1}
k=1 k=1 < -
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Let Q be the cone generated by the pairs (y1,—1)%,...,(yx,—1)*, (21,0)*,...,(zL,0)".
Then Q° is the intersection of the halfspaces of the form {w € R**! | (g,w) < 0}, where
g is one of the above generators. So Q° is polyhedral, hence finitely generated by what we

have already proved. Then @ (= Q°°) is polyhedral. Represent Q as
(2.1.%)
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Now z € C if and only if (z,—1)* € Q: that is, if and only if Dz + d(~1) < 0. Hence
C = {z | Dz < d}, and this is a polyhedral convex set. §
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