
4 Constrained Minimization

Feasible directions, tangent cone. First order conditions (polyhedral sets,
convex sets). Convex programming intro.

Let C be a polyhedral set and suppose C = {x : Dx ≤ d}, for some D ∈
Rm×n. For a point x̄ ∈ C, we let A(x̄) = {i : Di·x̄ = di} denote the set
of active constraints at x̄. A similar convention is used for I(x̄) regarding
inactive constraints.

Proposition 1 Let K = {z : DA·z ≤ 0}. Then K ⊃ C − x̄. Furthermore,
there is a neighborhood U if the origin such that U ∩ (C − x̄) = U ∩ K.
Finally, K = TC(x̄).

Proof Let c ∈ C. Then DA·c ≤ dA; therefore DA·(c − x̄) ≤ 0 (since
DA·x̄ = dA), and therefore c − x̄ ∈ K; hence C − x̄ ⊂ K. For the second
assertion, note that U ∩K ⊃ U ∩ (C − x̄) for evey U ; therefore we prove the
inclusion “⊂”. As DI·x̄ < dI , there is a neighborhood U of the origin such
that for each z ∈ U , DI·(x̄+ z) ≤ dI . Let z ∈ U ∩K. Then DI·(x̄+ z) ≤ dI
and DA·(x̄+ z) ≤ dA, so x̄+ z ∈ C and hence z ∈ U ∩ (C − x̄).

Suppose w ∈ TC(x̄). Then there is some sequence xν → x̄ in C and τ ν ↓ 0
such that wν = (xν − x̄)/τ ν satisfies wν → w. It follows that for large ν,
xν − x̄ ∈ U ∩ (C − x̄) and hence in U ∩ K. Thus τ νwν ∈ K and hence by
closure and cone properties of K so is w.

If w ∈ K, then µw ∈ U ∩K for small but positive µ, hence τw ∈ C − x̄
for all 0 < τ ≤ µ. Just take a decreasing sequence of such τ to define xν and
wν = w with the required properties.

Corollary 2 Let R and S be polyhedral convex sets in Rn. If x ∈ R ∩ S
then TR∩S(x) = TR(s) ∩ TS(x).

Proof Let R = {x : Dx ≤ d} and S = {x : Gx ≤ g}. We have

R ∩ S =

{
x :

[
D
G

]
x ≤

[
d
g

]}
so for appropriately defined Ad and Ag it follows

TR∩S(x̄) =

{
w :

[
DAd·
GAg ·

]
w ≤ 0

}
= {w : DAd·w ≤ 0} ∩

{
w : GAg ·w ≤ 0

}
= TR(x̄) ∩ TS(x̄).
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Theorem 6 (local optimality conditions on a polyhedral set). Consider the
problem of minimizing f0 over a polyhedral set C, with f0 of class C2. Let
x̄ ∈ C.

(a) (necessary). If x̄ is a locally optimal solution, then

∇f0(x̄) · w ≥ 0 for every w ∈ TC(x̄),

w · ∇2f0(x̄)w ≥ 0 for every w ∈ TC(x̄) satisfying ∇f0(x̄) · w = 0.

(b) (sufficient). If x̄ has the property that

∇f0(x̄) · w ≥ 0 for every w ∈ TC(x̄),

w · ∇2f0(x̄)w > 0 for every w ∈ TC(x̄) satisfying ∇f0(x̄) · w = 0, w 6= 0,

then x̄ is a locally optimal solution. Moreover, in these circumstances
the local optimality of x̄ is strict, in the sense that there exists a δ > 0
such that f0(x) > f0(x̄) for all points x ∈ C with 0 < ‖x− x̄‖ ≤ δ.

Proof To set the stage, we invoke the polyhedral nature of C to get the
existence of ρ > 0 such that the points x ∈ C with 0 < ‖x− x̄‖ ≤ ρ are
the points expressible as x̄ + τw for some vector w ∈ TC(x̄) with ‖w‖ = 1
and scalar τ ∈ (0, ρ]. Then too, for any δ ∈ (0, ρ), the points x ∈ C with
0 < ‖x− x̄‖ ≤ δ are the points expressible as x̄ + τw for some w ∈ TC(x̄)
with ‖w‖ = 1 and some τ ∈ (0, δ]. Next we use the twice differentiability
of f0 to get second-order estimates around x̄ in this notation: for any ε > 0
there is a δ > 0 such that∣∣∣∣f0(x̄+ τw)− f0(x̄)− τ∇f0(x̄) · w − τ 2

2
w · ∇2f0(x̄)w

∣∣∣∣ ≤ ετ 2

for all τ ∈ [0, δ] when ‖w‖ = 1.

In (a), the local optimality of x̄ gives in this setting the existence of δ̄ > 0
such that f0(x̄ + τw) − f0(x̄) ≥ 0 for τ ∈ [0, δ̄] when w ∈ TC(x̄), ‖w‖ = 1.
For such w and any ε > 0 we then have through second-order expansion the
existence of δ > 0 such that

τ∇f0(x̄) · w +
τ 2

2

[
w · ∇2f0(x̄)w + 2ε

]
≥ 0 for all τ ∈ [0, δ].

This condition implies that ∇f0(x̄) · w ≥ 0, and if actually ∇f0(x̄) · w = 0
then also that w · ∇2f0(x̄)w + 2ε ≥ 0. Since ε can be chosen arbitrarily, it
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must be true in the latter case that w · ∇2f0(x̄)w ≥ 0. Thus, the claim in
(a) is valid for all w ∈ TC(x̄) with ‖w‖ = 1. It is also valid then for positive
multiples of such vectors w, and hence for all w ∈ TC(x̄).

In (b), the desired conclusion corresponds to the existence of δ > 0 such
that f0(x̄+τw)−f0(x̄) > 0 for τ ∈ (0, δ] when w ∈ TC(x̄), ‖w‖ = 1. Through
the second-order expansion it suffices to demonstrate the existence of ε > 0
and δ′ > 0 such that

τ∇f0(x̄) · w +
τ 2

2

[
w · ∇2f0(x̄)w − 2ε

]
> 0

for all τ ∈ (0, δ′] when w ∈ TC(x̄), ‖w‖ = 1.

Pursuing an argument by contradiction, let’s suppose that such ε and δ′ don’t
exist. Then, for any sequence εν ↘ 0 there must be sequences τ ν ↘ 0 and
wν ∈ TC(x̄) with ‖wν‖ = 1 and

τ ν∇f0(x̄) · wν +
(τ ν)2

2

[
wν · ∇2f0(x̄)wν − 2εν

]
≤ 0.

Because the sequence of vectors wν is bounded, it has a cluster point w; there
is a subsequence wνκ → w as κ → ∞. Then ‖w‖ = 1 (because the norm is
a continuous function), and w ∈ TC(x̄) (because the tangent cone is a closed
set). Rewriting our inequality as

wνκ · ∇2f0(x̄)wνκ − 2ενκ ≤ −2∇f0(x̄) · wνκ/τ νκ ,

where ∇f0(x̄) · wνκ ≥ 0 under the assumption of (b), we see when κ → ∞
with

∇f0(x̄) · wνκ → ∇f0(x̄) · w,wνκ · ∇2f0(x̄)wνκ − 2ενκ)→ w · ∇2f0(x̄)w,

that w · ∇2f0(x̄)w ≤ 0, yet also ∇f0(x̄) · w = 0 (for if ∇f0(x̄) · w > 0 the
right side of the inequality would go to −∞). This mix of properties of w is
impossible under the assumption of (b). The contradiction finishes the proof.
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