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Abstract

In this paper, we propose a link-node complementarity model for the basic deterministic dynamic user equilibrium
(DUE) problem with single-user-class and fixed demands. The model complements link-path formulations that have been
widely studied for dynamic user equilibria. Under various dynamic network constraints, especially the exact flow propa-
gation constraints, we show that the continuous-time dynamic user equilibrium problem can be formulated as an infinite
dimensional mixed complementarity model. The continuous-time model can be further discretized as a finite dimensional
non-linear complementarity problem (NCP). The proposed discrete-time model captures the exact flow propagation con-
straints that were usually approximated in previous studies. By associating link inflow at the beginning of a time interval to
travel times at the end of the interval, the resulting discrete-time model is predictive rather than reactive. The solution exis-
tence and compactness condition for the proposed model is established under mild assumptions. The model is solved by an
iterative algorithm with a relaxed NCP solved at each iteration. Numerical examples are provided to illustrate the pro-
posed model and solution approach. We particularly show why predictive DUE is preferable to reactive DUE from an
algorithmic perspective.
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1. Introduction

Dynamic traffic assignment (DTA) models, which can predict future dynamic traffic states in a short-term
fashion, have been extensively studied for decades. DTA studies have been particularly accelerated in the last
15 years since the advent of the intelligent transportation systems (ITS). In this paper, we are interested in the
so-called dynamic user equilibrium (DUE) that is the fundamental yet most challenging problem of DTA.
Although two distinct approaches have dominated the methodologies applied to DTA research: the simula-
tion based (microscopic/mesoscopic) approach and the analytical (macroscopic) approach, in this paper,
we focus ourselves on the analytical DTA models, especially those with the variational inequality (VI)
formulation.

VI has been applied for long to model various traffic interactions for static traffic assignment problems
(Smith, 1979; Dafermos, 1980), and has been shown to be more capable of modeling and computing dynamic
network equilibria than the constrained optimization approach (Ran and Boyce, 1996; Chen, 1999; Peeta and
Ziliaskopoulos, 2001). Friesz et al. (1993) were among the first to model DUE with VI, and Ran and Boyce
(1994, 1996) extensively studied the issues of applying VI to formulate and solve DTA problems. The VI
approach has also been used for DTA studies by Lo et al. (1996), Ran et al. (1996), Heydecker and Verlander
(1999), to name just a few. Recently, Friesz et al. (2001) and Friesz and Mookherjee (2006) developed a dif-
ferential variational inequality (DVI) technique to model DUE in continuous-time. Although formulated con-
tinuously in the temporal domain, most DUE models (e.g., those by Friesz et al. (1993) and Ran and Boyce
(1996)) were solved by time discretization. This is because, to date, solving continuous-time DUE models
directly for practical transportation networks is still not feasible. However, many discrete models were only
treated as part of the solution procedure without rigorous investigations on their mathematical properties.
Chen and Hsuen (1998) were among the first to investigate explicitly on discrete-time VI models for DTA.
Bliemer (2001) and Bliemer and Bovy (2003) further improved the model by Chen and Hsuen (1998) and pro-
posed a link-path based quasi-variational inequality (QVI) formulation. Lo and Szeto (2002) integrated the
cell transmission model (CTM) into DUE which was formulated as a route based VI problem. Due to the nat-
ure of CTM (Daganzo, 1994, 1995a), the model by Lo and Szeto (2002) is discretized in both temporal and
spatial domains.

As a special case of VI, the non-linear complementarity problem (NCP) has been extensively studied by
the mathematical programming community (see Facchinei and Pang (2003) and references therein). Efficient
solution approaches have been developed during the last decade for solving large scale NCPs (Cao and
Ferris, 1996; Billups et al., 1997; Ferris et al., 1999). Generally, solving an NCP is much easier than a reg-
ular VI and NCP formulations have been used by some researchers in modeling and solving DUE (Ran and
Boyce, 1996; Akamatsu, 2001; Wie et al., 2002). In particular, Wie et al. (2002) formulated the discrete-time
DUE with departure time choice as an NCP. It was also pointed out in Wie et al. (2002) that continuous-
time and discrete-time DUE models are significantly different. Generally, the former are infinite dimensional
mathematical programming problems, while the latter are finite dimensional mathematical programming
problems. The NCP based DUE model by Wie et al. (2002), nevertheless, applied approximate flow prop-
agations and projected the link exit flows to two neighboring time grids. Therefore, the exact flow propa-
gation of DUE (Astarita, 1996) was not fully respected. Further, the linear programming based solution
approach in Wie et al. (2002) is similar to the Frank-Wolfe (FW) algorithm. Due to the well-known con-
vergence problem of FW, such a method may not be effective for solving DUE, especially for producing
accurate solutions.

In this paper, we formulate the discrete-time DUE problem with exact flow propagations as a link-
node based NCP. This new link-node NCP formulation complements the link-path DUE models that
have been widely studied in the literature. The special structure of the proposed model may also facilitate
the development of more efficient algorithms for solving DUE. We specifically consider the basic discrete-
time DUE problem in this paper, which is deterministic and single-user-class, and has fixed travel
demands.

In what follows we will start with the continuous-time DUE and formulate it as an infinite dimensional
mixed complementarity problem (MiCP) with side constraints. Based on this MiCP model, we adopt the dis-
cretization scheme by Astarita (1996) and prove that an NCP formulation exists for the discrete-time DUE
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with exact flow propagations. Also, by associating link inflow at the beginning of a given time interval to travel
times at the end of the interval in DUE route choice, the proposed NCP model represents predictive DUE
(Heydecker and Verlander, 1999). We further prove the solution set of the proposed NCP model is non-empty
and compact. To solve the model, we develop an iterative algorithm with a relaxed NCP solved at each iter-
ation. Numerical studies are provided in this paper to illustrate the proposed model and demonstrate the effi-
ciency of the solution algorithm. We show that, at least for the proposed NCP model, the predictive DUE is
algorithmically more preferable than reactive DUE.

2. Continuous-time DUE model

In this section, we introduce the link-node based continuous-time formulation for DUE. In the literature,
Friesz et al. (1993), Ran and Boyce (1996), and Bliemer and Bovy (2003) have extensively studied the link-path
based continuous-time DUE models.

Assume a given transportation network can be represented as a connected and directed graph, denoted as
G(N,A), where N is the set of nodes and A is the set of links (arcs). Since we are dealing with dynamic (or time-
varying) traffic flows, we denote T 0 as the total study period and t 2 [0,T 0]. Also denote R and S as origin and
destination node sets, respectively. Throughout this paper, we will use index a 2 A to denote a link, index i 2 N

or j 2 N to denote a node, and index s 2 S to denote a destination. Moreover, we only consider the basic DUE
problem, i.e., the deterministic and single-user-class DUE with fixed demands. Further, dis(t) denotes the
(fixed) travel demand rate from node i to destination s at time instant t. We conventionally set dss(t) = 0
"s 2 S,t 2 [0, T 0].

2.1. DUE condition

The link-node model is derived from the so-called (link-node based) DUE condition that describes the opti-
mality condition of the DUE problem. The DUE condition is a dynamic extension to the Wardrop’s first prin-
ciple (1952) for the static case and can be stated as follows:

If, from each decision node to every destination node at each instant of time, the actual travel times for all
the routes that are being used are equal and minimal, then the dynamic traffic flow over the network is in a

travel time based dynamic user equilibrium (DUE) state.

In this condition, a ‘‘decision node” with respect to a given destination can be any node in the network
which either generates OD trips (i.e., an origin node) or is traversed by flows heading to the destination
(i.e., an intermediate node). Hence, a destination node is not a decision node of itself. Mathematically, the
DUE condition can be expressed as follows:

0 6 uasðtÞ ? fsaðtÞ þ phas½t þ saðtÞ� � plasðtÞgP 0 8a; s; t: ð1Þ
Here uas(t) denotes the inflow rate to link a with respect to destination s at time instant t. plasðtÞ and phasðtÞ
denote, respectively, the minimum travel time from the tail node (la) and head node (ha) of link a to destination
s at time t. We conventionally set pss (t) = 0 "s 2 S, t 2 [0, T 0]. sa(t) is the travel time for link a at time instant t.
In addition, ‘‘?” in (1) means ‘‘perpendicular” so that x ? y () xTy ¼ 0. Note that the DUE condition can
also be conveniently expressed using the dynamic programming (DP) notation. For details, one can refer to
Han and Heydecker (2006).

2.2. Dynamic network constraints

The dynamic network constraints describe the defining set of the DUE problem, which must be satisfied by
any feasible solution. Five types of constraints have been identified in the literature (Ran and Boyce, 1996;
Bliemer and Bovy, 2003), namely mass balance constraints, flow conservation constraints, flow propagation
constraints, first-in-first-out (FIFO) constraints, and other definitional constraints. In the following, we simply
list these constraints without further discussions (except the flow propagation constraints in Section 2.2.4). For
details, one can refer to Ran and Boyce (1996) and Bliemer and Bovy (2003).
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2.2.1. Mass balance constraints

Mass balance constraints define the relationship among the link flow (denoted as xas(t)), the inflow rate
(denoted as uas(t)), and the exit flow rate (denoted as vas(t)) of some link a with respect to destination s at time
t. The constraints can be expressed as follows:

dxasðtÞ
dt

¼ uasðtÞ � vasðtÞ 8a; s; t:

The above equation implies that xasðtÞ ¼
R t

0
½uasðwÞ � vasðwÞ�dwþ xasð0Þ 8a; s; t. We further assume the initial

condition as xas(0) = 0 "a, s. Then, the mass balance constraints can be rewritten as

xasðtÞ ¼
Z t

0

½uasðwÞ � vasðwÞ�dw 8a; s; t: ð2Þ

2.2.2. Flow conservation constraints

The flow conservation constraints require that for any given time instant, flow entering any node, together
with the demand generated at this node, must all exit from this node unless the node is a destination. Math-
ematically, they can be expressed asX

a2AðiÞ
uasðtÞ ¼ disðtÞ þ

X
a2BðiÞ

vasðtÞ 8i; s; i 6¼ s; t: ð3Þ

Here A(i) is the set of links whose tail nodes (i.e., starting nodes) are i; B(i) is the set of links whose head nodes
(i.e., ending nodes) are i.

2.2.3. FIFO constraints

FIFO constraints were first introduced into the DTA study by Carey (1987). Since then, it has been
assumed to be a ‘‘discipline” respected by any dynamic traffic flow. FIFO requires that any vehicle entering
into a link earlier must also exit from the link earlier. Mathematically, FIFO constraints can be represented
as

t1 þ saðt1Þ < t2 þ saðt2Þ 8t1 < t2: ð4Þ

Ran and Boyce (1996) showed that in order for FIFO to hold, an extra restriction should be imposed on sa(t)
as

dsaðtÞ=dt > �1: ð5Þ

However, explicitly imposing such a constraint will dramatically increase the complexity of the resulting
model. Therefore, most DUE models tend to implicitly guarantee FIFO by choosing a proper link perfor-
mance function. How to design such a function, however, is beyond the scope of this paper. Here we conven-
tionally assume sa(t) is a function of the link flow at time t on link a

saðtÞ ¼ gðxaðtÞÞ 8a; t: ð6Þ

Here xa(t) is the total link flow on link a at time t (see Eq. (10) below). The function in (6) satisfies FIFO when
g is linear, or if the gradient of g with respect to x is bounded from above when g is non-linear. For more
discussions, one can refer to Nie and Zhang (2005), Carey et al. (2003), Xu et al. (1999), and Daganzo (1995b).

2.2.4. Flow propagation constraints

These constraints describe the consistent evolvement of traffic flows in both temporal and spatial domains.
It has been proved that in a continuous-time fashion, the (exact) flow propagation constraints can be repre-
sented as (Astarita, 1996):

vas½t þ saðtÞ� ¼
uasðtÞ

1þ dsaðtÞ=dt
8a; s; t: ð7Þ
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In this paper, we further introduce an ‘‘inverse link travel time function” pa(t), which denotes the travel time of
link a for vehicles exiting the link at time t (notice that sa(t) is the link travel time for vehicles entering link a at
time t). According to this definition, t � pa(t) is the time when those vehicles entered link a. Therefore, we have

paðtÞ ¼ saðt � paðtÞÞ: ð8Þ
Clearly, pa(t) is not close formed. However, under FIFO, pa(t) is a one-to-one mapping (i.e., a well-defined

function).4 Based on pa(t), the flow propagation constraint (7) can be expressed as

vasðtÞ ¼
uasðt � paðtÞÞ

1þ _saðt � paðtÞÞ
8a; s; t:

Here _saðt � paðtÞÞ � dsaðt � paðtÞÞ=dðt � paðtÞÞ ¼ dpaðtÞ=ðdt � dpaðtÞÞ. Therefore, (7) can be rewritten as

vasðtÞ ¼ uasðt � paðtÞÞ 1� dpaðtÞ
dt

� �
8a; s; t: ð9Þ

Notice that from (8), we can obtain

dpaðtÞ
dt
¼ dsaðt � paðtÞÞ

dt
¼ dsaðt � paðtÞÞ

dðt � paðtÞÞ
dðt � paðtÞÞ

dt
¼ _saðt � paðtÞÞ 1� dpaðtÞ

dt

� �
:

Denote q ¼ _saðt � paðtÞÞ. From the above equation, we have dpaðtÞ
dt ¼

q
qþ1

. If FIFO holds, we must have q > �1

according to Eq. (5), which indicates that dpaðtÞ
dt < 1. In other words, Eq. (9) implies that exit flow is always non-

negative if FIFO holds.
Note that the inverse link travel time function defined here is similar to the inverse arc exit time function in

Friesz et al. (1993). The main differences are (a) pa(t) in (8) is defined on an individual link and therefore there
is no need to track the entire path and (b) pa(t) actually represents link travel time (from a previous time inter-
val), but in Friesz et al. (1993), the inverse arc exit time function was defined as the departure time of vehicles
entering a path. Since we assume vehicles to different destinations experience the same travel time as long as
they enter the link at the same time, pa(t) is independent of individual destinations. In Bliemer and Bovy
(2003), exact flow propagation was presented using the so-called ‘‘dynamic effective flow rate factor.” The for-
mulation (9) here is link based (i.e., no need to keep track of an entire path) and thus much simpler compared
with that in Bliemer and Bovy (2003).

2.2.5. Other definitional constraints

Other definitional constraints are listed in Eqs. (10) and (11) as follows:

uaðtÞ ¼
P
s2S

uasðtÞ;

vaðtÞ ¼
P
s2S

vasðtÞ; 8a; t;

xaðtÞ ¼
P
s2S

xasðtÞ;

8>>>><
>>>>:

ð10Þ

uasðtÞP 0; vasðtÞP 0; xasðtÞP 0 8a; s; t;
pisðtÞP 0 8i; s; i 6¼ s; t:

�
ð11Þ

Here ua(t) and va(t) denote, respectively, the total inflow rate and exit flow rate of link a at time t. Together
with xa(t), they are referred as ‘‘aggregated” variables. On the other hand, uas(t), vas(t) and xas(t) are called
‘‘disaggregated” variables. For aggregated and disaggregated variables that satisfy (10), we call them ‘‘corre-
sponding” to each other.

4 This can be seen as follows. Under the FIFO condition (4), if pa(t) is not uniquely determined for a given t, we can assume pa(t) = p1,
pa(t) = p2, and p1 6¼ p2. Without loss of generality, we assume p1 > p2. We will then have t = t � p1 + sa (t � p1) < t � p2 + sa(t � p2) = t

since t � p1 < t � p2. This is a contradiction. Therefore, we must have p1 = p2, i.e., pa(t) is a one-to-one mapping.

X. (Jeff) Ban et al. / Transportation Research Part B 42 (2008) 823–842 827
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2.3. MiCP formulation

Eqs. (1)–(3), (9) and (11) constitute the DUE model defined on disaggregated variables x = (xas(t))"a,s,t,
u = (uas(t))"a,s,t, v = (vas(t))"a,s,t, and p = (pis(t))"i,s,t;i 6¼s; whereas, s = (sa(t))"a,t, p = (pa(t))"a,t, and the aggre-
gated variables can be treated as functions of these defining variables, as shown in Eqs. (6), (8), and (10).
Denote this model as DUEORI (short for the original DUE problem). It turns out that DUEORI can be fur-
ther simplified; in particular, we have the following Theorem:

Theorem 1. The following two statements are true, provided FIFO holds:

(a) Assume x = (xas(t))"a,s,t, u = (uas(t))"a,s,t, v = (vas(t))"a,s,t, and p = (pis (t))"i,s,t;i6¼s solves DUEORI with

s = (sa (t))"a,t, p = (pa(t))"a,t, and the aggregated variables are defined in Eqs. (6), (8) and (10), respectively.

Then (u,p) must solve the following model, denoted as DUEMiCP:

0 6 uasðtÞ ? fsaðtÞ þ phas½t þ saðtÞ� � plasðtÞgP 0 8a; s; t; ð12aÞX
a2AðiÞ

uasðtÞ ¼ disðtÞ þ
X

a2BðiÞ
uasðt � paðtÞÞ 1� dpaðtÞ

dt

� �
8i; s; i 6¼ s; t; ð12bÞ

pisðtÞP 0 8i; s; i 6¼ s; t: ð12cÞ

(b) If (u,p) solves DUEMiCP (12), with p defined in (8), and s defined as

saðtÞ ¼ g
Z t

0

X
s2S

uasðwÞ � uasðt � paðtÞÞ 1� dpaðtÞ
dt

� �� �� �
dw

 !
8a; t: ðiÞ

Then there must exist vectors x and v such that (x,u,v,p) solves DUEORI. Also, s and the aggregated
variables satisfy Eqs. (6) and (10), respectively.

Proof.

(a) If x = (xas(t))"a,s,t, u = (uas(t))"a,s,t, v = (vas(t))"a,s,t, and p = (pis(t))"i,s,t;i 6¼s solves DUEORI, (12a) will
hold. We can then substitute (9) into (3), resulting in (12b). Also, (12c) comes from (11).

(b) If (u,p) solves (12) and p and s are defined in (8) and (i), respectively, (1) holds directly. We can then
define

vasðtÞ ¼ uasðt � paðtÞÞ 1� dpaðtÞ
dt

� �
8a; s; t; ðiiÞ

xasðtÞ ¼
Z t

0

½uasðwÞ � vasðwÞ�dw 8a; s; t; ðiiiÞ

which coincide with (9) and (2), respectively. This also implies s defined in (i) above coincides with (6). In
addition, (3) will be satisfied due to (12b) and (ii) above. Further, (10) and (11) are definitional.
Especially, the non-negativity of v is guaranteed by the non-negativity of u and the fact that dpaðtÞ

dt < 1
through (ii) above; the non-negativity of x is ensured by FIFO. h

Note that given the disaggregated inflow vector u, determining vectors p and s requires a link based
dynamic network loading (see Nie and Zhang, 2005). In Bliemer (2001), it is referred as ‘‘solving a fixed point
problem” due to the mutual inclusion of s and p in their definitions in Eqs. (6) and (8). With Theorem 1, DUE-

ORI is simplified into DUEMiCP (12) that is defined on u and p only. Aggregated variables, p, and s are func-
tions of u. Note also that Eqs. (12a) and (12b) define an infinite dimensional MiCP (Ulbrich, 2002), while (12c)
imposes a side constraint that requires the minimum travel time from node i to destination s at time t must be
non-negative. Solving the infinite dimensional MiCP (12) with side constraints is generally difficult and we
thus study the discretized problem starting from the next section.
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3. Discrete-time DUE model

3.1. Discrete-time DUE with exact flow propagation

In order to obtain the discrete-time model, we can evenly divide the entire study period into K0 time inter-
vals by introducing the length of each time interval D such that K0D = T 0. We use index k to denote the kth
time interval [(k � 1)D,kD) for 1 6 k 6 K0. The notation for the discrete-time model is first listed as follows:

uk
as ¼ uasððk � 1ÞDÞ: the inflow rate to link a towards destination s at the beginning of time interval k, which

is also assumed to be constant during the entire time interval k, u ¼ ðuk
asÞ8a;s;k

vk
as ¼ vasððk � 1ÞDÞ: the exit flow rate from link a towards destination s at the beginning of time interval k,

which is also assumed to be constant during the entire time interval k, v ¼ ðvk
asÞ8a;s;k

uk
asD: the inflows to link a towards destination s during time interval k

vk
asD: the exit flows from link a towards destination s during time interval k

xk
as ¼ xasððk � 1ÞDÞ: the flows of link a towards destination s at the beginning of time interval k, which is

assumed to be constant during the entire interval k, x ¼ ðxk
asÞ8a;s;k

uk
a ¼

P
s2Suk

as: the aggregated inflow rate to link a at the beginning of time interval k, which is assumed to be
constant during the entire interval k, uA ¼ ðuk

aÞ8a;k
vk

a ¼
P

s2Svk
as: the aggregated exit flow rate from link a at the beginning of time interval k, which is assumed

to be constant during the entire interval k, vA ¼ ðvk
aÞ8a;k

xk
a ¼

P
s2Sxk

as: the aggregated flows of link a towards destination s at the beginning of time interval k, which
is assumed to be constant during the entire interval k, xA ¼ ðxk

aÞ8a;k
dk

is ¼ disððk � 1ÞDÞ: the demand rate generated from node i to destination s at the beginning of time interval
k, which is assumed to be constant during the entire interval k, d ¼ ðdk

isÞ8i;s;k;i6¼s
dk

isD: the demands generated from node i to destination s during time interval k

sk
aðuÞ ¼ saðkDÞ: the travel time of link a at the end of time interval k, a function of u, s ¼ ðsk

aÞ8a;k
pk

is ¼ pisðkDÞ: the minimum travel time from node i to destination s at the end of time interval k,
p ¼ ðpk

isÞ8i;s;k;i6¼s
ek

aðuÞ � ðk � 1ÞDþ sk�1
a ðuÞ: the exit time for vehicles entering a at the beginning of time interval k, a func-

tion of u; e ¼ ðek
aÞ8a;k

Note that in the above notation, u, v, x, and d are defined at the beginning of a time interval, while s and p
are defined at the end of the time interval. This is to associate the inflow to a link at the beginning of any time
interval k with the cost (travel time) at the end of the time interval in DUE route choice. As already discussed
in Heydecker and Verlander (1999), this way of associating inflow and cost will lead to predictive DUE which
has more plausible solution properties compared with reactive DUE. For more details of the concepts of pre-
dictive and reactive DUE, one can refer to Heydecker and Verlander (1999), Han (2000), and Han (2003).

Using this discretization scheme, one should be cautious about how to discretize (12a) and (12b). First of
all, (12b) is related to the flow conservation (3) and flow propagation (7). For any time interval k, (3) can be
easily discretized as (note that the constant D at both sides of (13) is omitted)

X
a2AðiÞ

uk
as ¼ dk

is þ
X

a2BðiÞ
vk

as 8i; s; i 6¼ s; k: ð13Þ

According to (7), the exit flow rate vk
as is related to inflow rate uk0

as if ek0
a ðuÞ ¼ ðk

0 � 1ÞDþ sk0�1
a ¼ ðk � 1ÞD (note

that both u and v are defined at the beginning of time intervals). However, such an integer k0 may not exist
since travel time sk0�1

a is real valued. In this paper, we adopt the discretization method in Astarita (1996) to
address this problem. The method first constructs the pair of ðek0

a ; vasðek0
a ÞÞ for any inflow at k0. This can be

obtained by discretizing (7) as

vasðek0

a Þ ¼ uk0

as � k
1;k0

a ðuÞ 8a; s; k0 ð14Þ
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and

k1;k0

a ðuÞ ¼
D

sk0
a ðuÞ � sk0�1

a ðuÞ þ D
: ð15Þ

In the denominator of the right hand side of (15), sk0
a and sk0�1

a are, respectively, the travel times of link a at the
beginning of time interval k0 + 1 and k0 (or the end of time intervals k0 and k0 � 1). Further, k1;k0

a is a function
of u since both sk0

a and sk0�1
a are so.

Give all ðek0
a ; vasðek0

a ÞÞ pairs, we can compute vk
as for any k as follows. First, we try to find k0 such that

ek0
a 6 ðk � 1ÞD < ek0þ1

a , as shown in Fig. 1.
In Fig. 1, the solid lines represent trajectories of vehicles entering link a at the beginning of time intervals k0

and k0 + 1. The exit flow rate at time interval k can then be computed using linear interpolation of vasðek0
a Þ and

vasðek0þ1
a Þ as

vk
as ¼

X
k0:ek0

a 6ðk�1ÞD<ek0þ1
a

k2;k0 ;k
a ðuÞ � vasðek0

a Þ þ ð1� k2;k0 ;k
a ðuÞÞ � vasðek0þ1

a Þ 8a; s; k; ð16Þ

where k2;k0 ;k
a ðuÞ is defined as

k2;k0 ;k
a ðuÞ ¼ ek0þ1

a � ðk � 1ÞD
ek0þ1

a � ek0
a

¼ sk0
a ðuÞ þ ðk

0 þ 1� kÞD
sk0

a ðuÞ � sk0�1
a ðuÞ þ D

8a; k0; k; ek0

a 6 ðk � 1ÞD < ek0þ1
a : ð17Þ

Substitute Eqs. (14)–(17) to (13), we obtain the discretized version of (12b) as

X
a2AðiÞ

uk
as ¼ dk

is þ
X

a2BðiÞ

X
k0 :ek0

a 6ðk�1ÞD<ek0þ1
a

½k1;k0

a ðuÞ � k
2;k0;k
a ðuÞ � uk0

as þ k1;k0þ1
a ðuÞ � ð1� k2;k0 ;k

a ðuÞÞ � uk0þ1
as � 8i; s; i 6¼ s; k:

ð18Þ

We can use the similar approach to discretized phas½t þ saðtÞ� in (12a). Since the concept of predictive DUE is
adopted in this paper, we need to associate the link inflow at the beginning of time interval k, uk

as, to the link
travel time at the end of this time interval, sk

as, as well as pk
las and phasðekþ1

a Þ. Here pk
las is the minimum travel

time from the starting node (i.e., tail node) of link a to destination s at the end of time interval k. phasðekþ1
a Þ is

the minimum travel time from the ending node (i.e., head node) of link a to destination s at the exit time
ekþ1

a ¼ kDþ sk
a. Since ekþ1

a is real valued, we assume it resides in the lth time interval, i.e.,
ðl� 1ÞD 6 ekþ1

a < lD. We then obtain phasðekþ1
a Þ by linearly interpolating travel times at the beginning and

end of the lth time interval. In other words,

phas½t þ saðtÞ� ¼ phasðekþ1
a Þ ¼ k3;k;l

a ðuÞ � pl�1
has þ ½1� k3;k;l

a ðuÞ� � pl
has: ð19Þ

link a 

time 

space 

k' k'+1 
1'+k

ae

)( 'k
aas ev

)( 1'+k
aas ev

k 'k
ae

k
asv

Fig. 1. Discretization of flow propagation constraints.
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Here we define

k3;k;l
a ðuÞ ¼ lD� ekþ1

a ðuÞ
D

¼ l� k � sk
aðuÞ
D

� �
8a; k; l; ðl� 1Þ 6 ekþ1

a ðuÞ=D < l: ð20Þ

Some observations thus follow. First, all k1 ¼ ðk1;k0

a Þ8a;k0 ; k
2 ¼ ðk2;k0 ;k

a Þ8a;k0;k;ek0
a 6ðk�1ÞD<ek0þ1

a
; k3 ¼

ðk3;k;l
a Þa;k;l;ðl�1Þ6ekþ1

a =D<l and e ¼ ðek
aÞ8a;k are functions of s which is itself a function of the disaggregated link in-

flow vector u. k1 and k2 are defined to discretize the exact flow propagation constraint, while k3 is used to dis-
cretize the minimum travel time from a node to a destination node. Furthermore, since we assume the link

travel time defined in (6) satisfies FIFO, k1;k0

a > 0 8a; k0. From the definition of k2 and k3, we can also observe

that 0 < k2;k0;k
a 6 1 8a; k0; k; ek0

a 6 ðk � 1ÞD < ek0þ1
a and 0 < k3;k;l

a 6 1 8a; k; l; l� 1 6 ekþ1
a =D < l.

Finally substituting (19) to (12a), we have the following discretized DUE model with exact flow
propagations:

0 6 uk
as ? fsk

aðuÞ þ
X

l�16ekþ1
a ðuÞ=D<l

k3;k;l
a ðuÞ � pl�1

has þ ½1� k3;k;l
a ðuÞ� � pl

has � pk
lasgP 0 8a; s; k; ð21aÞ

X
a2AðiÞ

uk
as ¼ dk

is þ
X

a2BðiÞ

X
k0 :ek0

a ðuÞ6ðk�1ÞD<ek0þ1
a ðuÞ

½k1;k0

a ðuÞ � k
2;k0 ;k
a ðuÞ � uk0

as þ k1;k0þ1
a ðuÞ � ð1� k2;k0 ;k

a ðuÞÞ � uk0þ1
as �

8i; s; i 6¼ s; k; ð21bÞ

pk
is P 0 8i; s; i 6¼ s; k: ð21cÞ

Note that (21) is an MiCP with side constraints (21c). Also since u is the defining variable, ek
aðuÞ will change as

u does. This implies that the summation terms in the right hand sides of both (21a) and (21b) are not fixed;
rather, they change as u does. In this sense, model (21) is not in a close-form. From the above discretization
process, one can also see that the flow propagation constraint is discretized following the scheme in Astarita
(1996) and thus satisfies the exact flow propagation constraints. On the other hand, the route choice condition
(21a) is discretized by associating link inflows at the beginning of time intervals to costs (travel times) at the
end of time intervals. Therefore, the discretized formulation (21) is a predictive DUE model with exact flow
propagations.

We next show that (21) has an equivalent NCP formulation.

Theorem 2. If the link travel time function sk
aðuÞ is positive for "a,k and u P 0, then model (21) is equivalent to

the following NCP model: find(u,p) such that

0 6 uk
as ? sk

aðuÞ þ
X

l�16ekþ1
a ðuÞ=D<l

k3;k;l
a ðuÞ � pl�1

has þ ½1� k3;k;l
a ðuÞ� � pl

has � pk
las

8<
:

9=
; P 0 8a; s; k0; ð22aÞ

0 6 pk
is

?
X

a2AðiÞ
uk

as � dk
is �

X
a2BðiÞ

X
k0 :ek0

a ðuÞ6ðk�1ÞD<ek0þ1
a ðuÞ

½k1;k0

a ðuÞ � k
2;k0 ;k
a ðuÞ � uk0

as þ k1;k0þ1
a ðuÞ � ð1� k2;k0 ;k

a ðuÞÞ � uk0þ1
as �

0
@

1
A

P 0 8i; s; i 6¼ s; k0:

ð22bÞ

Proof. We need to prove (a) if (u,p) solves (21), then it is also a solution to (22); and (b) if (u,p) solves (22),
then it must also solves (21). h

Firstly, (a) is straightforward. If (u,p) solves (21), then it is obvious that (u,p) also solves (22).
In order to prove (b), suppose (u,p) solves (22). Since (u,p) is given here, ek

aðuÞ is fixed for "a,k. This implies
that both (21) and (22) become close-formed. For the sake of contradiction, assume (u,p) is not a solution of
(21). Then we must have i, s, i 6¼ s at some time interval k, such that

P
a2AðiÞu

k
as � dk

is

�
P

a2BðiÞ
P

k0 :ek0
a ðuÞ6ðk�1ÞD<ek0þ1

a ðuÞ½k
1;k0

a ðuÞ � k
2;k0 ;k
a ðuÞ � uk0

as þ k1;k0þ1
a ðuÞ � ð1� k2;k0 ;k

a ðuÞÞ � uk0þ1
as � > 0. Due to (22b), we
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have pk
is ¼ 0. This implies pk

las ¼ pk
is ¼ 0 for any link a 2 A(i). Meanwhile, since k1 > 0, 0 < k 2

6 1, uk0
as P 0,

uk0þ1
as P 0, and dk

is P 0, we have
P

a2AðiÞu
k
as > dk

is P 0. Thus, we must have at least one link a 2 A(i) at time

interval k so that uk
as > 0. Then, we have sk

aðuÞ þ
P

l�16ekþ1
a ðuÞ=D<lk

3;k;l
a ðuÞ � pl�1

has þ ½1� k3;k;l
a ðuÞ� � pl

has � pk
las ¼ 0

due to (22a). This means sk
aðuÞ þ

P
l�16ekþ1

a ðuÞ=D<lk
3;k;l
a ðuÞ � pl�1

has þ ½1� k3;k;l
a ðuÞ� � pl

has ¼ 0 since we have proved

pk
las ¼ 0. Nevertheless, sk

aðuÞ > 0, pl�1
has P 0, pl

has P 0, and 0 < k3
6 1, this is a contradiction.

Note that in NCP (22), u is the defining variable, and k1, k2, k3, e and s are functions defined on u. However,
(22) is not in a close-form due to the same reason for model (21). We further define two vector functions

F uðu; pÞ ¼ sk
aðuÞ þ

X
l�16ekþ1

a ðuÞ=D<l

k3;k;l
a ðuÞ � pl�1

has þ ½1� k3;k;l
a ðuÞ� � pl

has � pk
las

0
@

1
A
8a;s;k

; ð23Þ

F pðu; pÞ ¼
X

a2AðiÞ
uk

as � dk
is �

X
a2BðiÞ

X
k0 :ek0

a ðuÞ6ðk�1ÞD<ek0þ1
a ðuÞ

½k1;k0

a ðuÞ � k
2;k0 ;k
a ðuÞ � uk0

as

0
@

þ k1;k0þ1
a ðuÞ � ð1� k2;k0 ;k

a ðuÞÞ � uk0þ1
as �

!
8i;s;i6¼s;k

: ð24Þ

We can then compactly express (22) as follows:

0 6 u ? F uðu; pÞP 0;

0 6 p ? F pðu; pÞP 0:

�
ð25Þ

We denote model (22) or (25) as DUENCP thereafter in this paper.

3.2. Solution existence and compactness condition

This section establishes the solution existence condition for DUENCP. For this purpose, we need a solution
existence condition for VIs, as stated in Lemma 1. This lemma can be found in Facchinei and Pang (2003) as
Corollary 2.2.5. So we list it here without proof.

Lemma 1. Let set K � Rn be compact (closed and bounded) and convex and let function F:K ? Rn be continuous.

Then the solution set of VI defined by K and F is non-empty and compact.

The solution existence condition of DUENCP can be summarized in Theorem 3, which extends the solution
existence result for the NCP based static UE model in Facchinei and Pang (2003).

Theorem 3. Suppose (a) the link travel time function sk
aðuÞ is positive for "a,k and finite for any finite u5, (b) the

given OD demand dk
is is non-negative and bounded from above for "i, s, i 6¼ s,k, (c) k1 is bounded from above, and

(d) Fu(u,p) and Fp(u,p) are continuous with respect to (u,p). Then the solution set of DUENCP is non-empty and

compact.

Proof. First of all, choose three scalars as follows:

ad > max
8s

max
8i;i 6¼s

max
8k

dk
is; ð26aÞ

au > max
8s

max
8i;i6¼s

max
8k

max
8u

dk
is þ

X
a2BðiÞ

X
k0 :ek0

a ðuÞ6ðk�1ÞD<ek0þ1
a ðuÞ

½k1;k0

a ðuÞ � k
2;k0 ;k
a ðuÞ � uk0

as þ k1;k0þ1
a ðuÞ � ð1� k2;k0 ;k

a ðuÞÞ � uk0þ1
as �

0
@

1
A;
ð26bÞ

5 Another way to state condition (a) is to require that s is coercive with respect to u, i.e., as u ? +1, we have s ? +1 as well.
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ap > max
8s

max
8a

max
8k

max
8u;p

sk
aðuÞ þ

X
l�16ekþ1

a ðuÞ=D<l

k3;k;l
a ðuÞ � pl�1

has þ ½1� k3;k;l
a ðuÞ� � pl

has

0
@

1
A ð26cÞ

ad exists due to assumption (b), which implies that the inflow vector u is finite. Based on assumption (a), sk
aðuÞ

is finite for "a,k, which implies that the vector p is finite as well. Therefore, au and ap also exist because of
assumptions (c) and the fact that 0 < k2;k0;k

a 6 1 8a; k0; k; ek0
a ðuÞ 6 ðk � 1ÞD < ek0þ1

a ðuÞ and
0 < k3;k;l

a 6 1 8a; k; l; l� 1 6 ekþ1
a ðuÞ=D < l. For the same reason, they are all positive. We then define a set

E = {y = (u,p) P 0ju 6 au1,p 6 ap1} and a function F = (Fu(u,p), Fp(u,p)). Here 1 is a vector with all compo-
nents being 1 with the proper dimension. Set E and function F constitute a VI which tries to find

y* = (u*,p*) 2 E such that

F ðy�ÞTðy � y�ÞP 0 8y 2 E: ð27Þ
Since E is compact and convex and further F is continuous with respect to (u,p), according to Lemma 1, the
above VI has a non-empty and compact solution set, denoted as C = {y* = (u*,p*)}. We next show that the
solution set of DUENCP, denoted as N, coincides with C.

First of all, for each solution y* = (u*,p*) 2 C, since E is a polyhedral set, there must exist multipliers c and
g such that (Facchinei and Pang, 2003):

0 6 u� ? F uðu�; p�Þ þ c P 0 ðaÞ
0 6 p� ? F pðu�; p�Þ þ g P 0 ðbÞ
0 6 c ? au1� u� P 0 ðcÞ
0 6 g ? ap1� p� P 0 ðdÞ

8>>><
>>>:

ð28Þ

In order to prove y* = (u*,p*) solves DUENCP, we need to show that c = 0 and g = 0. Suppose ck
bs > 0 for

some b, s, k. We then must have ðu�Þkbs ¼ au > 0 from (28c). This implies

q1 ¼ sk
bðu�Þ þ

P
l�16ekþ1

b ðu�Þ=D<lk
3;k;l
b ðu�Þ � ðp�Þl�1

hbs þ ½1� k3;k;l
b ðu�Þ� � ðp�Þlhbs � ðp�Þ

k
lbs þ ck

bs ¼ 0 due to (28a). This

also means that for the tail node of link b, denoted as node i,
P

a2AðiÞðu�Þ
k
as � dk

is�P
a2BðiÞ

P
k0 :ek0

a ðu�Þ6ðk�1ÞD<ek0þ1
a ðu�Þ½k

1;k0

a ðu�Þ � k
2;k0 ;k
a ðu�Þ � ðu�Þk

0

as þ k1;k0þ1
a ðu�Þ � ð1 � k2;k0;k

a ðu�ÞÞ � ðu�Þk
0þ1

as � þ gk
is P au�

ðdk
is þ

P
a2BðiÞ

P
k0:ek0

a ðu�Þ6ðk�1ÞD<ek0þ1
a ðu�Þ½k

1;k0

a ðu�Þ � k
2;k0;k
a ðu�Þ � ðu�Þk

0

as þk1;k0þ1
a ðu�Þ�ð1 � k2;k0;k

a ðu�ÞÞ � ðu�Þk
0þ1

as �Þ þ gk
is > 0

based on (26b) and the fact that
P

a2AðiÞðu�Þ
k
as P ðu�Þkbs ¼ au. Hence ðp�Þkis ¼ ðp�Þ

k
lbs ¼ 0 due to (28b). We have

0 < sk
bðu�Þ 6 q1 ¼ sk

bðu�Þ þ
P

l�16ekþ1
b ðu�Þ=D<lk

3;k;l
b ðu�Þ � ðp�Þl�1

hbs þ ½1� k3;k;l
b ðu�Þ� � ðp�Þ

l
hbs þ ck

bs ¼ 0 which is a

contradiction.
Similarly if gk

is > 0 for some i, s, k, we have ðp�Þkis ¼ ap > 0 based on (28d). According to (28a), we have

q2 ¼ sk
aðu�Þ þ

P
l�16ekþ1

a ðu�Þ=D<lk
3;k;l
a ðu�Þ � ðp�Þl�1

has þ ½1� k3;k;l
a ðu�Þ� � ðp�Þlhas � ðp�Þ

k
las þ ck

as P 0 for any link

a 2 A(i). However, since ðp�Þklas ¼ ðp�Þ
k
is ¼ ap and ck

as ¼ 0, q2 ¼ sk
aðu�Þþ

P
l�16ekþ1

a ðu�Þ=D<lk
3;k;l
a ðu�Þ�

ðp�Þl�1
has þ ½1� k3;k;l

a ðu�Þ� � ðp�Þlhas � ap < 0 due to the definition in (26c). This is a contradiction.

So far we have proved that C � N. In order to prove N � C, we notice that for any solution
y* = (u*,p*) 2 N, (28) has to be satisfied with the two set of multipliers c = 0 and g = 0. Due to the equivalence
between (28) and VI (27), y* must also be a solution to VI (27). This implies y* 2 C and further N � C.
Therefore, N = C. Since C is nonempty and compact, so is N, the solution set of DUENCP. h

4. Solution algorithm

The solution algorithm in this section is based on the fact that for a given inflow vector �u (denoted as the
base inflow), the link travel time vector s will be fixed by a dynamic network loading procedure. Hence, all k1,
k2, k3 and e will be fixed as well. The original non-close-form NCP model (22) will then become close-formed
as in (29):
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0 6 uk
as ? sk

aðuÞ þ
X

l�16ekþ1
a ð�uÞ=D<l

k3;k;l
a ð�uÞ � pl�1

has þ ½1� k3;k;l
a ð�uÞ� � pl

has � pk
las

8<
:

9=
; P 0 8a; s; k; ð29aÞ

06 pk
is ?

X
a2AðiÞ

uk
as� dk

is�
X

a2BðiÞ

X
k0 :ek0

a ð�uÞ6ðk�1ÞD<ek0þ1
a ð�uÞ

½k1;k0

a ð�uÞ � k
2;k0 ;k
a ð�uÞ � uk0

asþ k1;k0þ1
a ð�uÞ � ð1� k2;k0 ;k

a ð�uÞÞ � uk0þ1
as �

0
@

1
A

P 0 8i; s; i 6¼ s;k0: ð29bÞ

Note the only difference between model (22) and (29) is that k1, k2, k3 and e in (29) are evaluated at the base
inflow �u, while in (22) they are functions of u. In other words, (29) is a close-form NCP which is much easier to
solve. We denote (29) as the ‘‘relaxed” NCP of (22).

The above observation outlines an iterative algorithm to solve model (22). It is heuristic in the sense that the
convergence cannot be established using regularity conditions. This is mainly due to the fact that (22) cannot
be expressed in a close-form. The algorithm is listed as below.

Algorithm DUE

Step 1. Initialization. Assign an initial feasible base inflow ð�uÞ0.
Step 2. Main Loop. Set n = 0.

Step 2.1. Construct current relaxed NCP at ð�uÞn by a dynamic network loading procedure (see Section
4.1).
Step 2.2. Solve the relaxed NCP and denote its solution ð~uÞn; ð~pÞn as a ‘‘candidate” solution (see Section
4.2).
Step 2.3. Convergence Test. If certain convergence criterion is satisfied at the candidate solution, go to
Step 3; else, go to Step 2.4.
Step 2.4. Update and Move. Set ð�uÞnþ1 ¼ ð�uÞn þ h � ðð~uÞn � ð�uÞnÞ, n = n + 1 and go to Step 2.1.

Step 3. Find an optimal solution ð~uÞn; ð~pÞn.

In the above algorithm, 0 < h 6 1 is a pre-defined step size. In addition, there are several gap functions that
can be used for the convergence test in Step 2.3. The most commonly used one is the difference of link inflows
between two consecutive iterations, i.e.,

Gap U ¼ jun � unþ1j2 6 e1: ð30Þ

Here, j�j2 denotes the 2-norm. A more rigorous way is to check whether the complementarity condition in Eq.
(1) holds

Gap DUE ¼ uTF uðu; pÞ 6 e2: ð31Þ

In (30) and (31), e1 and e2 are chosen as small positive scalars.
The next two sections will further discuss the dynamic network loading procedure and the method for solv-

ing the relaxed NCP model (29).

4.1. Link based dynamic network loading

The dynamic network loading procedure in Algorithm DUE is link based. For a given base inflow �u, it is to
load/propagate �uk

as to every link a at any time interval k towards a given destination s. This will generate other
traffic measurements such as �v; �x; sð�uÞ; eð�uÞ. In turn, k1(�u), k2(�u), k3(�u) can also be determined. In Carey and
Ge (2004) and Nie and Zhang (2005), this loading procedure is called the ‘‘solution algorithm for link travel
time model.” In this paper, we intend to call it a ‘‘loading procedure” since it indeed generates not only travel
times but also link flows and exit flows.

To be consistent with the discretization scheme in Section 3.1, we need to adopt the loading process in Asta-
rita (1996). The original algorithm by Astarita (1996), however, may have numerical problems (Nie and
Zhang, 2005). In this paper, we apply the improved algorithm by Nie and Zhang (2005) which performs
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the loading based on cumulative departure curves. Furthermore, in order to construct the relaxed NCP model
(29), one needs to track the relation between �uk0

as and �vk
as for any a and s and appropriate (k0,k) pairs. Due to the

fact that inflows to any destination s will experience the same travel time at each entrance time k, we can first
use a three dimensional matrix V(a,k0,k) to represent this relation. In particular, V(a,k0,k) = q means that a
proportion of q (0 6 q 6 1) of the inflows �uk0

asD will exit the link a at time k (i.e., become part of �vk
asD). Note

that the matrix V represents k1 and k2 in (29), and k3 can be computed using Eq. (20). Consequently, NCP (29)
can be constructed using V and k3.

It turns out that V(a,k0,k) can be obtained via the Algorithm D2 in Nie and Zhang (2005) after minor mod-
ifications. Details are omitted here and one can refer to Nie and Zhang (2005) for more discussions.

4.2. Solving the relaxed NCP

Since the relaxed model (29) is a well-defined NCP with continuous and close-form defining functions, it
can be readily solved using existing solution techniques. Facchinei and Pang (2003) provided a comprehensive
review of solution methods for NCPs. In particular, projection based methods play a central role in solving
NCPs because calculating the projection on the non-negative orthant, the defining set of an NCP, is much
more efficient compared with that on a general convex set. Based on this observation, Dirkse and Ferris
(1995) developed a path search algorithm. Under certain regularity conditions, the algorithm was proved
to be globally convergent with quadratic convergence rate (near the solution). The algorithm was later evolved
to the PATH solver which is now available in GAMS (general algebraic modeling system, see Brooke et al.,
1998). In this paper, we directly adopt the PATH solver which we found is effective to solve NCP (29). For
detailed descriptions of the solver, one can refer to Ferris and Munson (1998). Using the PATH solver requires
developing GAMS codes for the relaxed NCP (29), and the details are omitted here.

5. Numerical examples

In this section, numerical examples are provided to demonstrate the model and solution algorithm pro-
posed in the paper. We start with the link travel time function that we actually used.

5.1. Link travel time function

In this paper, we choose the following linear form for the link travel time function:

sk
a ¼ aað1þ bx

axkþ1
a Þ; ð32Þ

where aa is the free flow travel time for link a, and bx
a > 0 is a constant. We can easily observe that (32) satisfies

condition (a) in Theorem 3. This is because for a finite vector u, the total link flow vector xA is also finite,
which guarantees that s ¼ ðsk

aÞ8a;k calculated using (32) is finite as well.
Note that since sk

a is the travel time of link a at the end of time interval k (or at the beginning of time interval
k + 1), it is defined as a linear function of the link flow at the beginning of time interval k + 1, xkþ1

a . Since xkþ1
a

includes uk
a (the inflow to link a at time interval k), in the route choice condition (22a), how to assign inflow to

link a at some time interval will then be impacted by the cost incurred by the inflow itself. This further explains
why the DUE model proposed in this paper is predictive. Note that this inflow and cost association only
applies to the route choice condition. For the flow propagation constraint, sk�1

a , i.e., the link travel time at
the beginning of a time interval is used instead as shown in equation (15). Therefore, FIFO is not violated.

Heydecker and Verlander (1999) proposed the predictive DUE concept and provided rational from a route
choice perspective why it is superior to the reactive DUE model. Comparisons were also conducted to illus-
trate that reactive DUE models tend to produce solutions that have abrupt fluctuations, while predictive DUE
solutions are much smoother and thus more desirable. In this section, we further show using the NCP model
developed in this paper why algorithmically the predictive DUE is more preferable. In fact, the predictive
model makes the solution process for the relaxed NCP (29) numerically easier and more stable. To see this,
we first rewrite NCP (29) in a matrix notation as
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0 6 us ? ½sðuÞ þ Xsps�P 0;

0 6 ps ? ½Ksus � ds�P 0;

�
8s 2 S ð33Þ

with Xs and Ks are fixed matrices computed using the base inflow. Here us ¼ ðuk
asÞ8a;k; ps ¼ ðpk

isÞ8i;k;i6¼s, and
ds ¼ ðdk

isÞ8i;k;i6¼s denote destination based vectors. If we compute the Jacobian matrix of (33), denoted as M,
we will have

ð34Þ

In (34), each variable on the right side of the matrix indicates that the corresponding (block) row is computed
by taking the partial derivative of the function perpendicular to the variable; each variable on the top,
whereas, indicates that the (block) column is computed by taking the partial derivative of each function to
the particular variable.

For the predictive DUE model in this paper, we have osk
a=ouk

as > 0 since according to (32), sk
a (linearly)

depends on uk
as. This means the diagonal elements of os/ous is positive. For reactive DUE models, however,

sk
a will be the travel time of link a at the beginning of time interval k. In this case, we need to replace xkþ1

a

in (32) with xk
a. We will then have osk

a=ouk
as ¼ 0 since xk

a includes inflows up to time (k � 1) but uk
a. This means

the diagonal elements of os/ous will be all zero, implying that the diagonal elements of M are all zero for reac-
tive DUE. Such a matrix can be proved to be not positive definite and thus may cause problems to solve the
relaxed NCP.

It is easy to check that the Jacobian matrix of the proposed predictive DUE model is also not positive def-
inite due to the zero block on the top-left of M in (34). However, by associating link inflows at the beginning of
time intervals to travel times at the end of time intervals, predictive DUE models actually ‘‘add” positive val-
ues to the diagonal of the Jacobian matrix M. This is generally helpful to stabilize the solution process of the
relaxed NCP model. In the mathematical programming literature, reinforcing the diagonal matrix is called
regularization that has been shown to be effective for solving NCPs and VIs (see Facchinei and Pang, 2003,
Chapter 12).

It is also worth noting, from (33) and (34), that the link-node NCP model proposed in this paper has a very
special structure such that it can be easily decomposed to individual destinations. The interactions between
variables of different destinations only exist in the link travel time vector s(u). This illustrates the potential
advantages of the link-node NCP model from an algorithmic point of view. Namely, the special structure
of the link-node model makes it easier to apply the destination based decomposition scheme for solving
DUE problems. Such decomposition schemes have been shown previously to be effective for obtaining static
user equilibria (Bar-Gera, 1999; Ban et al., 2006a).

5.2. Test problem and result discussion

Numerical examples are provided on a hypothetical network shown in Fig. 2, denoted as the D3 network.
In the DUE literature, this network was also used by other researchers (Chen and Hsuen, 1998; Chen, 1999).
In this paper, we use slightly different specifications for the D3 network, as shown in Table 1. The network has
two origins (Nodes 1 and 2) and one destination (Node 3). Further, the length of each time interval is set as
D = 0.25 min (15 s).

To simulate the fluctuation of traffic demands during peak hours, we employ a parabolic-shaped curve to
represent the OD demand between each OD pair. In particular, the demand rate between any OD pair rs is
assumed to be calculated through Eq. (35):
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drsðkÞ ¼ 40þ 120 � 1� k � K=2

K=2

� �2
 !

81 6 k 6 K; 8r 2 R; s 2 S; ð35Þ

where K denotes the total number of intervals during which OD trips will be generated.
For the case study, we set K = 120 which is equivalent to 30 minutes. Algorithm DUE can solve successfully

the proposed model. Fig. 3 first depicts the convergence performance of the algorithm. In this figure, although
the units for the two gaps are different as indicated, we plot them together in order to illustrate their slightly
different performances. We can easily observe that both gaps decrease monotonically. Gap_DUE decreases
faster at the very beginning, but stabilizes when close to 10�4 vehicle; however, Gap_U decreases approaching
10�6 veh/min. After 21 iterations, the absolute difference of link inflows between two consecutive iterations is
close to 10�6 veh/min. This should be accurate enough for most transportation related applications. Note that
Gap_DUE and Gap_U are represented by the absolute value of number of vehicles and veh/min, respectively.
If certain criteria based on relative values are used, the performance of Algorithm DUE may look more appeal-
ing. For example, we can define a ‘‘relative gap” using Gap_DUE similarly as that in Bar-Gera (1999):

Rel Gap DUE ¼ Gap DUE
uTs

¼ uTF uðu; pÞ
uTs

: ð36Þ

In Eq. (36), uTs is used as the denominator since it is related to the total system travel time.6 For this particular
example, Rel_Gap_DUE is close to 10�9 after 21 iterations. It is also worth noting that due to the exact solve
of each relaxed NCP by the PATH solver (usually to 10�6), Algorithm DUE requires much fewer number of
major iterations than previous DUE solution methods based on FW.

Before displaying more results of the test problem, we first show the difference of the predictive and reactive
DUE solutions. In this paper, we implemented the reactive DUE model by associating link inflows with travel
times at the beginning of each time interval. We found that it takes more iterations (25 for the test example as
shown in Ban et al., 2006b) for the reactive DUE to converge to the same level of convergence as aforemen-
tioned for the predictive DUE. Fig. 4 further depicts the inflow rates to Link 1 (1 ? 4) and 3 (1 ? 2) for both
reactive and predictive DUE models. Note that since we have only one destination, the disaggregated and
aggregated variables coincide with each other. It is clear from the figure that reactive DUE produces solutions
that have abrupt fluctuations, which is not desirable as first noticed in Heydecker and Verlander (1999). The
predictive DUE solutions, on the other hand, are much smoother. We can also see that the long-term trends of
the solutions from predictive and reactive DUE are very close to each other. Similar observation can be found

1 2 3

4 5

1 2

3

4 5

6

Fig. 2. Test network.

6 Actually (Du)Ts is the total system travel time. But in order to make Rel_Gap_DUE in (36) unit-less, uTs is used instead since D is a
constant.

Table 1
Configuration of the test network

Link aa (min) bx
a (min/veh)

1 1.2 0.01
2 1.2 0.01
3 2.16 0.0056
4 1.2 0.01
5 1.2 0.01
6 2.4 0.005
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for inflows to other links of the network as well. This implies that solutions from predictive DUE are more
preferable.

Fig. 5 shows the inflow rate to each link for predictive DUE. We can see that the inflow rates are smooth,
except a few discontinuous points. In particular, the inflow rates to Link 1 and 3 have more fluctuations than
those to Link 4 and 6. This may be due to the fact that the choice of links at Node 1 will be impacted by the
inflows at Node 2, but not vice versa. In Fig. 6, we further display the total link flow (i.e., xA). We can see that
the total link flows are almost continuous everywhere. This is due to the summation effect of total link flows
over inflows.

Note that inflows to Link 2 and 5 are exactly the exit flows from Link 1 and 4, respectively. We can observe
that the shape of the exit flow is similar to its corresponding inflow with a time lag, but is smoother. For exam-
ple, in Fig. 5, we indicate (in the left dashed circle) a relatively large change of inflow to Link 4 from k = 120
(about 65 veh/min) to k = 121 (about 46 veh/min); this change, nevertheless, is smoothed in the exit flow curve
(i.e., the inflow curve to Link 5) in later time intervals (from 67 veh/min at k = 125 to 53 veh/min at k = 126,
and then 48 veh/min at k = 127). This is indicated in the right dashed circle in Fig. 5. This observation is
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consistent with previous studies in terms of the relationship between inflow and exit flow rates of the same link
(e.g., Carey and McCartney, 2002).

We depict in Fig. 7 the minimum travel times from Node 1 and 2, respectively, to destination 3 via different
links. Here the minimum travel time from the tail node of link a to destination s via link a at (the end of) time k
is sk

a þ phas½k þ sk
a� as in the DUE condition (1). This figure shows that at the beginning (roughly k = 1–17), the

travel time from Node 1 to 3 via Link 1 is higher than that via Link 3. Consequently, all vehicles choose Link 3
during this period, which can be seen from the link inflow curves in Fig. 5. This is also true for the period of
k P 110. While from Node 2 to 3, choosing either Link 4 or Link 6 will have equal travel times until k = 130.
Hence, both Link 4 and 6 are selected up to k = 130, after which only Link 4 is selected.

To further illustrate that the obtained results satisfy the DUE condition, we show in Fig. 8 both inflow rates
to Link 1 and 3, together with travel times via these two links to the destination (Node 3). Notice that since
predictive DUE is adopted in this paper, inflow at any time interval in the figure represents the inflow rate at
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the beginning of the interval, while travel time curves represent travel times at the end of time intervals.
Clearly, the travel time via Link 3 represents the minimum travel time from Node 1 to 3. The two dashed lines
indicate the time points where the travel time via Link 1 becomes the same (left dashed line) or larger (right
dashed line) than the minimum travel times from Node 1 to 3. The figure depicts that the inflow to a link will
be zero whenever the travel time via this link is higher than the minimum travel time from the tail node of the
link to the destination. This exactly matches the required DUE condition stated in Section 2.1.

6. Conclusions and future research

We presented a link-node based discrete-time NCP model for the basic DUE problem. The proposed model
explicitly captures the exact flow propagation and is also predictive DUE since inflow to a link at the
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beginning of a time interval is associated with the cost at the end of the interval in the DUE route choice. The
solution existence and compactness condition was established under mild assumptions. We also developed an
iterative solution algorithm for the proposed model by solving a relaxed NCP in each iteration. Since the
relaxed NCP can be solved very accurately using existing solution techniques, the proposed solution algorithm
only requires a fairly small number of iterations. The case study demonstrated that the proposed model and
solution approach are effective for solving DUE problems. By investigating the Jacobian matrix of the pro-
posed NCP model, we also showed that the predictive DUE model reinforces the diagonal of the Jacobian
matrix, which makes it algorithmically more plausible than its reactive counterpart.

For future studies, the proposed NCP model, especially its solution approach, merits further investigations.
Especially, certain solution convergence condition may need to be established. Also, the model and solution
approach proposed in this paper need to be further tested on large scale DUE problems. For this purpose, the
special structure of the proposed link-node model makes it possible to use certain decomposition scheme, e.g.,
the Gauss–Seidel decomposition, to solve large scale DUE problems. The effectiveness of such decomposition
has been shown previously by Bar-Gera for symmetric UE problems (1999), by Ban et al. (2006a) for asym-
metric UE problems, and by Ban (2005) for DUE with approximate flow propagation constraints. Applying
decomposition techniques for solving large scale DUE problems is being investigated by the authors.
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