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Abstract

Past register allocators have applied heuristics to allocate
registers at the local, global, and interprocedural levels. This
paper presents a polynomial time interprocedural register
allocator that models the cost of allocating registers to pro-
cedures and spilling registers across calls. To find the min-
imum cost allocation, our allocator maps solutions from a
dual network flow problem that can be solved in polynomial
time. Experiments show that our interprocedural register
allocator can vield significant improvements in execution
time.

1 Introduction
Effectively using registers can significantly decrease the ex-
ecution time of a program. Common policy in current com-
pilers using only intraprocedural register allocation is to spill
at call sites registers that might be used by both the caller
and callee[CHKWS6].

The goal of interprocedural register allocation is to min-
Imize execution time given the register requirements of in-
dividual procedures in a program. Based on these require-
ments, an interprocedural register allocator selects which
registers are available to each procedure and, correspond-
ingly, around which calls registers are spilled. An inter-
procedural allocator aims to spill registers across infrequent
calls (or not at all).

This paper presents both a save-free interprocedural reg-
ister allocator (which never spills registers across calls), and
an interprocedural register allocator that spills registers as
necessary across calls. Our save-free allocator models the
cost of allocating registers to procedures and finds a mini-
murm cost allocation. A profile is used to estimate the benefit
of allocating different levels of registers to each procedure.

Our interprocedural register allocator that spills regis-
ters across calls minimizes the cost of allocating registers to
procedures as well as spill cost. The cost of spilling a register
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across a call is a function of the call’s frequency. Register
spilling allows registers to be reassigned along a path in the
call graph when profitable.

To generate a save-free interprocedural register alloca-
tion of a call graph, we use Cameron’s algorithm for finding
a maximum weight k-antichain in a partially ordered set
[Cam85]. To find a maximum weight k-antichain, Cameron
maps solutions from a dual minimum cost flow problem*. A
dual minimum cost flow problem can be transformed into a
minimum cost flow problem and solved in polynomial time.
In Section 4, we generalize our allocation model to allow for
register spilling across calls. To find these allocations, we
map solutions from a more general dual minimum cost flow
problem.

Our approach can be used with conventional compilers
that translate one procedure at a time. Kach procedure
may be translated using any of the well-known, high-quality,
intraprocedural register allocators|[BCKT89][CK91][PF92].
Then using profile information our minimum cost interpro-
cedural register allocator determines how many registers
each procedure will be given and where spills will be placed.
A minimum cost interprocedural register allocation may not
allocate registers to all locals in a procedure. For each of
these procedures, an intraprocedural register allocator will
generate a revised allocation using the procedure’s inter-
procedurally allocated registers and the temporary registers
available to each procedure.

The algorithm we describe can be part of a more general
interprocedural register allocator. Such an interprocedural
allocator can select global candidates to be allocated reg-
isters across procedure calls. In addition, an interprocedu-
ral allocator need not follow a predefined parameter passing
convention. This allows the allocator to pass additional pa-
rameters in registers as well as to choose which registers to
use (the registers selected need not always be caller-save).

2 Related Work

Past interprocedural register allocators have relied on heuris-
ties. Wall [Wal86] observes that two procedures that are not
simultaneously active can share the same registers for their
locals. With this in mind. Wall groups locals that can be

Cameron refers to the dual minimuni cost flow problem as a dual
transportation system of linear inequalities. When we transform this
dual problem into the primal problem. the network flow graph is not
bipartite and. thus, the primal problem is not a transportation prob-
lem However, the primal problem is a minimum cost flow problem.
We, therefore, refer to the dual as a dual minimum cost flow problem.



assigned a common register. The locals of a procedure are
always placed in different groups than those of its descen-
dants and ancestors in a call graph. In addition, each in-
terprocedurally shared global is placed in a singleton group,
as globals are allocated registers throughout the entire pro-
gram. Groups are then allocated registers based on the total
frequency in which their members are referenced. Walls’ al-
locator may not find the best allocation with respect to his
model, since he allows locals infrequently referenced to be
grouped together with locals frequently referenced.

Steenkiste and Hennessy [SH89] design an interprocedu-
ral register allocator for LISP programs. Their approach
allocates registers to locals in a bottom-up fashion over the
call graph. Since they find that LISP programs tend to
spend their time in the leaf procedures of a call graph, their
method first allocates registers in the leaves 1While registers
are available, a procedure is assigned registers that are not
already assigned to its descendants in the call graph. When
the registers are exhausted, they switch to an intraprocedu-
ral allocation. This approach may introduce register spilling
around calls in frequently executed procedures near the top
of a call graph. The approach we propose avoids register
spilling across frequently executed calls.

Santhanam and Odnert {SO90] perform interprocedural
register allocation over clusters of frequently executed pro-
cedures. Their heuristic aims to move spill code to the root
node of a cluster. The approach we propose examines the en-
tire call graph to generate a minimum cost allocation spilling
registers as inexpensively as possible.

3 Save-free Interprocedural Register Allo-
cation

In this section, we describe a save-free interprocedural reg-
ister allocator that determines the number of registers to al-
locate to the locals of each procedure for acyclic call graphs
(cycles in call graphs normally force saves across recursive
calls}. Our solution is based on Cameron’s algorithm for
finding a maximum weight k-antichain in a partially ordered
set [Cam85]. In Section 4, we generalize our allocation model
to compute a minimum cost allocation that may include reg-
ister spilling across calls in (possibly cyclic) call graphs.

For each procedure, we assume an intraprocedural regis-
ter allocator has already grouped locals that can be assigned
the same register. We refer to each group as a register can-
didate. An interprocedural register allocator selects which
candidates are allocated registers. Each procedure has a few
temporary registers available. Locals assigned these reg-
isters do not require interprocedurally allocated registers.
These locals are correctly allocated at register allocation
time.

Initially, we assume that a register candidates is live
across all calls in a procedure. However, in Section 6 we
distinguish between candidates not live across calls and can-
didates live across one or more calls.

Our interprocedural register allocator may give fewer
registers to a procedure than the number of candidates it
has. An intraprocedural register allocator can produce a
valid allocation when given fewer registers. The intraproce-
dural register allocator will spill values internally as neces-
sary.

We assume there is a positive benefit associated with
allocating a register to a register candidate. As more can-
didates are allocated registers the benefit of the allocation
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increases (and, equivalently, the cost associated with the
allocation decreases). In our interprocedural register allo-
cation, a benefit estimates the decrease in loads and stores
from allocating a register to a candidate. Given k regis-
ters, our save-free interprocedural register allocator selects
an allocation in which the benefits of register allocated can-
didates sum to a maximum (across all procedures). That is,
registers are given to procedures that benefit the most.

3.1 Defining a partial ordering on the can-

didates of a call graph

Let G = (P, E) be an acyclic call graph, where P is a set
of procedures and FE is a set of call edges. We represent the
calls from procedure P, € P to P, € P as a single edge in
the call graph. Let S be the set of register candidates in
P. For procedure P, € P, let C(P,) be the set of register
candidates in .

We define the following partial order (C) on candidates
in an acyclic call graph such that there is an ordering be-
tween two candidates if and only if they cannot be assigned
the same register in a save-free interprocedural register al-
location:

1. In the partial order, assume the relation between can-
didates in a procedure is an arbitrary chain; that is,
there is an ordering between every two candidates in
the same procedure.

2. Let ¢y € C(FPy), cw € C(Pw), and P, # Py. If there is
a path from procedure P, to Py, then ¢, T ¢y.

For ci,¢; € S, ¢, C ¢, is defined as ¢; E ¢, and ¢, # ¢,.
Given (1) and (2), there is an ordering only between two
candidates of the same procedure or between candidates in
separate procedures connected along a path in the acyclic
call graph. Thus, either ¢, [T ¢y Or ¢y T ¢y for candidates
Cw,Cy € S if and only if ¢, and ¢, cannot be assigned the
same register in the call graph.

In Figure 1(a), procedure P, has two candidates, p and
q, and procedure P, has two candidates ¢ and v. A partial
order on the candidates in the call graph appears in (b).
We assume the ordering between p and ¢ is ¢ = p and the
ordering between ¢ and v is v [C ¢. Since P, calls Py, g Cm
and p C m, and since P, calls Py, v Cm and { C m.

Throughout Section 3, we assume (C) refers to the par-
tial order defined by (1) and (2).

3.2

Let T be a set on which there is some partial order. Define
a comparability digraph D(T') as having an edge from u to
v when u is less than v in the partial order [Cam85]. If S is
the set of candidates of a call graph G and the partial order
is (), then D(S) is the interference graph for a save-free
interprocedural register allocation of G. If there is an edge
between ¢, and ¢, in D(S), then either ¢, and ¢, are can-
didates in the same procedure, or ¢, and ¢, are candidates
in procedures along a path wmn the call graph. Candidates ¢,
and ¢» cannot be assigned the same register.

Since a partial order defines the interference relation be-
tween candidates 1n a save-free interprocedural register allo-
cation, the interference graph 1s transitive. The interference
graph for intraprocedural register allocation, however, can

Interference Graphs
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Figure 1: An example call graph, allowing for multiple candidates in a procedure, and a partial order on the candidates of

the call graph.

be non-transitive[Cha82]. In an intraprocedural register al-
location, two live ranges that interfere are assigned different
registers. Assume live ranges [, and [, interfere and live
ranges lp and lc interfere. Live range {, does not necessar-
ily interfere with l.. In a save-free interprocedural register
allocation, if procedure P, calls P, and P, calls P, then
execution will normally return to P,. To avoid overwriting
the registers live across a call, candidates in P,, Py, and Py
are all assigned different registers.

Figure 2 displays a call graph G, the partial order (L)
on the set of candidates, S, of (&, and the comparability
digraph D(S). The number below a candidate is the benefit
of allocating a register to that candidate. Since ¢ C p and
p [C m, there is an edge in D(S) between ¢ and p, p and m,
and ¢ and m. These three candidates can never be assigned
the same register. Candidate ¢t can be assigned the same
register as p or ¢, as there is no edge joining either ¢t and p
or ¢t and q.

3.3 Antichains

We call a set of nodes in a digraph independent if none of
the nodes in the set are joined by an edge. Let S be a
set and assume some partial order on S. An antichain in
S is an independent set of nodes in D(S). For example,
in Figure 2(¢), {p,t}, {p,v}, and {g,v} are antichains, as
the candidates in each set are not joined by an edge in the
comparability digraph. A k-antichawn is the union of at most
k antichains [Cam85]. Both {p,t,¢,v} and {p,t,v} are 2-
antichains.

Let S be the set of candidates of a call graph G and
assume partial order (C) on S. D(S) represents an interfer-
ence graph for a save-free interprocedural register allocation
of G' and, thus, the candidates of an antichain in D(S) can
be assigned the same register. A k-antichan in D(S) is a set
of candidates that can be allocated using at most k registers
in G.

Assume each register candidate ¢; € S has a positive
integer weighting, w,. Let (C) be a partial order on §. If
w; is the benefit of allocating a register to candidate c,,
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then a maximum weight k-antichain in S corresponds to a
k-register save-free interprocedural register allocation whose
elements sum to the maximum benefit; that is, a save-free
minimum cost interprocedural register allocation using at
most k registers.

In Figure 2(c), assume k = 2 antichains. Among the
possible allocations of candidates to antichains, the choice
with the greatest benefit allocates candidate m to an an-
tichain (A2), and candidates g and ¢ to an antichain (A;).
Each antichain maps to an arbitrary, but different register.
In Figure 2(a), m is assigned register rz, and ¢ and ¢ are as-
signed register r;. Since candidates p and v are not allocated
registers, an intraprocedural register allocator will spill reg-
isters as necessary in procedures P, and P to generate a
valid register allocation.

3.4 Finding a maximum weight k-antichain
sequence

A k-antichain can be partitioned into a k-antichain sequence.
A k-antichain sequence A = (Ai,..., Ar), where A, C 5,
and if ¢, € Ap, ¢; € Aq, and ¢, T ¢, then p < ¢ [Cam83].
Each A, 1 £ i <k, corresponds to an antichain—if ¢, T ¢;.
then ¢, and ¢, cannot be members of the same antichain.
Given the 2-antichain {g¢,¢,m}, and the partial order t " m
and ¢ T m, then antichain A; = {q.t} and Ay = {m}, as
shown in Figure 2(c).

Given partial order (C) on a set of candidates in a call
graph G, we can view each antichain A,, as an abstract
register R,. An abstract register is an equivalence class of
candidates that can be assigned the same register. Each
abstract register maps to a different hardware register.

Let ¢y € C(Py), cw € C(Py), and assume ¢y [~ co—there
is a call path from P, to Py or P, = P,,. Assume we assign
registers to candidates i a topological ordering over the
partial order—if ¢, T ¢y, then we visit ¢, before ¢,,. If we
assign register R, to ¢, then ¢, can only be assigned register
Ry, such that 0 < p < ¢. This register ordering models the
sequence in which antichains are assigned to candidates.
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Figure 2: A call graph G, a partial order on the candidates in G, and the comparability digraph of the candidates in G.

To find a maximum weight k-antichain sequence in a
partially ordered set, we solve the following dual minimum
cost flow problem[Cam85].

Dual Variables
z,,y, fore, €5
Constrawnts
Al forc, €5,0<z,y <k
A2 ifc,c, € Sand e Ty, thenz, +y, < k.
A.3 forc, €S, z;, +y, <k+1
Obgective Function
A.4 Maximize ches wy * (z; + ;).

For each candidate in ¢, € S, there is a pair of integer
dual variables, z; and y,, and an integer weight w, > 0 in
the dual minimum cost flow problem. A solution to this
dual minimum cost flow problem maximizes the objective
function A.4, given the constraints A.1-A.3 on the dual vari-
ables. Whereas a minimum cost flow problem minimizes an
objective function, a dual minimum cost flow problem maxi-
mizes an objective function. If a candidate ¢, is allocated to
an antichain, the variable z, will specify the antichain that
¢, is assigned. The variable y, constrains the value of z,
for ¢, C ¢, to prevent both candidates ¢, and ¢, from being
assigned to the same antichain.

Figure 3(a) shows a call graph G. Let S be the set of
candidates in (G. A representation of the partial order on
S appears in (b). Based on this partial order, a representa-
tion of the dual minimum cost flow problem appears in (c).
Each node represents a dual variable. Solid edges represent
constraint A.2. Dashed edges represent constraint A.3.

Intuitively, a correspondence exists between a maximum
weight k-antichain sequence and assignments to the dual
variables of the dual minimum cost flow problem. In solu-
tions to the dual minimum cost flow problem. one can prove
that for ¢, € S, z, +y, = k+1 or 3, +y, = k [Cam85].
If ; +y, = k + 1, then we map ¢, to the antichain whose
number in the sequence equals the value of z,. Otherwise,
if z, +y, =k, ¢, is not mapped to an antichain.

Assume that (a) z; +y, = k+ 1, and let ¢, T ¢;. By
constraint A.2, (b) z.+y, < k. Equations (a) and (b) imply
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that =, < ;. Assume z; = h. We map c¢; to antichain
An. All candidates ¢, [C ¢, can only map to antichains A,
0<m<h.

Let z, +y, =k for ¢, € S. If ¢, C ¢;, then by constraint
A2, 2, +y, <k. Thus, z, <z,. Assume z, = h. Thus, we
do not map ¢, to antichain A, as ¢, may be mapped to Ap.
Candidates ¢, and ¢; can never share the same antichain.

There exists a 1-1 and onto mapping (a bijection) from
maximum weight k-antichain sequences to solutions of the
dual minimum cost flow problem above. A solution to the
dual minimum cost flow problem is represented by a se-
quence of tuples z = ((z1,91),..., (zys), Wis1))-

Let Q*(k,S) be the maximum weight k-antichain se-
quences in S, and let P*(k, S) be the solutions to the dual
minimum cost flow problem. For A € Q*(k, S) there is a bi-
jection z(A) onto z € P*(k,S), and for z € P*(k, 5), there
is an inverse function A(z)[Cam85]. A(z) mapsz € P*(k,S)
onto a maximum weight k-antichain sequence (41, ..., Ak).
Mapping A(z) is defined as (41(z),..., Ax(2)). For 1 <p <
k, A,(2), which maps candidates to antichain A, is defined
as

Ap(z) ={c. |z =p; zi+ys = k+ 1}

If the dual variables z, and ¥, sum to k + 1, then candidate
¢, is mapped to the antichain whose number in the sequence
equals the value of z,.

Assume z € P*(k,S) and A(z) = A € Q*(k,5). The
objective function A.4 maximizes ches wy * (z; +y,). If

z,+y, = k+1, then ¢, is mapped to an antichain; otherwise,
z, +y, = k and ¢, is not mapped to an antichain. Thus,
x, +y; —k = 1 if ¢, is mapped to an antichain; otherwise,
z; +y, —k = 0. The value of the objective function for
solution z, therefore, differs from the weight of maximum
weight k-antichain sequence A by a constant.

3.5 Example

Figure 4(a) shows the partial order on the candidates of
call graph G of Figure 3. Candidates along a path must be
assigned to distinct abstract registers. Let R, and Rq be
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Figure 3: Example call graph G, graph of a partial order on the candidates in G, and the dual minimum cost flow problem
with respect to the partial order. Each node in the dual minimum cost flow problem represents an integer-valued dual variable,
and each edge represents a constraint between two dual variables. The constant above an edge is the integer upper bound in
the corresponding constraint.
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Figure 4: Partial order on candidates in GG, and graph of dual minimum cost flow problem for G.
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abstract registers. If ¢, C ¢;, ¢, € Rp, and ¢; € Ry, then
p <4q.

A register allocation and assignment using two registers
appears in Figure 4(a). Candidate m is assigned register R»,
and ¢ and ¢ are assigned register R;. This register allocation
has the maximum benefit.

Figure 4(b) shows the the graph of the dual minimum
cost flow problem based on the partial order (a) for k = 2
registers. The solution in (b) can be mapped to the solution
in (a). Since zm + ym = k+ 1, and z, = 2, candidate m
maps to register Re. As2q+yq = k+1and z, = 1, ¢ maps to
R;. Similarly, candidate £ maps to Ri, since z¢ +y: = k+1
and z¢ = 1. Since v C ¢, z, = 0. As z, + y, = k, candidate
v is not mapped to a register.

4 Interprocedural Register Allocation with
Spilling

In this section, we consider an interprocedural register allo-
cation that allows for register spilling across calls. The call
graph can now be cyclic (save-free allocations are gener-
ally not possible for cyclic call graphs). As in the save-free
approach, we assume a benefit associated with allocating
registers to procedures, but now we also assume a cost asso-
ciated with spilling registers across calls. The cost of spilling
a register is two (for a load and a store) times the frequency
of the calls represented by the edge. To find an allocation
with maximum benefit, we again map solutions from a dual
minimum cost flow problem.

Let call graph G = (P, E), where P is a set of proce-
dures and E is a set of call edges. For P, € P, let C(P,y)
represent the set of local register candidates in P,, and let
C(P) represent the set of local candidates in all procedures
in the call graph. For a procedure P,, let IN(P,) be the set
of call edges incident on P,, and let OUT(P,) be the set of
outgoing call edges from P,.

In the save-free approach, if there is an ordering between
two candidates, then they cannot be assigned the same reg-
ister. However, since registers are now spilled as necessary
around calls, if ¢, € C(P,), cw € C(Py) and P, calls Py,
then ¢, may be assigned the same register as ¢,. We, there-
fore. now assume a partial order that only relates candidates
in the same procedure, as these candidates can never be as-
signed the same register. The ordering among the candi-
dates in a procedure is a chain, as in (1) of Section 3.1. We
refer to this partial order as (C) throughout Section 4.

Since partial order (C) only relates candidates in the
same procedure, there is an ordering between ¢ and m in
Figure 5. Let ¢ © m. We represent this ordering by an
undirected edge between ¢ and m. For ¢t € C(P,), t C ¢.

Let an abstract register Ry, 1 < h < k, be a set com-
posed of candidates assigned that register. Each abstract
register is mapped to a hardware register after interprocedu-
ral register allocation. Let R be the sequence (Ry,..., Ry).

To model spills along the edges of a call graph, two in-
teger variables are introduced for each edge. For e, € E,
the variable free_in, represents the number of unallocated
registers on entrance to edge e,, and the variable free_out,
represents the number of unallocated registers on exit from
edge e;. The number of registers spilled along edge e, is,
therefore, freeout, — free.in,. Let free.in be the se-
quence (free_ina,..., freein g ) and free out be the se-
quence (free_outs, ..., free_out g).
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Call graph G

:
P2@

Figure 5: Example call graph G. A partial order exists only
among candidates in each procedure.

Assume £ registers are available for an interprocedural
register allocation. Allowing for register spilling along the
call edges, an interprocedural register allocation [ for a call
graph G is represented by I = (R, free-in, free.out), and
has the following constraints and maximization function:

Constraints
1.1 for e, € B, freein, < free_out,.
1.2 fore; € E, 0 < freedin,, freeout;, <k.

1.3 ifc; € Ry, ¢, € C(Py), and e, € IN(P,),
then p < freeout;.

1.4 if ¢; € Ry, ¢; € C(P,), and ¢, € OUT(P,),
then p > free.n;.

1.5 ife, € IN(P,) and e, € OUT(P,),
then freeout, > freein,.

1.6 let ci,c, € C(Py). if ¢, € Rp, ¢; € Rq, and ¢, C ¢y,
then p < q.

Mazimization Funciion
L.7 maximize 2 wy —
Z%GU,zl 2 W

Ze]eE sj * (free_out, — free_in;)

Constraints 1.1 - 1.6 define how registers are spilled along
the call edges and consumed within procedures. Constraint
1.1 states that the number of free registers on exit from a
call edge is greater than or equal to the number of free reg-
isters on entry to that edge (the difference is the number
of registers spilled along the edge). Constraint 1.2 bounds
the number of free registers on entrance to and exit from an
edge by the number of registers available for allocation. Con-
straint 1.3 asserts that if candidate ¢, is assigned to register
R,, then there must be at least p registers free on entry to
the procedure from each incoming edge (c; is assigned one of
the free registers). Similarly, [.4 asserts that if ¢, is assigned
to register Rp, then there must be fewer than p registers
free upon exit from the procedure along each outgoing call
edge. By 1.5, there cannot be more registers upon exiting a
procedure than there are upon entering it (all saving is done
on the edges).
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Figure 6: Interprocedural register allocation of call graph G.

Two candidates ¢, ¢, € C(P,) cannot be assigned the
same register. By L.6, registers are assigned in a decreasing
sequence within a procedure. If candidates ¢, and ¢, are
‘both allocated registers in procedure P, and ¢, T ¢,, then
the register assigned to ¢, occurs before the register assigned
to ¢, in the sequence. As in the case for save-free interpro-
cedural register allocation, if there is no register spilling,
registers are assigned in a decreasing sequence across calls.
Assume ¢, € C(P,), cw € C(Py), and P, calls P, (we model
the call as edge e, in the call graph). If ¢, is assigned register
Ry, then by constraint 1.4, there are fewer than p registers
free on entry to e, (freesan, < p). Assume no registers
are spilled around the call. Thus, free_out, = freezin, in
I.1. If ¢y is assigned register R, then by constraint 1.3,
g < free_out,. Therefore, since freeout, = free_in, and
free_in, < p, then q < p.

Each candidate ¢, € C{P) has a positive integer weight,
w,. Bach call edge e; € E has a positive integer cost, s,, for
spilling a register, and spills free_out, — free_in, registers.
Assume e; is the call edge from P, to F,. Abstract register
R., i < freean,, is available on exit from P,. By constraint
1.3, register R,, 1+ < free_out, is available to candidates
in Py. Our algorithm spills register R, along edge e, if
freedn, <i < free.out;.

We want to find a k-register interprocedural register allo-
cation that maximizes function 1.7. Since spilling decreases
the value of 1.7, candidates are assigned a spilled register
only if the sum of their weights is at least as large as the
cost of spilling that register.

Figure 6 presents an interprocedural register allocation
assuming one available register. The number below each
candidate is the benefit of allocating that candidate a reg-
ister. The number below a call edge is the cost of spilling a
register on that edge. Candidate m is assigned register Ry
Since the benefit of allocating a register to p is less than
the spill cost along edge e1, p is not allocated a register.
However, the benefit of allocating a register to ¢ exceeds the
spill cost along edge e: (but not the spill cost along edge
ez). Thus, register R; is spilled along edge ey, and Ry is
assigned to ¢. Since the cost of spilling a register along edge
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Dual Variables
(1, 1o for ¢, € C(P)),(r), t, fore; € F)
Constrawnts
D.1 forc, € C(P),0<x, 1, < k.
D.2 ifci,¢; € C(Py) and ¢, C ¢y, then z, + v, < k.
D3 forc, e C(P), z, +y, <k+ 1
D4 fore, € 5,0<r,t, <k
D.5 for ¢, € C(P,) and e; € IN(Py), z, +1t; < k.

D.6 for e, € OUT(Py) and ¢, € C(Py),
Tty <k

D.7 for e, € OUT(P,) and ¢, € IN(P,),
ro+t, < k.

D.8 fore, € B, r, +t, <k
Objective Function

D.9 Maximize 30 o py Wy * (2, +4) +
Ze]eE sy % (ry; +1,).

Figure 7: Dual minimum cost flow problem whose solutions
are mapped to an interprocedural register allocation with
spilling.

es is less than the benefit of allocating a register to n, R; is
spilled along es and assigned to n.

4.1 Finding a Minimum Cost Allocation

To find a minimum cost interprocedural register allocation
for a call graph, we solve the dual minimum cost flow prob-
lem of Figure 7.

In this dual minimum cost flow problem, there is a pair
of integer dual variables (z,, v.) for each candidate ¢, €
C(P) and a pair of integer dual variables (r;, t,) for each
edge e, € E. As before, for ¢, € C(P), integer w, > 0
represents the benefit of allocating a register to a candidate.
For e; € E, integer 5, > 0 represents the cost of spilling
a register on edge e, in the call graph. As in the save-free
approach if z, +y, = k+1, then candidate ¢, will be assigned
the register whose value is z,. For e; € E, r, represents the
number of free registers on entry to edge e,, and ¢, represents
the number of registers allocated on exit from e;. For e; €
IN(F;), t; constrains the registers that can be allocated to
candidates in procedure P. (constraint D.5), the number of
free registers on outgoing edges from P, (constraint D.7),
and the number of free registers on entry to e, (constraint
D.8). Also, candidates in P. constrain the number of free
registers on outgoing edges from P, (constraint D.6).

‘We define zy to be the sequence of tuples

((z1,91)s - (@10 Yioe))s
and rt to be the sequence of tuples
((7”17 t1)7 ey ('I"lE-[, t’E|))

A solution to the dual minimum cost flow problem is repre-
sented by tuple z = (zy,rt). For a call graph G on which we



define partial order (C), and given k registers, let P*(k, G)
be selutions to the dual minimum cost flow problem of Fig-
ure 7. Let Q*(k,G) be solutions to interprocedural register
allocation with spilling. In [Kur95], we prove that there ex-
ists a bijection z(I), from I € Q*(k,G) onto z € P*(k, ),
and an inverse function I(z) for 2 € P*(k, @). 1(z) is defined
below.

o I{z) = (R(2), freean(z), freeout(z)).
e for 1 < h <k,
Ri(z)={cj|la; +y, =k+1,2, = h,c; € C(P)};

o for e, € E, free_in,(z) =r);
freein(z) = (freeini(2),..., freeiin g (2)).
o for e; € E, freeout,(z) =k —t,;
freeout(z) = (freeouti(z),..., free_out|p|(2)).

For z € P*(k,G), function I(z) maps z to an interproce-
dural register allocation defined as (R, free_in, free_out).
Functions R(z), free.an(z), and free.out{z) map to se-
quences R, freein, and free_out, respectively. Rp(z) maps
candidate ¢, to register Ry if 2, +y, = k+1 and =, = h.
For e; € E, freesin,(z) maps the value of variable r, to
free_in,. For e, € E, free_out,(z) maps k—t, to free-out,.
The variable ¢,, therefore, represents the number of unavail-
able registers on exit from edge e;. The number of register
spills along edge e, is free.out, — freedn; = k—1t, —r;.
The number of registers spilled along an edge includes those
not free on entry to the edge (k — r;) but made available
on exit from the the edge (k —r, —¢,). Thus, r; +¢, is the
number of registers not spilled along edge e, .

Constraints D.1 — D.3 of Figure 7 are similar to con-
straints A.1 — A.3 of the dual minimum cost flow problem
for a save-free allocation. As in the dual minimum cost flow
problem of Section 3, if z € P*(k,S), then for ¢, € C(P),
x4y, = korz,;+y, = k+1. Assume (a) z,+y, = k+1 and
& C¢. If ¢, C ¢, then by constraint D.2, (b) z, + y, < k.
Equations (a) and (b) imply z, < z;, and, thus, ¢, and ¢,
can never be assigned the same register.

Constraint D.4 bounds the value of r;, and ¢, for e, € £
by the number of available registers. By constraint D.5,
for e, € IN(P,), k — t; bounds the number of registers
available to candidates in C(P,). For ¢, € C(P,), assume
z,+y, = k+1 and z, = p. Candidate ¢, is mapped to register
Ry,. By constraint D.5, z, < k —t;. Mapping I(z) assigns
free.out, the value k —t;. Thus, p < free_out,, which is
constraint I.3 in our definition of an interprocedural register
allocation.

By constraint D.6, the value of k — gy, for ¢, € C(F,)
bounds the value of r, for e; € OUT(P,). Mapping I(z)
assigns free-in, the value of r,. Thus, k — 7. bounds the
number of free registers on entrance to e,. Assume z, +y,
k+1 and z, = p. Candidate ¢; is mapped to register Rp.
By D6, r, + 4, < k. Thus, r; < z,. Since I(z) maps the
value of r; to free_in, and z, = p; therefore, free_in; <p,
which is constraint 1.4.

By constraint D.7, k — ¢, bounds r, for ¢, € IN(P,) and
e, € OUT(P,). By D.7. r, < k —t,. By mapping I(z),
freeiin, < free.out,, which is constraint L.5.

By constraint D.8, for e; € F, r, +t, < k. As mentioned
above, r; + ¢, is the number of registers not spilled along e,.
As v, +t, <k, then r, < k —t,. Applying mapping I(z),
free_in, < free_out,, which is constraint I.1.
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The objective function D.9 is

Z wy * (z; +y,) + Z s, (s +1;),

c,€C(P) e, €E

and the maximization function 1.7 is

2

<, ELJ?:1 R,

The value of the objective function for z € P*(k,G) (D.9)
and the value of the maximization function for I{z) = I €
Q" (k,G) (1.7) differ by a constant. As in Section 3, by sub-
tracting the constant ZC760(P) k* w, from Ecjec(},) w, *
(z; +y,) in D.9 yields (a) ZCJGO(P) w; * (z;, +y, — k). Since
z; +y, —k = 1 if ¢, is mapped to a register and, other-
wise, z, + y, — k = 0, equation (a) is equal in value to

CJEUle r, W in I.7.

Moreover, for e, € £, (b) r, + ¢, in D.9 is the num-
ber of registers not spilled along e;, and (c) —(free.out, —
freedin,) in L7 is the negative of the number of registers
spilled along e;. Thus, r;+t, —k = —(free.out, — free.in;).
As (b) and (c) differ by the constant £, Z€7€E s, % (r; +1t5)

in D.9 differs from — 3 .5, * (freeout; ~ freen,) in
7
L.7 by the constant > e, en 5 ¥ k.

w, — Z s; * (free.out, — free.in,).

e, €F

4.2 Example

Figure 8(a) shows call graph G of Figure 6 with the same in-
terprocedural register allocation. Variable alloc, represents
the register that ¢, may be assigned. Only one register is
available. Register R, is assigned to m, ¢, and n and spilled
along edges e1 and es.

Figure 8(b) displays the graph of the dual minimum cost
flow problem for G. There is a pair of nodes for each candi-
date and call edge in G. For clarity, variable z; is renamed
alloc, for ¢; € C(P). Since mapping I(z) for e, € E assigns
free_in, the value of r,, we rename r, in (b) as free_in,.

The dashed edges in Figure 8(b) represent constraints
between pairs of nodes and solid edges represent constraints
between nodes from separate pairs. The &k or £+ 1 along an
edge represents the bound in the corresponding constraint.

Assume k = 1 in Figure 8(b). Since allocy, + ym =
k + 1, and by constraint D.5, freesn; + ym < k, then
freedini < allocm. Since the number of available registers
decreases from 1 to 0, we assign candidate m to register R;
(alloc, = 1). As there are 0 free registers on entrance to
e1 (freesiny = 0) and 0 unavailable registers on exit from
e1 (ti = 0), then the number of register spills along e1 is
k —t1 — freedn, = 1. Therefore, candidate p may be as-
signed register R1, as alloc, = 1. Since alloc, +yp, =k, p is
not allocated a register.

Since p is not allocated a register, there is a register free
on entry to ez (free-ing = 1). By constraint D.8, free_ins+
t2 < k. Thus, t» = 0—there are 0 unavailable registers out of
e;. Candidate ¢ is allocated a register, as allocg +yq = k-+1.

A register is spilled along es, since k — free.inz —t3 = 1.
This register is assigned to n. The register allocation and
assignment of (b) correctly corresponds to the allocation and
assignment described in (a).



Call graph G
1 register available

allocm =1

free_in =0 free_in,=0
(spill Ry) €4 €3 (spill Ry)
free_out =1 2 1 free_out 5= 1
allocp =1 allocn = 1
free_in o= 1 en

free_out 5= 1 4

allocq =1 5

(R1) P3 3

(@)

Dual Mincost Flow Problem
k=1 register

(b)

Figure 8: Example call graph G and graph representation of the dual minimum cost flow problem for G.

5 Complexity

For p candidates and edges in a call graph, the number of
dual variables in the dual minimum cost flow problem of Sec-
tion 4 is O(p). However, the number of constraints between
dual variables is O(p?), as a dual variable for a candidate
or edge can have constraints with O(p) other dual variables.
Our dual minimum cost flow problem can be transformed
into an unconstrained minimum cost flow problem, in which
there are O(p) nodes and O(p?) arcs.

Letting n be the number of nodes and m be the number
of arcs, an unconstrained minimum cost flow problem can
be solved in O(n log n{m+nlogn) [Orl93], which is indepen-
dent of k, w,, and s, in our dual minimum cost flow problem.
The complexity of solving our minimum cost flow problem
is, therefore, O({plogp (p* + plog p)), which is O(p° log p).

6 Liveness

Before performing interprocedural register allocation, we can
modify the call graph to avoid spilling registers assigned to
candidates not live across any call. Our interprocedural reg-
ister allocation model assumes that a candidate live across
a call is live across all calls.

In a procedure, let L be the set of candidates that are
live across a call, and let NL be the set of candidates not
live across any call. In each procedure, we move the can-
didates in NL below the candidates L in the partial order.
Constraints are not added between the candidates in NL
and the outgoing edges of the procedure. All candidates in
the procedure compete for registers as before, but as there
are no constraints between the outgoing edges from the pro-
cedure and the candidates in NL, the registers assigned to
these candidates are not spilled.

In Figure 9, we assume candidates m and n are not live
across the call to P;. In (b), m and n are moved below g
in the partial order. By moving m and n below ¢, q is now
assigned R3, and m and n are assigned R, and R,. Since

R
®3) (R3)

(Rg)}

(Ry)

(spill Ry)
(spilf Ry) (Ry)

e
(Ro)
P2
(Ry)
(a)

Figure 9: By distinguishing between candidates live and not
live across calls, fewer registers are spilled.

v
nd
N

()

we also remove the constraints between candidates m and n
and edge e, we can assign 4 and v in P> the same registers
as m and n, without spilling registers across the call.

7 Library Routines

We assume that library routines have been pre-compiled us-
ing a caller-save/callee-save convention for spilling registers
across callsfCHKWS86). Any caller-save register live across a
call to a library routine must be spilled across the call.

To allow for pre-compiled library routines, we create a
pseudo library routine that allocates the abstract registers
that we will map to the pre-defined caller-save registers. All
procedures that call library routines have a call edge to this
pseudo library routine. As all caller-save registers are allo-
cated in this pseudo routine, a caller-save register live across
a call to this routine will be spilled.
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Assume there are n caller-save registers and k total reg-
isters. Since abstract registers are assigned in a decreas-
ing sequence, we let abstract registers Ri,..., R, map to
the caller-save registers. Only if more than k& — n registers
are live across the call to the pseudo library routine will a
caller-save register be spilled. To ensure that the n candi-
dates in the library routine are assigned abstract registers
Ri,..., Ry, we modify the dual minimum cost flow problem
in Figure 7 such that z, = 1;z, + y. = k + 1 for candidates
¢, 1 €1 < n, allocated in the pseudo library routine.

8 Indirect Calls

Indirect calls use the same caller-save/callee-save convention
followed by library routines. When building a call graph, we
assume that each procedure that can perform an indirect call
can invoke any aliased procedure. The number of call edges
representing indirect calls would, therefore, be the product
of the number of routines that can make an indirect call and
the number of aliased routines.

Since we assume a fixed calling convention it is not nec-
essary to include these call edges. Instead, we add a call
edge from a routine making an indirect call to the pseudo
library routine. Caller-save registers allocated by the proce-
dure making an indirect call must be spilled around the call.
We remove the call edges incident on the aliased routines
(for simplicity all indirect and non-indirect calls to aliased
routines will use the fixed calling convention), and add one
call edge e, from a newly generated pseudo procedure to
the aliased routine. We assign the number of caller-save
registers, n, to dual variable r,, the number of registers free
on entry to edge e, as defined by the dual minimum cost
flow problem of Figure 7. Registers can be spilled along e,
(spilled on entry to the aliased routine), as the number of
register spills, k —r, —¢t,, along e, can be positive.

9 Implementation

We generate code for a DECstation 5000/125, with MIPS
R3000/R3010 processors. We assume that three general
purpose integer registers, two general purpose floating-point
registers, and the pre-defined parameter registers are work
registers that are not allocated interprocedurally and hence
are available to each routine.

We use profile information to compute the number of
calls between each procedure and the number of instructions
executed in each procedure. Profile information is gath-
ered using qpt{BL92]. When profiling, benchmarks are run
on input yielding short execution times, except for bench-
mark nasa7, in which we have only one input file. Since
the profiled code is compiled using only an intraprocedural
register allocator, some variables live across calls may not
be allocated a register because of an insufficient number of
callee-save registers. To accurately determine the number
of references to registers that can be live across a call, we
modified gee[Sta93] to return the number of register refer-
ences assuming the non-work registers are callee-save. We
let the general-purpose registers that are non-work registers
represent candidates in our interprocedural register alloca-
tion algorithm, and their number of register references scaled
using profile information represents the candidates’ weight.

After generating an interprocedural register allocation,
the registers available to each procedure and the spills across
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Ezecution-time Improvement
benchmark | Minimum Cost | Steenkiste and Hennessy
compress 1.4% -0.2%
doduc 4.6% 4.2%
eqntott 0% 0%
€Spresso 8.7% 7.3%
fpppp 3.9% 3.0%
gce 8.3% 1.1%
nasa?7 0.2% -0.1%
sc 10.7% 7.4%
spice 2.8% 1.7%
xlisp 11.2% -3.2%

Figure 10: Execution-time improvement from adding our
minimum cost interprocedural register allocator with spills
and Steenkiste and Hennessy’s bottom-up interprocedural
register allocator to gec.

each call are written to a file. Gec reads this file to generate
a register allocation. We assume that library routines have
been pre-compiled using a caller-save/callee-save convention
for spilling registers around calls.

In some benchmarks, a procedure that is not called when
profiling with one input is called when using another. If
a procedure is not called, we have no information on the
frequency in which its candidates are referenced. We opti-
mistically allocate registers to these procedures’ candidates
as follows. We increase all zero edge frequencies to one. As-
sume the total spill cost along incoming and outgoing edges
of a procedure is j. Register candidates in a procedure called
zero times are assigned a benefit of 1 + j. Since the cost of
spilling a register on entry to and exit from a procedure is
less than the benefit of allocating a register to a candidate,
these candidates are always allocated a register.

Figure 10 compares the execution-time improvement of
adding our minimum cost interprocedural register allocator
with spills with Steenkiste and Hennessy’s bottom-up inter-
procedural register allocator[SH89] to gce. The benchmarks
are compiled at optimization level O2 with loop-unrolling
enabled. Results from a sample of SPEC92 benchmarks are
presented. Both interprocedural register allocators find a
significant improvement on benchmark doduc, as this bench-
mark has procedures with many registers live across calls.
An interprocedural register allocator can generate an alloca-
tion that spiils fewer registers across calls than an intrapro-
cedural register allocator. Benchmark egntott shows no im-
provement for either allocator, as most of its execution is in
a leaf procedure.

Benchmark zlisp shows a large improvement for our al-
locator as it has small, frequently called routines. However,
running Steenkiste and Hennessy’s bottom-up register al-
locator results in a worse allocation than an intraprocedu-
ral register allocation. Benchmark zlisp has many routines
at the bottom of the call graph called less frequently than
routines higher in the call graph. With a bottom-up alloca-
t1on, registers are spilled across the more frequently executed
calls. Steenkiste and Hennessy[SH89] note that a better in-
terprocedural register allocation can be generated by adding
register spills in infrequently executed procedures in the bot-
tom of the call graph and then performing a bottom-up allo-
cation assuming these routines are allocated zero registers.



1" benchmark | procedures candidates % of compilation tyme
floating-pownt | wnteger | floating-point 1nteger

compress 16 0 31 < 0.1% 0.3%
doduc 42 170 274 < 0.1% 0.2%
eqntott 62 0 178 0.1% 0.8%
eSpresso 361 1 1,604 0.6% 2.9%
fpppp 13 36 52 < 0.1% < 0.1%
gee 1,451 4 3,204 0.7% 4.3%
nasa? 23 23 168 < 0.1% < 0.1%
sC 154 18 344 0.2% 1.2%
spice 142 158 626 0.1% 0.2%
xlisp 357 5 507 1.2% 2.3%

Figure 11: The time for solving the minimum cost flow problem for the floating-point and integer candidates as a percentage
of the program’s compilation time without interprocedural register allocation. The number of procedures and the number of

integer and floating-point candidates are also shown.

To solve the dual minimum cost flow problem for in-
terprocedural register allocation with spills, the problem is
transformed into a minimum cost flow problem. Solutions
to the minimum cost flow problem are found using the pri-
mal network simplex method[Zak95]. Though the primal
network simplex method is exponential in the worst case,
we found it faster in practice than a polynomial time dual
network simplex algorithm available to us. Figure 11 shows
the percentage of time spent running the network simplex
method as a percentage of the total compilation time with-
out interprocedural register allocation. For each benchmark,
we solve two minimum cost flow problems, one with inte-
ger candidates and one with floating-point candidates. The
number of procedures in each benchmark appears in column
2. Columns 3 and 4 show the number of available candidates
for interprocedural register allocation. As mentioned earlier,
work registers are not included as candidates. Interestingly,
espresso, gcc, and zlisp have few floating-point candidates,
but since they have a larger call graph than benchmarks,
doduc, fpppp, and spuce, all of which have more floating-
point candidates, more time is spent finding a solution as a
percentage of the total compilation time.

10 Conclusions

Past interprocedural register allocators have used heuristics
to determine the registers to allocate to each procedure and
to spill around each call. We have presented a polynomial
time interprocedural register allocator that uses a model of
cost to represent possible allocations. Our allocator finds
a minimum cost allocation for allocating registers to each
procedure and spilling registers around each call. This al-
locator is fast in practice and can yield significant run-time
unprovements.
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