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Linear regression on manifolds

f:R— M vy, =EXPEXP(B,vx;),¢)

\ 4

GR Fletcher, IJCV 2013.

f: R" — M| yi=EXPEXP(B, )Y V'z])e)

J=1
MGLM | Kim et al.,, CVPR 2014.

IR Zhu et al., JASA, 2009.




Motivations

Build models on manifolds

Locally defined parametric models

PGA (Fletcher et al., 2004), GR (Fletcher, IJCV 2013),
MGLM (Kim et al., CVPR 2014), RCCA (Kim et al., ECCV 2014)




Euclidean models

 General Linear Model
a0 1 1 d_d
Yy =0 +Bx; +...+ 0w e




Euclidean models

* General Linear Model
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Euclidean models

« GLM
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Euclidean models

« GLM
y; =0’ + B + ...+ B + e

« DP-GLM
Yi :EOJF&lx%—F...—F@dfore
(%7%)’97; ~ F(‘gi)aei‘G ~ G,G ~ DP(GO, V)

Hannah et al., JMLR 2011
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MGLM on manifolds
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MGLM on manifolds
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DP-MGLM

yi = EXP(EXP(B;, Zvﬂ 7Y, €)
71=1

Ve TB . M




DP-MGLM

y; = EXP(EXP( BZ,ZV” 7Y, €)




DP-MGLM

= EXP(EXP(B;, Z V7 al)

]= 1

T, M

,€)

......



DP-MGLM

y; = EXP(EXP( BZ,ZV” 7Y, €)




DP-GLM

G~ DP(G(),V)
0; = (0z,,0y,)|G ~ G,
Ti|0z; ~ [2(0z,),

yz|gjz, o~ GLM(%L,@y )

Hannah et al. JMLR 2011
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DP-MGLM

G ~ DP(G(),V)
0; = (‘9%7‘9yi)|G ~ G,
Ti|0z, ~ [2(0z,),

| manifold-valued }
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DP-MGLM

. D‘|str|but|on 'dn
- manifolds ‘
' ,“I‘ntrlnS|C metrlcz G~ DP "&, v )

yz‘xz, o~ MGLM(Q?Z,Q?J ),

f,. € SPD(n) x Sym(n)“



yi\xi, Qyz ~ MGLM(QZ‘Z, Qy ),

()

f,. € SPD(n) x Sym(n)“



HMC
Hamiltonian/Hybrid Monte Carlo

H(q,p) = Ulq) + K(p)

Duane, S., et al, “Hybrid Monte Carlo”, 1987.
Neal, R. “MCMC using Hamiltonian dynamics”, 2011
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Hamiltonian/Hybrid Monte Carlo

H(q,p) = Ul(q) + K(p)
g=060¢c R’
p=0¢c R

Duane, S., et al, “Hybrid Monte Carlo”, 1987.
Neal, R. “MCMC using Hamiltonian dynamics”, 2011



HMC
Hamiltonian/Hybrid Monte Carlo

H(q,p) = U(q) + K(p)
Ul(q) := —log f(q)
K(p) := %pTM_lp

Duane, S., et al, “Hybrid Monte Carlo”, 1987.
Neal, R. “MCMC using Hamiltonian dynamics”, 2011
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Hamiltonian/Hybrid Monte Carlo
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HMC
Hamiltonian/Hybrid Monte Carlo

U(q) L L. times
p =p—€eVU(q)




HMC
Hamiltonian/Hybrid Monte Carlo

Accept ¢ with probability
U(Q) min(lv eXp(U<QCur> o U<Q> + K<pcur) o K<p>>>




HMC for DP-MGLM




HMC for DP-MGLM

Pcur :
i the same space |




HMC for DP-MGLM

U(g) 1=0eM
qbn manifold % |
| pin tangent space at g §

Pcur
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HMC for DP-MGLM

— Exp(B’,€B)
=V +eV
=1'p V"

=I'p_, BB > parallel transport

}q=q+€p

<= T < < W

— FB’—>BV/




HMC for DP-MGLM

A

B B=B—-eVgU(B,V)
U(q) """ VU(q) { V=V _eVyU(B,V)




HMC for DP-MGLM

Deur Repeat [, times




HMC for DP-MGLM

Accept ¢ with probability
U(Q) min(lv eXp(U<QCur> o U<Q> + K<pcur) o K<p>>>




Experiments
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Experiment 2
Clustering on SPD(3)
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Experiment 2
Clustering on SPD(3)
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Experiment 2
Clustering on SPD(3)
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Experiment 2
Clustering on SPD(3)
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Experiment 2
Clustering on SPD(3)
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Experiment 2
Clustering on SPD(3)
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Experiment 3
Age versus landmark appearance

’ d ‘ Jﬂgh. i
.‘Q ) 8 A \
' ! Vi

61

(o .
s




Experiment 3
Age versus landmark appearance
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Experiment 3

Age versus landmark appearance
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Conclusion

 DP-MGLM (Dirichlet process multivariate general
linear model) for Riemannian manifolds (SPD(n))
learns more complicated models than MGLM

e Clustering based on nonlinear correlation between
Euclidian covariates and manifold-valued response

* New distribution (over base point and tangent
vectors) and HMC algorithm for DP-MGLM on

SPD(n).

UNIVERSITY OF WISCONSIN-MADISON




Thank you!




