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THE MOTIVATING PROBLEM

I Interpolation (weighted mean) in the K -GMM space.
I Applications: diffusion weighted imaging, statistical machine learning.

WHAT’S NEW?

I This paper : interpolation of k -GMMs in the K -GMM space w.r.t `2-distance and
KL-divergence by numerically efficient schemes (GD, EM, and Modified-EM)

I Connections of our EM algorithm with functional spaces of Gaussians and the mixture
of Gaussian processes.

Where is this needed?
I Compressing a K -GMM to a K ′-GMM (K > K ′).
I Clustering K Gaussian distributions with K ′ Gaussian mean functions (K > K ′).
I Identifying the shortest path in the K -GMM space between two K -GMMs.
I Inpainting, registration, and spatial transformation tasks which involve interpolation.
I For vector samples X ∈ Rd , our approach may address (a) noisy observations with

known Gaussian error, (b) ill-conditioned covariance matrices by a small number of
high dimensional samples or too many clusters.

PDF INTERPOLATION WITH REPARAMETERIZATION AND DISTANCE

The mean of probability densities {fi}N
i=1 is given by

f̂ = arg min
f∈PDF

N∑
i=1

wid(Φ(f ),Φ(fi))2 (1)

where Φ(·) is a mapping function for parameterizing the given probability densities, d(·, ·)
is a distance metric and wi is a weight for fi.

DISTANCE METRICS AND DISSIMILARITY MEASURE

`2-distance

‖f1 − f2‖2 =

(∫
X
|f1(x)− f2(x)|2dµ(x)

)1/2

. (2)

where f1 and f2 are PDFs.

KL-divergence

D(f1||f2) =

∫
f1(x) log

f1(x)

f2(x)
dx . (3)

where f1 and f2 are PDFs.

`2-distance with the normalized PDFs

dn-`2(f1, f2)2 =

∫
(f ′1(x)− f ′2(x))2dx = 2(1−

∫
X

f ′1(x)f ′2(x)dx). (4)

where f ′i (x) = fi(x)/‖fi(x)‖2.

Geodesic distance on the Hilbert sphere

dgeo(f1, f2) = cos−1〈f ′1, f ′2〉2 = cos−1(

∫
X

f ′1(x)f ′2(x)dx) (5)

where f ′1 and f ′2 are normalized PDFs or square-root parameterizations of f1 and f2.

`2-MEAN OF k -GMMS

The `2-mean (arithmetic mean) of {Fn}N
n=1 minimizes the sum of squared `2-distances to

each Fi ∈ F,

F̄ = arg min
G

N∑
n=1

‖Fn − G‖2
2 =

∑N
n=1Fn

N
=

N∑
n=1

K∑
j=1︸ ︷︷ ︸

N×K components

πj
n

N
N (µj

n,Σj
n) /∈ G(K )

(6)

where πj
n, µ

j
n,Σj

n are the parameters for jth component of the nth GMM.

INTERPOLATION ON THE MANIFOLD OF K -GMMS

`2-distance

G∗ = arg min
G∈G(K )

N∑
n

‖Fn − G‖2
2 (7)

KL-divergence

G∗ = arg min
G∈G(K )

N∑
n=1

D(Fn||G) (8)

LEMMA 1
The mean of functions {Fn}N

n=1 w.r.t. `2 metric is the closest G∗ to the `2-mean F̄ =
∑N

n
Fn
N .

G∗ = arg min
G∈G(K )

N∑
n

‖Fn − G‖2
2 = arg min

G∈G(K )
‖F̄ − G‖2

2 (9)

KL-DIVERGENCE AND CROSS ENTROPY MINIMIZATION

arg min
G∈G(K )

D(F̄ ||G) = arg min
G∈G(K )

∫
F̄(x) log

F̄(x)

G(x)
dx = arg min

G∈G(K )
−
∫
F̄(x) logG(x)dx . (10)

LEMMA 2
Given GMM f (x) :=

∑L
i πifi(x), where fi(x) is a Gaussian distribution, the minimum cross

entropy / KL-divergence between f (x) and an unknown single Gaussian g := N (x ;µ,Σ) is

(µ∗,Σ∗) = arg min
µ,Σ

H(f (x),N (x ;µ,Σ)), (11)

where H(·, ·) is the cross entropy, µ∗ = Ef (x)[x ] and Σ∗ = Ef (x)[(x − µ∗)(x − µ∗)T ].

EM ALGORITHM FOR MINIMIZING CROSS ENTROPY

E-step: Let Θ = {wj , µj ,Σj}K
j=1, F̄(x) =

∑NK
i=1 πifi(x) and Xi be a set of points with density function fi(x).

γij := p(zi = j |Xi ,Θ) =
wj exp

[
−H(fi ,gj)

]∑K
j ′ wj ′ exp[−H(fi ,gj ′)]

H(fi ,gj) is analytically obtained as,
1
2
{k log 2π + log |Σj| + tr[Σ−1

j Σi ] + (µi − µj)
T Σ−1

j (µi − µj)}

M-step: wj =

∑NK
i=1 πiγij∑K

j ′=1
∑NK

i ′=1 πi ′γi ′j ′
, µj = EF̄ ′(x)[x ] =

NK∑
i=1

π′iµi

Σj = EF̄ ′(x)[(x − µj)(x − µj)
T ] =

NK∑
i=1

π′iΣi +
NK∑
i=1

π′i(µi − µj)(µi − µj)
T

(12)

where F̄ ′ =
∑NK

i=1 π
′
i fi(x), and π′i =

πiγij∑
i πiγij

, for fixed j .

MODIFIED EM ALGORITHM FOR LIMITED GPMMS

E-step: Estimate the responsibilities of data PDFs {fi} to components of our model,

γij =
wjC−1

j exp
(
− 1

2C2
j
‖fi − gj‖2

2

)
∑K

k=1 wkC−1
k exp

(
− 1

2C2
k
‖fi − gk‖2

2

) (13)

M-step: Maximize cross entropy given assignments over model parameters (a weight wj, mean function
N (µj ,Σj) and a covariance function Cj).

C2
j =

NK∑
i=1

γijπi‖fi − gj‖2
2/

NK∑
i ′=1

γi ′jπi ′ (14)

wj and µj ,Σj are updated using (12).

ENSEMBLE AVERAGE PROPAGATOR (EAP)
Ensemble average propagator P(Rr) describes the probability of diffusion
displacements of water molecules at radius R. Assuming antipodal (radial) symmetries
(i.e., E(qu) = E(−qu) and P(Rr) = P(−Rr)), the following relationship holds

P(Rr) =

∫
R3

E(qu)cos(2πqRuTr)dqu. (15)

where u, r are unit vectors in R3, q is proportional to the amplitude of the magnetic field
gradient along u. The EAP is a PDF whose domain is R3.

EAP SPATIAL TRANSFORMATION AND DENOISING

(a) Ground Truth EAP (c) Affine transformed EAP

(b) EAP w/ Wishart noise (c) Gaussian filtering (GF) (d) Anisotropic filtering (AF)

PEAK PRESERVING COMPLEXITY REDUCTION
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Figure: The distributions of angular deviations of the peaks.(Left) Comparison bet/ projected and noisy data.
(Right) Comparison bet/ AF with K -GMM (ours) and `2 interpolation.

INTERPOLATION PATH ON K -GMM SPACE W.R.T `2 DISTANCE

The objective function to identify the path is given by

min
{Gt∈G(K )}T

t=1

T∑
t=0

‖Gt − Gt+1‖2
2

where G0 (GT +1 resp.) is Gstart (Gend resp.).

The approximate path length is given as

lim
T→∞

T∑
t=0

‖Gt − Gt+1‖2 = d

G0 GTd1

d4

d2

d

M = G(K)

Figure: `2 distance between G0 and GT is d1.
The approximate geodesic distance between two
GMMs by the sum of `2 distances between many
intermediate GMMs. d1 ≤ d2 ≤ ... ≤ d and converge
to the true distance d .
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Figure: Interpolation path along 2-GMM manifold
from top (GMM0) to bottom (GMM11).
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