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General Linear Model (GLM)

f:R—R

y=a+ Bla!l + ¢

xl: Group (patient or normal)
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General Linear Model (GLM)
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GLM on scalar valued summaries

DTI P-value map
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GLM on scalar valued summaries

P-value map
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GLM on scalar valued summaries

DTI P-value

Response Y is manifold-valued
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Manifold-valued data

* Unit sphere, quotient spaces of spheres o

« SPD matrix i.e covariance matrix, diffusion tensors ﬂ

* Probability density functions (PDFs), orientation ~
density functions (ODFs)

* Lie groupsi.e. O(n), SO(n), GL(n), SL(n)

» Kendall shape manifolds
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Can we directly use the ordinary
general linear model with manifold
data?



Euclidean model for manifolds
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Euclidean model for manifolds
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Euclidean model for manifolds

Problem 1: Model in ambient space
Predictions in ambient space

Predictions need to be projected onto manifolds




Euclidean model for manifolds
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Euclidean model for manifolds

Problem 2: Distance metric in ambient space




Euclidean model for manifolds

Problem 2: Distance metric in ambient space

Geodesic distance is needed.




Model on manifolds




Regression with a Single Covariate

f - R — M Fletcher, P. Thomas. "Geodesic regression and the theory
) of least squares on Riemannian manifolds.” IJCV, 2013.




Model on manifolds

f:R—M

Jia Du, Alvina Goh, Sergey Kushnareva, Angi Qiu, "Geodesic
regression on orientation distribution functions with its
application to an aging study." Neurolmage, 2014.




Model on manifolds

f:R—M

v

f:R"— M

Jia Du, Alvina Goh, Sergey Kushnareva, Angi Qiu, "Geodesic
regression on orientation distribution functions with its
application to an aging study." Neurolmage, 2014.

Our MGLM




Single covariate
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Single covariate
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Single covariate
1 N

E(p,v) = 3 Zd(EXp(p, 2iv), yi)?
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Single covariate
1 N

E(p,v) = 3 xd(EXp(p, 2iv), yi)°




Multiple covariates
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Multiple covariates
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Multiple covariates
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Optimization (iterative method)

N
| o
B(p, V) =5 > _d(Exp(p, ) zjv’), )’
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Optimization (iterative method)
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Optimization (iterative method)
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Optimization (iterative method)
B(p. V) = 5 3 d(Bxp(p, 3 ofo’), )

Step1: Prt1 < Exp (pr, XLy, p, Log(i, i)
Parallel transported error

Pk
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Optimization (iterative method)
B(p. V) = 5 3 d(Bxp(p, 3 ofo’), )
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Optimization (iterative method)
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Optimization (iterative method)
B(p. V) = 5 3 d(Bxp(p, 3 ofo’), )

Step2:  Up, i =Vt Z 2 Ug,—pliog(9i, yi)
U Parallel transported Error
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Optimization (iterative method)
B(p. V) = 5 3 d(Bxp(p, 3 ofo’), )

Step2:  Up, i =Vt Z 2; Ug,—pLiog(9i, yi)




Optimization (iterative method)

N
1 o
E(p, V) =35 > _d(Exp(p, ) 2]v"),4:)°
i=1 j

Step 3 : Vi = Fpk—>pk-|-1 (V/H—l/?)
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Optimization (iterative method)
E(p,V) = %Zd(EXp(p, fovj),yi)Q
Step 3 Vi1 = Fpk—>pk:+1 (Vk—|—1/2)

Must we solve for p or can
we approximate it?
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Optimization (iterative method)
E(p,V) = %Zd(EXp(p, fovj),yi)Q
Step 3 Vi1 = Fpk—>pk:+1 (Vk—|—1/2)

Must we solve for p or can
we approximate it?
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Experiments

Synthetic data Neuroimaging data
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Expenments (synthetlc ODF)
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Experiments

Synthetic data Neuroimaging data
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—xperiments (neuroimaging study)

LTM (ODF) AD risk (DTI)
Subjects 49 343
Group LTM WLC APOE4+ APOE4-
Gender Female Male Female Male
Age 28 - 65 43 - 75

GLMpy; -y = Exp(p, v Group + v?*Gender + V> Age)

GLMa,. : y = Exp(p, v°Gender + v° Age)

GLMgroup : Yy = Exp(p, v Group + v*Gender

GLMpun : y = Exp(p, v!Group + v2Gender + v*Age)
' LS -
S % i,
GLM (FR) o5
. N otV
MGLM (ODF)



—Xperiments (neuroimaging study)

e p-values maps and histograms for effect of age and
group computed from simulating the Null distribution
of the F ratio statistic using 20,000 permutations.

e [ ratio statistic is defined for a pair of nested GLMs as

RSS;{—RSS»
_ P2—pP1 ; o
F p— R,S 82 04; | Unpermuted Statistic
N—p> |
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Neuroimaging study 1

« Age effect in study 1 (long-term meditators, ODFs)

GLMgun : y = Exp(p, v!Group + v?Gender + V3Age)
GLMGroup : y = Exp(p, v*Group + v?*Gender)
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Neuroimaging study 1

e Group effect in study 1 (long-term meditators, ODFs)

GLMgun : y = Exp(p, v'Group + v?Gender + v>Age)
GLMage : y = Exp(p, v’Gender + v>Age)
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Neuroimaging study 2

* Age model of study 2 (AD, DTI)

GLMpun : y = Exp(p, v!Group + v*Gender + v>Age)
GLMcroup : ¥ = Exp(p, v' Group + v>*Gender)

120000
110000

100000

90000

80000

§ 70000

0.05 S 60000
3 50000

40000

30000
20000
10000

MGLM (DTI)

Age effect

——MGLM (DTI)
——GLM (FA)
~— GLM (FA-smoothed)

S—

[ L I L L . L T =
0.1 02 03 04 05 06 07 08 09

p-values



Conclusion

« Generalization of multivariate general linear model
(MGLM) to Riemannian manifolds

« Especially useful when response is manifold valued and
we want to control for one or more covariates. Here, the
analysis obtains significantly improved statistical power

« Applicable to other manifold-valued statistical inference
problems

 Code is available. See me at the posters!
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