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Overview

Matrix normal form

Chance games

Games with hidden information
Non-zero sum games
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Pure strategy

A A pure strategy for a player is the mapping between
all possible states the player can see, to the move

the player would make. -
A Player A has 4 pure strategies: =~
Abs strategly |: (1@ @
AOs str aNlLeddR) | | ¢ 1 R R
Ads straARdgAL) | | I/MX\ \
Abs strafRgAR)I ¥: (1 @ Q
A Player B has 3 pure strategies: L/ k
Bos str ALSAR) | (2 0) 0)
Bos straAM3WR) I 1 (2 . 4
B6s straARGAR)I I 1 : (2

A How many pure strategies if each player can see N
states, and has b moves at each state?
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AOs st
AOs st
AOs st
AOs st
B6s st
B6s st
B6s st

Matrix Normal Form of games
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Atl,B84 k)

aAt Mg BAR) | 1 -
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ol

aARGAR) I I | o

The matrix normal form is the
game value matrix indexed

pl ayer o0s

by each

B-l [B-Il |B-l
Al |7 |3 |-
Al |7 |3 |4
A-lll |5 |5 |5
A-IV|5 |5 |5

-
2)- / \ ©r

b

\\ \

/ W

() ()

1 +4
Strateaqag

—

The matrix encodes
every outcome of the
game! The rules etc. a
no longer needed.
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Matrix normal form example

(2)/ \(3)
AR
/N

() ()
1 +4

How many pure strategies does A have?
How many does B have?
What is the matrix form of this game?
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Matrix normal form example

1)

L, R
/ \ B-l |B-lIl |B-lll B-IV
@ ®

: Al 1 [ 2 |2
R
/N Y
@ 9 ) NI EE

o) O N
NI DN[DN

a +5
L/ Y‘ A-IV | 5 2
() ()
-1 +4

AHOW many pure strategies does A have? 4

A-l (1AL, 4A L) A-ll (IAL4AR) A-lll IAR4A L) A-IV (1A R, 4AR)
AHOW many does B have? 4

B-1(2AL,3AL) B-ll 2AL,3AR) B-lll 2AR,3AL) B-IV(2AR, 3AR)
AWhat IS the matrix form of this game?
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Minimax in Matrix Normal Form

@
Player A: for each

strategy, con3|de/ \I\L(s)Bés
counter strategies (a row

in the matrix), find the / \\ \
minimum value in that row. (4)

Pick the row with the

maximum minimum value. / &%
Here maximin=5 0 0
B- |B-ll |B-ll
A-l |7 3 -1
A-ll |7 3 4
A-lll |5 5 5
A-1V | 5 5 5
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Minimax in Matrix Normal Form
(1)

Player B: find the L, 2R
maximum value in each / \
column. Pick the column % %

with the minimum L/ \\ R
maximum value. 0 M N " )
Here minimax = 5 i " L/ “ w o

0) 0)
-1

Fundamental game theory result +4

(proved by von Neumann): B-l 1B-Il 1Bl
In a 2-player, zero-sum game [, |7 3 R
of perfect information,

o __ - Al |7 |3 |4
Minimax==Maximin. And
there always exists an optimal |A-lll {2 |5 |9
pure strategy for each player. [A-IV |5 5 5
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Minimax in Matrix Normal Form

(1)
-a
I/ &
(2) (3)

Interestingly, A can tell B in
advance what strategy A will
use (the maximin), and this
Information will not help B!

Similarly B can tell A what
strategy B will use.
Il n fact A kno
strategy will be.
And B knows
And A knows that B knows
é
The game is at an equilibrium

/

/ \\ N

/-

R

W S What() B O so

+4

nd s [B-b Pl [BI
A-l |7 3 -1
A-lIl |7 3 4

| [A-ll|5 5 5
A-IV |5 5 5
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Matrix Normal Form for NONdeterministic games

Recall the chance nodes (coin flip, die roll etc.):
neither player moves, but a random move is made
according to the known probability

//////// ( }a
( )-Chance \

()b ()b

+4 -20
p=0.8 p=0.2

()-a ()-a ( )-a
5 +10 +3

The game theoretic value is the expected value if
both players are optimal

What 6s the matri x form of
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Matrix Normal Form for NONdeterministic games

/ ( )-a
( )-Chance \

()b ()b

a 20 ( )-chance
p=0.8 p=0.2
()a ()a ( )-a
-5 +10 +3
AA-I: L, A-ll: R, B-I: L, B-ll: R B-1 |B-ll
AThe ,j" entry is the expected  [A-l |-8 |-8
value with strategies A-1,B- Al -2 13

Avon Neumannos resul t sti | |
AMinimax == Maximin
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Two-player zero-sum deterministic game
with hidden information

Hi dden 1 nformati on: somet hi
your opponent knows, e.g. hidden cards, or
simultaneous moves

Example: two-finger Morra

A Each player (O and E) displays 1 or 2 fingers
A If sum f is odd, O collects $f from E

A If sum f is even, E collects $f from O

A Strategies?

A Matrix form?
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Two-player zero-sum deterministic game
with hidden information

Hi dden 1 nformati on: somet hi
your opponent knows, e.g. hidden cards, or
simultaneous moves

Example: two-finger Morra
A Each player (O and E) displays 1 or 2 fingers
A If sum f is odd, O collects $f from E
A If sum f is even, E collects $f from O
A Strategies?

A Matrix form? O-1 |O-ll
A Maximin= 1 3, minimax=2 E-l |2 |-3
A The two are not the same! |E! |3 |4

A What should O and E do?
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Game theoretic value
when there is hidden information

It turns out O can win a little over 8 cents on average
In each game, if O does the right thing.

Again O can tell E what O will do, and E can do
nothing about it!

The trick Is to use a mixed strategy instead of a pure
strategy.

A A mixed strategy is defined by a probability
distribution (p,, p,,  €,). P =# of pure strategies
the player has

A At the start of each game, the player picks number

| according to p;, and uses the it" pure strategy for
this round of the game

von Neumann: every two-player zero-sum game
(even with hidden information) has an optimal
(mixed) strategy.
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Boring math: Two-finger Morra

AE() s mixed st-pdt egly: [qipo-l|,
AOﬁS mi xed st-g)daht egpedl (2 =31 |,
AWhat IS p, 97 E-l |-3 |4
Astep 1: |l etos fix p for E,

A What if O always play O-1 (=1)? v,=p*2+(1-p)*(-3)

A What if O always play O-ll (q=0)? v,=p*(-3)+(1-p)*4

A And if O uses some other q? g*v,+(1-q)*v,

A O is going to pick g to minimize g*v,+(1-q)*v,

A Since this is a linear combination, such g must be 0

or 1, not something in between!

A The value for E is min(p*2+(1-p)*(-3), p*(-3)+(1-p)*4)

Astep 2. E choose the p that maximizes the value above.
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More boring math

step 1: |l et 60s fi x p for E.
A The value for E is min(p*2+(1-p)*(-3), p*(-3)+(1-p)*4),

In case O is really nasty
step 2: E choose the p* that maximizes the value above.

p* = argmax, min(p*2+(1-p)*(-3), p*(-3)+(1-p)*4)
Solve 1t with (proof by nit

p*2+(1-p)*(-3) = p*(-3)+(1-p)*4

E6s opti mal p *1/12 (expdctlic?lgse $F a |
That 6s the best E can do!)

Similar analysis on O shows g* = 7/12, value = 1/12

This is a zeresum,
but unfair game.
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Reci pe for computing AC
strategy for a n*m game

n*m game = A has n pure strategies and B has m.
v;=(i,j)" entry in the matrix form.

Say A uses mixed strategy (p;, P,, €). P
AO0Os expected gain i f [Bp,vEoes+ eptypr,e S
AOs expected gain if ,BpvyPs+ eptupr,e S
é
AOs expected gain if _BpuStp,%, tRRUIPE, S
Choose (p{, p,, €, tgpmaximize
min(@;, 92, €m) 9
Subjectto: p;+tp,+ € =Ap
OCp¢lforalli
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Non-zero sum games
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Non-zero sum games

One playeros gain 1Is not tF
Matri x normal form: simply
B-| B-II Conventgon:
A-| -5,-5 |-10,0
A-Il |0, -10 -1,-1

Note B now wants to
maximize the blue numbers.

Previous zero-sum games trivially represented as
O-1 | O-ll
E-l |2,-2]-3,3
E-ll |-3,3|4,-4
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Pri soner 0S
B-testify | B-refuse

A-testify -5,-5 0, -10

A-refuse -10, 0 -1, -1

di

€ Mhoc
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Strict domination

AAﬁS strategy | dominates AC¢
strategy, A Is better off doing i1 than j.

B-testify | B-refuse
A-testify -5,-5 0, -10
A-refuse -10,0 -1,-1

If B-testify: A-testify (-5) is better than A-refuse (-10)
If B-refuse: A-testify (0) is better than A-refuse (-1)

g Testify is always better than refuse.
~ B

A-testify strictly dominategall outcomes strictly better than)

A-refuse.
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Strict domination

Fundamental assumption of game theory: get rid of
strictly dominated strategiesit hey wonot h

|l n some cases |1 ke prisoner
strict domination to predict the outcome, if both
players are rational.

B-testify | B-refuse

A-testify -5,-5 0, -10

A-refuse -10, 0 -1, -1
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Strict domination

AFundamental assumption of game theory: get rid of
strictly dominated strategiesit hey wonot h

AI nNn some cases |1 ke prisoner
strict domination to predict the outcome, if both
players are rational.

B-testify | B-refuse
A-testify -5, -5 0,-10 |

rﬂnief-uce—|—iﬂ|-ﬂ—|—ﬁ—i—

B-testify | B-refuse
A-testify -5, -5 0, -10
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Strict domination

AFundamental assumption of game theory: get rid of
strictly dominated strategiesit hey wonot h

AI nNn some cases |1 ke prisoner
strict domination to predict the outcome, if both
players are rational.

B-testify | B-refuse
A-testify -5, -5 0,-10 |

rﬂnief-uce—|—iﬂ|-ﬂ—|—ﬁ—i—

B-testify | B-refuse
A-testify -5, -5 0, -

B-testify
A-testify -5,-5
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Another strict domination example

lterated elimination of strictly dominated strategies

Player A

1
Y

Player B
I 1 1 1V
3,1 4,1 5,9 2,6
5,3 5,8 9,7 9,3
2,3 8,4 6,2 6,3
3,8 3,1 2,3 4,5
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Strict domination?

Strict domi nati on doesnot
| I 1

I 0,4 4,0 5,3
I 4,0 0,4 5,3
I 3,5 3,5 6,6

What do you think the players will do?
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Nash equilibria

(pl ayer 1Qs pltawergltdoséstra
pl ayer no6s)isatNasa ¢qgeildgpryum,sff

§ =argmax,V(s,3 ,5.1,5,5.1,3 S,)

This says: If everybody else plays at the Nash
equilibrium, player i will hurt itself unless it also plays

at the Nash equilibrium.
| [ I

. ™
N.E. Is a local
maximum In
unilateral moves.

z— | ’
I 3,5 3,5 @
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Nash equilibria examples

B-testify | B-refuse

1. Is there always a Nash

A-testif -5, -5 0, -10 A
i equilibrium?

A-refuse  |-10,0 -1, -1 2. Can there be more than

Player A

one Nash equilibrium?

Player B
I 1 1 IV
I 3,1 4,1 5,9 2,0
Il 5,3 5,8 9,7 9,3
1l 2,3 8,4 6,2 6,3
\Y, 3,8 3,1 2,3 4,5
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Example: no N.E. with pure strategies

Recall two-finger Morra

O-1 | O-ll
E-1 12,-2]-3,3
E-Il |-3,3|4,-4

No pure strategy Nash equilibrium
Recall mixed strategy (7/12:1, 5/12:1l) for both players
A This is a Nash equilibrium
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Fundamental theorems

A In a n-player pure strategy game, if iterated
elimination of strictly dominated strategies leaves all
but one cell (s;",s,, € ),$henitis the unique NE
of the game

AAny NE will survive iterated elimination of strictly
dominated strategies

A[Nash 1950]: If n is finite, and each player has finite
strategies, then there exists at least one NE (possibly
Involving mixed strategies)
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What if there are multiple, equally good NE?

Pat enjoys football
Chris enjoys hockey
Pat and Chris enjoy spending time together

Chris
H F

H|f 12 00

Pat

F| 0O 21

2 Nash equilibria

Pat prefers the (F,F) equilibrium, Chris prefers (H,H)
Could they choose (F,H) with value 0?

Solution?
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Nash equilibria in a continuous game

The Tragedy of the Commons

e

I 3 A, By, :
S

B — A‘j.té—'—ﬂ’:"—'»—’ '."" e e T “-“‘ »

ey 4
LIS - -~ 3._ Lot e
AR RN "‘1‘:‘.\3" . 4 .
: b o

ey,




The tragedy of the Commons

AEverybody can graze goats on the Common

F




The tragedy of the Commons

AThe more goats, the less well fed they are.

F
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