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Linear Classification

•Let’s think probabilistically and learn

•How?
•Specify the conditional distribution 
•Use MLE to derive a loss 
•Run gradient descent (or related optimization algorithm)

•Leads to logistic regression



Likelihood Function

•Captures the probability of seeing some data as a function of 
model parameters:

•If data is iid, we have

•Often more convenient to work with the log likelihood
•Log is a monotonic + strictly increasing function



Maximum Likelihood

•For some set of data, find the parameters that maximize the 
likelihood / log-likelihood

•Example: suppose we have n samples from a Bernoulli 
distribution

Then, 



Maximum Likelihood: Example

•Want to maximize likelihood w.r.t. Θ

•Differentiate (use product rule) and set to 0. Get

•So: ML estimate is 



ML: Conditional Likelihood

•Similar idea, but now using conditional probabilities:

•If data is iid, we have

•Now we can apply this to linear classification: yields 
logistic regression.



Logistic Regression: Conditional Distribution 

•Notation: 

•Conditional Distribution: 

Sigmoid



Logistic Regression: Loss

•Conditional MLE: 

•So: 

Or, 



Logistic Regression: Sigmoid Properties

•Bounded: 

•Symmetric:

•Gradient: 



Logistic regression: Summary

•Logistic regression = sigmoid conditional distribution + MLE

•More precisely:
•Give training data iid from some distribution D, 
•Train: 

•Test: output label probabilities 



Logistic Regression: Comparisons

•Recall the first attempt:

•Difficult to optimize!!

•Another way: run least squares, ignore that y is 0 or 1:

step function



Logistic Regression: Comparisons

•Downside: not robust to “outliers”

Figure: Pattern Recognition and Machine Learning, Bishop



Logistic Regression: Beyond Binary

•We started with this conditional distribution:

•Now let’s try to extend it. 
•Can no longer just use one 
•But we can try multiple…



Logistic Regression: Beyond Binary

•Let’s set, for y in 1,2,…,k

•Note: we have several weight vectors now (1 per class).

•To train, same as before (just more weight vectors).



Cross-Entropy Loss

•Let’s define q(i) as the one-hot vector for the ith datapoint.

•Next, let’s let                                      be our prediction

•Our loss terms can be written

•This is the “cross-entropy” 

Note: only 1 term non-zero.

Should look familiar…



Cross-Entropy Loss

•This is the “cross-entropy”

•What are we doing when we minimize the cross-entropy?

•Recall KL divergence,

•Matching distributions!
Cross-entropy Entropy H(q(i))

    (fixed)



Softmax

•We wrote

•This operation is called softmax.
•Converts a vector into a probability vector (note normalization).
•If one component in the vector a is dominant, softmax(a) is close to 
one-hot vector



Break & quiz
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Q:  Why do we want to work with the log-likelihood rather than the likelihood? 
Give two reasons

1. easier to work with mathematically because it converts products to sums
2. easier to optimize numerically



Outline

•Recap of logistic regression
•setup, MLE, multiclass extension

•Linear regression
•setup, normal equations, metrics

•Regularization
•motivation, tuning, interpretations



Linear Regression: Setup

•Training/learning: given 

•Find                                                           that minimizes  

Loss function (how far are we)?

Hypothesis Class

Note: set x
0
 = 1



A word on x

The x feature vector does not need to be “raw features”.

If your raw feature vector is v, x can be ANY computable vector 
derived from v

e.g. x=(v1, v1^2, v2, v3, v2*v3, exp(v4),...).

Linear regression on x produced nonlinear function on v.



Linear Regression: Notation

•Matrix notation: set X to have jth row be 

•And y to be the vector 

•Can re-write the loss function as 



Linear Regression: Fitting

•Set gradient to 0 w.r.t. the weight,

 



Linear Regression: Minimizer

• 

  

=

 
 

usually no longer “exact”: 
MSE>0



Evaluation: Metrics

•MSE/RMSE (mean-square error + root version)

•MAE (mean average error)

•R-squared (more on this next)

•Usually, compute on training data… (but should 
do cross validation!)



R-squared

•Several ways to define it, one way:

•Intuition: how much of the variance in y is predictable by x

Empirical mean of labels

For OLS, always in [0,1 (best)].  Can be negative for other models.
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High-dimensional linear regression

• 



Solution: Regularization

• 

regularization 
parameter



Alternative regularization: LASSO

• 

regularization 
parameter



 
• 

full training data

fold 1’s 
validation 

data fold 1’s training data

fold 2’s 
training 

data

fold 2’s 
validation 

data

fold 2’s 
training 

data

fold 3’s training data

fold 3’s 
validation 

data

full training data

Tip: use geometric sequence e.g. 10^{-5,...,5}



Other things you can do with regularization

• 



Probabilistic interpretation

• 



Regularized least squares in statistics

• 
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Q:  Suppose you find that your linear regression model is under fitting the data. In such 
situation which of the following options would you consider?

1. A, B, C

2. A, B, D

3. A, B

4. A, B, C, D

A. Add more variables

B. Start introducing polynomial degree variables

C. Use L1 regularization

D. Use L2 regularization



Q:  Suppose you find that your linear regression model is under fitting the data. In such 
situation which of the following options would you consider?

1. A, B, C

2. A, B, D

3. A, B

4. A, B, C, D

In case of under fitting, you need to induce more 
variables in variable space or you can add some 
polynomial degree variables to make the model 
more complex to be able to fit the data better. No 
regularization methods should be used because 
regularization is used in case of overfitting.

A. Add more variables

B. Start introducing polynomial degree variables

C. Use L1 regularization

D. Use L2 regularization



Thanks Everyone!

Some of the slides in these lectures have been adapted/borrowed from materials developed by Misha Khodak, 
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