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Abstract

We consider a learning setting of importance to large scale
machine learning: potentially unlimited data arrives sequen-
tially, but only a small fraction of it is labeled. The learner
cannot store the data; it should learn from both labeled and
unlabeled data, and it may also request labels for some of
the unlabeled items. This setting is frequently encountered
in real-world applications and has the characteristics of on-
line, semi-supervised, and active learning. Yet previous learn-
ing models fail to consider these characteristics jointly. We
present OASIS, a Bayesian model for this learning setting.
The main contributions of the model include the novel inte-
gration of a semi-supervised likelihood function, a sequen-
tial Monte Carlo scheme for efficient online Bayesian up-
dating, and a posterior-reduction criterion for active learning.
Encouraging results on both synthetic and real-world optical
character recognition data demonstrate the synergy of these
characteristics in OASIS.

Introduction

Real-world applications of supervised machine learning are
becoming increasingly widespread yet face a number of
practical challenges, such as scalability and limited labeled
training data. Our goal is to extend supervised learning in
three ways concurrently: (i) online learning: we learn se-
quentially to handle infinite data streams, (ii) active learning:
we strategically select the data to be manually labeled, and
(iii) semi-supervised learning (SSL): we exploit the remain-
ing unlabeled data, too. SSL has become an increasingly
popular learning paradigm in recent years due to rapidly in-
creasing amounts of unlabeled data (e.g., in online image
collections, Web pages, etc). Most SSL algorithms, however,
operate in batch mode, potentially requiring a large amount
of memory and heavy computation to handle massive data
sets.

We advocate online or incremental SSL instead; labeled
and unlabeled data are processed one at a time, predictions
can be made at any time, and only a bounded amount of
storage is needed to handle an unlimited stream of data. Fur-
thermore, it is natural to try to optimize which data items
are labeled by a human annotator (choosing a small number
to minimize costs). Therefore, we combine active learning
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with an online algorithm that updates its decision function
based on incoming unlabeled data. Many real-world learn-
ing tasks fit nicely into this framework, such as classifying
images collected by a surveillance camera, or categorizing
blog posts and tweets in real-time as they emerge on the
social Web. We present a novel, fully Bayesian algorithm
capable of online active semi-supervised learning (OASIS).
The learning setting we consider is similar to that in Gold-
berg, Li, and Zhu (2008), but with an optional active learn-
ing component. For simplicity, we present the binary class
version, though multiclass extension is straightforward:

1. At time ¢, the world picks x; € R and ys € {—1,1} and
presents X; to the learner.

2. The learner makes a prediction ¢; using its current model.
3. With a small probability p;, the world reveals the label y;.

4. If y, is not revealed, the learner may choose to ask for it.
Otherwise, x; remains unlabeled.

5. The learner updates its model based on x; and, if avail-
able, the label y;.

This setting differs dramatically from traditional online
learning where all data is labeled. It also differs from the
typical batch SSL setting where methods must wait to col-
lect all the labeled and unlabeled data before beginning to
learn and make semi-supervised predictions. Further, it dif-
fers from standard active learning in that the unqueried un-
labeled items are used for updating the model, too. We make
the iid rather than adversarial assumption about the world.
Though more restrictive, the iid assumption is still useful in
modeling many real-world problems. The goal is then for
the model’s predictions g; to be accurate; performance will
be measured by the cumulative number of mistakes made.
Classic supervised learning methods cannot learn from
unlabeled data. Semi-supervised learning is often possible
through specific assumptions about the interaction between
the data marginal p(x) and the label conditional p(y | x).
Unlike Goldberg, Li, and Zhu (2008) and Valko et al. (2010),
which invoke the manifold assumption in an online semi-
supervised setting, we focus on the so-called gap (or cluster)
assumption, which states that the decision boundary ought to
lie in a region of low data density (Chapelle and Zien 2005).
This assumption is at the heart of Semi-Supervised Sup-
port Vector Machines (S3VMs)—see Chapelle, Sindhwani,



and Keerthi (2008) for a review—as well as the null cate-
gory noise model Gaussian Processes (Lawrence and Jor-
dan 2004). However, from a Bayesian perspective, these ex-
isting approaches fail to capture the full complexity of the
posterior distribution: the S3VM solution corresponds to a
point estimate in the widest gap, and the null category im-
plementation (Lawrence and Jordan 2004) makes an inaccu-
rate unimodal approximation (similar to Assumed Density
Filtering) to the intrinsically multimodal posterior (see the
next section). Furthermore, they are often batch algorithms
and not suitable for life-long online learning with potentially
unlimited amounts of data.

Our main contribution is the OASIS algorithm which inte-
grates online, active, and semi-supervised learning. OASIS
is a general online Bayesian learning framework and imple-
ments the gap assumption through a likelihood function sen-
sitive to unlabeled data. We employ sequential Monte Carlo
to efficiently track the entire posterior distribution over the
hypothesis space. OASIS is scalable and easily paralleliz-
able, achieves constant time and space complexity per time
step, and performs theoretically motivated active learning.

The idea of combining semi-supervised, active, and on-
line learning can be traced back at least to Furao et
al. (2007). Their approach employs a self-organizing in-
cremental neural network and combines these learning
paradigms heuristically. In contrast, OASIS adopts a prin-
cipled Bayesian framework and makes the underlying large-
gap assumption explicit.

The OASIS Model
A Bayesian Model for the Gap Assumption

Recall that we observe a partially labeled sequence of fea-
ture vectors Xi,Xso, ..., Where each x; € R Let D, =
{(x1,91), .., (X¢, y¢) } be all the data observed through time
t, where we use y; = 0 for unlabeled data. Our goal is to
learn a classifier to predict the class label of each incoming
unlabeled data point, and then update the classifier based on
the information we obtain (x; alone or (X, y;)). For now,
we assume a linear classifier, but the approach can be ker-
nelized using the randomization trick in Rahimi and Recht
(2007). Let the classifier be parametrized by weight vector
w € R%, which interacts with the data through a linear func-
tion f(x) = w'x. In practice, we can handle a bias term by
adding a dummy feature to all feature vectors. Throughout,
we use the terms classifier and weight vector interchange-
ably. To define our Bayesian model, we begin by introduc-
ing a likelihood function that is sensitive to unlabeled data
and inspired! by the null category noise model in Lawrence
and Jordan (2004). In addition to the positive and negative
classes, we model a third “null category” which is never
actually observed, but occupies some region of probability

Despite the similar appearance of the likelihood functions, the
current work is actually quite different from Lawrence and Jordan
(2004); we are concerned with the strictly online setting, and we
maintain the posterior over weight vectors through particle filter-
ing, rather than making a Gaussian approximation which loses the
critical ability to track multiple modes in the posterior. Such poste-
rior is typical of semi-supervised learning.
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Figure 1: (a) “Null category” likelihood function to encour-
age low-density separation. (b) A dataset with two gaps in
unlabeled data (black dots). (c) Its bimodal posterior. S3VM
point-estimate marked by x.

mass in the likelihood function, acting as a Bayesian ana-
log to an SVM’s margin. Our likelihood (visualized in Fig-
ure 1(a)) is defined as follows

p(y | X,W) =

{min(l — v, max(ya, cexp(—yc'w'x))) ify € {—1 1}
1—[p(y = +1|x,w) +p(y = —1|x,w)] if y =0

where v = 0.2, « = 0.5, ¢ = /(1 — y)ya, ¢/ = log(12),
though other function forms leading to the same general
shape would serve our purpose, too.

This likelihood has several interesting properties, which
implement the gap assumption. It is flat beyond a margin
value (w'x) of 1 or —1 to ensure that weight vectors plac-
ing data outside the margin are treated equally. Furthermore,
due to the convex curvature of the positive and negative
class likelihoods within [—1, 1], there is a concave null cat-
egory probability between —1 and 1. We never receive data
from the null category; rather, unlabeled data will be con-
sidered to be in either the positive or the negative class:

p(y unlabeled [ x,w) = p(y € {-1,1} | x,w) = p(y =

+1 | x,w) + p(y = —1 | x,w). Therefore, a weight vector
w that places unlabeled data x in the “null category region”
w'x € [~1,1] has a lower likelihood. As a result, this like-
lihood favors decision boundaries that fall in a low-density
region of the input space.

To complete the model, we need to specify a prior on
the parameter w. As discussed in the experiments, we used
independent Cauchy priors on each dimension p(w) =
H?zl Cauchy(w;; 0, v) and standardized data.

With the likelihood and prior defined, we can apply Bayes
rule to derive the posterior over weight vectors (after observ-
ing past data D;_1), and the predictive distribution:

H: %p(yz | X;, W )p(w)
JTLZ) p(yi | xi, w))p(W)dw!

p(y | x¢, Diq) = /p(yIXt,W’)p(W’IDH)dW’(2)

p(w | Di-1) (D

In general, it is not possible to compute this probability in
closed form. The next section describes a tractable solution.
Since we never actually predict the null category, we are ul-
timately interested in the following conditional probability



when y € {—1, 1} but is unobserved:

p(y | Xt7Dt—17y € {7171}) =
Py | X¢, Di—1)
ply=—1]%;,Di1) +ply=1|%¢, Di1)

To appreciate why maintaining a multimodal posterior is
desirable, consider the example data set in Figure 1(b) con-
taining two gaps (of equal width) within the unit circle. With
a large amount of unlabeled data (black dots) and only two
labeled points (large colored symbols) in opposite wedges, a
decision boundary in either gap is feasible, and thus the pos-
terior (Figure 1(c)) is bimodal, as indicated by the contours.
The w’s in the cone-shaped regions classify the labeled data
correctly while placing the unlabeled data outside the null
category region. Close to the origin, the w’s have magni-
tude too small to place all data outside the margin (since
||z|| < 1), hence the cones do not extend to the origin. The
S3VM solution corresponds to a point estimate near’> one
of the modes of the posterior. Lawrence and Jordan (2004)
will use a unimodal Gaussian approximation and miss the
posterior structure. The key to OASIS is to maintain and up-
date an estimate of the multimodal posterior as labeled and
unlabeled data arrives.

3

Online SSL via Particle Filtering

Given the Bayesian model defined in the preceding section,
our goal is to track the posterior. In theory, this is done by
repeatedly applying Bayes rule. The integrals involved in
using the full posterior are intractable, though, so we must
resort to approximate methods. In particular, we use parti-
cle filtering with resample-move to reduce particle degen-
eracy (Gilks and Berzuini 2001). The complete OASIS al-
gorithm is summarized in Algorithm 1 and explained below.
See Doucet, De Freitas, and Gordon (2001) for standard par-
ticle filtering terminology such as effective sample size and
systematic resampling.

Particle filtering is a sequential Monte Carlo technique de-
signed for tracking and approximating distributions that are
not amenable to analytical representation (Doucet, De Fre-
itas, and Gordon 2001). It relies on maintaining a sam-
ple of so-called particles to approximate the true distribu-
tion in question. We approximate the posterior distribution
p(w | Dy_1) by the empirical distribution over m weighted
particles: p(w | D;—1) ~ 1", w;6(w — w(¥). Each par-
ticle w),i = 1...m is a sample from the posterior and
has an associated importance weight w;. At time ¢, the
predictive distribution can be approximated by particles as
P(y | xe,Di—1) = St wip(y | x¢, w®). Recall, how-
ever, that the conditional probability

p(y | Xtv-thlay € {_17 1})

p(y | X¢, w(i))

; ply=—1]%, W) +ply=1]x;,w)

is used to make predictions for incoming data.

They do not overlap because their loss functions differ.

Input: Number of particles m, prior distribution p(w),
proposal distribution g(W | w), threshold s for
active learning score function (see (6))

Sample initial particles w'" ... w™ ~ p(w).

Assign initial particle weights w; = %,i =1,...,m.

fort=1,...do
Receive x; and possibly y;.
Active: If unlabeled, query for y, if score(x;) < so

if y; is available then update Vi = 1...m:
w; = w;p(y = yt|Xt7W£l_)1)-

else update w; = w;p(y € {—1, 1}\Xt,w£i_) ).

if effective sample size (3" w;)?/ > w? < % then

Resample-Move particle filtering:

{Vv(l)}ﬁl «— Systematic resampling

{w{"1m  « Metropolis-Hastings for each w")
(using proposal distribution q).

Reset particle weights w; = L.

else

Keep existing particles: WEZ) = WEZ_)l.

Renormalize particle weights {w; } to sum to 1.

end
end
Algorithm 1: The OASIS algorithm

For online learning, we begin by sampling m particles
from the prior and assign uniform initial weights 1/m. Then,
we repeatedly update the posterior based on the likelihood
and the previous estimate of the posterior (which now acts
as the prior). The new posterior distribution after observing
Xq, Yy is proportional to Y7 w;p(y; | Xg, w)5(w—wd).
We represent the new posterior by reweighting the particles.
From the above equation, we see that the new weight for w(?)
is obtained as the current weight multiplied by the likelihood
p(ys | x;, w). If y; is unlabeled, the weight is multiplied
by p(ye € {=1,1} | x,, W) =1 = p(y, = 0 | x;, W),

So far we have a basic method for incrementally up-
dating an approximate posterior after observing new data.
Classic particle methods, such as sampling importance re-
sampling (SIR) (Doucet and Johansen 2009), use the parti-
cle weights for resampling (with replacement). While the-
oretically justified, repeating this process many times is
known to cause particle degeneracy—the number of distinct
particles is non-increasing, so eventually few will remain.
To minimize particle degeneracy, we apply the resample-
move algorithm (Gilks and Berzuini 2001), which provides
a principled way to “jitter” particles and introduce diver-
sity into the pool. Following a resampling step, particles are
potentially relocated by applying one step of Metropolis-
Hastings (Metropolis et al. 1953; Hastings 1970). Using a
symmetric proposal distribution g(W | w) allows us to com-
pute the acceptance probability for each move using only the
unnormalized posterior f(w | D;):

(1)
fw | Dt))) )

7@ w®) = mi (
a(w/,w) =min (1, -
( ) f(w@ | Dy)



where W) is a proposed move, and fw | Dy =
p(w) Hi::1 p(yr | Xk, W), where yj is understood to be
{—1, 1} for unlabeled data.

Constant Time and Space Complexity Per Iteration

Computing (5) in the “move” step requires access to the en-
tire history of data D, which is infeasible for learning on
an unlimited stream of data. Thus, we propose using an ap-
proximate Metropolis-Hastings step in which the acceptance
probability is computed using only a fixed-length buffer of
size 7. That is, we replace f(w | D;) with f(w | Dy, 7) =
p(w) Hfﬁ?=t—7’+1 p(Yr | Xk, w). While this approximation is
different from the true posterior, it has constant time and
space complexity and will be shown to be effective in prac-
tice. In addition, though not explored in the current work, us-
ing a 7-buffer can allow the method to handle concept drift
by only relying on the most recent sample of data.

Even with a 7-buffer, computing the Metropolis-Hastings
acceptance probability for each particle can be computation-
ally intensive. Therefore, we only perform resample-move
when the so-called Effective Sample Size—estimated by
(3> w;)?/ > wi—drops below m/2, as is customary in the
literature (Doucet and Johansen 2009; Ridgeway and Madi-
gan 2003). Otherwise, the algorithm proceeds to the next
time step with the same particles reweighted.

Incorporating Active Learning

It is quite natural to incorporate online active learning into
the algorithm described thus far. The posterior can be viewed
as a soft version space, and like many active learning algo-
rithms, we select queries that will maximally pare down the
version space. In our case, we query items that will lead to
downweighting and effectively killing off many particles.

To determine whether to query the label of an in-
coming unlabeled item X, we compute its disagreement
score (Nowak 2009) using the current particles:

m
> wi argmax p(y | x, w)|.  (6)
= vel-11}

score(x) =

This score is close to zero if roughly half of the particles pre-
dict positive and half negative. Querying the label of such
an item is beneficial, as roughly half of the particles (whose
predictions disagree with the oracle label) will get down-
weighted.

While many schemes are possible to balance the trade-off
between the cost of acquiring a label and the benefit of re-
fining the model, we use a simple thresholding approach in
the current work. Actively querying points that minimize the
score criterion in (6) is theoretically justified in a pool-based
active learning setting (Nowak 2009). The same theory can
also be applied to the online active setting to justify a con-
stant threshold. However, that analysis assumes unqueried
points are ignored (no SSL). Adapting the theory to account
for the semi-supervised updates between active queries re-
mains an open issue for future work.

Empirical Evaluation

We conducted a series of experiments on OASIS. We care-
fully tease apart OASIS’s different elements and show
that active online querying leads to better performance
than random online labeling, in the context of online
semi-supervised learning. Furthermore, the use of semi-
supervised learning in the online setting (even without ac-
tive querying) often outperforms the identical learner that
ignores unlabeled data, as well as a state-of-the-art online
supervised learner.

For all experiments, to avoid difficult parameter tuning
under online semi-supervised conditions, we use the same
prior and proposal distributions with a fixed set of hyper-
parameters. Following Gelman et al. (2008), we standard-
ize the data so each feature has mean 0 and standard de-
viation 0.5, and place independent Cauchy(0,2.5) priors
on each dimension. For the proposal distribution, we use a
more peaked version of this distribution: Cauchy(0, 0.025).
All experiments use m = 1000 particles with buffer size
T = 100.

The experiments consider five algorithms:

1. [OASIS]: Algorithm 1

2. [OSIS]: Online and semi-supervised; no active learning,

but otherwise the same as OASIS.

3. [OS]: Online and supervised; no active learning or SSL.
4. [AROW (C' = 1)]: State-of-the-art supervised “Adaptive

Regularization of Weight Vectors” online learner (Cram-
mer, Kulesza, and Dredze 2009), run using code provided
by the original authors with a default regularization pa-
rameter C' = 1. This is a passive-aggressive, confidence-
weighted classifier that maintains a diagonal-covariance
Gaussian distribution over weight vectors.

5. [AROW (C*)]: We also report results for AROW using

the per-trial clairvoyant C' in terms of total number of mis-
takes (“test-set tuned”) to approximate supervised learn-
ing’s mistake lower bound.

We use the following experimental procedure to compare
active and passive algorithms, with and without the help of
unlabeled data. Each experiment is based on 20 random tri-
als of randomized sequences of 7" points. Each trial begins
with [ = 2 labeled examples (one per class, in random or-
der), as we assume this is practical. While OASIS is the only
algorithm under consideration that can actively query labels,
we take care to ensure that each algorithm receives exactly
the same total number of labels. Let a be the number of ac-
tive queries OASIS makes on a given trial, determined by
the active querying threshold sy and the data set. For each
trial, we do the following: (i) Run OASIS with [ = 2 initial
labels and record a (number of queries); (ii) Run each other
algorithm with [ = 2 + a labeled examples (first two, plus a
randomly selected others). Note the same exact sequence of
{x:} vectors is used across the same trial for different algo-
rithms. In this way, all algorithms always see the same data
and the same total number of labels; the algorithms differ in
exactly which labels and how they deal with unlabeled data.

All experiments were implemented in MATLAB and ran
quickly on a modern processor. The average per-iteration run
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Figure 2: Sliced-cube and diced-cube synthetic data sets.

times for each method (over 20 trials and all data sets) were:
OS 2.3ms, OSIS 3.8ms, OASIS 4.0ms, AROW C = 1 and
C* 0.1ms. Note the OS, OSIS, and OASIS code was not
optimized for speed.

Synthetic Data
We begin by considering two families of synthetic data sets:

o sliced-cube-d: Uniformly distributed unit cube in
[~0.5,0.5]4, with an e-width slab removed from the first
dimension to create two hyper-rectangles with a gap
around the true decision boundary x; = 0 (Figure 2(a)).

e diced-cube-d: Same as sliced-cube-d (with true decision
boundary x; = 0), except e-width slabs are removed from
all dimensions to create 2% hypercubes separated by po-
tentially misleading low-density gaps (Figure 2(b)).

For both data sets, € = (T/lO)_l/d, such that the gaps
should be large enough (relative to the average spacing be-
tween points) to be detectable after 7'/10 points (Singh,
Nowak, and Zhu 2008).

Figure 3 plots the 20-trial average cumulative number of
mistakes made by each algorithm when predicting the label
of each incoming data point (regardless of whether the label
ends up being revealed naturally or actively queried). The
captions indicate the mean and standard deviation of a, the
number of additional labels used in learning (via active se-
lection for OASIS and random selection for the baselines).
We observe that OASIS very quickly learns the true decision
boundary and stops making mistakes across both data sets
for all dimensionalities considered (d € {2,4,8, 16,32},
though only d = 2 and d = 32 are shown here). As ex-
pected, active querying allows OASIS to resolve ambiguities
between the multiple gaps in the diced-cube-d data, though
learning the decision boundary in this more confusing case
takes longer on average. Comparing OSIS to OS and both
versions of AROW, we see that SSL provides a large advan-
tage, even when the few labeled data points are randomly
selected. This example provides a proof of concept for the
particle filtering approach to tracking the posterior, both in
cases where the data distribution satisfies the gap assump-
tion and when it contains misleading gaps.

Real-World Data

We next demonstrate that OASIS and its passive counterpart
OSIS significantly outperform supervised baselines on real-
world optical character recognition (OCR) tasks through
their use of active sampling and online updates based on

unlabeled data. We used the MNIST dataset® and two UCI
datasets, letter and pendigits.

On all three data sets, Figure 4 shows a clear order-
ing of performance: active SSL is better than passive SSL
is better than passive supervised learning. We can mea-
sure statistically significant performance differences by ap-
plying two-sample ¢-tests to the total numbers of mistakes
made by pairs of algorithms across the 20 trials.* On let-
ter, OASIS significantly outperforms all the supervised al-
gorithms (p < 0.05), and makes fewer mistakes than the
passive semi-supervised OSIS. OSIS fails to achieve statis-
tical significance at the 0.05 level over the supervised base-
lines, suggesting that for this task, OASIS’s active learning
(rather than the use of unlabeled data) gives it the advantage.
On pendigits and MNIST, though, both OASIS and OSIS
make significantly fewer mistakes overall than each of the
three supervised learners. Furthermore, on MNIST, OASIS
significantly beats OSIS, demonstrating that actively queried
labels can be more useful than randomly sampled labels in
the context of online semi-supervised learning.

Conclusions and Future Work

We have presented a Bayesian learning model, OASIS,
which combines online learning, semi-supervised learning,
and active learning. OASIS exploits unlabeled data through
the low-density gap assumption and is able to avoid the
non-convex optimization typically associated with similar
SSL algorithms by maintaining an approximation of the
posterior over weight vectors via particle filtering. Out-
side of some special-purpose classifiers for computer vision
tracking applications (Grabner, Leistner, and Bischof 2008;
Tang et al. 2007), few authors have examined the task of on-
line semi-supervised learning. The OASIS model presented
here also integrates active learning and shows significant im-
provements over passive supervised baselines on both syn-
thetic and real-world data.

Our experiments focused on relatively low dimensional
data sets. It is well-known that particle filtering and sequen-
tial Monte Carlo techniques can be less efficient in high di-
mensions. One way to adapt OASIS to better handle much
higher dimensional data sets, including those resulting from
random-feature-based kernelization, is to improve the pro-
posal distribution in the MCMC step of resample-move. The
current approach uses a symmetric random walk proposal
distribution g, which limits the ability of particles to jump
between modes in the posterior. It is possible that we can
achieve better mixing by adapting the proposal distribution
based on the previous set of particles.

Future work will also examine alternative active learning
strategies, especially ones that strictly limit the total number
of active queries or consider costs associated with certain
labels. The current fixed threshold strategy may not be suit-

3For the MNIST data, we reduced the dimensionality down
to 10 via “online PCA.” To roughly simulate the online setting,
principal components were found based on Xi,...,X1000, and
X1001, - - - ; X10000 Were simply projected into the resulting space.

“The specific labeled examples differ between OASIS and the
passive algorithms, so the samples are not paired.
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Figure 4: Results on real-world OCR data. Note: sy = 0.01 for letter and pendigits; so = 0.1 for MNIST.

able under all real-world constraints. While we could simply
impose a hard limit on the number of queries, more sophisti-
cated approaches may be possible that delicately balance the
trade-off between asking for another label versus receiving
another unlabeled data point. In both cases, we learn some-
thing, but it may be advantageous to delay querying until
a more valuable point comes along. Many adaptive thresh-
olding and selection criteria are possible for online active
learning (see Beygelzimer, Dasgupta, and Langford (2009)
and the references therein), and careful modification to ac-
count for the role and impact of unlabeled data could lead to
improved learning rates.
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