Graph Homomorphisms with Complex Values:
A Dichotomy Theorem
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Abstract

Graph homomorphism has been studied intensively. Given an m X m symmetric matrix A, the
graph homomorphism function is defined as

Za@ = Y. I Acw.ew:

&V—[m] (u,v)€EE

where G = (V, E) is any undirected graph. The function Z4(-) can encode many interesting graph
properties, including counting vertex covers and k-colorings. We study the computational complexity
of Za(+) for arbitrary symmetric matrices A with algebraic complex values. Building on work by
Dyer and Greenhill [12], Bulatov and Grohe [4], and especially the recent beautiful work by Goldberg,
Grohe, Jerrum and Thurley [18], we prove a complete dichotomy theorem for this problem. We show
that Za(-) is either computable in polynomial-time or #P-hard, depending explicitly on the matrix
A. We further prove that the tractability criterion on A is polynomial-time decidable.
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1 Introduction

Graph homomorphism has been studied intensively over the years [25, 20, 12, 15, 4, 11, 18]. Given two
graphs G and H, a graph homomorphism from G to H is a map f from the vertex set V(G) to V(H)
such that, whenever (u,v) is an edge in G, (f(u), f(v)) is an edge in H. The counting problem for
graph homomorphism is to compute the number of homomorphisms from G to H. For a fixed graph
H, this problem is also known as the # H-coloring problem. In 1967, Lovész [25] proved that H and
H' are isomorphic if and only if for all G, the number of homomorphisms from G to H and from G to
H' are the same. Graph homomorphism and the associated partition function defined below provide an
elegant and general notion of graph properties [20].

In this paper, all graphs considered are undirected. We follow standard definitions: G is allowed to
have multiple edges; H can have loops, multiple edges, and more generally, edge weights. (The standard
definition of graph homomorphism does not allow self-loops for G. However, our result is stronger: We
prove polynomial-time tractability even for input graphs G with self-loops; and at the same time, our
hardness results hold for the more restricted case of G with no self-loops.) Formally, we use A to denote
an m X m symmetric matrix with entries (4;;), i, € [m] = {1,2,...,m}. Given any undirected graph
G = (V, E), we define the graph homomorphism function

Za@) = > I Acwew: (1)

&V—[m] (uv)eE

This is also called the partition function from statistical physics.

Graph homomorphism can express many natural graph properties. For example, if we take H to be
the graph over two vertices {0,1} with an edge (0,1) and a loop at 1, then a graph homomorphism from
G to H corresponds to a VERTEX COVER of GG, and the counting problem simply counts the number
of vertex covers. As another example, if H is the complete graph over k vertices (without self-loops),
then the problem is exactly the k-COLORING problem for G. Many additional graph invariants can be
expressed as Za (G) for appropriate A. Consider the Hadamard matrix

H= G —11> @)

where we index the rows and columns by {0,1}. In Zg(G), every product

[T Hewew € {1.-1},
(u,v)ER

and is —1 precisely when the induced subgraph of G on ¢~!(1) has an odd number of edges. Therefore,

(2“ - ZH(G)) /2

is the number of induced subgraphs of G with an odd number of edges. Also expressible as Za (-) are
S-flows where S is a subset of a finite Abelian group closed under inversion [15], and (a scaled version
of) the Tutte polynomial T'(z,y) where (z — 1)(y — 1) is a positive integer. In [15], Freedman, Lovész
and Schrijver characterized what graph functions can be expressed as Za (-).

In this paper, we study the complexity of the partition function Za (-) where A is an arbitrary fized
symmetric matrix over the algebraic complex numbers. Throughout the paper, we let C denote the set
of algebraic complex numbers, and refer to them simply as complex numbers when it is clear from the
context. More discussion on the model of computation can be found in Section 2.2.



The complexity question of Za(-) has been intensively studied. Hell and Nesetfil first studied the
H-coloring problem [19, 20] (that is, given an undirected graph G, decide whether there exists a graph
homomorphism from G to H) and proved that for any fixed undirected graph H, the problem is either in
polynomial time or NP-complete. Results of this type are called complexity dichotomy theorems. They
state that every member of the class of problems concerned is either tractable (i.e., solvable in P) or
intractable (i.e., NP-hard or #P-hard depending on whether it is a decision or counting problem). This
includes the well-known Schaefer’s theorem [28] and more generally the study on constraint satisfaction
problems (CSP in short) [9]. In particular, the famous dichotomy conjecture by Vardi and Feder [13]
on decision CSP motivated much of subsequent work.

In [12] Dyer and Greenhill studied the counting version of the H-coloring problem. They proved that
for any fixed symmetric {0, 1}-matrix A, computing Za (-) is either in P or #P-hard. Bulatov and Grohe
[4] then gave a sweeping generalization of this theorem to all non-negative symmetric matrices A (see
Theorem 2.1 for the precise statement). They obtained an elegant dichotomy theorem, which basically
says that Za(-) is computable in P if each block of A has rank at most one, and is #P-hard otherwise.
More precisely, decompose A as a direct sum of A; which correspond to the connected components H;
of the undirected graph H defined by the nonzero entries of A. Then, Z4 (-) is computable in P if every
Za,(+) is, and #P-hard otherwise. For each non-bipartite H;, the corresponding Za,(-) is computable
in P if A; has rank at most one, and is #P-hard otherwise. For each bipartite H;, the corresponding
Za,(+) is computable in P if A; has the following form:

v )
where B; has rank one, and is #P-hard otherwise.

The result of Bulatov and Grohe is both sweeping and enormously applicable. It completely solves
the problem for all non-negative symmetric matrices. However, when we are dealing with non-negative
matrices, there are no cancellations in the exponential sum Za (-). These potential cancellations, when
A is either a real or a complex matrix, may in fact be the source of surprisingly efficient algorithms
for computing Za (-). The occurrence of these cancellations, or the mere possibility of such occurrence,
makes proving any complexity dichotomies more difficult. Such a proof must identify all polynomial-
time algorithms utilizing the potential cancellations, such as those found in holographic algorithms
[32, 33, 7], and at the same time carves out exactly what is left. This situation is similar to monotone
versus non-monotone circuit complexity. It turns out that indeed there are more interesting tractable
cases over the reals and in particular, the 2 x 2 Hadamard matrix H in (2) turns out to be one of such
cases. This is the starting point of the next great chapter on the complexity of Za(+).

In a paper [18] comprising 73 pages of beautiful proofs of both exceptional depth and conceptual
vision, Goldberg, Jerrum, Grohe, and Thurley proved a complexity dichotomy theorem for all the real-
valued symmetric matrices A. Their result is too intricate to give a short and accurate summary here
but essentially it states that the problem of computing Za (G) for any real A is either in P or #P-hard.
Again, which case it is depends on the connected components of A. The overall statement remains
that Za (G) is tractable if every connected component of A is, and is #P-hard otherwise. However, the
exact description of tractability for connected A is much more technical and involved. The Hadamard
matrix H and its tensor products H® H® - - - ® H play a major role in the tractable case. If we index
rows and columns of H by the finite field Zo, then its (z,y) entry is (—1)*Y. For the non-bipartite case,
there is another 4 x 4 symmetric matrix Hy, different from H ® H, where the rows and columns are
indexed by (Zs)?, and the entry at ((x1,z2), (y1,¥2)) is

(_1)$1y2+9ﬂ2y1'



These two matrices, and their arbitrary tensor products, all correspond to new tractable Za(-). In fact,
there are some more tractable cases, starting with what can be roughly described as certain rank one
modifications on these tensor products.

The proof of [18] proceeds by establishing a long sequence of successively more stringent properties
that a tractable A must satisfy. Ultimately, it arrives at a point where satisfaction of these properties
implies that Za (G) can be computed as

> oyt

T1,22,...,EnEZL2

where fg is a quadratic polynomial over Zs. This sum is known to be computable in polynomial time
in n [24], the number of variables. In hindsight, the case with the simplest Hadamard matrix H which
was an obstacle to the Bulatov-Grohe dichotomy theorem and was left open for some time, could have
been directly solved, if one had adopted the polynomial view point of [18].

While positive and negative real numbers provide the possibility of cancellations, over the complex
domain, there is a significantly richer variety of possible cancellations. We independently came to the
tractability of Zg(-), with H being the 2 x 2 Hadamard matrix, from a slightly different angle. In [§],
we were studying a certain type of constraint satisfaction problem. This is motivated by investigations
of a class of counting problems called Holant Problems, and it is connected with the technique called
holographic reductions introduced by Valiant [31, 32]. Let us briefly describe this framework.

A signature grid Q = (G, F) is a tuple in which G = (V| E) is a graph and each v € V is attached a
function F,, € F. An edge assignment o for every e € E gives an evaluation

I Folol za)

veV

where E(v) is the incident edges of v. The counting problem on an input instance € is to compute

Holant(§2) = Z H Fy(o] Bw))-

edge assignments o veEV

For example, if we take o : E — {0, 1}, and attach the EXACT-ONE function at every vertex v € V, then
Holant(92) is exactly the number of perfect matchings. Incidentally, Freedman, Lovész, and Schrijver
showed in [15] that counting perfect matchings cannot be expressed as Za (-) for any matrix A over R.
However, every function Za (-) (vertex assignment) can be simulated by Holant(-) (edge assignment) as
follows: A defines a function of arity 2 for every edge of G. Consider the bipartite Vertex-Edge incident
graph G’ = (V(G), E(G), E') of G, where (v,e) € E’ iff e is incident to v in G. Attach the EQUALITY
function at every v € V(G) and the function defined by A at every e € E(G). This defines a signature
grid © with the underlying graph G’. Then Za (G) = Holant(Q).

Denote a symmetric function on boolean variables z1,xa,...,z, by [fo, f1,- .., fn], where f; is the
value on inputs of Hamming weight i. Thus the EXACT-ONE function is [0,1,0,...,0], and H is just
[1,1, —1]. We discovered that the following three families of functions

Fi={ ML, 0% +i"0, 1®")|AeC, k=12,..., andr=0,1,2,3 };
Fo={ ML, 0% +i"[1,-1]®") | A€ C, k=1,2,..., and r = 0,1,2,3 };
Fy={ M, % +4"[1, —i]*") [N e C, k=1,2,..., and r =0,1,2,3 }

give rise to tractable problems: Holant(2) for any Q = (G, F; U Fa U F3) is computable in P (here we
listed functions in F; in the form of truth tables on k boolean variables). In particular, note that by



taking r = 1, k = 2 and A = (1+4)~! in F3, we recover the binary function [1,1, —1] which corresponds
to exactly the 2 x 2 Hadamard matrix H in (2). If we take r = 0, A = 1 in Fj, we get the EQuALITY
function [1,0,...,0,1] on k bits. This shows that Zg(-), as a special case, can be computed in P.
However, more instructive for us is the natural way in which complex numbers appeared in such
counting problems, especially when applying holographic reductions. One can say that the presence of
powers of i = /=1 in F; U Fo U F3 “reveals” the true nature of H (i.e., [1,1,—1]) as belonging to a
family of tractable counting problems, where complex numbers are the correct language. In fact, the
tractability of Holant(Q2) for Q = (G, F; U Fo U F3) all boils down to an exponential sum of the form

Z Z'Ll-i-Lz-i-m-i-Ls7 (3)

$17m27~~~,wn€{071}

where each L; is an indicator function of an affine linear form of x1,zs,...,z, over Zy (and thus, the
exponent of i in the equation above is a mod 4 sum of mod 2 sums of z1,z9,...,x,). From here it is
only natural to investigate the complexity of Za () for symmetric complex matrices, since it not only
is a natural generalization, but also can reveal the inner unity and some deeper structural properties.
Interested readers can find more details in [8]. Also see the Remark at the end of Section 12.

Our investigation of complex-valued graph homomorphisms is also motivated by the partition fun-
ction in quantum physics. In classical statistical physics, the partition function is always real-valued.
However, in a generic quantum system for which complex numbers are the right language, the partition
function is in general complex-valued [14]. In particular, if the physics model is over a discrete graph
and is non-orientable, then the edge weights are given by a symmetric complex matrix.

Our main theorem is the following complexity dichotomy theorem:

Theorem 1.1 (Main Dichotomy). Let A be a symmetric matriz with algebraic complex entries.
Then Za(-) either can be computed in polynomial time or is # P-hard.

Furthermore, we show that, under the model of computation described in Section 2.2, the following
decision problem is solvable in polynomial time: Given any symmetric matrix A, where every entry is
an algebraic number, decide if Za(+) is in polynomial time or is #P-hard.

Theorem 1.2 (Polynomial-Time Decidability). Given a symmetric matriz A, where all entries are
algebraic numbers, there is a polynomial-time algorithm that decides whether Za(+) is in polynomial
time or is #P-hard.

Recent Developments

Recently Thurley [30] announced a complexity dichotomy theorem for Za (-), where A is any complex
Hermitian matrix. The polynomial-time tractability result of the present paper (in Section 12) is used
in [30]. In [11], Dyer, Goldberg, and Paterson proved a dichotomy theorem for Zy(-) with H being
a directed acyclic graph. Cai and Chen proved a dichotomy theorem for Za(-), where A is a non-
negative matrix [5]. A dichotomy theorem is also proved [1, 2] for the more general counting constraint
satisfaction problem, when the constraint functions take values in {0,1} (with an alternative proof
given in [10] which also proves the decidability of the dichotomy criterion), when the functions take
non-negative and rational values [3], and when they are non-negative and algebraic [6].

Organization

Due to the complexity of the proof of Theorem 1.1, both in terms of its overall structure and in terms
of technical difficulty, we first give a high level description of the proof for the bipartite case in Section



3. We then prove the First and Second Pinning Lemmas in Section 4. A more detailed outline of the
proof for the two cases (bipartite and non-bipartite) is presented in Section 5 and 6, respectively, with
formal definitions and theorems. We then prove all the lemmas and theorems used in Section 5 and 6,
as well as Theorem 1.2, in the rest of the paper.

2 Preliminaries

In the paper, we let Q denote the set of rational numbers, and let R and C denote the set of algebraic
real and algebraic complex numbers, respectively, for convenience (even though many of the supporting
lemmas / theorems actually hold for general real or complex numbers, especially when computation or
polynomial-time reduction is not concerned in the statement).

2.1 Notation

For a positive integer n, we use [n] to denote the set {1,...,n} (when n =0, [0] is the empty set). We
also use [m : n|, where m < n, to denote the set {m,m + 1,...,n}. We use 1,, to denote the all-one
vector of dimension n. Sometimes we omit n when the dimension is clear from the context.

Let x and y be two vectors in C", then we use (x,y) to denote their inner product

n
<X7 Y> = Z$Z : E
=1

and x oy to denote their Hadamard product: z =x oy € C", where z; = x; - y; for all i € [n].

Let A = (A;;) be a k x ¢ matrix, and B = (B; ;) be an m x n matrix. We use A;,, i € [k], to
denote the ith row vector, and A, ;, j € [¢], to denote the jth column vector of A. We let C = A ® B
denote the tensor product of A and B: C is a km x ¢n matrix whose rows and columns are indexed
by [k] x [m] and [¢] x [n], respectively, such that

C(i1,i2),(j1,j2) = Ail,jl . Biz,jza for all 11 € [k], 19 € [m], jl S [6] and j2 € [n]

Let A be an n x n symmetric complex matrix. We build an undirected graph G = (V, E) from A
as follows: V = [n], and ij € E iff A;; # 0. We say A is connected if G is connected; and we say A
has connected components A,..., A;, if the connected components of G are Vi,...,V; and A; is the
|Vi| x |V;| sub-matrix of A restricted by V; C [n], for all i € [s]. Moreover, we say A is bipartite if the
graph G is bipartite; otherwise, A is non-bipartite. Let ¥ and II be two permutations from [n] to itself
then we use Ay 11 to denote the n x n matrix whose (7, j)th entry, where 4, j € [n], is Ax;) 11(j)-

We say C is the bipartisation of a matrix F if

0 F
c=(gr o)

Note that C is always a symmetric matrix no matter whether F is or is not. For a positive integer N,
we use wy to denote e2™/N a primitive Nth root of unity.

We say a problem P is tractable if it can be solved in polynomial time. Given two problems P and
Q, we say P is polynomial-time reducible to Q (or P < Q), if there is an polynomial-time algorithm
that solves P using an oracle for Q.



2.2 Model of Computation

One technical issue is the model of computation with algebraic numbers!. We adopt a standard model
from [23] for computation in an algebraic number field. It has also been used, for example, in [30, 29].
We start with some notations.

Let A be a fixed symmetric matrix where every entry A; ; is an algebraic number. We let </ denote
the finite set of algebraic numbers consisting of entries A; ; of A. Then it is easy to see that Za (G), for
any undirected graph G, is a number in (&), the algebraic extension of Q by /. By the primitive
element theorem [27], there exists an algebraic number o € Q(&) such that Q(«/) = Q(«). (Essentially,
Q has characterisitc 0, and therefore the field extension Q(<7) is separable. We can take the normal
closure of Q(«), which is a finite dimensional separable and normal extension of Q, and thus Galois
[21]. By Galois correspondence, there are only a finite number of intermediate fields between Q and
this Galois extension field and thus a fortiori only a finite number of intermediate fields between Q and
Q(&7). Then Artin’s theorem on primitive elements implies that Q(<7) is a simple extension Q(«).) In
the proof of Theorem 1.1 when the complexity of a partition function Za (-) is concerned, we are given,
as part of the problem description, such a number «, encoded by a minimal polynomial F(x) € Q[z] of
«. In addition to F', we are also given a sufficiently good rational approximation & of a which uniquely
determines « as a root of F(x).?

Let d = deg(F), then every number ¢ in Q(&), including the A; ;’s as well as Z (G) for any G, has
a unique representation as a polynomial of a:

co+cr-a+ - +cgo1- ozd_l, where every ¢; is a rational number.
We will refer to this polynomial as the standard representation of c. Given a number ¢ € Q(«7) in the
standard representation, its input size is sum of the binary lengths of all the rational coefficients. It
is easy to see that all the field operations over Q(47) in this representation can be done efficiently in
polynomial time in the input size.

We emphasize that, when the complexity of Za (-) is concerned in the proof of Theorem 1.1, all the
following are considered as constants since they are part of the problem description defined by A and
not part of the input: the size of A, the minimal polynomial F(z) of «, the approximation & of a as
well as the entries A; ; of A encoded in the standard representation. Given an undirected graph G, the
problem is then to output Za (G) € Q(«) encoded in the standard representation. We remark that the
same model also applies to the problem of computing Zc o(-), to be defined in Section 2.3.

However, for the most part of the proof of Theorem 1.1 this issue of computation model seems not
central, because our proof starts with a preprocessing step using the Purification Lemma (see Section
3 for a high-level description of the proof, and see Section 7 for the Purification Lemma), after which
the matrix concerned becomes a pure one, meaning that every entry is the product of a non-negative
integer and a root of unity. So throughout the proof, we let C denote the set of algebraic numbers and
refer to them simply as complex numbers, except in the proof of the Purification Lemma in Section 7,
where we will be more careful on the model of computation.

After the proof of Theorem 1.1, we consider the decidability of the dichotomy theorem, and prove
Theorem 1.2. The input of the problem is the full description of A, including the minimal polynomial
F(x) of a, the approximation & of « as well as the standard representation of the entries A; ; of A. We
refer to the binary length of all the components above as the input size of A. To prove Theorem 1.2,

1For readers who are not particularly concerned with details of the model of computation with complex numbers, this
section can be skipped initially.

2This is a slight modification to the model of [23] and of [30, 29]. Tt will come in handy later in one step of the proof
in Section 7, with which we can avoid certain technical subtleties.
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we give an algorithm that runs in polynomial time in the binary length of A and decides whether the
problem of computing Za (+) is in polynomial time or #P-hard.

2.3 Definitions of EVAL(A) and EVAL(C, D)

Let A € C™*™ be a symmetric complex matrix with entries (A4; ;). It defines a graph homomorphism
problem EVAL(A) as follows: Given an undirected graph G = (V, E), compute

Za(G)= > wta(§), where wta(©)= [ Acw.ew
&V —|m] (uv)€E

We call £ an assignment to the vertices of G, and wta (§) the weight of &.

To study the complexity of EVAL(A) and prove Theorem 1.1, we introduce a much larger class of
EVAL problems with not only edge weights but also vertex weights. Moreover, the vertex weights in the
problem depend on the degrees of vertices of G, modulo some integer modulus. It is a generalization of
the edge-vertex weight problems introduced in [18]. See also [26].

Definition 2.1. Let C € C™*™ be a symmetric matriz, and
© = {D pll  pHN-1}

be a sequence of diagonal matrices in C™*™ for some N > 1 (we use Dzm to denote the (i,7)™" entry of
D[T]). We define the following problem EVAL(C,®): Given an undirected graph G = (V, E), compute

Zcp(G)= > wtepl(¢
£V —[m]

where
[deg(v) mod N
wico@) = | I Cew.ew (HDawg( ]>
(u,v)eE veV

and deg(v) denotes the degree of v in G.
Let G be an undirected graph, and G1, ..., G, be its connected components. Then
Lemma 2.1. ZC@(G) = ZC,ZD(Gl) X ... X ZC,:D(Gs)-

Lemma 2.1 implies that, if we want to design an efficient algorithm for computing Zc¢ o(-), we only
need to focus on connected graphs. Furthermore, if we want to construct a reduction from one problem
EVAL(C, D) to another EVAL(C’,D’), we only need to consider input graphs that are connected. Also
note that, since EVAL(A) is a special case of EVAL(C,®) (in which every DI is the identity matrix),
Lemma 2.1 and the remarks above also apply to Za(-) and EVAL(A).

Now suppose C is the bipartisation of an m x n matrix F (so C is (m +n) x (m 4+ n)). For any
graph G and vertex u in G, we define Z5 (G, u) and Z§ 5(G, u) as follows. Let =; denote the set of
€:V — [m+ n| with {(u) € [m], and Z3 denote the set of £ with &(u) € [m + 1 : m + n|, then

§EE E€E

It then follows from the definition of Z¢ g, Za o and Z‘a o that

Lemma 2.2. For any graph G and vertex u € G, Zcn(G) = Zg 5(G,u) + Z5 (G, u).
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The reason we introduce Z5 5 and Z& 5 is because of the following useful lemma.

Lemma 2.3. For each i € {0,1,2}, Fl is an m; x n; complex matrix for some positive integers m;
and n;; Cl is the bipartisation of Flil: and

ol = (Dl pEN-th

is a sequence of (m; + n;) X (m; +n;) diagonal matrices for some positive integer N, where

. [ir]
il _ (P
b= < Q“"ﬂ)

and P[i”’}, Q[i”‘} are m; X m;, n; X n; diagonal matrices, respectively. Suppose mg = mims, ng = N1nsa,
FO = plll g pP plorl = plbrl @ PR gnd QIO = QT @ QB forallr e [0: N —1].

Then for any connected graph G and any vertex u* in G, we have

ZEEO] Do o(G,u*) = Z(_;m,@m(GaU*) : 9[2]((; u*) and (4)
Zc[o] Do o(G,u) = Z&u,@u](GaU*)' 9[2]((; u).

Proof. We only prove (4) about Z7. First note that, if G is not bipartite then Z | QM(G, u*) =0 for
all 7 € {0,1,2}, and (4) holds trivially.

Now suppose G = (U UV, E) is a bipartite graph, u* € U, and every edge uv € E has one vertex u
from U and one vertex v from V. We let Z;, i € {0,1,2}, denote the set of assignments & from U UV
to [m; + n;] such that &(u) € [m;] for all u € U and &;(v) € [m; + 1 : m; + n;] for all v € V. Since G is
connected, we have

Zcin o (G = > wtguom(&), forie {0,1,2}.
&€l

To prove (4), we define the following map p : 1 X 23 — Eg: p(&1,&2) = &o, where for every u € U,
€o(u) is the row index of FI9 that corresponds to row & (u) of FII and row &(u) of FI? in the tensor
product FlI = FlI @ FI2; and similarly, for every v € V, §(v) — mg is the column index of FOI that
corresponds to column &; (v) —m; of FIY and column & (v) — mg of FIZ in the tensor product. One can
check that p is a bijection, and

Wtaio oo (€0) = When pm (§1) - Wter pzi(§2),  if p(&1, &) = &o.

Equation (4) then follows, and the lemma is proven. O

2.4 Basic #P-Hardness
We formally state the complexity dichotomy theorem of Bulatov and Grohe as follows:

Theorem 2.1 ([4]). Let A be a symmetric and connected matriz with non-negative algebraic entries,
then EVAL(A) is either in polynomial time or #P-hard. Moreover, we have the following cases:

o If A is bipartite, then EVAL(A) is in polynomial time if the rank of A is 2;
Otherwise EVAL(A) is # P-hard.

e If A is not bipartite, then EVAL(A) is in polynomial time if the rank of A is at most 1;
Otherwise EVAL(A) is # P-hard.
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Theorem 2.1 gives us the following useful corollary:

Corollary 2.1. Let A be a symmetric and connected matriz with non-negative algebraic entries. If

(Ai,k Ai,z>

Ajr Aje

is a 2 x 2 sub-matriz of A such that all of its four entries are nonzero and A; ,A; ¢ # Ai¢Aj g, then the
problem EVAL(A) is #P-hard.

3 A High Level Description of the Proof

The first step, in the proof of Theorem 1.1, is to reduce the problem to connected graphs and matrices.
Let A be an m x m symmetric complex matrix. It is clear that if G has connected components G; then

Za(G) =11; Za(Gi);
and if G is connected and A has connected components A ;, then
ZA(G) = Zj Za,(G).

Therefore, if every Za,(-) is computable in polynomial time, then so is Za(-).

The hardness direction is less obvious. Assume that Za(-) is #P-hard for some j, we want to show
that Za(-) is also #P-hard. This is done by proving that computing Z4,(-) is reducible to computing
ZA(:). Let G be an arbitrary input graph. To compute Za;(G), it suffices to compute Za,(G;) for all
connected components G; of G. Therefore, we may just assume that G is connected. Define a pinning
version of the Za () function as follows. For any chosen vertex w € V(G), and any k € [m], let

Za(Gyw, k) = > T Aew.ew:

&EV—om], E(w)=k (u,w)EE

Then we can prove a Pinning Lemma (Lemma 4.1) which states that the problem of computing Za ()
is polynomial-time equivalent to computing Za(-,,-). Note that if V; denotes the subset of [m| where
A is the sub-matrix of A restricted by Vj, then for a connected G, we have

ZAj (G) = Z Za(Gw, k),
kev;

which gives us a polynomial-time reduction from Za,(-) to Za(-).

The proof of this Pinning Lemma (Lemma 4.1) is a standard adaptation to the complex numbers
of the one proved in [18]. However, for technical reasons we will need a total of three Pinning Lemmas
(Lemma 4.1, 4.2 and 8.2), and the proofs of the other two are a bit more involved. We remark that
all three Pinning Lemmas only show the existence of a polynomial-time reduction between Za(-) and
Za(+,-,-), but they do not constructively produce such a reduction, given A. We also remark that the
proof of the Pinning Lemma in [18] used a recent result by Lovéasz [26] for real matrices. This result is
not known for complex matrices. We give direct proofs of our three lemmas without using [26].

After this preliminary step, we restrict to connected and symmetric A. As indicated, to our work
the two most influential predecessor papers are by Bulatov and Grohe [4] and by Goldberg et al. [18].
In both papers, the polynomial-time algorithms for those tractable cases are relatively straightforward
and are previously known. The difficult part of the proof is to show that in all other cases the problem
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is #P-hard. Our proof follows a similar conceptual framework to that of Goldberg et al. [18]. However,
over the complex numbers, new difficulties arise in both the tractability and the hardness part of the
proof. Therefore, both the overall organization and the substantive part of the proof have to be done
separately.

First of all, the complex numbers afford a much richer variety of cancelations, which could lead to
surprisingly efficient algorithms for computing Za (-), when the complex matrix A satisfies certain nice
conditions. This turns out to be the case, and we obtain additional non-trivial tractable cases. These
boil down to the following class of problems:

Zy(+): Let ¢ = p* be a fixed prime power for some prime p and positive integer k. The
input of Z,(-) is a quadratic polynomial

flz1, 29, .., 2,) = Z a; jx;xj, where a;; € Zg for all 7, j;
i,j€[n]

and the output is

Z(H)= D wilrem),

T1,e0,Tn€2g

We show that for any fixed prime power ¢, the problem of computing Z,(-) is in polynomial time. In
the algorithm (see Section 12), Gauss sums play a crucial role. The tractability part of our dichotomy
theorem is then done by reducing Za (-), assuming A satisfies a set of nice structural conditions (to be
described in the rest of this section) imposed by the hardness part, to Z,(-) for some appropriate prime
power q. While the corresponding sums for finite fields (when ¢ is a prime) are known to be computable
in polynomial time [24], in particular this includes the special case of Zs which was used in [18], our
algorithm over rings Z, is new and should be of independent interest.

Next we briefly describe the proof structure of the hardness part of the dichotomy theorem. Let A
be a connected and symmetric matrix. The difficulty starts with the most basic proof technique called
gadget constructions. With a graph gadget, one can take any input undirected graph G and produce a
modified graph G* by replacing each edge of G with the gadget. Moreover, one can define a suitable
modified matrix A* from the fixed matrix A and the gadget such that

Za+(G) = ZA(G"), for all undirected graphs G.

A simple example of this maneuver is called thickening where one replaces each edge in the input
G by t parallel edges to get G*. Then it is easy to see that if A* is obtained from A by replacing each
entry A; ; by its t'" power (A;;)!, then the equation above holds and we get a reduction from Za-(-)
to Za(+). In particular, if A is real (as in the case of [18]) and ¢ is even, this produces a non-negative
matrix A*, to which one may apply the Bulatov-Grohe result:

1. If A*, as a symmetric and non-negative matrix, does not satisfy the tractability criteria of
Bulatov and Grohe as described in Theorem 2.1, then both Za«(-) and Za(-) are #P-hard and
we are already done;

2. Otherwise, A* satisfies the Bulatov-Grohe tractability criteria, from which we know that A must
satisfy certain necessary structural properties since A* is derived from A.

The big picture? of the proof of the dichotomy theorem is then to design various graph gadgets to
show that, assuming Za (-) is not #P-hard, the matrix A must satisfy a collection of strong necessary

3The exact proof structure, however, is different from this very high-level description, which will become clear through
the rest of this section.
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conditions over its complex entries A; ;. To finish the proof, we show that for every A that satisfies all
these structural conditions, one can reduce Za (-) to Zg(-), for some appropriate prime power ¢ (which
depends only on A) and thus, Za(-) is tractable.

For a complex matrice A, we immediately encountered the following difficulty. Any graph gadget
will only produce a matrix A* whose entries are obtained from entries of A by arithmetic operations +
and x. While for real numbers any even power guarantees a non-negative quantity as was done in [18],
no obvious arithmetic operations on the complex numbers have this property. Pointedly, conjugation is
not an arithmetic operation. However, it is also clear that for roots of unity, one can produce conjugation
by multiplication.

Thus, our proof starts with a process to replace an arbitrary complex matrix by a purified complex
matrix which has a special form. It turns out that we must separate out the cases where A is bipartite
or non-bipartite. A purified bipartite (and symmetric, connected) matrix takes the following form:

0 B
BT 0)’

where
M1 C1 G2 oo Clm—k\ [Hrs1
2 C1 G2 o Cm—k M2
B = . . . . . ;
e/ \Ck1 Ck2 - Chkm—k Hm

for some 1 < k < m, in which every p; is a positive rational number and every (; ; is a root of unity.

The claim is that, for every symmetric, connected, and bipartite matrix A € C™*™_ either we can
already prove the #P-hardness of computing Za (-) or there exists a symmetric, connected and purified
bipartite matrix A’ € C"™*™_ such that computing Z,(-) is polynomial time equivalent to computing
ZA(-) (see Theorem 5.1). For non-bipartite A a corresponding statement holds (see Theorem 6.1). For
convenience, in the discussion below, we only focus on the bipartite case.

Continuing now with a purified bipartite matrix A’, the next step is to further reqularize its entries.
In particular we need to combine those rows and columns of the matrix where they are essentially the
same, apart from a multiple of a root of unity. This process is called Cyclotomic Reduction. In order to
carry out this process, we need to use the more general problem EVAL(C,®) defined earlier in Section
2.3. We also need to introduce the following type of matrices called discrete unitary matrices:

Definition 3.1 (Discrete Unitary Matrix). Let F € C™*™ be a matriz with entries (F; ;). We say F
is an M-discrete unitary matrix, for some positive integer M, if it satisfies the following conditions:

1. Bvery entry F; ; of F is a root of unity, and M = lcm {the order of Fy ; 11,5 € [m]},
2. F1;=F;1 =1 for alli € [m], and for all i # j € [m|, we have

<Fi7*, Fj7*> = 0 O/Ild <F*7i, F*7j> = O

Some simplest examples of discrete unitary matrices are as follows:

1 1 1 1 1
1 1 1 1 11 1 1 ¢ ¢bo2 ¢
1 1 1 1 -1 -1 2 2 -2 -1
1 -1 -1 1 1w w 1 ¢t o¢ ¢ ¢
1¢? ¢ ¢ ¢t

15



where w = €2™/3 and ¢ = ¢2™/%. Also note that any tensor product of discrete unitary matrices is also
a discrete unitary matrix. These matrices play a major role in our proof.

Now we come back to the proof outline. We show that Za/(-) is either #P-hard or polynomial time
equivalent to Zc p(-) for some C € C?"*?" and some D of diagonal matrices from C**?" where n <
m and C is the bipartisation of a discrete unitary matrix, denoted by F. In addition, there are further
stringent requirements for ©; otherwise Za/(-) is #P-hard. The detailed statements can be found in
Theorem 5.2 and 5.3, summarized in properties (U;) to (Us). Roughly speaking, the first matrix DI in
D must be the identity matrix; and for any matrix DI"! in ©, each entry of DI"! is either zero or a root
of unity. We call these conditions, with some abuse of terminology, the discrete unitary requirements.
The proof of these requirements is demanding and among the most difficult in the paper.

Next, assume that we have a problem EVAL(C,®) satisfying the discrete unitary requirements with
C being the bipartisation of F.

Definition 3.2. Let ¢ > 1 be a prime power, then the following q x q¢ matriz F4 is called the g-Fourier
matrix: The (z,y)th entry of F, is wg”, where x,y € [0: q — 1], and w, = *>™/4,

We show that, either Z¢ »(-) is #P-hard; or after a permutation of rows and columns, F becomes
the tensor product of a collection of suitable Fourier matrices:

Fo@Fp®---@Fy,, whered>1 and every ¢; is a prime power.

Basically, we show that even with the stringent conditions imposed on the pair (C,®) by the discrete
unitary requirements, most of EVAL(C, D) are still #P-hard, unless F is the tensor product of Fourier
matrices. On the other hand, the tensor product decomposition into Fourier matrices finally brings in
group theory and Gauss sums. It gives us a canonical way of writing the entries of F in a closed form.
More exactly, we can index the rows and columns of F using

x=(21,...,2q) and y = (Y1,...,Yd) € Lg, X -+ X Lg,,

respectively, such that
Fyy = H wyV,  for any x and y.
i€(d]

Assume ¢, ..., qq are powers of s < d distinct primes pq,...,ps. We can also view the set of indices as
Ligy X -+ X Lgy = G X -+ X G,

where G is the finite Abelian group which is the product of all the Z,’s with ¢; being a power of p;.

This canonical tensor product decomposition of F also gives a natural way to index the rows and
columns of C and the diagonal matrices in ® using x. More exactly, we index the first half of the rows
and columns of C and every DIl in © using (0,x); and index the second half of the rows and columns
using (1,x), where x € Zg, X -+ X Zg,.

With this canonical expression of F and C, we further inquire the structure of ©. Here one more
substantial difficulty awaits us. There are two more properties that we must demand of those diagonal
matrices in ©. If © does not satisfy these additional properties, then Z¢ »(-) is #P-hard.

First, for each r, we define A, and A, to be the support of DI, where A, refers to the first half of
the entries and A, refers to the second half of the entries: (Here we follow the convention of using D;
to denote the (i,4)th entry of a diagonal matrix D)

A ={x| Dy #0} and A, ={x|D{, #0}.
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We let S denote the set of subscripts r such that A, # 0 and 7 denote the set of r such that A, # 0.
We can prove that for every r € S,
Ar = H Ar,i
i=1

must be a direct product of cosets A, ; in the Abelian groups G;, where ¢ = 1,...,s correspond to the
constituent prime powers of the group. Similarly for every r € T,

AT’ = ﬁ Ar,i
=1

is also a direct product of cosets in the same Abelian groups. Otherwise, Zc o(-) is #P-hard.

Second, we show that for each r € S and r € T, respectively, DIl on its support A, for the first half
of its entries and on A, for the second half of its entries, respectively, possesses a quadratic structure;
otherwise Zc o(-) is #P-hard. We can express the quadratic structure as a set of exponential difference
equations over bases which are appropriate roots of unity of orders equal to various prime powers. The
constructions used in this part of the proof are among the most demanding ever attempted.

After all these necessary conditions, we finally show that if C and © satisfy all these requirements,
there is a polynomial-time algorithm to compute Z¢ »(-) and thus, the problem of computing Za(-) is
in polynomial time as well. To this end, we reduce Zc »(-) to Z,(-) for some appropriate prime power
¢ (which depends only on C and ®) and as remarked earlier, the tractability of Z,(-) is new and is of
independent interest.

4 Pinning Lemmas and Preliminary Reductions

In this section, we prove two pinning lemmas, one for EVAL(A) and one for EVAL(C,®), where (C,D)
satisfies certain conditions. The proof of the first lemma is very similar to [18], but the second one has
some complications.

4.1 A Pinning Lemma for EVAL(A)

Let A be an m x m symmetric complex matrix. We define EVALP(A) as follows: The input is a triple
(G,w, 1), where G = (V, E) is an undirected graph, w € V' is a vertex, and i € [m]; The output is

ZA(G,w,i) = Z WtA(f).

§&:V—[m], §(w)=i

It is easy to see that EVAL(A) < EVALP(A). The following lemma shows that the other direction also
holds:

Lemma 4.1 (First Pinning Lemma). EVALP(A) = EVAL(A).

We define the following equivalence relation over [m] (note that we do not know, given A, how to
compute this relation efficiently, but we know it exists. The lemma only proves, non-constructively, the
existence of a polynomial-time reduction. Also see [26]):

i ~ j if for any undirected graph G = (V, E) and w € V, ZA(G,w,i) = ZA(G,w, j).

This relation divides the set [m] into s equivalence classes Aj, ..., A, for some positive integer s. For
any t # t' € [s], there exists a pair P,y = (G,w), where G is an undirected graph and w is a vertex of
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G, such that (again, we do not know how to compute such a pair efficiently, but it always exists by the
definition of the equivalence relation ~.)

ZA(G,w,i) = ZA(G,w,j) # ZA(G,w,i') = Zo(G,w,j'), foralli,j € A; and 7,5 € Ay.

Now for any subset S C [s], we define a problem EVAL(A, S) as follows: The input is a pair (G, w),
where G = (V, E) is an undirected graph and w is a vertex in G; The output is

Za(G,w,S) = > wta (€).
&EV—=m], E(w)eUseg At

Clearly, if S = [s], then EVAL(A,S) is exactly EVAL(A). We prove the following claim:
Claim 4.1. If S C [s] and |S| > 2, then there exists a partition {Si,...,Sk} of S for some k > 1 and
EVAL(A, S,) < EVAL(A,S), for all d € [k].
Before proving this claim, we use it to prove the First Pinning Lemma.
Proof of Lemma 4.1. Let (G,w,i) be an input of EVALP(A), and i € A; for some ¢ € [s]. We will use
Claim 4.1 to prove that EVAL(A, {t}) < EVAL(A). If this is true, then we are done because

Za(G,w,1) - ZA (G w, {t}).

_
| Ay

To prove EVAL(A,{t}) < EVAL(A), we apply Claim 4.1 above to S = [s]; when s = 1, Lemma 4.1 is
trivially true. By Claim 4.1, there exists a partition {Sj,...,S;} of S, for some k > 1, such that

EVAL(A, S;) < EVAL(A, S) = EVAL(A), for all d € [k].

Without loss of generality, assume ¢ € Sy. If S; = {t}, then we are done; otherwise we have ¢t € S and
|S1| > 2. In this case, we just rename S to be S and repeat the process above. Because |S]| is strictly
monotonically decreasing after each iteration, this procedure will stop at some time, and we conclude
that EVAL(A, {t}) < EVAL(A). O

Proof of Claim 4.1. Let t # t' be two integers in S (as |S| > 2, such t # ¢’ exist). We let P,y = (G*,w")
where G* = (V*, E*). Tt defines the following equivalence relation ~* over S: For a,b € S,

a~"b if ZA(G*,w*,i) = Za(G*,w",j), where i€ A, and j € Ap.

This equivalence relation ~* is clearly well-defined, being independent of our choices of i € A,,j € Aj.
It gives us equivalence classes {S1,..., Sk}, a partition of S. Because (G*,w*) = P, y, by the definition
of ~* t and ¢’ belong to different classes and thus, k > 2. For each d € [k], we let X, denote

Xyg=Za(G",w",i), wherei¢€ A, and a € Sy.

This number X is well-defined, and is independent of the choices of a € S; and i € A,. Moreover, the
definition of the equivalence relation ~* implies that

Xg# Xg, foralld#d €[kl

Next, let G be an undirected graph and w be a vertex. We show that, by querying EVAL(A, S) as
an oracle, one can compute Za (G,w, Sy) efficiently for all d.
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To this end, for each p: 0 < p < k — 1 we construct a graph GP = (V[f”], E[p}) as follows. GP! is the
disjoint union of G and p independent copies of G*, except that the w in G and the w*’s in all copies
of G* are identified as one single vertex w’ € VI and thus,

VP = V] +p- V"]~ p.
In particular, Gl = G. We have the following collection of equations:

ZA(GP W', 8) = Z (Xg)? - ZAa(G,w,Sy), foreverypel0:k—1].
delk]

Because X, # Xy for all d # d', this is a Vandermonde system and we can solve it to get Za (G, w, Sy)
for all d € [k]. As both k and the size of the graph G* are constants that are independent of G, this
gives us a polynomial-time reduction from EVAL(A, Sy) to EVAL(A,S), for every d € [k]. O

4.2 A Pinning Lemma for EVAL(C, D)

Let C be the bipartisation of F € C™*™ (so C is 2m x 2m). Let © = {DI0 ... DIN-1} be a sequence
of N 2m x 2m diagonal matrices. We use EVALP(C,®) to denote the following problem: The input is
a triple (G, w, 1), where G = (V, E) is an undirected graph, w € V', and i € [2m]; The output is

ZC,’D(Gaw7i) = Z WtC,’D(g)'
&V —[2m], {(w)=1i

It is easy to see that EVAL(C,®) < EVALP(C,®). However, unlike problems EVALP(A) and EVAL(A)
we can only prove the other direction when the pair (C,®) satisfies the following condition:

1

(Pinning) Every entry of F is a power of wy, for some positive integer N; T F is a unitary

matrix; and DI is the 2m x 2m identity matrix.
Lemma 4.2 (Second Pinning Lemma). If (C,D) satisfies (Pinning), then EVALP(C,®) = EVAL(C, D).

Corollary 4.1. If (C,®) satisfies the condition (Pinning), then the problem of computing ZE@ as well
as Z§ 5 is polynomial time reducible to EVAL(C, D).

We define the following equivalence relation over [2m)]:
i ~ j if for any undirected graph G = (V, E) and w € V, Z¢c o(G,w,i) = Zc (G, w, j).

This relation divides [2m] into s equivalence classes A1, As, ..., A, for some positive integer s. For any
t #t' € [s] there exists a P,y = (G,w), where G is an undirected graph and w is a vertex, such that

Zcp(G,w, i) = Zcpn(G,w,j) # ZC@(G,w,z") = ZC’:D(G,'IU,j/), for all i,j € A; and 7,5’ € Ap.

Now for any subset S C [s], we define EVAL(C, D, S) as follows: The input is a pair (G, w), where
G = (V, E) is an undirected graph and w is a vertex in G; The output is

Zcp(G,w,5) = > wteo(d):
&V —=2m], f(w)EU, e 5 At

Clearly, when S = [s], EVAL(C,®, S) is exactly EVAL(C,®). We prove the following claim:
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Figure 1: Graph G”!, p € [0: k —1].

Claim 4.2. If S C [s] and |S| > 2, there exists a partition {S1,...,Sk} of S for some k > 1, such that
EVAL(C,®, S,) < EVAL(C,9,S), for alld € [k].

Lemma 4.2 then follows from Claim 4.2. Its proof is exactly the same as the one of Lemma 4.1 using
Claim 4.1, so we omit it here.

Proof of Claim 4.2. Let t # t’ be two integers in S (as |S| > 2, such t # ' exist). We let P,y = (G*,w")
where G* = (V*, E*). Tt defines the following equivalence relation over S: For a,b € S,

a~"b if Zco(G*,w*,i) = Zco(G*,w", j), whereie A, and j € Ay.

This gives us equivalence classes {Si,..., Sk}, a partition of S. Since (G*,w*) = Py, t and t' belong
to different classes and thus, k > 2. For each d € [k], we let Y; denote

Y= Zco(G*,w",i), whereiec A, and a € Sy.

The definition of the equivalence relation implies that Yy # Yy for all d # d' € [k].

Now let G be an undirected graph and w be a vertex. We show that by querying EVAL(C,D, S) as
an oracle, one can compute Zc (G, w, Sq) efficiently for all d € [k].

To this end, for each integer p € [0 : k — 1], we construct a graph GI?! = (V[P ElP) as follows: GP!
contains G and p independent copies of G*. The vertex w in G is then connected appropriately to the
w* of each G* (see Figure 1). More precisely, we have VPl as a disjoint union:

p
vl =y u <U{vm |ve V*}> U1, ..., 2p, U1, Ypts
i=1

where x1,...,%p,y1,...,Yp are new vertices, and EPI contains precisely the following edges:

1. If ww € E, then uv € EP); If wv € E*, then up|vp) € EP! for all i € [p];

2. One edge between (w, z;) and (yi, w) for each i € [p]; and

3. N —1 edges between (z;,w) and (wf, y;) for each i € [p].
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In particular, we have Gl = G.
We have the following collection of equations: For p € [0: k — 1], ZC,@(GL”’], w, S) is equal to

p
Z ZC’;D(G,U) 1 HZC’D G w* H Z Czw C“c Z CZJ,yC,y

1€UgesAa j=1 T€[2m] yE[2m]
i17"'7ip€[2m}

Note that
deg(z;) = deg(yi) = N

and the changes to the degrees of w and w[;.] are all multiples of N. So by (Pinning), there are no new
vertex weight contributions from ©.
Also by (Pinning), we have

Z CZW Clx = 2J7*7 z*> =0

z€[2m)]

unless ¢ = ;. Therefore, we have

Zc,@(G[p],w,S) = m? . Z Zcn(Gw,i)(Zeo(G*,w*, i)’ = m* - Z Ya)! - Ze (G, w, Sq).
Z'euaES-Aa de[k‘

Because Y; # Yy for all d # d’, this is a Vandermonde system and we can solve it to get Z¢ o (G, w, Sq)
for all d. As both k and the size of the graph G* are constants that are independent of GG, this gives us
a polynomial-time reduction from EVAL(C,®, Sy) to EVAL(C, D, S) for every d € [k]. O
4.3 Reduction to Connected Matrices
The following lemma allows us to focus on the connected components of A:
Lemma 4.3. Let A € C™*™ be a symmetric matriz with components A1, A, ..., A;. Then

— If EVAL(A;) is #P-hard for some i € [s|, then EVAL(A) is # P-hard;

— If EVAL(A;) is polynomial-time computable for every i € [s], then so is EVAL(A).
Proof. Lemma 4.3 follows directly from the First Pinning Lemma (Lemma 4.1). O

The main dichotomy Theorem 1.1 will be proved by showing that for every connected A € C™*",
the problem EVAL(A) is either solvable in polynomial-time, or #P-hard.

5 Proof Outline of the Case: A is Bipartite

We now give an overview of the proof of Theorem 1.1 for the case when A is connected and bipartite.
The proof consists of two parts: a hardness part and a tractability part. The hardness part is further
divided into three major steps in which we gradually “simplify” the problem being considered. In each
of the three steps, we consider an EVAL problem passed down by the previous step (Step 1 starts with
EVAL(A) itself) and show that

— either the problem is #P-hard; or

— the matrix that defines the problem satisfies certain structural properties; or
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— the problem is polynomial-time equivalent to a new EVAL problem, and the matrix that
defines the new problem satisfies certain structural properties.

One can view the three steps as three filters which remove #P-hard EVAL(A) problems using different
arguments. Finally, in the tractability part, we show that all the EVAL problems that survive the three
filters are indeed polynomial-time solvable.

5.1 Step 1: Purification of Matrix A

We start with EVAL(A), where A € C™*™ is a fixed symmetric, connected, and bipartite matrix with
algebraic entries. It is easy to see that if m = 1, then EVAL(A) is tractable. So in the discussion below,
we always assume m > 1. In this step, we show that EVAL(A) is either #P-hard or polynomial-time
equivalent to EVAL(A), in which A’ is also an m x m matrix but has a very nice structure.

Definition 5.1. Let A € C™*"™ be a symmetric, connected and bipartite matriz. We say it is a purified
bipartite matrix if there exist positive rational numbers p1, ..., iy and an integer 1 < k < m such that

1. A ;=0 foralli,j € [k]; Ai; =0 for alli,j € [k+1:m]; and
2. Ai /(i) = Aji/(ip;) is a root of unity for all i € [k] and j € [k+1:m].

In other words, there exists a k x (m — k) matriz B of the form

H1 C1 G2 oo Clm—k\ [Hkt1
2 G21 C22 - Com—k k42
B = . . . . )
e) \Cka1 Ck2 -+ Ckm—k Hm

where every p; is a positive rational number and every (; j is a root of unity, and

0 B
A= (BT 0) .
Theorem 5.1. Let A € C™*™ be a symmetric, connected, and bipartite matriz with algebraic entries,
then either EVAL(A) is #P-hard or there exists an m x m purified bipartite matriz A’ such that
EVAL(A) = EVAL(A).

(By Definition 5.1, A’ is symmetric and thus, EVAL(A’) is well defined.)

5.2 Step 2: Reduction to Discrete Unitary Matrix

Now let A € C™*™ denote a purified bipartite matrix. We prove that EVAL(A) is either #P-hard or
polynomial-time equivalent to EVAL(C,®) for some C and ®, where the matrix C is the bipartisation
of a discrete unitary matrix, which is to be defined in the next definition.

Definition 5.2. Let F € C™*™ be a (not necessarily symmetric) matric with entries (Fj ;). We say F
is an M-discrete unitary matrix, for some positive integer M, if it satisfies the following conditions:

1. Bvery entry F; ; of F is a root of unity, and M = lcm {the order of Fy ; 11,5 € [m]},

2. F1;=F;1 =1 forallie [m]; and
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3. For alli # j € [m], (Fi.«,Fj«) =0 and (F,;,F,;) =0.

Some simplest examples of discrete unitary matrices can be found in Section 3. Also note that the
tensor product of any two discrete unitary matrices is also a discrete unitary matrix.

Theorem 5.2. Let A € C™*™ be a purified bipartite matriz. Then either 1). EVAL(A) is tractable; or
2). EVAL(A) is #P-hard; or 3). there exists a triple (M, N),C,®) such that EVAL(A) = EVAL(C, D),
and ((M,N), C,D) satisfies the following four conditions (Uy)—(Uy):

(Uy) M and N are positive integers that satisfy 2| N and M |N. C € C*2" for some n > 1, and
© = (Dl pltl DN}
is a sequence of N 2n x 2n diagonal matrices over C;

(Us) C is the bipartisation of an M -discrete unitary matrix F € C"*". (Note that matrices C and
F uniquely determine each other);

(Us) For alli € [2n], DZ[O} =1. For allr € [N — 1], we have

Ji € [n], DZ[T] #0 = 3¢ €[n], DZ[T] =1, and
Jieh+1:20], D20 — 3¢ en+1:2n], DI =1

(Us) For allr € [N —1] and all i € [2n], D' € Q(wy) and | D] € {0,1}.

5.3 Step 3: Canonical Form of C, F and ©

After the first two steps, the original problem EVAL(A) is shown to be either tractable; or #P-hard; or
polynomial-time equivalent to a new problem EVAL(C,®). We also know there exist positive integers
M and N such that ((M, N),C,D) satisfies conditions (U )—(Uy).

For convenience, we still use 2m to denote the number of rows of C and D], though it should be
noted that this new m is indeed the n in Theorem 5.2, which is different from the m used in the first
two steps. We also denote the upper-right m x m block of C by F.

In this step, we adopt the following convention: Given an n x n matrix, we use [0 : n — 1], instead
of [n], to index its rows and columns. For example, we index the rows of F using [0 : m — 1] and index
the rows of C using [0 : 2m — 1].

We start with the special case when M = 1. Because F is M-discrete unitary, we must have m = 1.
In this case, it is easy to check that EVAL(C,®) is tractable: C is a 2 by 2 matrix

(1 o)

Zc»(G) is 0 unless G is bipartite; for connected and bipartite G, there are at most two assignments
¢ :V — {0,1} which could yield non-zero values; finally, for a graph G with connected components G;
Zc,»(G) is the product of Z¢ o(Gi)’s.

For the general case when the parameter M > 1 we further investigate the structure of F as well as
the diagonal matrices in ©, and derive three necessary conditions on them for the problem EVAL(C, D)
to be not #P-hard. In the tractability part, we prove that these conditions are actually sufficient for it
to be polynomial-time computable.
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5.3.1 Step 3.1: Entries of D'l are either 0 or Powers of wy

Suppose ((M, N), C,®) satisfies conditions (U;)—(Uy) and M > 1. In the first step, we show that either
EVAL(C,®D) is #P-hard or every entry of DIl (in @), r € [N — 1], is either 0 or a power of wy:.

Theorem 5.3. Suppose (M, N),C,D) satisfies (U1)—(Us) and integer M > 1, then either the problem
EVAL(C, D) is #P-hard or ((M,N),C,D) satisfies the following additional condition (Us):

(Us) Forallr € [N —1] andi € [0:2m — 1], D" is either 0 or a power of wy.

)

5.3.2 Step 3.2: Fourier Decomposition

Second, we show that either problem EVAL(C,9) is #P-hard or we can permute the rows and columns
of F, so that the new F is the tensor product of a collection of Fourier matrices, to be defined in the
next definition.

Definition 5.3. Let ¢ > 1 be a prime power, and k > 1 be an integer such that ged (k,q) = 1. We call
the following q x ¢ matriz F, a (g, k)-Fourier matrix: The (x,y)" entry, where z,y € [0: q — 1], is

w(l;my _ e27ri(kxy/q) )

In particular, when k =1, we use F, to denote F 1 for short.

Theorem 5.4. Suppose ((M,N),C,D) satisfies conditions (Uy)—(Us), and integer M > 1. Then either
EVAL(C, D) is #P-hard or there exist

1. two permutations ¥ and IT from [0:m — 1] to [0 : m — 1]; and

2. a sequence q1,q2,--.,qq of d prime powers, for some d > 1,
such that
Fon= @) Fo- (5)
i€(d]
Suppose there do exist permutations ¥, IT and prime powers qi, ..., g4 such that Fy 11 satisfies (5),

then we let Cx, i1 denote the bipartisation of Fy i1 and ®x i1 denote a sequence of N 2m x 2m diagonal
matrices in which the 7 matrix is

]
D50y

H(m=1) , T€0:N-1].

r
II(m—1)4+m

It is clear that permuting the rows and columns of matrices C and every DIl by the same permutation
pair (2,1II) does not affect the complexity of EVAL(C,®), so EVAL(Cyx. 11, ©%,11) = EVAL(C,®). From
now on, we let F, C and ®© denote Fyx 11, Cx 11 and Dy, 11, respectively. By (5), the new F satisfies

F=(X) F,. (6)
1€[d]
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Before moving forward, we rearrange the prime powers qi, ¢, ...,qq and divide them into groups
according to different primes. We need the following notation.

Let p = (p1,...,ps) be a sequence of primes such that p; < ps <...< ps and t = (t1,...,ts) be a
sequence of positive integers. Let Q = {q; |i € [s]} be a collection of s sequences in which each q; is a
sequence (g1, ...,¢it,) of powers of p; such that ¢;; > ... > g;,. We let ¢; denote ¢; ; for all i € [s],

Zo, = || Za, =Zg,, x -+ x Zy,,,, forallies],
JElti]

and
Zo= ] Zg, = [[Za = Zg, x - X Zqy,, %
1€(s],j€(t; 1€[s
[s] [ti] [s] Zq2,1 X X Zq27t2 X
ZQS,l X X qu,ts

be the Cartesian products of the respective finite Abelian groups. Both Zg and Zq; are finite Abelian
groups, under component-wise operations. This implies that both Zg and Zg, are Z-modules and thus
kx is well defined for all £ € Z and x in Zg or Zq,. As Z-modules, we can also refer to their members
as “vectors”. When we use x to denote a vector in Zg, we denote its (i,)"" entry by Tij € Ly; ;- We
also use x; to denote (z;; : j € [ti]) € Zq,, s0 X = (X1,...,X;). Given X,y € Zg, we let x -y denote
the vector in Zg whose (4, ) entry is z;; + y;; (mod ¢; ;). Similarly, for each i € [s], we can define
x +y for vectors X,y € Zg,.
By (6), there exist p,t, Q such that (M, N),C,D, (p,t,Q)) satisfies the following condition (R):

(R1) p = (p1,--.,ps) is a sequence of primes such that p; < --- < pg; t = (¢1,...,ts) is a sequence of
positive integers; Q = {q; | ¢ € [s]} is a collection of s sequences, in which every q; is a sequence
(Gijs---5qy;) of powers of p; such that ¢;1 > -+ > g;4,;

(Rg) C € C?™*2m ig the bipartisation of F € C™ ™ and ((M, N),C,D) satisfies (U)-(Us);

(Rs) There is a bijection p from [0 : m —1] to Zg (so m = [;¢(5) je, %.;) such that

qi,j
i€[s],j€[ts]

Fop= H wg Y for all a,b € [0:m — 1], (7)

where (z;; 14 € [s],j € [ti]) =x = p(a) and (y;; : i € [s],j € [ti]) =y = p(b). Note that (7) above
also gives us an expression of M using Q. It is the product of the largest prime powers ¢; = ¢; 1
for each distinct prime p;: M = Hie[s] qi-

For convenience, we will from now on directly use x € Zg to index the rows and columns of F:

Fry=Fpix)p-1(y) = H wg, 7Y for all x,y € Zg, (8)
ie[s]vje[ti}

whenever we have a tuple (M, N),C,9, (p,t,Q)) that is known to satisfy condition (R). We assume
that F is indexed by (x,y) € Zg x Zg rather than (a,b) € [0 : m — 1] x [0 : m — 1], and (R3) refers to
(8). Correspondingly, to index the entries of matrices C and DU, we use {0,1} x Zg: (0,x) refers to

th

the p~1(x)"" row (or column), and (1,x) refers to the (m + p~!(x))"" row (or column).
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5.3.3 Step 3.3: Affine Support for ©

Now we have a 4-tuple ((M,N),C, D, (p,t,Q)) that satisfies condition (R). In this step, we prove for
every r € [N — 1] (recall that DI is already known to be the identity matrix), the nonzero entries of
the r** matrix D) in ® must have a very nice coset structure, otherwise EVAL(C,®) is #P-hard.

For every r € [N — 1], we define A, C Zg and A, C Zg as

A ={xcZo|D, #0} and A, ={xeZo|D{, #0}.

We let S denote the set of r € [N — 1] such that A, # () and T denote the set of r € [N — 1] such that
A, # (). We recall the following standard definition of a coset of a group, specialized to our situation.

Definition 5.4. Let ® be a nonempty subset of Zg (or Zq, for some i € [s]). We say ® is a coset in
ZLg (or Zg,) if there exists a vector xg € ® such that {x —X¢|x € ®} is a subgroup of Zg (or Zg,).

Given a coset ® (in Zg or Zg,), we let @ denote its corresponding subgroup {x — x'|x,x' € ®}.
Being a subgroup, clearly ®™ = {x — x'|x,x' € ®} = {x — x¢|x € ®}, for any x¢ € .

Theorem 5.5. Let (M, N),C,D, (p,t,Q)) be a 4-tuple that satisfies (R). Then either EVAL(C,D) is
#P-hard or sets A, C Zgo and A, C Zg satisfy the following condition (L):

(L1) For everyr € S, Ay =[[;_; Avi, where for every i € [s], Ay; is a coset in Zq,; and
(L2) For everyr e T, A, =[], Ayi, where for every i € [s], Ay; is a coset in Zg,.

Suppose EVAL(C,®) is not #P-hard. Then by Theorem 5.5, tuple ((M, N),C,D, (p,t, Q)) satisfies
not only condition (R) but also condition (£). Actually, by (Us), © satisfies the following property:

(L£3) For every r € S, Jal"l € A, such that DEB]’a[T]) = 1; for every r € T, 36" € A, DZ},bW) =1.

From now on, when we say condition (£), we mean all three conditions (£1)-(L3).

5.3.4 Step 3.4: Quadratic Structure

In this final step within Step 3, we prove that, for every r € [N — 1], the nonzero entries of DIl must
have a quadratic structure, otherwise EVAL(C,®) is #P-hard. We start with some notation.

Given a vector x in Zq, for some i € [s], we use ext,(x), where r € S, to denote the vector x' € Zg
such that in the expression x' = (x],...,x}) € Zg = HZ-E[S} Zq;, its it" component x; = x, the vector
given in Zg,;, and

X;- = agr], for all j # i.

Recall that al"l is a vector we picked from A, in condition (£3). Similarly we let ext’.(x), where r € T,
denote the vector x’ € Zg such that x; = x and

x = bgd, for all j # 1.

Let a be a vector in Zg, for some ¢ € [s], then we use a to denote the vector b € Zg such that b, = a
and b; = 0 for all other j # i. Also recall that we use gi, where k € [s], to denote gy, ;.

Theorem 5.6. Let ((M,N),C,D,(p,t, Q)) be a tuple that satisfies both (R) and (L) (including (L3)),
then either EVAL(C,D) is #P-hard or ® satisfies the following condition (D):
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(Dy) For everyr € S, we have

D (7]

(0x) = pl Dl ...pM for allx € A,. 9)

(0,ext,(x1))" (0,ext,(x2)) 7 (0,ext,(xs))’
(Dy) For everyr € T, we have

= D" D! Dl for all x € A, (10)

o
D (Lexty (1)) D(Lextr (x2)) * Pltextr (x.))7

(1,x)

(D3) Forallr € S, k€ [s] anda € Al,“,‘g C Zq,, there exist b € Zq, and o € Zy such that

wy - F g = DKJ],x+5) . DEB]’X), for all x € A,. (11)

(Dy) Forallr € T, k € [s] and a € Al}% C Zq,, there exist b € Zqg, and o € Zy such that

wy - by = DK},erﬁ) . Dg]’x), for allx € A,. (12)

Note that in (D3) and (Dy), the expressions on the left-hand-side do not depend on all other components
of x except the k" component xy,, because all other components of b are 0.

The statements in conditions (D3)-(D4) are a technically precise way to express the idea that there
is a quadratic structure on the support of each matrix DI"l. We express it in terms of an exponential
difference equation.

5.4 Tractability

Theorem 5.7. Let (M,N),C,®,(p,t,Q)) be a tuple that satisfies all three conditions (R), (L) and
(D), then the problem EVAL(C,®) can be solved in polynomial time.

6 Proof Outline of the Case: A is not Bipartite

The definitions and theorems of the case when the fixed matrix A is not bipartite are similar to, but
also have significant differences with, those of the bipartite case. We will list these theorems.

6.1 Step 1: Purification of Matrix A

We start with EVAL(A) in which A € C™*™ is a symmetric, connected and non-bipartite matrix with
algebraic entries. EVAL(A) is clearly tractable if m = 1. So in the discussion below, we assume m > 1.

Definition 6.1. Let A € C™*™ be a symmetric, connected, and non-bipartite matriz, then we say A is
a purified non-bipartite matriz if there exist positive rational numbers i1, . .., fm such that A; ;/(pip;)
is a root of unity for all i,j € [m].

In other words, A has the form

M1 i1 G2 - Cim 1
A > | C2.,1 42.,2 B szm 2 ,
M, gm,l gm,2 ce <m,m Hm

where (; ; = (j; are all roots of unity. We prove the following theorem:
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Theorem 6.1. Let A € C™*™ be a symmetric, connected, and non-bipartite matriz, for some m > 1.
Then either EVAL(A) is # P-hard or there exists a purified non-bipartite matriz A’ € C™*™ such that

EVAL(A) = EVAL(A).

6.2 Step 2: Reduction to Discrete Unitary Matrix

In this step, we prove the following theorem:

Theorem 6.2. Let A € C™*"™ be a purified non-bipartite matriz, then either 1). EVAL(A) is tractable;
or 2). EVAL(A) is #P-hard; or 3). there exists a triple (M, N),F,®) such that

EVAL(A) = EVAL(F, D)
and (M,N),F,®) satisfies the following conditions (U5)-(Uy):

(Uy) M and N are positive integers that satisfy 2|N and M |N. F is an n X n complex matrixz for
somen>1, and D = {D[m7 . ,D[N_H} is a sequence of N n x n diagonal matrices;

(US) F is a symmetric M-discrete unitary matriz;
(U%) For alli € [n], DZ[O} = 1. For all 7 € [N — 1], we have D'l £0 = 3i € [n], DZ[T] =1;

(U}) For allr € [N —1] and all i € [n], DZ[T] € Q(wn) and ‘DF! € {0,1}.

6.3 Step 3: Canonical Form of F and ©

Now suppose we have a tuple ((M, N),F,D) that satisfies (U;)-(U}). For convenience we still use m to
denote the number of rows and columns of F and each DUl in ©, though it should be noted that this
new m is indeed the n in Theorem 6.2, which is different from the m used in the first two steps.

Similar to the bipartite case, we adopt the following convention in this step: given an n x n matrix,
we use [0 : n — 1], instead of [n], to index its rows and columns.

We start with the special case when M = 1. Because F is M-discrete unitary, we must have m =1
and F = (1). In this case, it is clear that the problem EVAL(C, ) is tractable. So in the rest of this
section, we always assume M > 1.

6.3.1 Step 3.1: Entries of D'l are either 0 or Powers of wy

Theorem 6.3. Suppose (M, N),F,D) satisfies (U;)-(U}) and integer M > 1. Then either EVAL(F,D)
is #P-hard or ((M,N),F,D) satisfies the following additional condition (U}):

(UL) For allr € [N —1] and i € [0:m — 1], D" is either zero or a power of wy.

(2

6.3.2 Step 3.2: Fourier Decomposition

Let ¢ be a prime power. We say W is a non-degenerate matrix in Z?]“ if Wx #£ 0 for all x #£ 0 € Zg.
The following lemma gives some equivalent characterizations of W being non-degenerate. The proof is
elementary, so we omit it here.

Lemma 6.1. Let g be a prime power and W € Zgw. Then the following statements are equivalent:

1. W is non-degenerate; 2. x — Wx is a bijection from Z?I to Zg; 3. det(W) is invertible in Zg.
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Definition 6.2 (Generalized Fourier Matrix). Let g be a prime power and W = (W;;) be a symmetric
non-degenerate matrix in ngz' Fow is called a (g, W)-generalized Fourier matrix, if it is a % x ¢?
matriz and there is a one-to-one correspondence p from [0: q*> — 1] to [0 : ¢ — 1], such that

_ W +W, +W +W. .. 9
(fq,W)i,j = w, 11%1Y1 12z1y2+Waiz2y1 2222Y2 for alli,j e [0 L — 1]7

where x = (x1,x2) = p(i) and y = (y1,y2) = p(j)-

Theorem 6.4. Suppose (M, N),F,D) satisfies (U)-(U:), then either EVAL(F,D) is # P-hard or there
exist a permutation ¥ from [0 :m — 1] to [0: m — 1] and

1. two sequences d = (di,...,dg) and W = (WU WL, for some non-negative g (Note that the
g here could be 0, in which case both d and W are empty): For every i € [g], d; > 1 is a power of
2, and WU is a 2 x 2 symmetric non-degenerate matriz over Zg;; and

2. two sequences q = (q1,...,q¢) and k = (ky,...,ke) (Again € could be 0, in which case both q and
k are empty), in which for every i € [{], g; is a prime power, k; € Zg,, and ged(g;, ki) =1,

such that

g 4
Fyy = <®:Fdi7w[“> ® <®fqi7ki> .
=1 i=1

Suppose there does exist a permutation ¥ (together with d, W, q, and k) such that Fy; x; satisfies
the equation above (otherwise, EVAL(F,®) is #P-hard). Then we apply ¥ to DIl r e 0: N —1], to
get a new sequence Dy, of N diagonal matrices in which the r** matrix is

It is clear that permuting the rows and columns of F and D" in ® by the same permutation ¥ does
not affect the complexity of EVAL(F,®), so EVAL(Fyx »,®y) = EVAL(F,®). From now on, we simply
let F and © denote Fy 5, and Dy, respectively. Thus we have

g ¢
F= <®Tdi’w[i]> ® <®:Fq¢,ki> . (13)
i=1 =1

Before moving forward to Step 3.3, we rearrange the prime powers in d and q and divide them into
groups according to different primes.

By (13), there exist d, W, p, t, @ and K such that tuple ((M,N),F,9,(d,W,p,t,Q,K)) satisfies
the following condition (R’):

(R}) d = (di,...,dy) is a sequence of powers of 2 for some non-negative integer g, such that if g > 0,
then dy > ... > dg; W = (Wm, . ,W[g]) is a sequence of matrices. Every Wl is a symmetric
non-degenerate 2 x 2 matrix over Zg4, (Note that d and W could be empty);

p = (p1,-..,ps) is a sequence of s primes, for some s > 1, such that 2 = p; < ... < ps; t = (¢4,
..,ts) is a sequence of integers: ¢t; > 0 and ¢; > 1 for all i > 1; @ = {q; |7 € [s]} is a collection

of sequences in which q; = (¢i1,...,¢+,) is a sequence of powers of p; such that ¢;; > ... > ¢,
(Only q; could be empty. We always fix p; to be 2 even when no powers of 2 occur in Q);
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I = {k;|i € [s]} is a collection of s sequences in which each k; = (ki 1,..., ki) is a sequence of
length ¢;. For all ¢ € [s] and j € [t;], k; j € [0 : ¢;; — 1] and ged(k; 5, ¢i ;) = ged (ki j,pi) = 1;

(Ry) (M,N),F,D) satisfies condition (Uj)-(UL), and
m=[1@)?*x T[ @y
i€lg] i€[s],5€[t:]
(R%) There is a one-to-one correspondence p from [0 : m — 1] to Z3 x Zg, where
23 =[] (2za)® and Zo= T[] Z,,
i€lg] i€ls],j€[t:]
such that (For every a € [0 : m — 1], we use
(z04j:i€[g],j €{1,2}) €Z] and (w1,,:4€ [s].] € [ti]) € Zo
to denote the components of x = p(a) € Z3 x Zg, where xg;; € Zq, and x1;; € Zq, )
Fa,b — H w((ifo,z,l z0,3,2) W (y0,i,1 yO,z,Z)T H OJ(I;ZJ] L1,4,5Y1, zg for all a, b e [0 - m — 1]7
iclg] ic[s].j€[ti]
where ((zo,i,5), (1,6,5)) = x = p(a) and ((yo,i5), (Y1,i,5)) =y = p(b).
For convenience, we will from now on directly use x € Z3 X Zg to index the rows and columns of F:
[i. s U s
ny = F 1(x H w(fBOzl 55012 W (yOzl yOzZ)T H w(l;;:;- wl,z,jyl,z,]7 for all X,, (14)
iclg] icls]jelt:]
whenever we have a tuple ((M,N),F,D,(d,W,p,t,Q,K)) that is known to satisfy condition (R’). We
assume the matrix F is indexed by (x,y) rather than (a,b) € [0 : m — 1]?, and (R}) refers to (14).
6.3.3 Step 3.3: Affine Support for ©

Now we have a tuple (M, N),F, D, (d,W,p,t, Q,K)) that satisfies condition (R’). In the next step we

show for every r € [N — 1] (for r = 0, we already know D[ is the identity matrix), the non-zero entries

of the 7" diagonal matrix DI" (in ®) must have a coset structure; otherwise EVAL(F,®) is #P-hard.
For every r € [N — 1], we use I, C Z3 x Zg to denote the set of x such that

Yo,

We also use Z to denote the set of » € [N — 1] such that T, # 0.
For convenience, we let Zq , 1 € [s], denote the following set (or group, more exactly): When ¢ > 1,
Zq; = Lq;; and when i = 1, Zq, = Z%4 x Zq,. This gives us a new way to denote the components of

X €EZA x Lo = H Lg;: X = (X1, ..., Xs), where x; € Zg,.
i€[s]

Theorem 6.5. Let (M,N),F,D,(d,W,p,t,Q,K)) be a tuple that satisfies condition (R'), then either
EVAL(F,D) is #P-hard; or © satisfies the following condition (L}): For everyr € Z,

(L4) Ty =TI;_, Tri, where Tyj is a coset in Zq,, for all i € [s).
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Suppose EVAL(F, D) is not #P-hard, then by Theorem 6.5, tuple ((M,N),F,9,(d,W,p,t, Q,K))
satisfies not only (R’) but also (£]). By condition (U}), D satisfies the following additional property:

(£}) For every r € Z, there exists an al'l € T, C 72 x Zg =[] Zq, such that D([:[]T] = 1.

1€]s]

From now on, when we say condition (£’), we mean both conditions (£}) and (L}).

6.3.4 Step 3.4: Quadratic Structure

In this final step within Step 3 for the non-bipartite case, we show that, for any index r € [N — 1], the
non-zero entries of D"} must have a quadratic structure; otherwise EVAL(F,®) is #P-hard.

We need the following notation: given x in Zg, for some i € [s], we let ext,(x), where r € Z, denote
the vector x’ € Z% x Zg such that in the expression

/ / / 7
x = (x},...,X,) € H Zq;,
J€ls]
its i'" component x; = x, the vector given in Zg,, and

x;- = agd, for all j # 1.
Recall that al”l is a vector we picked from T, in condition (£3).
Let a be a vector in Zg, for some i € [s]. Then we use a to denote the vector b € []
that b; = a and b; = 0 for all other j # 1.

j€ls] qu such

Theorem 6.6. Suppose (M,N),F,D,(d,W,p,t,Q,K)) satisfies conditions (R') and (L). Then either
EVAL(F, D) is #P-hard or © satisfies the following condition (D'):

(D}) For everyr € Z, we have

D}[Z‘} _ pll pll ... pl! for allx €T, (15)

ext,(x1) ext,(x2) ext,(xs)’

(D)) For allr € Z, k € [s] and a € F}}r,; C Zq,, there exist b € Zq, and o € Zy such that

WY Fy = pr_.pl forallxeT,; (16)

x+a

Note that in (D), the expressions on the left-hand-side do not depend on all other components of
x except the k" component xj, € Zq,,, because all other components of b are 0.

6.4 Tractability

Theorem 6.7. Let (M, N),F,D,(d,W,p,t,Q,K)) be a tuple that satisfies all the conditions (R'),
(L") and (D'), then the problem EVAL(F,D) can be solved in polynomial time.

7 Proofs of Theorem 5.1 and Theorem 6.1

In this section, we prove Theorem 5.1 and Theorem 6.1.

Let A = (A;;) denote a connected and symmetric m x m matrix in which every entry A;; is an
algebraic number. (At this moment, we do not make any assumption on whether A is bipartite or not.
A could be either bipartite or non-bipartite). We also let

o = {AiJ : Z,j S [m]}
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denote the finite set of algebraic numbers from the entries of A. In the first step, we construct a new
m X m matrix B from A, which satisfies the following conditions:

1. B is also a connected and symmetric m x m matrix (so that EVAL(B) is well-defined);
2. EVAL(B) = EVAL(A); and
3. Every entry of B can be expressed as the product of a non-negative integer and a root of unity.

We let B’ be the non-negative matrix such that BZQ ;= |B; j|. Then in the second step, we show that,
EVAL(B’) < EVAL(B).

Since B’ is a connected, symmetric and non-negative (integer) matrix, we can apply the dichotomy of
Bulatov and Grohe [4] (see Theorem 2.1) to B’ and show that, either EVAL(B') is #P-hard; or B is a
(either bipartite or non-bipartite, depending on A) purified matrix. When EVAL(B’) is #P-hard,

EVAL(B') < EVAL(B) = EVAL(A),

and thus, EVAL(A) is also #P-hard. This proves both Theorem 5.1 and Theorem 6.1.

7.1 Equivalence between EVAL(A) and COUNT(A)

Before the construction of the matrix B, we give the definition of a class of counting problems closely
related to EVAL(A). It has been used in previous work [18] for establishing polynomial-time reductions
between different EVAL problems.

Let A € C™*™ be a fixed symmetric matrix with algebraic entries, then the input of the problem
COUNT(A) is a pair (G,x), where G = (V, E) is an undirected graph and = € Q(&7). The output is

#A(G,z) = ‘{assignment £:V = [m] | wta(§) = x}‘,
a non-negative integer. The following lemma shows that EVAL(A) = COUNT(A).

Lemma 7.1. Let A be a symmetric matriz with algebraic entries, then EVAL(A) = COUNT(A).

Proof. To prove EVAL(A) < COUNT(A), recall that the matrix A is considered fixed, with m being a
constant. Let G = (V, E) and n = |E|. We use X to denote the following set of complex numbers:

X = H Afzjj integers k; ; > 0 and Z kij=mnp. (17)
i,j€[m] i,j€[m]

It is easy to see that | X| is polynomial in n, being ("jﬂ?i;l) counting multiplicity, and the elements in

X can be enumerated in polynomial time (in n). It then follows from the expression in the definition
of wta (§) that for any = ¢ X, # A (G, z) = 0. This gives us the following relation:

Za(G) = Z x-#a(G,x), for any undirected graph G,
zeX

and thus, EVAL(A) < COUNT(A).
For the other direction, we construct, for any p € [|X|] (Recall that |X| is polynomial in n), a new
undirected graph GIP! from G by replacing every edge uv of G with p parallel edges between u and v.
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It is easy to check that for any assignment &, if its weight over G is x, then its weight over GP! must be
aP. This gives us the following collection of equations: For every p € [|X|],

Za(GP)y = Z aP - #4(G,z), for any undirected graph G.
rzeX

Note that this is a Vandermonde system. Since we can query EVAL(A) for the values of Za (GP)), we
can solve it and get # 4 (G, x) for every non-zero x € X. To obtain #, (G,0) (if 0 € X), we note that

Z #A(G7x) = m|V‘

zeX

This gives us a polynomial-time reduction and thus, COUNT(A) < EVAL(A). O

7.2 Step 1.1
We now show how to build the desired B from A. We need the following notion of a generating set.

Definition 7.1. Let & = {aj}je[n] be a set of n mon-zero algebraic numbers, for some n > 1. Then we
say {g1,-..,94}, for some integer d > 0, is a generating set of < if

1. Every g; is a non-zero algebraic number in Q(<7);

2. For all (ky,... kq) € Z* such that (ki,...,kg) # 0, we have

g’fl e ggd 18 not a root of unity.

3. For every a € o/, there exists a unique (ky,. .., kq) € Z% such that

a

T is a root of unity.

k
gll...gd

Clearly d = 0 iff the set o/ consists of roots of unity only. The next lemma shows that every <f has
a generating set.

Lemma 7.2. Let &/ = {aj}je[n} be a set of non-zero algebraic numbers, then it has a generating set.

Lemma 7.2 follows directly from Theorem 17.1 in Section 17. Actually, the statement of Theorem
17.1 is stronger: A generating set {g1,92,...,94} can be computed from .o/ in polynomial time. More
precisely, following the model of computation discussed in Section 2.2, we let a be a primitive element
of Q(«7) so that Q(«/) = Q(«) and let F'(x) be a minimal polynomial of a. Then Theorem 17.1 shows
that, given the standard representation of the a;’s, one can compute the standard representation of g

.+, 94 € Q(a) in polynomial time in the input size of the a;’s, with {g1,..., g4} being a generating set
of &/. Moreover, for each element a € &/ one can also compute in polynomial time the unique tuple of
integers (k1,...,kq) such that .

g’fl e g§d
is a root of unity. In addition, if we are also given an approximation & of a that uniquely determines
a as a root of F(z), then we can use it to determine which root of unity it is in polynomial time. Note
that in Lemma 7.2 we only need the existence of a generating set {g1,...,gq4}. But later in Section 17,
the polynomial-time computability of a generating set will be critical to the proof of Theorem 1.2, the
polynomial-time decidability of the dichotomy theorem.
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Now we return to the construction of B, and let </ denote the set of all non-zero entries A; ; from
A. By Lemma 7.2, we know that it has a generating set 4 = {g1,...,ga}. So for each A, ;, there exists
a unique tuple (kq,...,kq) such that

Aij

kq

TR is a root of unity,
gl gd

and we denote it by (; ;.
The matrix B = (B; ;) € C™*™ is constructed as follows. Let p; < --- < pg denote the d smallest
primes. For every i,j € [m], we define B; ;. If A; ; =0, then B; ; = 0. Suppose A; ; # 0. Because ¥ is

a generating set, we know there exists a unique tuple of integers (k1,...,kq) such that
A
Gij = kliuk is a root of unity.
g1 g4°

Then we set B; ; to be i .
Bij=pi - pg" G

So what we did in constructing B is just replacing each g; in ¢4 with a prime p;. B; ; is well-defined

by the uniqueness of (ki ..., kq) € Z% and conversely by taking the prime factorization of |B; j| we can
recover (ki,...,kq) uniquely, and then recover A;; by
ko ke Big

The next lemma shows that such a replacement does not affect the complexity of EVAL(A).

Lemma 7.3. Let A € C™*™ be a symmetric and connected matrixz with algebraic entries and let B be
the m x m matriz constructed above, then

EVAL(A) = EVAL(B).

Proof. By Lemma 7.1, it suffices to prove that COUNT(A) = COUNT(B). Here we only prove one of
the two directions: COUNT(A) < COUNT(B). The other direction can be proved similarly.

Let (G, x) be an input of COUNT(A), where G = (V, E) and n = |E|. We use X to denote the set
of algebraic numbers defined earlier in (17). Recall that |X| is polynomial in n since m is a constant,
and can be enumerated in polynomial time. Furthermore, if x ¢ X, then #4 (G, x) must be zero.

Now suppose ¢ € X, then we can find a particular sequence of non-negative integers {k;k j}i,je[m} in
polynomial time, such that . =n and

@] zg
e= [ A7 (18)

i,j€[m]
This sequence {k} ;}; je[m) is in general not unique for the given z. Using {k],;}, we define y by
k.
I B (19)
i,j€[m]

It is clear that x = 0 iff y = 0. This happens precisely when some £} ; > 0 for some entry A; ; = 0.
The reduction COUNT(A) < COUNT(B) then follows from the followmg claim

#a(G, z) = #B(G,y). (20)

34



To prove this claim, we only need to show that, for any assignment £ : V' — [m)],

wta(§) =2 <— wtp(&) =v.

We only prove wta (§) =z = wtg(§) = y here. The other direction can be proved similarly.
Let £ : V — [m] denote any assignment. For every i,j € [m], we use k; ;j to denote the number of
edges uv € E such that (§(u),£(v)) = (4,7) or (j,4), then for both A and B,

wta (€ H A and wig(€) = [ B (21)

i,j€[m i,5€[m]

For x = 0, we note that the weight WtA(f) is 0 iff for some zero entry A;; = 0 we have k; ; > 0. By
the construction of B, A; ; = 0iff B; ; = 0, so wtg(£) must also be 0.

In the following we assume both z,y # 0, and we only consider assignments £ : V' — [m] such that
its k; ; = 0 for any A; ; = 0 (equivalently k; ; = 0 for any B; ; = 0). Thus we may consider the products
in (21) are over non-zero entries A; ; and B, ;, respectively.

Now we use the generating set 4 = {g1,...,94} chosen above for the set &7 of all non-zero entries
A; j in the matrix A. There are integer exponents ey (i), €2,(ij)s - - - » €4,(ij), Such that
d d
H g and By = 6z @ . ¢, foralli,jsuch that A;; # 0,
=1 =1

where (; ; is a root of unity. The expression of B; ; follows from the construction. By (18) and (21),
kl K3 . .
wta(§) =2 = H i Ris =RV oo oot of unity.

Here the sum ), ; in the exponent is over all 4, j € [m] where the corresponding A; ; is non-zero. This
last equation is equivalent to (since ¢ is a generating set)

> (kij — ki) - equpy =0, forall € € [d], (22)
,J

which in turn implies that

[T (o)™ =TT )" (23)
i,J i,J
It then follows from (19), (21), (22) and (23) that wtg(§) = y. O

7.3 Step 1.2

Now we let B’ denote the m x m matrix such that B; ; = |B; j| for all 4,j € [m]. We have (note that
Lemma 7.4 actually holds for any symmetric matrix B and B’, as long as B; ; = |Bi;l for all i, j)

Lemma 7.4. EVAL(B') < EVAL(B).

Proof. By Lemma 7.1, we only need to show that COUNT(B’) < COUNT(B).
Let (G, x) be an input of COUNT(B’). Since B’ is non-negative, we have #p/(G,z) = 0 if x is not
real or z < 0. Now suppose x > 0, G = (V, E) and n = |E|. We let Y denote the following set

Y = H sz;J integers k; ; > 0 and Z kij=n

i,j€[m] i,j€[m]
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Again, we know |Y'| is polynomial in n and can be enumerated in polynomial time in n. Once we have
Y, we remove all elements in Y whose complex norm is not equal to z. We call the subset left Y.
The lemma then follows directly from the following statement:

#B’(Gax) = Z #B(G7y)

yeYy

This is because, for every assignment £ : V' — [m], wtp/(§) = = if and only if |wtg(§)| = =. This gives
us a polynomial reduction since Y, C Y, |Y,]| is polynomially bounded in n, and Y, can be enumerated
in polynomial time. O

Finally we prove Theorem 5.1 and Theorem 6.1.

Proof of Theorem 5.1. Let A € C™*™ be a symmetric, connected and bipartite matrix. We construct
matrices B and B’ as above. Since we assumed A to be connected and bipartite, both matrices B and
B’ are connected and bipartite. Therefore, we know there is a permutation II from [m] to itself such
that By py is the bipartisation of a k x (m — k) matrix F, for some 1 <k < m:

0 F

and Bf; 1 is the bipartisation of F', where I} ; = [F; ;| for all i € [k] and j € [m — k]. Since permuting
the rows and columns of B does not affect the complexity of EVAL(B), we have

EVAL(B'an) < EVAL(Bpn) = EVAL(B) = EVAL(A). (24)
We also know that Bi‘[,n is non-negative. By Bulatov and Grohe’s theorem, we have the following cases:
— First, if EVAL(Bh’H) is #P-hard, then by (24), EVAL(A) is also #P-hard.

— Second, if EVAL(By; ) is not #P-hard then the rank of F' must be 1 (it cannot be 0 since By
is assumed to be connected and bipartite). Therefore, there exist non-negative rational numbers
[415 -« s fks - - fim Such that F} ; = pipjp, for all i € [k] and j € [m — k]. Moreover, y;, for all
i € [m], cannot be 0 since otherwise Byy 1y is not connected.

As every entry of By is the product of the corresponding entry of B’H7H and some root of unity,
Bip11 is a purified bipartite matrix. The theorem is proven since EVAL(B) = EVAL(A). O

Proof of Theorem 6.1. The proof is similar.

Let A € C"™*™ be a symmetric, connected and non-bipartite matrix, then we construct B and B’ as
above. Since A is connected and non-bipartite, both B and B’ are connected and non-bipartite. Also,
B’ is non-negative. We consider the following two cases. If B’ is #P-hard, then EVAL(B’) < EVAL(B)
= EVAL(A) implies that EVAL(A) must also be #P-hard. If B is not #P-hard then it follows from the
dichotomy theorem of Bulatov and Grohe [4] that the rank of B is 1 (it cannot be 0 since we assumed
m > 1, and B is connected). Since B is symmetric, it is a purified non-bipartite matrix. The theorem
then follows since EVAL(B) = EVAL(A). O

8 Proof of Theorem 5.2

We start by introducing a technique for establishing reductions between EVAL(A) and EVAL(C, D). It
is inspired by the Twin Reduction Lemma proved in [18].
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8.1 Cyclotomic Reduction and Inverse Cyclotomic Reduction

Let A be an m x m symmetric (but not necessarily bipartite) complex matrix, and let (C, D) be a pair
that satisfies the following condition (7):

(71) Cis an n x n symmetric complex matrix;

(T2) © = {D[O], ..., DIV _1}} is a sequence of N n x n diagonal matrices for some positive integer IV;

(73) Every diagonal entry D[[lo} in DI is a positive integer. Furthermore, for every a € [n], there

exist nonnegative integers g, ..., n—1 such that
N-1 N—-1
DLO] = Z Qqp  and D([l’"] = Z Qg p - w%’, for all r € [N — 1].
b=0 b=0
In particular, we say that the tuple (aq0,...,aqNn—1) generates the at" entries of .

We show that if A and (C, D) satisfy certain conditions, then EVAL(A) = EVAL(C, D).

Definition 8.1. Let Z = {Ri0,Ri11,-.., RiN-1,---,Rno,...,Rnn—1} be a partition of [m] (note that
each R, here need not be nonempty) such that

Uogng_l Rop #0,  for all a € [n)].

We say A can be generated by C using Z if for alli,j € [m],
Aij=Cqu -w?\}kb’j where © € Ry p and j € Ry . (25)

Given any pair (C,®) that satisfies (7)), we prove the following lemma:

Lemma 8.1 (Cyclotomic Reduction Lemma). Let (C,D) be a pair that satisfies (T), with nonnegative
integers aqp’s. Let # = {Ri0,...,Rnn-1} be a partition of [m] satisfying

n N-—1

|Rap| = ap  and m=>">ag,>n,

a=1 b=0
and let A € C"™*™ denote the matriz generated by C using Z. Then we have EVAL(A) = EVAL(C, D).

Proof. Tt suffices to prove for any undirected graph G = (V, E),

ZA(G) = Z wta(§) and Zcp(G) = Z wtc,o(n)

&V —|m] n:V—n]

are exactly the same.
To prove this, we define a surjective map p from {£}, the set of all assignments from V' to [m], to
{n}, the set of all assignments from V to [n]. Then we show for every n: V — [n],

wtop(n) = > wta(é). (26)
&:p(§)=n

We define p(§) as follows. Since Z is a partition of [m], for any v € V, there exists a unique pair (a, b)
such that £(v) € Rqp. Let &1(v) = a and &»(v) = b, then we set p(§) =n =& from V to [n]. It is easy
to check that p is surjective.
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To prove (26), we write wta (§) as
_ _ S(U+§(v &() £2(v)
wia(©) = [T Acwewr = T Cowmew) - wx " = 1] Cowne) i - wi”
uvel uvel uvel

It follows that

Z wta(§) = H Cn(u),n(v) X Z <H w£2(u ) 521})

&:p(&)=n wek &:p(§)=n \uwveE
_ €2(v)-deg(v)
= I Cowmmy x> (H Wi >
uwekl &p(&)=n \veV
bde
= I G (H <Z | By - s >>
weFE veV
deg(v) mod N
= 11 Cuwaw <H ny(ﬁ( ) }> = wtco(n),
weFE veV
and the lemma follows. U

By combining Lemma 8.1, Lemma 7.4, as well as the dichotomy theorem of Bulatov and Grohe, we
have the following handy corollary for dealing with EVAL(C,D):

Corollary 8.1 (Inverse Cyclotomic Reduction Lemma). Let (C,®) be a pair that satisfies condition
(T). If C has a 2 x 2 sub-matriz
<Cz’,k Ci,é)
Cir Cje

such that all of its four entries are nonzero and
|CikCie| # |CieCjkl,
then the problem EVAL(C,D) is #P-hard.

Proof. By the Cyclotomic Reduction Lemma, we know there exist a symmetric m x m matrix A, for
some positive integer m, and a partition Z of [m|, where

&% = {Ravb lacn,bel0: N - 1]} and  |J Rup#0, forallacn], (27)
be[0:N—1]

such that EVAL(A) = EVAL(C, D). Moreover, the two matrices A and C satisfy (25).

Now suppose there exist i # j,k # £ € [n] such that |C;j x|, |C;|,|Cj k| and |Cj | are non-zero and
|Ci kCje|l # |CieCj 1. We arbitrarily pick an integer i’ from J, R;; (which is known to be nonempty),
a j' from |, Rjp, a k' from |J, Ry, and an ¢ from (J, Ry p. Then by (25), we have

|Ai’,k’| = |Ci,k|7 |Ai’,ﬁ’| = |Ci7f|7 |Aj’,k’| = |Cj,k|a |Aj’,£’| = |Cj,£|, and |Ai’,k’Aj’,€’| a |Ai’,£’Aj’,k’|-

Let A’ = (|A;;|) for all 4,5 € [m], then A’ has a 2 x 2 sub-matrix of rank 2 and all its four entries are
nonzero. By the dichotomy of Bulatov and Grohe (Corollary 2.1), EVAL(A’) is #P-hard. It follows that
EVAL(C, D) is #P-hard, since EVAL(C,®) = EVAL(A) and by Lemma 7.4, EVAL(A’) < EVAL(A). O

By combining Lemma 8.1, Eq. (26), and the First Pinning Lemma (Lemma 4.1), we have
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Corollary 8.2 (Third Pinning Lemma). Let (C,®) be a pair that satisfies (T), then
EVALP(C,®) = EVAL(C, D).

In particular, the problem of computing Zaﬁ (or Z&Q) is polynomial-time reducible to EVAL(C, D).

Proof. We only need to prove that EVALP(C,®) < EVAL(C, D).

By the Cyclotomic Reduction Lemma, we know there exist a symmetric m X m matrix A for some
m > 1, and a partition Z of [m], such that, Z satisfies (27) and EVAL(A) = EVAL(C,®). A, C and #
also satisfy (25). By the First Pinning Lemma, we have EVALP(A) = EVAL(A) = EVAL(C, D). So we
only need to reduce EVALP(C,®) to EVALP(A).

Now let (G, w,7) be an input of EVALP(C,®), where G is an undirected graph, w is a vertex in G
and ¢ € [n]. By (26), we have

Zop(Gow,i) = Y wtoom) = Y, wial@)= > Za(G,w,j).
nin(w)=i

§:61(w)=i JEULR; b
This gives us a polynomial-time reduction from EVALP(C,®) to EVALP(A). O

Notice that, compared to the Second Pinning Lemma, the Third Pinning Lemma does not require
the matrix C to be the bipartisation of a unitary matrix. It only requires (C,D) to satisfy (7).

8.2 Step 2.1

Let A be a purified bipartite matrix. Then after collecting its entries of equal norm in decreasing order
by permuting the rows and columns of A, there exist a positive integer N and four sequences u,v, m
and n such that (A, (N, u,v,m,n)) satisfies the following condition:

(S81) Matrix A is the bipartisation of an m x n matrix B so A is (m+n) X (m+n). p = {u1,...,pus}
and v = {v1,...,14} are two sequences of positive rational numbers, of lengths s > 1 and ¢t > 1,
respectively. p and v satisfy pug > po > ... > ps and v; > vp > ... > 1. m = {mq,...,ms} and
n = {ni,...,n;} are two sequences of positive integers such that, m = > m; and n = > n;. The
rows of B are indexed by x = (21, z2) where 1 € [s] and zy € [my,], while the columns of B are
indexed by y = (y1,y2) where y; € [t] and y € [n,,]. For all x,y, we have

Byxy = B(x17502),(y17y2) = luwlyylsvaﬁ

where S = {Sxy} is an m x n matrix in which every entry is a power of wy.

J750 S1,0),(15) S, o0 S%),(t%) vl
B_ p2li, S0, (15)  S@u),2%) o0 S@),(t%) voly,
Bsling ) \S(s),(16)  S(se)(26) = Ss),(t,5) vily,

where I denotes the k x k identity matrix.

We let
I={J{G5)]j€ml} and J=|J{(45)]i€ nl},

1€[s] i€[t]

respectively. We use {0} x I to index the first m rows (or columns) of A, and {1} x J to index the last
n rows (or columns) of A. Given x € I and j € [t], we let
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pN-1 edges
be ——— 1 edge

Figure 2: Gadget for constructing graph G, p > 1.

va(jv*) = (va(jvl)’ e ’va(jvnj)) G (an
denote the 5% block of the x** row vector of S. Similarly, given y € J and i € [s], we let
Sty = (Seny: - Smyy) € C™

denote the i*" block of the y*" column vector of S.

Lemma 8.2. Suppose (A, (N, p,v,m,n)) satisfies (S1), then either EVAL(A) is #P-hard or (A, (N, w,
v,m,n)) satisfies the following two conditions:

(S2) For all x,x' € 1, either there exists an integer k such that Sx . = wk; - Sy « or for every j € [t],

(Sx.(j.) Sxt.(G.0)) = 05

(S3) For ally,y' € J, either there exists an integer k such that S,y = wk; - S,y or for every i € [s],

<S(i7*)7y7 S(i,*),y’> =0.

Proof. Assume EVAL(A) is not #P-hard. We only prove (S2) here. (S3) can be proved similarly.

Let G = (V, E) be an undirected graph. For each p > 1, we construct a new graph el by replacing
every edge wv in F with a gadget which is shown in Figure 2.

More exactly, we define graph GIP) = (V[p}, E [p]) as follows:

virl=vu {ae,be|e S E}
and EP! contains exactly the following edges: For each e = uv € E,
1. one edge between (u,a.) and (be,v);
2. (pN —1) edges between (ae,v) and (u,b).
The construction of GIP!, for each p > 1, gives us an (m + n) x (m + n) matrix AP such that

Zam(G) = ZA(G[p]), for all undirected graphs G.

Thus, we have EVAL(AP)) < EVAL(A), and EVAL(AP!) is also not #P-hard.
The entries of APl are as follows. First,

— A[p}

[p]
A (1,v),(0,u)

(0.u),(1,v) =0, foraluelandveJ.
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So APl is a block diagonal matrix with 2 blocks of m x m and n x n, respectively. The entries in the
upper-left m x m block are

(p] _ N-1 N-1
AGu0n) = (ZA<07u>7<17a>(A<o,v>7<17a>)” )(Z(Amvu)v(lvb))p A<07v>,(1,b>)

acJ beJ
<Z Bu,a<Bv,a>pN‘1) (Z(Bu,b>PN‘1Bv,b>
acJ beJ
for all u,v € I. The first factor of the last expression is
- N
Z Huy Vay Suva('uvl Vay )pN 15V Muluva ' Z foVSmaSV = Nmﬂv{v ' Z Vp u Sy (i,*)>'
acJ acJ i€(t]

Similarly, we have for the second factor

Z(Bu b)pN 'By b = “2]1\[ 1:uv1 Z VPN Sy (i,*)>-
beJ i€(t]
As a result, )
[p] N
Ao, 0v) = (P pen ) MY v (Su i Sviim)
1€(t]

It is clear that the upper-left m x m block of APl is a nonnegative real matrix. Similarly one can prove
that the same holds for its lower-right n x n block, so APl is a nonnegative real matrix.
Now let u # v be two indices in I (note that if [I| = 1, then (S2) is trivially true), then we have

4
[p] [p] _ 2pN N
Al 00 A0),0) = ()| D mi Y]
i€[t]

which is positive, and

4
[p] [p] _ 2pN N
A(Ié,u),(O,v)A(%,v),(O,u) = (fhuy proy )™ Z Vi (Su(ive) Sv,ii0))
i€]t]

Since EVAL(AP)) is not #P-hard, by the dichotomy theorem of Bulatov and Grohe (Corollary 2.1),

> Su i) S i)

i€(t]

1
Now suppose vectors Sy« and Sy . are linearly dependent, then because entries of S are all powers

of wy, there must exist an integer k € [0 : N — 1] such that Sy . = wfv - Sy «, and we are done.
Otherwise, assuming Sy« and Sy . are linearly independent, we have

is either 0 or 3 ey i PN

Z VPN “(Su,(i,4)> Sv (i) | < an . l/fN, for any p > 1. (28)
1€[t] i€[t]



This is because, if the left-hand side is equal to the right-hand side, then [(Sy (i «), Sv,i,«))| = ni for all
i € [t] and thus, Sy (. = wjk\}' - Sy (ix) for some k; € [0: N —1]. Moreover, these k;’s must be the same
since we assumed (28) is an equality:

Vpan n
E: i N_E:Zi

i€(t] i€(t]

As a result, Sy . and Sy , are linearly dependent, which contradicts the assumption. By (28), we have

Z V! (Su,(i,%)> Sv,(i,0)) = 0, forall p> 1.

ic[t]
Since 11 > ... > 14 is strictly decreasing, by using the Vandermonde matrix, we have

(Su,(i,5)> Sv,(i,s)) = 0, for all i € [t].
This finishes the proof of (S2). O
We then have the following corollary:

Corollary 8.3. For alli € [s] and j € [t], the rank of the (i,7)!" block matriz S(i%),(jx) Of S has
exactly the same rank as S.

Proof. Without loss of generality, we prove rank(S(; ) (1,+)) = rank(S).
First, we use Lemma 8.2 to show that

S1,4),(1,%)

8(2’*?’(1’*) = rank(S).

rank
S(s,*),(l,*)

To see this, we take any h = rank(S) rows of S which are linearly independent. Since any two of them

Sx,(x,+) and Sy (, ,) are linearly independent, by condition (Sz), the two subvectors Sy (1 ,) and Sy, (1 4

are orthogonal. Therefore, the corresponding h rows of the matrix on the left-hand side are pairwise

orthogonal, and the left-hand side is at least h. Of course it cannot be larger than h, so it is equal to h.
By using condition (S3), we can similarly show that

2(1,*),(1,*)
rank(s(17*),(17*)) — rank (2,*?,(1,*)
S(S,*)7(17*)
As a result, we have rank(S(; .y (1,+)) = rank(S). .

Now suppose h = rank(S), then by Corollary 8.3, there must exist indices 1 < iy < ... < ip < my
and 1 < j; < ... < jn < nq, such that, the {(1,41),...,(1,45)} x {(1,51),...,(1,4x)} sub-matrix of S
has full rank h. Without loss of generality (if this is not true, we can apply an appropriate permutation
IT to the rows and columns of A so that the new S has this property) we assume i, = k and j; = k for
all k € [h]. We use H to denote this h x h matrix: H;; = S(1) 1,5)-
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By Corollary 8.3 and Lemma 8.2, for every index x € I, there exist two unique integers j € [h] and

k€ [0: N — 1] such that .
Sx,* = wp - S(l,j) - (29)

)

This gives us a partition of index set {0} x I:
Ro = {Roojyx|i € sl j € Bl ke 0: N = 1]},
as follows: For every x € I, (0,x) € R, ;) if i = 21 and x, j, k satisfy (29). By Corollary 8.3, we have

U Ro,ijyk # 0, forallic[s]and j € [h].
ke[0:N—1]

Similarly, for every y € J, there exist two unique integers j € [h] and k € [0 : N — 1] such that
S.y = wh - S, (1,45 (30)
and we partition {1} x J into
% = {Ruigx|i€ltlj el ke0: N -1},
as follows: For every y € J, (1,y) € R ) if i = y1 and y, j, k satisfy (30). Again by Corollary 8.3,

U Rk 70, forallic[t] and j € [h].
ke[0:N—1]

Now we define (C,®) and use the Cyclotomic Reduction Lemma (Lemma 8.1) to show that
EVAL(C,D) = EVAL(A).

First, C is an (s + t)h x (s + t)h matrix which is the bipartisation of an sh x th matrix F. We use set
I' = [s] x [h] to index the rows of F, and J’' = [t] x [h] to index the columns of F. We have

Fxy = payVyy Hay gy = ay Vi S(1,20),(1,y2),  fOT all X € I'yelJ,

or equivalently,

,ull HH ... H V11
MQI H H H 1/21
F - . )
sl HH ... H 1

where I is the h x h identity matrix. We use ({0} x I') U ({1} x J') to index the rows/columns of C.

Second, ® = {D[O}, ..,DIV _1]} is a sequence of N diagonal matrices of the same size as C. We use
{0} x I' to index the first sh diagonal entries, and {1} x J’ to index the last th diagonal entries. Then
the (0,x)"" entries of © are generated by ([R0,21,22),005 - - - » [ (0,21 22),n—1]) and the (1, y)t" entries of ©
are generated by (|R(1,y, 40,0055 [R(1,y1,90),5-1]):

N—1 N—-1
D%},X) - Z ‘R(07m1,x2)7k‘ 'w% and D@,y) = Z ‘R(17y17y2)7k‘ 'w?\fry
k=0 k=0

forallr € [0: N —1],x = (z1,22) € I' and y = (y1,y2) € J'.
The following lemma is a direct application of the Cyclotomic Reduction Lemma (Lemma 8.1).
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Lemma 8.3. EVAL(A) = EVAL(C, D).

Proof. First we show that A can be generated from C using %y U ;.
Let x,x’ € I, (0,x) € Rg, j), and (0,x') € Ro.4, jn).k'» then we have

A,x),0x) = Co,e1,4),00,04,5) = 05

since A and C are the bipartisations of B and F, respectively. As a result,

k+k
A020.05) = Cloar.9), 04,3 “N"
holds trivially. Clearly, this is also true for the lower-right n x n block of A.
Let x € I, (0,%) € Ro .z, )k ¥ € J, and (1,y) € Ry, o for some j, &, j', k', then by (29)-(30),
A(O,x),(l,y) = Pay Vy Sxy = Nm’/ylS(l,j),y 'W?V = NmyylS(l,j),(Lj’) ‘lei/—i_k = C(O,m,j),(l,yhj’) 'w?\/—i_k .
A similar equation holds for the lower-left block of A, so it can be generated from C using %y U Z;.

On the other hand, the construction of ® implies that ® can be generated from partition %y U Z;.
The lemma then follows directly from the Cyclotomic Reduction Lemma. O

8.3 Step 2.2

We first summarize what we have proved in Step 2.1. We showed that the problem EVAL(A) is either
#P-hard or equivalent to EVAL(C,D), where (C,®) satisfies the following condition (Shape):

(Shape;): C € C™*™ (note that this m is different from the m used in Step 2.1) is the bipartisation
of an sh x th matrix F (thus m = (s +t)h). F is an s x ¢ block matrix and we use I = [s] x [h],
J = [t] x [h] to index the rows and columns of F, respectively.

(Shapes): There are two sequences g = {1 > ... > us >0} and v = {v; > ... > 1y > 0} of rational
numbers together with an h x h full-rank matrix H whose entries are all powers of wy, for some
positive integer N. For all x € [ and y € J, we have

Fxy = Nx1Vy1Hx27y2'

(Shapes): © = {D ... DIN=1} is a sequence of m x m diagonal matrices. ® satisfies (73), so

= DEZIV;)T], for all r € [N — 1], x € [s] x [h] and y € [t] x [h].

SRSy ]
Doy = Doy 2and Dy,

We use ({0} x I) U ({1} x J) to index the rows and columns of matrices C and DU"J,
Now in Step 2.2, we prove the following lemma:

Lemma 8.4. Either EVAL(C,®) is #P-hard, or H and D satisfy the following two conditions:

(Shapey): ﬁ -H is a unitary matrix, i.e., (H;., H;,) = (H,;,H, ;) =0 for all i # j € [h].
: 0 0 0 0
(Shapes): DI satisfies DEO{X) = DEO],(scl,l)) forallx eI, and DEI}’y) = Dgl{(yl’l)) forally € J.
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Proof. We rearrange the diagonal entries of DI% indexed by {1} x J into a t x h matrix X:

N
Xij =D 5

for all i € [t] and j € [h],
and its diagonal entries indexed by {0} x I into an s X h matrix Y:

[0]

(0. forallie [s] and j € [h].

Yij=D

Note that by condition (73), all entries of X and Y are positive integers.
The proof has two stages: First, we show in Lemma 8.5 that, either EVAL(C,®) is #P-hard, or

(HixoHj,, X i) =
(HaioHijy Yio) =

0, forall ke [t]and i# j € [h], and (31)
0, forall ke [s|and i#j € [h] (32)
We use U to denote the set of h-dimensional vectors that are orthogonal to

HL* e} H27*, Hl,* o) Hg’*, “eey Hl,* e} Hh’*.

The above set of h — 1 vectors is linearly independent. This is because

h

h
Z ai(Hi«oH;,) =Hj.o (Z aiH—i,*> )
i=2

1=2

and if 2?22 a;(Hy« oH;,) =0, then 2?22 a;H; ., = 0 since all entries of H; , are nonzero. Because H
has full rank, we have a; = 0,7 =2,...,h. As a result, U is a linear space of dimension 1 over C.
In the second stage, we show in Lemma 8.6 that, assuming (31) and (32), either

(H; . oHj,, (X;+)?) =0, forallkel|t]andi+#je[h], and (33)
(H.;oH. ,(Yr«)?) =0, forallke[s]andi#je€ [h], (34)

or EVAL(C, D) is #P-hard. Here we use (Xy.)? to denote Xy, 0 Xy ..

(31) and (33) then imply that both Xy, . and (X «)? are in U and thus, they are linearly dependent
(since the dimension of U is 1). On the other hand, by (73), every entry in Xy, , is a positive integer.
Therefore, X}, . must have the form wu - 1, for some positive integer u. The same argument works for
Y, . and the latter must also have the form «’ - 1. By (31) and (32), this further implies that

(H;«,H;,) =0 and (H,; H,;) =0, foralli#jelhl.
This finishes the proof of Lemma 8.4. U
Now we proceed to the two stages of the proof. In the first stage, we prove the following lemma:
Lemma 8.5. Either matrices H, X and Y satisfy (31) and (32), or EVAL(C,D) is #P-hard.

Proof. Suppose problem EVAL(C, D) is not #P-hard, otherwise we are already done. We let ©* denote
a sequence of N m x m diagonal matrices in which every matrix is a copy of DI (as in D):

o*={D . . DI}

It is easy to check that ©* satisfies condition (73).
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Let G = (V, E) be an undirected graph. For each p > 1, we build a new graph Gl = (V[f”], E[p}) in
the same way as we did in the proof of Lemma 8.2. This gives us an m x m matrix CP! such that

Zow o+ (G) = ZC,@(GL”]), for all undirected graphs G,

and thus, EVAL(CP!, ©*) < EVAL(C,®), and EVAL(C/?}, ©*) is also not #P-hard.
Matrix CP! is a block matrix which has the same block dimension structure as C. The upper-right
and lower-left blocks of C[?! are zero matrices. For x,y € I, we have

C([g],x)7(0,}’) - <Z vaa(Fy,a)pN_lXahaz) (Z(Fx,b)pN_le,bXbl,b2) .
acJ beJ

By (Shapey) and the fact that all entries of X are positive integers, we can rewrite the first factor as

oy (Lo )pN_l Z(th )pNHx2,a2Hy27a2Xa1,a2 = oy (K, )pN_l Z (Va)pN<Hx2,* oHy, +, Xax).
acJ a€lt]

Similarly, we have

()N gy Y ()P (Hgy v 0 Hy,y o, X )
aclt]

for the second factor. Since v, > 0 for all a, we have
2

C([g},x),(o,y) = (/‘wlﬂw )pN Z(Va)pN (Hmz,* 0 Hyz,*aXa,*> ) (35)
aclt]

so the upper-left block of CI?! is a nonnegative real matrix. Similarly one can show that the same holds
for its lower-right block, so CP! is a nonnegative real matrix.
Now for any x #y € I, we have

2 2
C([](;],x),(o,x) = (MI1)2PN Z(Va)pN Z Xa,b and C(([1(!))},y),(0,y) = (Ny1)2pN Z(Va)pN Z Xa,b ’
a€lt] be(h] a€lt] be(h]
which are positive, and
4
[p] [p] _ 2pN N
C(g,x),(o,x) C(g,y),(o,y) = (Kay pyy ) Z(Va)p Z Xap | >0.
acly be[h]

Since EVAL(CIPl, ®%) is not #P-hard and (CPl, ©*) satisfies (7°), by the Inverse Cyclotomic Reduction
Lemma (Corollary 8.1), we have

cither (C[:n] 2 _ C[:n] C[:n] or C[p}

© X)v(O,Y)) (0,%),(0,%) 7 (0,y),(0,y) (0x),00,y) — 0.

We claim that if the former is true, then we must have o = y». This is because, in this case, we have

Z(Va)pN<Hr2,* Om’ Xax)| = Z(Va)pN Z Xab,

aclt] a€lt] be[h]
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== N-1 edges
pN-1 edges
—— 1 edge

Figure 3: Gadget for constructing G®, p > 1.

and the norm of (Hy, .o H,, ., X,,«) must be Zbe[h} X,,p- However the inner product is a sum of X, ;’s

weighted by roots of unity, so the entries of Hy, » o Hy, , must be the same root of unity. Thus, Hg, .
and H,, , are linearly dependent. Since H is a matrix of full rank, we conclude that xs = ys.

In other words, if x5 # y9, then we have C’([g}x) Oy) = 0 and thus,

Z(Va)pN<Hx27* oHy, ., Xa«) =0, forall p>1and all zg # yo,
a€lt]
since the argument has nothing to do with p. By using the Vandermonde matrix, we have
(Hy, »oHy, ., X,.) =0, forall a€ [t] and all zo # ys.
This finishes the proof of (31). (32) can be proved similarly. O
In the second stage, we prove the following lemma:;:

Lemma 8.6. Suppose matrices H, X and Y satisfy both (31) and (32). Then either they also satisfy
(33) and (34), or EVAL(C,®) is #P-hard.

Proof. We will only prove (34). (33) can be proved similarly. Again, we let ©* denote a sequence of N
m x m diagonal matrices in which every matrix is a copy of DI% (D* satisfies (73)).

Before starting the proof we note the following property of the matrix C[ which we used in the
proof of Lemma 8.5 since we need it to prove (34) here: When x4 = y5, by (35), we have

2
1
C(([0],x),(0,y) = (Mxluyl)N Z(VG)N Z Xa,b ,

a€lt] be(h]

and is equal to 0 when x5 # yo. We use L to denote the second factor on the right-hand side, which is
independent of x and y, so the right-hand side becomes (,uml,uyl)N - L.

Additionally, because of (32), we have Y}, , and Y , are linearly dependent for every k. Thus there
exists a positive rational number Ay such that

Y= Y1, forallkels]. (36)

47



Because of this, we only need to prove (34) for the case when k = 1.

Now we start the proof of (34). Suppose EVAL(C, D) is not #P-hard. We use G = (V, E) to denote
an undirected graph, then for each p > 1, we build a new graph G® = (V(p), E(p)) by replacing every
edge e = uwv € F with a gadget which is shown in Figure 3.

More exactly, we define G®) = (V) E®)) as follows:

VP =V U {ac, be, ce, de, al, b, ¢, d.

€y Yer YVer ey e

eEE},

and E®) contains exactly the following edges: For every edge e = uv € E,

1. One edge between (u,a.), (a.,v), (ce,be), (de,ac), (c,,b.) and (d,,al);

2. pN — 1 edges between (a.,v) and (u,al);
3. N — 1 edges between (ae, c), (be,de), (al,c.) and (b, d.).

e -e e’ e

It is easy to check that the degree of every vertex in G® is a multiple of N.
Moreover, the construction of G gives us a new m x m matrix R®) which is symmetric since the
gadget is symmetric, such that

Zpw o+ (G) = Zco(G®)),  for all undirected graphs G

and thus, EVAL(R®), ©*) < EVAL(C,®), and EVAL(R®),©*) is also not #P-hard.
The matrix R® is a block matrix which has the same block dimension structure as C. The upper-
right and lower-left blocks of R®) are zero matrices. The entries in its lower-right block are as follows:

_ 1 — 1
Ry = | 22 Fax(Fay)™ ' Clolay oy Y Yoo | | D2 (Fas™ ™ Fay Gl oy Yo 0 Vo b
abel abel

for x,y € J. Firstly, by (36), we have Yy, 0,Y5, 5, = Aay Ab; Y1,00 Y1 5,- Secondly, we have

ol

(0,a),(0,b) — 0, whenever as # bs.

As a result, we can simplify the first factor to be

Vo, (Vy, )pN_lL ) Z (1ay )pNHa27:r:2 Hag s (Hay ,Ub1)N)‘a1 Aoy Y1,00 Y15,

a,bel,ax=bs
= Vn (Vyl )pN_lL ) Z (/‘a1)(p+1)N(/‘b1)N>‘al/\b1 Z Hay oy Ha s (Yl,az)z
a1,b1 €] a2€[h]

= V-'El(yyl )pN_lL/ ) (H*,wQ oH,y,, (Y17*)2>7

where

=L (a)® ™ (115,) Aoy Aoy

a1,b1€[s]

is a positive number that is independent from x,y. Similarly the second factor can be simplified to be

(V:c1)pN_1Vy1 L. <H*,x2 o Hy y,, (Y17*)2>-

As a result, we have
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I 2
Rglly,)x)v(l,)’) = (L,)2 ’ (leyyl )pN ’ <H*,9E2 © H*7y2 ) (Yl,*)2>

Thus the lower-right block of R®) is non-negative. Similarly one can prove that the same holds for its
upper-left block, so R®) is non-negative.
We now apply Corollary 8.1 to (R®),D*). Since EVAL(R®),D*) is not #P-hard, we have

: (p) _ p (p) (p) _
either (R(€7X)7(17y)) R(l (1, X)R(Iiy),(l,y) or R(ix)’(l’y) =0, foranyx#ye€lJ.

We claim that if the former is true, then we must have xo = 9. This is because, in this case,

‘(H*wQOH*yw Yl* ‘ ZY“
i€[h]

However, the left-hand side is a sum of (Y17,-)2’s, which are positive integers, weighted by roots of unity.
To sum to a number of norm ;¢ Yfz the entries of H, ;, o H, ,, must be the same root of unity. As
a result, H, ;, and H, ,, are linearly dependent. Since H is of full rank, we conclude that xo = y2. In
other words, we have shown that

(Hip o H,yy, (Y1.)?) =0, forall 2 # yo.

By combining it with (36), we have finished the proof of (34). O

8.4 Step 2.3

Now we have a pair (C,D) that satisfies conditions (Shape;)—(Shapes) since otherwise, by Lemma 8.4,
EVAL(C, D) is #P-hard and we are done.

In particular, by using (Shapes) we define two diagonal matrices K% and LI as follows. K[ is an
(s+1) x (s +t) diagonal matrix. We use (0,7), where i € [s], to index the first s rows, and (1, j), where
j € [t], to index the last ¢ rows of K%, The diagonal entries of K[ are
— plol

_ plo and K (1) forallie [s]and je[t].

0]
K (0,(i,1)) (1.9)

(0,3)

The matrix L% is the 2k x 2h identity matrix. We use (0,4), where i € [h], to index the first h rows,
and (1,7), where j € [h], to index the last h rows of LI%. By (Shapes), we have

Do =Ky Loy and DY =K L . forallxelandye .. (37)
or equivalently,
Dl _ (DE%}M ) _ (Kg,*) ®Lg. > ' (38)
D Kb @ T

The main target of this step is to prove a similar statement for DIl r e [N — 1]. These equations will
allow us to decompose, in Step 2.4, the problem EVAL(C,®) into two subproblems.

In the proof of Lemma 8.4, we crucially used the property (from (73)) that all the diagonal entries
of DI are positive integers. However, for » > 1, (73) only gives us some very weak properties about
DUl For example, the entries are not guaranteed to be real numbers. So the proof that we are going
to present here is more difficult. We prove the following lemma:

Lemma 8.7. Let (C,9) be a pair that satisfies conditions (Shape;)-(Shapes), then either the problem
EVAL(C,®) is #P-hard, or it satisfies the following additional condition:
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(Shapeg): There exist diagonal matrices K% and LI such that DI% K[ and LI satisfy (38). Every
entry of K9 is a positive integer, and L% is the 2h x 2h identity matrix. For every r € [N —1],
there exist two diagonal matrices: K"l and LI"l. K"l is an (s 4 t) x (s + t) matrix, and LI is a
2h x 2h matrix. We index K[l and L' in the same way we index KO and L), respectively, and

] i gl
pirl — (Pos _ (Kom @ Loy _
D[T] K[T] ®LM

(1,%) (1,%) (1,%)

Moreover, the norm of every diagonal entry in LI is either 0 or 1, and for any r € [N — 1],

KM —0 — L' —0 wad K —0 — L

03 = (0%) (1 %) (1%) =

Lig, #0 = Jielh], Lig, =1 and L{ #0 = 3Jieln], L] =1

We now present the proof of Lemma 8.7. Fix an r € [N — 1] to be any index. We use the following
notation. Consider the diagonal matrix D"}, This matrix has two parts:

e Cshxsh and DZ} " c Cthxth'

The first part has s blocks where each block is a diagonal matrix with h entries. We will rearrange the
entries indexed by (0, %) into another matrix which we will denote as D (just like what we did to DI’
in the proof of Lemma 8.4), where its i-th row D, ,, for i € [s], denotes the values of the i-th block and
the j-th entry of the i-th row D; j, for j € [h], denotes the j-th entry of that i-th block. More exactly,

D;; = DET]’( ) for all i € [s] and j € [h].

We prove the following lemma in Section 8.4.2. A similar statement can be proved for DE’;] RE

Lemma 8.8. Either problem EVAL(C,®) is #P-hard; or
— rank(D) is at most 1, and for any i,j,j" € [h], if D;j # 0 and D; j» # 0, then |D; j| = |D; j|.

We now use it to prove the first half of Lemma 8.7, that is, there exist KEB] 9 and LEQ 9 such that

] ]
= Ko @ Lig.)- (39)

Assume D" }* is non-zero; otherwise, the lemma is trivially true by setting KE ]*) and LE "l to be zero.
Let a be an index in [s] and b be an index in [h] such that Dy # 0. By Lemma 8.8, we know the rank
of Dis 1, s0 D; « = (D;p/Dayp) - Doy, for any i € [s]. Then it is clear that, by setting

r Da ]
= D;p, and Ll = Zag

9
B 09) = Dyy’

(0,4)

we have

D[’“]

0y = Dij = K -LE}”}J), for all i € [s] and j € [h],

(0,9)

and (39) follows. The existence of matrices K/ ]* and LE }* can be proved similarly.
One can also check that K"l and L] Satlsfy all the properties stated in (Shapeg). This finishes the
proof of Lemma 8.7 (assuming Lemma 8.8).
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8.4.1 The Vanishing Lemma

We will use the following Vanishing Lemma in the proof of Lemma 8.8.

Lemma 8.9 (Vanishing Lemma). Let k be a positive integer and {x; n}n>1, for 1 <i <k, be k infinite
sequences of non-zero real numbers. For notational uniformity we also denote by {xo,}n>1 the sequence
where xo, =1 for alln > 1. Suppose
"y
lim =L — 0, for0<i< k.
n—oo ,’L’i’n
Part A: Let a; and b; € C, for 0 < i < k. Suppose for some 1 < <k, a; =b; for all 0 <1i < £ and
ag = by = 1. Also suppose Im(ap) = Im(by). If for infinitely many n,

k k
E a;Tin Z biTin
=0 i=0

)

then ap = by.

Part B: Let a; € C, for 0 <i < k. Suppose for infinitely many n,

k
5 Q3T n
=0

=0,

then a; = 0 for all 0 <1 < k.

Proof. We first prove Part B, which is simpler. By taking n — oo (Technically we take a subsequence
of n approaching co where the equality holds; same below), we get immediately ag = 0. Since z7,, # 0,
we can divide out |z1 |, and get for infinitely many n,

k
> " aizin/T1 0
=1

=0.

Now the result follows by induction.
Next we prove Part A. Multiplying by its conjugate, we get

k k k k
> aiwin | | D Trin | = (D biwia | | D bizin
i=0 Jj=0 i=0 =0

Every term involves a product z; ,x;,. If max{i,j} < ¢, then the terms a;a;; ,x;, = bib_jxi,nznj,n and
they cancel (since a; = b; and a; = b;). If max{i,j} > ¢, then both terms a;a;z; nz;, and bib_jl’mmjm
are o(|xy,|) as n — oo. This is also true if max{i, j} = ¢ and min{i, j} > 0. The only remaining terms
correspond to max{i, j} = ¢ and min{7, j} = 0. After canceling out identical terms, we get

(ae +@)zen + o|zenl) = (be +bo)zen + o(lzesm)),
as n — oo. Dividing out x4, and then taking limit n — oo, we get the real part
Re(as) = Re(by).

It follows that a; = by since Im(ay) = Im(by). O
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== p, edges
—-=—-= (, edges
—— N-1 edges
—— 1 edge

Figure 4: Gadget for constructing G, n > 1 (Note that the subscript e is suppressed).

We remark that Part A of the Vanishing Lemma above cannot be extended to arbitrary sequences
{a;} and {b;} without the condition that Im(a;) = Im(by), as shown by the following example: Let

1 3
a1 = 3+ V3i, a2:3<§+§i>, and by = by = 3.

Then the following is an identity for all real values x,
11+ a1z + agz?®| = |1+ bia + boa?| .

In particular this holds when = — 0. We note that a; # b;.

8.4.2 Proof of Lemma 8.8

Without loss of generality, we assume 1 = pq > ... > pus > 0and 1 =11 > ... > 1y > 0 (otherwise, we
can multiply C with an appropriate scalar so that the new C has this property. This operation clearly
does not affect the complexity of EVAL(C,D)). We assume EVAL(C, D) is not #P-hard.

Again, we let ©* denote a sequence of N m x m diagonal matrices in which every matrix is a copy
of the matrix D% in ©. Tt is clear that ©* satisfies condition (73).

Recall that 7 is a fixed index in [N — 1], and the definition of the s x h matrix D from DUIl. Let
G = (V, E) be an undirected graph. For each n > 1, we construct a new graph G by replacing every
edge uv € E with a gadget which is shown in Figure 4.

More exactly, we define Gl as follows. Let p, = n2N + 1 and ¢, = nN — 1 (when n — o0, ¢, will
be arbitrarily large, and for a given g, p, will be arbitrarily larger). Then

V[n] =Vu {aeyxe,iaye,iybeyceva/mx/e,i?yé,i?b/e?C/e ‘ €€ E7i € [T‘]},

and EM contains exactly the following edges: For every edge e = uv € E,
1. One edge between (u, ac), (v,ar), (ac, ye:) and (ag,y, ;), for all i € [r];
2. N —1 edges between (v, a.), (u,a.), (ae, e ;) and (al, x,;), for all i € [r];

er e,

3. prn edges between (b, z. ;) and (b, 2. ), for all i € [r];

er e
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4. gy edges between (ce,¥ye) and (c,,y. ;), for all i € [r].

It is easy to check that the degree of every vertex in graph G is a multiple of N except for b, and b,
which have degree » mod N, and ¢, and ¢,, which have degree N —r mod N.

Since the gadget is symmetric with respect to vertices u and v, the construction of GI" gives us a
symmetric m x m matrix R™ (recall m = (s +t) x h) such that

Zpm o+ (G) = ZQQ(G[”]), for all undirected graphs G.

As a result, EVAL(R[", ©*) < EVAL(C,®), and EVAL(R!",®*) is also not #P-hard.
The entries of R are as follows: For allu e I and v € J,

[n] _ plnl _
Rio),1v) = Btuy,0) =0
For u,v € J, we have
[n] _ N 1 zpn 0] n N—1 (0] [r] [N—r]
R(l,u),(l,v) - Z (Z F Ft;l)) xD(l x)) Z F, 7qu (1 y) Fa,uFa,v D(O,a)D(O b)D( c)
a,b,cel \xeJ yeJ

T

N1 ppn 0] . N-1 0] Al N-r]
x| D (ZF F§XD<1x>) > FayFEDE | FNT FavDig Digy Do
a,b,cel \xeJ yeJ

Let us simplify the first factor. By using (Shapes) and (Shapes), we have

n 0] n n 0
SR RLD L = Y we) N T ey Hoy e, D,
xeJ xeJ

n n l0
= T ST ()N Dgl](am 1) (Hlg s, Hy ). (40)
z1€[t]

We use L to denote the following positive number which is independent of u,v,a, b and c:

N 1+pn 0]
L=h- Z Vey) DY (a1.1))°

z1€[t]

Then by (Shapey), (40) is equal to L - p2~* py. if ag = ba; and 0 otherwise. Similarly,

/ 7 1 — .
§ F, ,qun (1 y) =L Nalﬂgf7 if a2 = C2;
yeJ

and 0 otherwise, where L’ is a positive number that is independent of u,v,a,b and c.
By (Shapes), we have

G
= Dige)

[n]

Combining these equations, the first factor of R( ), (1,v) becomes

D[N_T]

(0,c) = Dclvcz :

T
n n 0
mej)\l[ ! E (L IUN 1:“5 > (L,',Uauug ) M(ﬁHaz,u2Ha2,U2D£0}7(al71))Db,a2Dc,a2'
acl,b,ce[s]
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Let Z denote the following positive number that is independent of u and v:
_ N-1\" T N 0]
z=3Y (L ol ) (L/ , ual) DR
a1 €ls]
Let P, = rp, and Q.,, = rq,, then the first factor becomes
Z - VulV{;\l[_l Z :u'bn:u'ch Z Db,amHa,ugm~
b,c€|s] a€lh]
[n]
1

We can also simplify the second factor so that R( w),(1,v) is equal to

Z2(Vu1Vv1)N Z Mb"McQ" Z Db,aDc,aHa,ugHa,vg Z Mb/",ugn Z Db’,aDc’,aHa,ugHa,vg
b,c€[s] a€lh] b, c'€ls] a€lh]

Since EVAL(R[™, ©*) is not #P-hard and (R[™, ©*) satisfies (7)) for all n > 1, the necessary condition
of the Inverse Cyclotomic Reduction Lemma (Corollary 8.1) applies to RI".

In the proof below, for notational convenience we suppress the index n > 1 and use P, and R to
represent sequences { P, },{Q,} and {R["}, respectively. Whenever we state or prove a property about
R, we mean R[™ has this property for any large enough n (sometimes it holds for all n > 1). Moreover,
since we only use the entries of RI™ indexed by ((1,u), (1,v)) with u; = v; = 1, we let

Ruﬂ) = R(l,(l,u)),(l,(l,v))7 for all u,v € [h]

As a result, we have (note that v; = 1)

Ru,v = Z2 Z ,Ul];,ug Z Db,aDc,aHa,uHa,v Z /LEI;M?/ Z Db’,aDc’,aHa,uHa,v . (41)
b,c€(s) a€lh] b, c'els] a€lh]

We will consider the above expression for R, , stratified according to the order of magnitude of

1 u@ G = (popi )" (pepeer) .

Since P = O(n?) and Q = ©(n), when n — oo, Q is arbitrarily and sufficiently large, and P is further
arbitrarily and sufficiently large compared to ). Thus, the terms are ordered strictly first by uppuy, and
then by piepicer.

Inspired by this observation, we define the following total order <, over 7, where

T={ <£/ (‘;,) b, €[5}

For T} and T» in T, where by ¢ by ¢
T1:<b/ /> and T2:</ />’
1 Cl b2 62

we have T1 <, Tb if either Fby o, < by [y 5 OF [l [y = Fby [y, and ferHel, < fheabhel,- For convenience,
whenever we denote a 2 x 2 matrix in 7 by 7; or T', we denote its entries by

bi C;
b

Using <, we can divide 7 into classes Ty, 7Tz, ..., 74 ordered from the largest to the smallest, for some
positive integer d, such that

b ¢ .
¥ respectively.
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L. If Ty, T € T, for some i € [d], then we have puy, puy; = p, fiyy, and pie, fher = ficyfiey,- Note that this
is an equivalence relation which we denote by =;

2. If Ty € T;, To € T; and @ < j, then either by Ht, > [bo bty OT [y ity = by Py, AN ey fer > fley fhel -

For each i € [d], we arbitrarily pick a T' € 7; and let U; denote pppuy and W; denote pep (note that U;
and W; are independent of the choice of T'). It is clear that there is exactly one matrix G %) in 77.
Now we can rewrite (41) as follows

Ru,v — Z2 Z UiPWZ’Q Z XU,U,T7 (42)
i€ld) TeT;

where

Xu,v,T = Z Db,aDc,aHa,uHa,v Z Db’,aDc’,aHa,uHa,v ) for T' = <Zi)/ cc/> .
a€lh] a€lh]

Clearly, the term with the maximum possible order in the sum (42) corresponds to the choice of
T = (} }) € Ti, since py is strictly maximum among all p, ..., us. This is true for every (u,v), and it
will be the actual leading term of the sum, provided the coefficient of Ulp WlQ = M%PHQ is non-zero.

Consider the diagonal entries where v = v: First, notice that from (41), we have R, , = Ry for all
u € [h]; Second, the coefficient of the leading term UY WlQ is

2
_ 2 _ 4
Xu,u,(} i) - ;[h} ’Dlﬂ‘ - HDl,*H ’

which is, again, independent of u. Without loss of generality, we may assume D1 , is not identically 0;
otherwise, we can remove all terms involving p; in Eq. (41) and py will take its place, and the proof is
completed by induction. (If all D; , = 0, then the statement that D has rank at most one is trivial.)

Assuming that Dy , # 0, we have R, ,, = Ri1 # 0, for all u € [h] (and sufficiently large n). This is
because, ignoring the positive factor Z?2, the coefficient | Dy .||* of the leading term U{ WlQ is positive.
By using Corollary 8.1, we have

Property 8.1. For all sufficiently large n, |R1,1| > 0 and |Ry| € {0,|R1,1|} for all u,v € [h].

From now on, we focus on v = 1 and denote by H., = H, 1 ocH,,. We note that {’H*,U}Ue[h} forms
an orthogonal basis, with each H’HMH2 = h. We also denote X, 1 by X, 7, so

XU,T = Z Db,aDc,a,Ha,v Z Db’,aDc’,aHa,v for T'= <£/ Cc/> . (43)
a€lh] a€lh]

We make two more definitions. Let K = {i € [h] | D1 ; # 0}. By our assumption, K # (). Define
A={veln]|VijeKHi,="MHj,} and B=[h]—- A

Note that if |[K'| = 1 then A = [h]. The converse is also true which follows from the fact that {H. ., }oefn)
forms an orthogonal basis. Also since H, ; is the all-one vector, 1 € A and A is non-empty. Moreover,
if K = [h], then A = {1}. This, again, follows from the fact that {#, ,} forms an orthogonal basis.

Now we consider the coefficient X, 7 of Ulp WlQ in Ry, where T' = (} }) For every v € A, it has
norm ||Dy .|| > 0. It then follows from Property 8.1 and Part B of the Vanishing Lemma that
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Property 8.2. For any v € A and sufficiently large n, |Ry | = |R11].
If B # (), then for any v € B, the coefficient of T = (% %) in Ry, is

XU,T — (Z |D1,a|2Ha,v) (Z |D1,a|2m> — Z |D1,a|2Ha,U

aeK aeK aeK

2
€ R.

Since we assumed v € B, Y, i |D1.4|*Ha,w is a sum of positive terms |D; 4|? weighted by non-constant
Hoap, for a € K, each with complex norm 1. Thus its absolute value must be strictly less than | D1 .||?,
which is only achieved when all H, ,, for a € K, are equal to a constant. It follows that X, 7 < ||D1 . H4.
Therefore, for v € B (and n sufficiently large), we have |R; ,| < |Ry1,1|. By using Property 8.1 and Part
B of the Vanishing Lemma, we have the following property:

Property 8.3. If v € B, then for all sufficiently large n, Ry, = 0 and thus,

> Xyr=0, foradllicld]
TeT;

In particular, by applying Property 8.3 to 71 = {(i i)}, we have

Z |D1o|*Haw = Z |D1.a|*Haw = (D14*, Hiw) =0, for every v € B,

a€K acK
since | Dy 4| is real. Furthermore, because {#. ,} forms an orthogonal basis, |D1 .|? must be expressible
as a linear combination of {#,,|v € A}, over C. From such an expression, we have |D; ;> = |Dy ;|2
for all ¢, j € K, by the definition of K. Since Dy , is only non-zero on K, |D; ;| is a constant on K, and
D;; =0 for any i € [h] — K. (The above proof does not actually assume B # (); if B = (), then A = [h]
and by {#.,} being an orthogonal basis, || = 1. Then the above statement about Dy . is still valid,
namely D1 , has a unique non-zero entry and zero elsewhere.)

We summarize the above as follows:

Claim 8.1. |D1.|? L H.,, for allv € B, and |D14|? is a constant on K and 0 elsewhere. In particular

the vector xr, which is 1 on K and 0 elsewhere, is in the span of {H«|v € A}, and is orthogonal to
all {H.,|v e B}.

Our next goal is to show that on set K, Do, is a constant multiple of Dy . Clearly if B = (), then
|K| =1 as noted above and thus, it is trivially true that D, is a constant multiple of Dy, on K. So
we assume B # (). We now consider

2 1 1 2
T1—<1 2> and T2—<2 1>

Ty and T belong to the same 7, for some g € [d]. By Property 8.3, we have ZTeTg Xy =0 for every
v € B. So we focus on terms X, 7, where T' € Ty (i.e., T'=, T1). Suppose T' =, T, then by definition,
we have pppy = pipe and pepe = pipo. Thus, {b,0'} = {c,d} = {1,2}. As a result,

11 2 2
E:{T17T27T3:<2 2>7T4:<1 1>}

However, due to the presence of a row (1 1), the sum 3'_ | Dy o|*Han = 3" | D1 o[*Han = 0 for any
v € B as shown above. Therefore, the coefficients X, 1,, X, 1, corresponding to 73 and 7 are both 0.
We make one more observation:
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Observation: We say a matrix T € T is of a Conjugate-Pair form if it is of the form

T:@ g).

For a matrix 7" in Conjugate-Pair form, the corresponding coefficient X, 7 is of the form

h 2

Z Db,aDc,aHa,v

a=1

XU,T =

Y

which is always non-negative.

Now the remaining two matrices 77 and 75 in 7, both have this form, so both X, r, and X, 7, are
non-negative. Since X, r, + X, 1, =0, both X, 1 and X, 7, must be zero. This gives us

> DiaDaoHap =0, forallveB.
a€lh]

Hence the vector D—l* oDy, L H,, for all v € B. It follows that the vector D—l* o Dy , is expressible
as a linear combination of H., over v € A. By the definition of A, this expression has a constant value
on entries indexed by a € K, where |Dj 4| is a positive constant. Therefore, over K, Do, is a constant
multiple of Dy .. This accomplished our goal stated above, which we summarize as

Claim 8.2. There exists some complex number A, such that Dy, = AD1 4, for all a € K.

Let Ky = {i € [h] | D2; # 0}. Note that the A above could be 0 so it is possible that K ¢ K5. Our
next goal is to show that for every v € A, H,, takes a constant value on K. This means that for all
veA Hipw = Hjp, for all 4,57 € Ky. Without loss of generality, we assume Dy, # 0 since otherwise
Ky = () and everything below regarding Do . and regarding H. , on Ky are trivially true.

Toward this end, we will consider the class

T O O (O (R F )

and their corresponding coefficients X, 7 for any v € A. We will apply the more delicate Part A of the
Vanishing Lemma on R, and Ry i, for an arbitrary v € A. Our target is to show that

Z Xor = Z Xy, foranywve A (44)
TeTy TeTy

By Property 8.2, we already know that |R;,| = |Ry 1| for any sufficiently large n. So in order to apply
the Vanishing Lemma, we need first to show that terms which have a higher order of magnitude satisfy

Z Xor = Z X1, foralll<g <gandwve A (45)
TE'Tg/ TEE/

We also need to show that

Im (> Xpr|=Im| > Xir|. (46)

TeTy TeTy

By definition, any 7' >,, T must satisfy pupuy > pipe. Thus the first column of 7T is
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aan () )

Firstly, consider those matrices T' >,, T1 where each row of T" has at least one 1’s. For every v € A,
the two inner product factors in (43), namely, 22:1 DbﬂD—qa’}-la,v7 and 22:1 Db’,amma must be
actually a sum over a € K, since Dy , is zero elsewhere. But for a € K, H,, is just a constant «, of
norm 1 (a root of unity), independent of a € K. Thus

h h
Z Db,aDc,aHa,v = Qy Z Db,aDc,a and Z Db’,aDc’,a Ha,v =y Z Db’,aDc’,a-
a=1 acK a=1 acK

Since a, @, = |a,|? = 1, it follows that their product is

h h
<Z Db,aD—c,aHa,v> <Z Db’,aDc’,aHa,v) = (Z Db,aD—c,a) (Z Db’,am) )

a=1 a=1 aeK aeK

which is the same as the coefficient X 7 corresponding to T" for vg = 1 € A. Thus for all such T, their
respective contributions to R;, and to Ry are the same, for any v € A.
Such matrices T' >, T1 with at least one 1’s in each row include any matrix of the form

Go) G ()

These exhaust all 7' >, T, and (45) follows.
Such matrices T' >, T also include T and 15 in 7. So X, 1, = X1, and X, 1, = X1 13, for any
v € A. Now we deal with matrices 75 and T;. We note that the sum of X, 1, and X, 1, at any v, is

h h
(Z |D1,a|2Ha,U> <Z |D2,a|2Ha,v> + <Z |D2,a|2Ha,v> <Z |D1,a|2Ha,U> ) (47)
a=1 a=1

aeK aeK

which is a real number. (46) then follows.
Now we can apply Part A of the Vanishing Lemma which gives us (44). Because X, 7n = X; 1, and
XU,T2 = )(171“27 we have

Xo1s + Xom = Xi1, + X1, = 2 [|Ds|* Doy

However this is clearly the maximum possible value of (47) (By our assumption, |[D1 .||?||D2.||> > 0).
The only way the sum in (47) also achieves this maximum at v € A is for H,, to take a constant value
By for all a € Ky, and H,, to take a constant value o, for all a € K, for some two complex numbers
ay and S, of norm 1. Moreover, by (47), we have

QUE + a_vﬁv = 2.

It follows that oy, = 3,. Thus, H,, is a constant on a € K U K, for each v € A.
We summarize it as follows:

Claim 8.3. For every v € A, there exists a complex number a,, of norm 1, such that Hq, = o, for all
am KUK,.
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We eventually want to prove Ky = K. Our next goal is to prove that ’DQ’*P L H,,, forallve B.
Of course if B = () then this is vacously true. We assume B # ).
For this purpose we will examine
« (2 2
m=(33),

and the class 7, it belongs to. By Property 8.3, we have

Z Xy =0, foranywvebB.
TeT,

Thus we will examine T € T,, namely, fipiy = fiefte = U3.

Now there might be some other pair (b,b") # (2,2) such that pppuy = pope. If such a pair exists, it
is essentially unique, and is of the form (1,s) or (s,1), where s > 2. Then 7, consists of precisely the
following matrices, namely each column must be either

() w () o (). 15

Let’s examine such a matrix T' = <£, ;) in more detail. Suppose T € 7, has a row that is either
(I11)or (12)or(21). Then,

h h
Xor = (Z DbﬂDc,a%am) (Z Dy oD a Ha,v> =0, foranywe B.

a=1 a=1

This is because the following: The presence of Dy . restricts the sum to a € K. By Claim 8.1 we know
that for every v € B, |D1,*|2 1L H, . Moreover, on set K, we know from Claim 8.2, that both vectors
D—l,* oDy, and Dy, 0o Dy, can be replaced by a constant multiple of the vector ‘Dl,*‘2 (the constant
could be 0), thus also perpendicular to H., (and to Hi..,)-

Now suppose 7' is a matrix in 7, and yet it does not have a row which is either (1 1) or (1 2) or
(2 1). By (48), it is easy to check that the only cases are

« (2 2 (1 s (s 1
T _<2 2), T1_<s 1) and T2_<1 )

Thus X, 7+ + X, 1 + Xy = 0 for all v € B. However, as noted above, all three matrices 7,77 and
T have the Conjugate-Pair form, so their contributions

2 2 2

h
Z Dl,aDs,aHa,U and

a=1

9

h h
Z D2,aD2,aHa,v Z Ds,aDl,aHa,v
a=1 a=1

are all non-negative. It follows that all three sums are simultaneously zero. In particular, from X, 7+,
we get ’DQ’*P 1 H,, forallve B.

It follows that the vector |Dg.|? is in the span of {#H.,|v € A}. This linear combination produces
a constant value at any entry ]D27a\2, for a € K U K. This is because each vector H., , for v € A has
this property by Claim 8.3.

As we assumed Dg , # 0, and D, is 0 outside of Ky (by the definition of K3), this constant value
produced at each entry ]ngaF for a € K U Ky must be non-zero. In particular, Dy, # 0 at a € K. It
follows that K C K». It also implies that the vector, which is 1 on K U K9 = K5 and 0 elsewhere, is in
the span of {H.,|v € A}.
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Next we prove that K = Kj, by showing that |K| = |K»| (since we already know K C K5). Let xx
denote the h-dimensional characteristic vector for K, which is 1 for any index a € K and 0 elsewhere.
Similarly denote by x k., the characteristic vector for Ko. We know that both vectors xx and xg, are
in the linear span of {H., |v € A}. Write xg = >, c 4 TvHs 0, Where 2, € C, then

xv”?'t*,vH XK7%* v ZXK a,v = Z ,Ha,v = ‘K’a_va

aceK

by Claim 8.3. It follows that |z,|h = |K| for each v € A. Thus

K\, JAIKP
K| = i ]2 = 3 Jzof2 - [ Hall? = |4] ( p— KT
vEA

and it follows that |K| = h/|A|. Exactly the same argument gives also |Ka| = h/|A|. Hence |K| = | K],
and K = K. At this point the statement in Claim 8.2 can be strengthened to

Claim 8.4. There exists some complex number A, such that Do, = AD1 ..
Our final goal is to generalize this proof to all Dy, for £ =1,2,...,s. We prove this by induction.

Inductive Hypothesis: For some ¢ > 2, all rows Dy ,,...,Dy_1 , are linearly dependent:

D;. =X Dy, for some A;, and 1 < i < /4.

The proof below will mainly follow the proof for the case £ = 2 above, except for one crucial argument
at the end. We presented the special case £ = 2 alone for ease of understanding.

We now prove that Dy, = A¢- D1 4 for some \;. Clearly we may assume Dy, # 0, for otherwise the
inductive step is trivial. To start with, we consider the following two matrices

{1 1 7
T1:<1 E) and T2:<£ 1>,

and the corresponding class 7, they belong to. By Property 8.3, we have for every v € B,

> Xur =0

TeT,

We only need to examine each T' € 7, with exactly the same order as that of 11, To: pppy = pepte =
uipe. To satisfy this condition, both columns (lf,) and (CC,) of T' must have entries {1, ¢} or have both
entries < £. Clearly, no entry in {b,b',¢,c'} can be > . There are two cases now: Case 1: There is a
row (b ¢) or (b' ¢) (or both) which has both entries < ¢; Case 2: Both rows have an entry = £.

In Case 1, at least one of the inner product sums in the following product

h h
XU,T = (Z Db,aDc,aHa,v) (Z Db’,aDc’,aHa,U>

a=1 a=1

actually takes place over a € K. This follows from the Inductive Hypothesis. In fact that inner product
is a constant multiple of ) |D1.4|*Ha,w or its conjugate Y oack |D1.4|?*Han which are 0 according to
Claim 8.1, for all v € B.
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In Case 2, it is easy to verify that to have the same order uiu;, T must be equal to either T} or T5.
Now observe that both 77 and T have the Conjugate-Pair form. Therefore, their contributions X, 7,
and X, 7, are both non-negative. Since X, 1, + X, 7, = 0, both of them have to vanish:

> Di1aDpoHaw =0, and Y D1,DggHay =0, forallveB.
a€lh] a€lh]

Hence the vector Dy 40Dy, L H, ,, for all v € B. It follows that the vector D 4 o Dy, belongs to the
linear span of {#.,|v € A}. By the definition of A, this expression has a constant value on entries
indexed by a € K. Therefore, on K, Dy, is a constant multiple of Dy .. We summarize this as follows

Claim 8.5. There exists some complex number Ny, such that Dy, = Xy - D14, for all a € K.

Let Ky = {i € [r] | D¢; # 0}. Next, we prove that for every v € A, H, , takes a constant value on
Ky, ie., H;, = Hj.o, for all indices 7,j € K,. We had assumed Dy, # 0, since otherwise the induction
is completed for £. Then K, # 0.

To show that H, , is a constant on Ky, we consider

[ 11
T3:<1 1) and T4:<€ €>,

and the class 74 they belong to. We want to apply Part A of the Vanishing Lemma to show that

Z Xor = Z Xy, foranywve A (49)
TeTy TeTy

For this purpose, we need to compare the respective terms of the sum (42), for an arbitrary v € A and
for the particular vg = 1 € A. More exactly, we will show that

Y Xyr= Y Xy, and Im| > Xyp|=Im|> Xir]|, (50)

TeTy TeTy TeTy TeTy

for all v € A and ¢’ < g. Then (49) follows from Part A of the Vanishing Lemma.
To this end, we first consider any matrix 7" which has an order of magnitude strictly larger than
that of T3 and 7. We have

cither puppy > pape, or [pppy = pape and ficpe > paji].

The first alternative implies that both b and & < £. The second alternative implies that ¢ and ¢’ < £.

In both cases, each row of T has at least one entry < £. By the Inductive Hypothesis, both inner
products in (43), namely, 22:1 Dy oDeqMaw and ZZ:l Dy oD g Ha,p, must be actually a sum over K
since Dy , is zero elsewhere. However for any a € K, H,,, is a constant a, of norm 1 (a root of unity),
independent of a € K. Thus

Z Db,aDc,aHa,v = Qy Z Db,aDc,a and Z Db’,aDc’,a Ha,v =y Z Db’,aDc’,a'
a€lh] acK a€lh] acK

Since a, @, = |ay|? = 1, it follows that their product

XU,T = (Z Db,af,a) <Z Db’,aDc’,a> )

aeK aeK
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which is exactly the same as the coefficient X 7 for vg = 1 € A. Thus for any T', where each row has
at least one entry < ¢, X, 7 = Xy 1, for any v € A. This includes all matrices T' >, T3 (as well as some
matrices T' =, T3 € Ty), and the first part of (50) follows.

Now we consider any matrix 17" € 7,. If each row of T" has at least one entry < ¢, then by the proof
above, we know X, 7 = X 1 for any v € A. Suppose T' € T, does not have this property. Then each
column of such a matrix must consist of {1,¢}. We have four such matrices: 71,75, T3 and T;. But the
former two matrices already belong to the case covered above. So we have

Z Xor — Z Xir=Xon, + Xor, — (X + Xi1,), foranyve A
TeTy TeTy

Now to the matrices 73,7y themselves. We note that the sum of their coefficients X, 1, + X, 7, is

h h
(Z lDl,a|2Ha,v) <Z|Dg,a|2%za,v> + <Z |Dg,a|2Ha,U> (Z |D1,a|2—m,v) , atanyve A (51)
a=1 a=1

acK aceK

This is a real number, and the second part of (50) follows.
Now we can apply Part A of the Vanishing Lemma to conclude that

Xom, + Xo, = X1y + X1, = 2 [|D1,]|*|De|?, for any v € A.

This is the maximum possible value of (51). By our assumption ||D1 . |?|D¢.||?> > 0. The only way the
sum in (51) also achieves this maximum at v € A is for H,, to take a constant value v, for all a € K,
(and we already know that H,, takes a constant value o, for all a € K'), where o, and +, are of norm
1. Moreover, by (51), we have

Yo + Yy = 2.

It follows that oy, = v,. Thus H, , is a constant on K U K, for each v € A. We summarize it as

Claim 8.6. For every v € A, there exists a complex number «,, of norm 1, such that H,, = o, for all
a€ KUK,

Our next goal is to show that |ng*|2 1 #H,, for all v € B. Of course if B = () then this is vacously
true. We assume B # (). For this purpose, we examine

" I
= (i 1)
and the class 7, it belongs to. By Property 8.3, we have ZTeTg Xy, =0 for any v € B, and our target
is to show that X, 7« = 0. To prove this, we need to examine terms X, 7 for all T' =, T™* € 7.

It is now possible to have a number of pairs, (a1, b1), (ag,b2),..., (ag,by), for some k > 0, such that
Ha; b, = u?, for 1 <i < k. (When ¢ = 2, such a pair, if it exists, is essentially unique, but for ¢ > 2
there could be many such pairs. This is a complication for ¢ > 2). For every matrix 7' € 7, it must
have each column chosen from either (ﬁ) or one of the pairs (ZZ) or (Zi) Note that if such pairs do not
exist, i.e., k =0, then 7, = {T™} and we have

h h
X+ = <Z ]Dg7a\27-la,v> <Z ’Dz7a‘2ﬂa7v> =0, atanywveB.

a=1 a=1

The following proof is to show that even when such pairs exist (k > 1), we still have X, 7- = 0. For
this purpose, we show that ZTeTg,T;AT* Xor > 0.
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Suppose k > 1. We may assume a; < { < b;, for all i € [k]. Let’s examine all the matrices T' € T,
other than T*. If T has at least one row, say (b ¢), with max{b, ¢} < ¢ and min{b,c} < ¢, then by the
Inductive Hypothesis and Claim 8.5, the corresponding inner product actually takes place over K. In
fact, the inner product is a constant multiple of the projection of ‘Dl,*‘2 on either H, , or ’H—*v But
we already know that this projection is zero for all v € B.

For the remaining 7" where both rows satisfy [max{b,c} > ¢ or min{b,c} > ¢], if T # T™* then one
of its two columns # (g), and one entry of this column is a; < ¢, for some i € [k]. It then follows that
the other entry in the same row as a; must be b; > ¢, for some j € [k]. As a result, the only matrices

remaining are of the form
% b or bi q , forsomel <4, j<k.
bi aj 73 bj

We consider the first type <Z’ aj.>' The total contribution of these matrices is
i A

k h
Daz, Db a Dbi,a’Da:,a’ T’,v
> (S outin) (3 puotiamr)

t,j=1 a’=1
k h
= Z <Z )\ale anj,aHaﬂ)) (Z Dbi,a’)\_aj DLa, %a’,v)
i,j=1 \a=1 a'=1

k h
- Z Z )‘_%Dlvamﬂavv ’ )‘az‘Dbi,a’mm

i,j=1a,a’=1
h k
= ZDla a,v Z)\_CLJ a [Z Dla a’, (Z)\asz a)]
j=1
& 2
- ZDla a,v Z)\_aj‘D],a >0

Here in the first equality we used the Inductive Hypothesis for a;,a; < £.

The argument for the second type of matrices is symmetric.

Note also that the matrix 7™ has the Conjugate-Pair form, and therefore its contribution X, 7+ at
any v € B is also non-negative. It follows from ZTeTg Xy =0 (Property 8.3) that X, 7~ = 0 and

2
=0, forallveB.

h

Z |Dé,a|2Ha,U

a=1

This means that |Dy.|? L H., for all v € B and thus, |Dy.|? is in the linear span of {#., |v € A}.
Now by exactly the same argument as for £ = 2 we obtain K = Ky. We summarize as follows

Claim 8.7. There exists some complex number A¢, such that Dy, = X - D1 .

This completes the proof by induction that D has rank at most one.
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8.5 Step 2.4
After Step 2.3, we get a pair (C,®) that satisfies conditions (Shape;)-(Shapeg). By (Shapes), we have

C— 0 F\ 0 MoH
“\FT o)  \(MeH)T 0 ’
where M is an s x ¢t matrix of rank 1: M;; = p;v;, and H is the h x h matrix defined in (Shapes). By
(Shapes) and (Shapeg), we have

D[T’} K[’“] L[’“]
D[T} = ( (0,*) D[r] > — < (0 *) (0 *) K[T] s for every r e [0 : N — 1]
)

Moreover, every diagonal entry in Ll either is 0 or has norm 1 and L% is the 2/ x 2h identity matrix.

Using these matrices, we define two new pairs (C’, &) and (C”, £), which give rise to two problems
EVAL(C’, 8) and EVAL(C”, £): First, C’ is the bipartisation of M, so it is (s +¢) X (s +¢); and K is a
sequence of N diagonal matrices of the same size: {K% ... KMN=1}  Second, C” is the bipartisation
of H, so it is 2h x 2h; and £ is a sequence of N diagonal matrices: {L[O}, ..., LIV _1]}. The following
lemma shows that EVAL(C,®) has the same complexity as EVAL(C”, £).

Lemma 8.10. EVAL(C,®) = EVAL(C”, £).

Proof. Let G be a connected undirected graph and u* be one of its vertices, then by Lemma 2.2 and
Lemma 2.3, we have Zc o(G) = Zg (G, u*) + Z5 (G, u”),

Zag(G, u*) = ZC_;/7§(G,'LL*) . Z(?/’g(G, u*), and Z&@(G,u*) = ngﬁ(G,u*) . Z8/72(G, u*)

Because M is of rank 1, both Zai qand Z5 & can be computed in polynomial time. We only prove for
Z Gy ¢ here: If G is not bipartite, then Zca (G u*) is trivially 0; Otherwise let U UV be the vertex set
of G u* € U, and every edge uv € E has one vertex u from U and one vertex v from V. We use = to
denote the set of assignments ¢ which maps U to [s] and V' to [t]. Then we have (note that we use K]
to denote K['m°d Nl for any r > N)

76 q(Gou*) = ) ( IT #ew 'Vg@) (H K[deg(“ > (H K[deg )

£€E \uwveFE wel eV
=TT | Dy kg | o TT | D0 wy)es® - i s
’l J 5
vet el veV \jeld

which can be computed in polynomial time.
Moreover, because pair (C”, £) satisfies (Pinning), by the Second Pinning Lemma (Lemma 4.2) the
problem of computing Zg), o and Z&, ¢ is reducible to EVAL(C”, £). It then follows that

EVAL(C, D) < EVAL(C”, £).

We next prove the reverse direction. First note that, by the Third Pinning Lemma (Corollary 8.2),
computing Zg o and zZ§& o Is reducible to EVAL(C,®). However, this does not finish the proof because
Zg ¢ (or Z& &) could be 0 at (G,u*). To deal with this case, we prove the following claim:
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Claim 8.8. Given any connected bipartite graph G = (U UV, E) and u* € U, either we can construct
a new connected bipartite graph G' = (U' U V', E') in polynomial time such that u* € U C U’,

ZGn o(G u) = WUV ZG, o(GuY), (52)

and Zg) 4(G',u*) # 0; or we can show that Zgy o(G,u*) = 0.

Claim 8.8 gives us a polynomial-time reduction from Zg), o to Za o- A similar claim can be proved
for Z*, and Lemma 8.10 follows. We now prove Claim 8.8. 7

For every u € U (and v € V), we let r,, (and r,) denote its degree in graph G. To construct G', we
need an integer £, € [s] for every u € U, and an integer ¢, € [t] for every v € V', such that

Dop N K A0, and Y ppNT LK) Ao (53)

1€[s] i€[t]

Assume there exists a u € U such that no ¢, € [s] satisfies (53). In this case, note that the s equations
for £, =1, ..., s form a Vandermonde system since pq > ... > us > 0. As a result, we have

[ra] _ [ru] _
K(O’*) =0 = L(07*) =0,
by (Shapeg). It follows that Zg o(G,u*) = 0, and we are done. Similarly, we have Zg), o(G,u*) = 0 if
there exists a v € V' such that no ¢, € [t] satisfies (53).

Otherwise, suppose there exist an ¢, € [s] for every u € U, and an ¢, € [t] for every v € V, which
satisfy (53). We construct a bipartite graph G' = (U’ U V', E’) as follows: First,

U'=UUV, and V' =VUU, where ‘7:{1’)\\06‘/’} and ﬁ:{ﬂ\ueU}.

Edge set E’ contains FE over U UV, and the following edges: ¢, N parallel edges between v and @, for
every u € U; and £, N parallel edges between v and v, for every v € V.

It is clear that G’ is a connected and bipartite graph. The degree of u € U (or v € V') is 1, + £, N
(or ry + £, N), and the degree of u (or v) is £, N (or £,N). We now use G’ to prove Claim 8.8.

First, Zg, 4(G',u”) is equal to (the summation is over all £ that maps U’ to [s] and V" to [t])

> < I Mewyew TT Met e 1T Met) o) ) <H K@ ey K00 &(u))) (H K([fs}w))K([g]@@»)

I3 werR uelU veV uelU veV

_H ZM“NW K(gul H ZVEUNM K[rv H Z Ly N K[O H Z £,N K(g]Z

uelU \i€[s] veV \i€[t] aeU \:€[t] veV \4€ls]

It is non-zero: the first two factors are non-zero because of the way we picked £, and ¢,; the latter two
factors are non-zero because p;, v; > 0, and by (Shapeg), every entry of K% is a positive integer.
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The only thing left is to prove (52). We let n be any assignment over U U V', which maps U to [s]
and V to [t]. Given 7, we let = denote the set of assignments & over U’ UV’ which map U’ to [s], V' to
[t], and satisfies {(u) = n(u), {(v) =n(v) for all w € U and v € V. We have

S wtere(€) = > (H Hywynw) | [ Hywy )™ H(Hw)m(v))z”N>

ez £€E \wveE uelU veV
H L[Tu] H LTU]
(0,n(u (1,n(v)) )
uelU veV
= Z Wtcu 2 = h‘UUV| WtC”,S(n)'

{e=

The second equation uses the fact that every entry of H is a power of wy (thus (H; ;) = 1) and L[
is the identity matrix. (52) then follows. O

8.6 Step 2.5

We are almost done with Step 2. The only conditions (i4;)’s that are possibly violated by (C”, £) are
(Uy) (N might be odd), and (Us) (H; 1 and Hy ; might not be 1). We deal with (Us) first.

What we will do below is to normalize H (in C”) so that it becomes a discrete unitary matrix for
some positive integer M that divides N, while not changing the complexity of EVAL(C”, £).

First, without loss of generality, we may assume H satisfies H; ; = 1 since otherwise, we can divide
H with H; 1, which does not affect the complexity of EVAL(C”, £). Second, we construct the following
pair (X,9)): X is the bipartisation of an h x h matrix over C, whose (i, §)* entry is

Hyj-Hi H;y, foralli,je [h);
and Q) = {Y[O], LYW _1}} is a sequence of 2k x 2h diagonal matrices: Y is the identity matrix; Let

S={ref0:N-1|Lg, #0} and T={rel0:N-1]|L{, #o0},

then

YEO} o =0, forallr ¢S; and YH 0

For every r € § (and r € T), by (Shapeg), there must exist an a, € [h] (and b, € [h], resp.) such that

=0, forallr ¢ T.

)7 - [r]
(0 a) = 1 (and L(1 b)) = =1, resp.).

et g Hi ) W (Hg
v T 7, . . r _ r »J .
You =L <m> , for all i € [h]; Yoy =1Lay: <m> , forall j € [h].
We show that EVAL(C”, £) = EVAL(X,9).

First, we prove that EVAL(X,9)) < EVAL(C”,£). Let G = (U UV, E) be a connected undirected
graph and u* be a vertex in U. For every r € S (and r € T), we use U, C U (and V,, C V, resp.) to
denote the subset of vertices with degree » mod N. It is clear that if U, # () for some r ¢ S or if V,. #
0 for some r ¢ T, both Zg), o(G,u*) and Zy (G, u*) are trivially zero. Otherwise, we have

Zgng(Gu") = <H(Har,1)rw> (H(Hl,br)rv’"> 2 (G ). (54)

res reT
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N-1 edges
—— 1 edge

d
Figure 5: The gadget for p = 1 (Note that the subscript e is suppressed).

So the problem of computing Z)?’ y Is reducible to computing Zg, .. By combining it with the Second
Pinning Lemma (Lemma 4.2), we know that computing Zx'y, is reducible to EVAL(C”, £). A similar
statement can be proved for Z;z 2 and it follows that

EVAL(X,9) < EVAL(C”, £).

The other direction, EVAL(C”, £) < EVAL(X,9)), can be proved similarly.

One can check that (X,9)) satisfies (U1)-(Us) except that N might be odd. In particular the upper-
right h x h block of X is an M-discrete unitary matrix for some positive integer M | N; and ) satisfies
both (Us) and (Uy) (which follow from the fact that every entry of H is a power of wy).

If N is even then we are done with Step 2; otherwise we extend ) to be

g =yl oy yIVE oy PN
where YUl = YI=N for all € [N : 2N — 1]. We have EVAL(X,9)) = EVAL(X,2)), since
Zx9(G) = Zx 97 (G), for all undirected graphs G,

and the new tuple ((M,2N),X,92)’) now satisfies conditions (U )—(Us).

9 Proofs of Theorem 5.3 and Theorem 5.4

Let (M, N),C,®) be a tuple that satisfies (U )-(Us) and F € C"™*™ be the upper-right block of C. In
this section, we index the rows and columns of an n x n matrix with [0:n — 1].

9.1 The Group Condition
We first prove that either F satisfies the following condition or EVAL(C,®) is #P-hard:

Lemma 9.1. Let (M, N),C,D) be a tuple that satisfies (Uy)-(Uy), then either F satisfies the following
group condition (GC):

1. (row-GC): Vi,j€[0:m—1], 3k € [0:m — 1] such that F , =F; , o F; ,;
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2. (column-GC): Vi,j € [0: m—1], 3k € [0: m — 1] such that F., =F, ;o F, ;,
or EVAL(C,®) is # P-hard.

Proof. Suppose EVAL(C,®) is not #P-hard.

Let G = (V, E) be an undirected graph. For every integer p > 1, we construct a new graph Gl by
replacing every edge uv € F with a gadget. The gadget for p = 1 is shown in Figure 5.

More exactly, we define GIPl = (VP ElP]) as

VP =V U {ac,be,cet, .. copdet,... dey | e € EY,
and EP! contains exactly the following edges: For each e = uv € E, and for every 1 < i < p,
1. One edge between (u, cei), (Cei,be), (de,i,ae), and (de;, v);
2. N — 1 edges between (¢, v), (Cei, Ge), (dei,be), and (de,i,u).
It is easy to check that the degree of every vertex in GIP! is a multiple of N, so
Zcp(GP) = Zo(GW),

since © satisfies (Us). On the other hand, the way we build G gives us, for every p > 1, a symmetric
matrix APl € C2m*2™ which only depends on C, such that

Zawn(G) = Zc(GP)Y = Zgo o(GP, for all G.

As a result, we have EVAL(AP)) < EVAL(C,®) and thus, EVAL(AP)) is not #P-hard for all p > 1.
The (i, )" entry of AlP!, where i,7 € [0: 2m — 1], is

2m—12m—1 /2m—1 P ram—1 p
AE)]} = Z Z (Z Oi,c@,ccb,c@) <Z mca,dmcj,d) .

a=0 b=0 \ ¢=0 d=0
2m—12m—1 |2m—1 2p
= 5 E 5 Ci,cCa,ch,ch,c
a=0 b=0 c=0

To derive the first equation, we use the fact that M|N and thus, e.g., (Ca,c)N_1 = (g since Cy . is a
power of wy;. Note that AP is a symmetric non-negative matrix. Furthermore, it is easy to check that

AP =0, Yie[0:m—1,¥je[m2m—1; and AP =0, Vie[m,2m—1),¥j€[0:m—1].

For i,j € [0 : m — 1], we have

m—1m—1

A%j] = Z Z ‘(FL* © ﬁy Fa,* OW,*M%), and
a=0 b=0
m—1m—1 L B
Al[';ﬂm,j—i-m = Z Z |<F*,Z © F*,jy F*,a o F*,b>| P . (55)
a=0 b=0

It is clear that all these entries are positive real numbers (by taking a =i and b = j). Now let us focus
on the upper-left m x m block of AP/, Since it is a non-negative symmetric matrix, we can apply the
dichotomy theorem of Bulatov and Grohe.
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On the one hand, for the special case when j =i € [0 : m — 1], we have

m—1m—1 m—1m—1

A[p] Zz‘lFa*oFb* 2p ZZ|Fa*7Fb* 2p

a=0 b=0 a=0 b=0

As F is a discrete unitary matrix, we have A[ P — m - m?. On the other hand, assuming EVAL(C, D)
is not #P-hard, then by using Bulatov and Grohe s dichotomy theorem (Corollary 2.1), we have

AP AL = APL APL = (APD?, foralli#je[0:m—1],

and thus A[ Pl 2+ for all 4,5 € [0:m — 1].
Now we use this condition to show that F satisfies (row-GC). We introduce the following notation:
For i,j € [0:m — 1], let

Xij = {|<Fi,* oF; . Fauo Ty | a,be[0:m— 1]}.

Clearly set X; ; is finite for all 4, j, with cardinality |X; ;| < m? Each z € X; ; satisfies 0 < z < m. For
each x € X; ;, we let s; j(x) denote the number of pairs (a,b) € [0 : m — 1] x [0 : m — 1] such that

|<FZ,* o m, Fa,* o Fb7*>| =x.

(]

We can now rewrite A, ; as
9.

AP = 37 sij(x) -2, (56)

SCEXi,j
and is equal to m?*1 for all p > 1. Also note that sij(z), for all x € X; ;, do not depend on p, and

Z SZ'J'(QL‘) = m2. (57)

IEGXZ'J‘

We can view (56) and (57) as a linear system of equations in the unknowns s; j(x). Fix i, j, then there
are |X; ;| many variables s; j(x), one for each distinct value € X; ;. Equations in (56) are indexed
by p > 1. If we choose (57) and (56) for p = 1,...,|X; ;| — 1, this linear system has an |X; ;| x |X; ;]
Vandermonde matrix ((z?)P), with row index p and column index z € X; ;. It has full rank. Note that
by setting (a,b) = (i, ) and (¢, j), where ¢’ # i, respectively, we get m € X; j and 0 € X; ;, respectively.
Moreover, s;;(0) = m? —m, s; j(m) = m, and all other s; j(z) = 0 is a solution to the linear system.
Therefore this must be the unique solution. As a result, we have X; ; = {0, m},
sij(m) =m and s;;(0) =m?—m, foralli,je[0:m—1].

This implies that for all 4,j,a,b € [0:m — 1], [(F; . 0 Fj ., Fq. 0 Fyp )| is either m or 0.
Finally, we prove (row-GC). Set j = 0. Because F . = 1, the all-1 vector, we have

(Fivo1,Fy,oFy )| = [(FixoFp., Fou)| €{0,m}, foralliabel0:m—1].

As {Fy.,a € [0:m — 1]} is an orthogonal basis, where each ||F, .||> = m, by Parseval, we have

> {Fin 0 By, Fo) > = m- |Fi o Fy |2,
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Since every entry of F; , o Fy, is a root of unity, ||F; . o Fp.|> = m. Hence

> I(Fis o By Fu ) = m?.
a

As a result, for all 4,b € [0 : m — 1], there exists a unique a such that [(F; . o Fp ., F, )| = m.

By property (Us), every entry of F;,, Fy,, and F, . is a root of unity. The inner product (F;, o
Fy ., F,.) is a sum of m terms each of complex norm 1. To sum to a complex number of norm m, each
term must be a complex number of unit norm with the same argument, i.e., they are the same complex
number e, Thus, F; .o Fp, = et? . F, .. We assert that in fact et = 1, and F; s o Fy, = F, .. This is
because F; 1 = F, 1 = F; = 1. This proves the group condition (row-GC).

One can prove (column-GC) similarly using (55) and the lower-right m x m block of AP, O

We prove the following property concerning discrete unitary matrices that satisfy (GC): (Given an
n x n matrix A, we let A% denote the set of its row vectors {A; .}, and A® denote the set of its column
vectors {A,;}. For general matrices, it is possible that |Af|,|A| < n, since A might have duplicate
rows or columns. However, if A is M-discrete unitary, then it is clear that |A®| = |A®| = n.)

Property 9.1. Let A € C"*" be an M-discrete unitary matriz that satisfies (GC). Then both A% and
AC are finite Abelian groups (of order n) under the Hadamard product.

Proof. The Hadamard product o gives a binary operation on both A® and A®. The group condition
(GC) states that both sets A and A® are closed under this operation, and it is clearly associative and
commutative. Being discrete unitary, the all-1 vector 1 belongs to both A" and A®, and serves as the
identity element. This operation also satisfies the cancelation law: if x oy = x 0o z then y = 2. From
general group theory, a finite set with these properties already forms a group. But here we can be more
specific about the inverse of an element. For each A, ., the inverse should clearly be A; .. By (GC),
there exists a k € [0: m — 1] such that Ay, = (A;.)™~1 = A, .. The second equation is because 4; ;,
for all j, is a power of wjy. O

9.2 Proof of Theorem 5.3

In this section, we prove Theorem 5.3. Suppose EVAL(C, D) is not #P-hard (otherwise we are already
done), then by Lemma 9.1, ((M, N), C,®) satisfies not only (U;)-(Us), but also (GC). Let us fix r to be
any index in [N — 1]. We will prove (U5) for DZ[T] where i € [m : 2m — 1]. The proof for the first half of
D" is similar. For simplicity, we let D be the m-dimensional vector such that

D; = D" for alli € [0:m —1].

m-1)?

We also need the following notation: Let K = {i € [0 : m — 1] | D; # 0}.

If |[K| = 0, then there is nothing to prove; If |K| = 1, then by (U3), the only non-zero entry in D
must be 1. So we assume | K| > 2.

We claim that D;, for every i € K, must be a root of unity otherwise problem EVAL(C, D) is #P-
hard, which contradicts the assumption. Actually, the lemma below shows that, such a claim is all we
need to prove Theorem 5.3:

Lemma 9.2. If D € Q(wy) is a root of unity, then D must be a power of wy. (N is even by (Uy).)

We delay the proof to the end of the section. Now we use it to show that every D;, i € K, is a root
of unity. Suppose for a contradiction that this is not true. We start by proving the following lemma
about Z = (Zy, ..., Zm_1), where Z; = (D;)N for all i:

70



N-1 edges
1 edge

Figure 6: The gadget for p = 1 (Note that the subscript e is suppressed).

Lemma 9.3. Assume there exists some k € K such that Zy is not a root of unity, then there exists an
infinite integer sequence {P,} such that, when n — 0o, the vector sequence ((Z,)" : k € K) approaches
to, but never equals to, the all-one vector of dimension |K]|.

Proof. Since Zy, for k € K, has norm 1, there exists a real number 6 € [0,1) such that, Z, = €7,
We will treat 6 as a number in the Z-module R ;04 1, i.€., real numbers modulo 1. By the assumption
we know that at least one of the 6’s, k € K, is irrational.

This lemma follows from the well-known Dirichlet’s Box Principle. For completeness, we include a
proof here. Clearly, for any positive integer P, ((Z;)F : k € K) does not equal to the all-one vector of
dimension |K|; Otherwise, every 6y is rational, contradicting the assumption.

Let n* = nlX1 41, for some positive integer n > 1. We consider (L -8y, : k € K) for all L € [n*]. We
divide the unit cube [0,1)/%] into n* — 1 sub-cubes of the following form

|:a1 al+1> [alK C‘IK+1>
D) X X 9 )
n n

n n
where a;, € {0,...,n — 1} for all k£ € |K|. By cardinality, there exist L # L’ € [n*] such that

(L-Hkmodlzk‘eK) and (L’-kaodlzk‘GK)

fall in the same sub-cube. Assume L > L/, then by setting P, = L — L' > 1, we have
1

‘Pn - 0, mod 1| = |(L— L) - 0 mod 1‘ < - forall k e K.
It is clear that by repeating the procedure for every n, we get an infinite sequence {P,} such that
(27— mire e 1)
approaches to, but never equals to, the all-one vector of dimension |K|. O

Let G = (V, E) be an undirected graph. Then for each p > 1, we build a graph GP by replacing
every edge e = uv € E with a gadget which is shown in Figure 6. Recall that r € [N — 1] is fixed.
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More exactly, we define GIP! = (VP ElPl) as follows:

vl — VU{ae, eis Ceyijs Qs b'ez, e”‘eeEze[pN] ]G[]}

and E'P! contains the following edges: For each edge e = uv € E,

1. One edge between (u,a.) and (v, al);

2. N — 1 edges between (a.,v) and (u,a.);

3. One edge between (ce,ij, be,i) and (c, ; ;,b, ;), for all i € [pN] and j € [r];
4. N — 1 edges between (ac, ce,i,j) and (a,c,; ;), for all i € [pN] and j € [r].

It is easy to check that the degree of every vertex in G is a multiple of N except be; and b/e,i’ which
have degree r mod N.
As the gadget is symmetric, the construction gives us a symmetric 2m x 2m matrix AP such that

Zaw(G) = ZCQ(G[”}), for any undirected graph G,

and thus, EVAL(APl) < EVAL(C, D), and EVAL(AP)) is also not #P-hard.
The entries of AP are as follows: First, for all u,v € [0:m —1],

Aq[f,}m—l—v = Agﬁ—l—u,v =0.
The entries in the upper-left m x m block of APl are
r\ pIN
Al = S F.Fo. Z p., Z F.yFou
a€[0:m—1] €[0:m—1] €[0:m—1]
r\ pN
X Z Fu,aFv,a Z D 1b Z Fc,bm )
a€[0:m—1] €[0:m—1] c€[0:m—1]

for all w,v € [0 : m — 1]. Since F is discrete unitary,
> FopFea=(F.p,F.o) =0,
c€[0:m—1]

unless a = b. As a result, the equation can be simplified to be

Az[f,}v:Lp' <Z (Dk) ukak) (Z (Dk) ukak> for all u,v € [O:m—l].

keK keK

where L, is a positive constant that is independent of u and v.

Assume for a contradiction that not all the Dp’s, k € K, are roots of unity, then by Lemma 9.3 we
know there exists a sequence { P, } such that ((Dy)N" : k € K) approaches to, but never equals to, the
all-1 vector of dimension |K|, when n — oco. Besides, by (U3) we know there exists an ¢ € K such that
D; = 1. Now consider G with parameter p = P, from this sequence. We have

2
ALJ,DZ} =Lp, - <Z(Dk)NP”> , forany uwe[0:m—1].
keK
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We let T, denote the second factor on the right-hand side, then |T},| could be arbitrarily close to |K|?
if we choose n large enough. By using the dichotomy theorem of Bulatov and Grhoe (and Lemma 7.4)
together with the assumption that problem EVAL(A!") is not #P-hard, we know the norm of every
entry of Al»] in its upper-left block is either 0 or Lp, - |T},|.

Now we focus on the first row by fixing u = 0. Since F¢ . = 1, we have

A%ﬁ’;] =Lp,- (Z(Dk)NP”m> <Z(Dk)NP"Fv7k> , foranyvel0:m—1].

keK keK
By Property 9.1, F'® = {Fy+} is a group under the Hadamard product. We let
S={vel0:m—1]|VijeK F,;=F,j},

and denote {F, , : v € S} by FS, Then it is clear that F*° is a subgroup of F. Also note that, 0 € S
since F , is the all-one vector of dimension m.

For any v ¢ S, when n is sufficiently large, we have |A5’;]| < |Ag’36‘} |. This is because when n — oo,

T, — |K[> but (Z(Dk)NP”m> <Z(Dk)NP"Fv,k> — <Z m> (Z Fv,k) ;

keK keK keK keK

which has norm strictly smaller than |K|? (since v ¢ S). So when n is sufficiently large, A([ﬁ’}] must be

0 for all v ¢ S. We denote ((Dy)V : k € [0: m — 1]) by D", then for v ¢ S and sufficiently large n,
either (D", F,.,)=0 or (D", F,.)=0. (58)

Next, we focus on the characteristic vector x (of dimension m) of K: xx =1if k € K and x; =0
elsewhere. By (58) and the definition of S, we have

(X,Fps) =0, forallv¢g S and |[(x,F,s)|=|K| forallves. (59)

To prove the first equation, we note that by Eq.(58), either there is an infinite subsequence {D"} that
satisfies (D", F, ) = 0 or there is an infinite subsequence that satisfies (D", F,, ) = 0. Since D" — x
when n — oo, we have either (x,F,.) = 0 or (x, F,.) = 0. The second case still gives us (x,Fy.) =0
since x is real. The second equation in (59) follows directly from the definition of S. As a result, we

have
1

X = E Z(Xa Fv7*> : Fv,*-

veS
Now we assume the expression of vector D", under the orthogonal basis {F, .}, is
m—1

n
D" = g TinFix, where x;, =
i=0

1
E(D”, F;.).
If for some n we have z;, = 0 for all ¢ ¢ S, then we are done because by the definition of S, every F; ,,
i € 5, is a constant over K and thus, the vector D™ is a constant over K. Since we know there exists
an ¢ € K such that D; = 1, every Dj, j € K, must be a root of unity.

Suppose this is not the case. Then (here consider those sufficiently large n so that (58) holds)

X = Dn [¢] W = <Z xi’nFi7*) o ZmF.]v*
i J

:§ yv,an,*y where Yon = g TinTjn-
v Fi,*on,*:Fu,*
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The last equation uses the fact that F'® is a group under the Hadamard product (so for any 14, j there
exists a unique v such that F, ., = F; , o ﬁ)

Since the Fourier expansion of x under {F, .} is unique, we have y, , = 0, for any v ¢ S. Because
D" — x, by (59), we know that when n — oo, x;,, for any i ¢ S, can be arbitrarily close to 0, while
|z; »| can be arbitrarily close to |K|/m, for any i € S. So there exists a sufficiently large n such that

41K AlK
| ||25|’ for all i gé 57 and ‘xz,n‘ > %, for all ¢ S S
m

[inl < om
We pick such an n and will use it to reach a contradiction. Since we assumed that for any n (which is
of course also true for this particular n we picked here), there exists at least one index ¢ ¢ S such that
xin # 0, we can choose a w ¢ S that maximizes |z; | among all i ¢ S. Clearly, |z, ,| is positive.

We consider the expression of y,, , using x; ,. We divide the summation into two parts: the main
terms x;,;, in which either i € S or j € S and the remaining terms in which ¢,j ¢ S (note that if
Fu.=F;, oﬁ, then i and j cannot be both in S. Otherwise, since F*° is a subgroup, we have w € S
which contradicts the assumption that w ¢ S.)

. 1 ! —
The main terms of vy, = — ;(D”, Fy.oF;. (D" F;,)+ poec) EZS(D", F;.)(D"F;,oF,.)
J 7

Note that =g, = (1/m)(D",F( ) and Fy . = 1. Also note that (by the definition of S), when j € S,
Fj . = aj for all k € K, for some complex number «; of norm 1. Since D™ is only non-zero on K,

<Dn7 Fw,* ° Fj,*><Dn7 Fj7*> = <Dn7 aij7*><Dn7 aj1> = MmTon - <Dn7 Fw,*>'

Similarly, we can simplify the other sum so that

S -
The main terms of yy,, = u (azo,n(D”, Fy ) + 2z, (D7, Fw*>)
m

By (58) we have either (D", Fy,,) or (D", F,, ) is 0. Since we assumed that z,,, = = (D", F,) # 0,
the latter has to be 0. Therefore, the sum of the main terms of y,, 5 is equal to T,z n|S|. As 0 € S,

4|1K]|S]|
5m

[FoalSl| 2 =

Now we consider the remaining terms. Below we show that the sum of all these terms cannot have
a norm as large as g,y »|S|| and thus, y,, , is non-zero and we get a contradiction. To prove this, it
is easy to check that the number of remaining terms is at most m, and the norm of each of them is

i) < Jewal? < TEISLL L
) s — ’ 5m2 )

since ,j ¢ S. So the norm of their sum is < %L’Ew,ﬂ. This finishes the proof of Theorem 5.3.

Proof of Lemma 9.2. Assume D = w&, for some positive integers k and M with ged(k, M) = 1. Since
D € Q(wy), we have wk, € Q(wy). By ged(k, M) = 1, we have wys € Q(wy) and
Qwn) = Qwn, wum) = Q(Wiem(m,N))-

The degree of the field extension is [Q(wy) : Q] = ¢(NV), the Euler function [22].

When N | N’; and ¢(N) = ¢(N’), by expanding according to the prime factorization for N, we can
get (and indeed this is all there is to be had) that if N is even, then N’ = N; if N is odd, then N' = N
or N’ =2N. Since by (U1) N is even, we have lem(M,N) =N, M| N, and D is a power of wy. O
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9.3 Decomposing F into Fourier Matrices

Assume that ((M,N),C,®) satisfies not only conditions (U )—(Us) but also the group condition (GC);
since otherwise EVAL(C,®) is #P-hard.

To prove a decomposition for F (recall that F is the upper-right m x m block matrix of C) we first
show that if M = pq and ged(p, q) = 1, then up to a permutation of rows and columns, F must be the
tensor product of two smaller matrices, both of which are discrete unitary and satisfy (GC). Note that
P, q here are not necessarily primes or prime powers.

Lemma 9.4. Let F € C"™*™ be an M-discrete unitary matriz that satisfies (GC). Moreover, M = pq,
p,q > 1 and ged(p,q) = 1. Then there exist two permutations 11, X : [0: m — 1] — [0 : m — 1] such that

Frny=F &F,
where F' is p-discrete unitary, F" is q-discrete unitary, and both of them satisfy (GC).

Proof. By Property 9.1, both F and FC are finite Abelian groups. Since F is M-discrete unitary, the
order of any vector in F® and F© is a divisor of M.
By the fundamental theorem of Abelian groups, there is a group isomorphism

p:FR = Ty x o x Ly, =T,

where g1,..., g, are prime powers, and g; | M for all i. As ged(p,q) = 1, without loss of generality, we
may assume there exists an integer A’ such that g; |p for all i € [W/] and g; | ¢ for all other i.
We use p~! to define the following two subsets of F*:

SP = {p~1(x) | x € Zg, z; =0for all i > b’} and S? = {p~1(x) | x € Zg, x; =0 for all i < h'}.
Then it is easy to show the following four properties:

1. Both SP and S9 are subgroups of F;

2. P ={uec FE|(u)P =1} and 87 = {v € FF|(v)! = 1};

3. Let m’ =|SP|, m"” = |59, then m =m’-m”, ged(m/, ¢) = 1, ged(m”,p) = 1, ged(m’,m”) = 1;

4. (u,v) — uov is a group isomorphism from SP @ S9 onto FF.

Let SP = {ug =1,uy,...,upy_1} and S? = {vg = 1,vy,...,V;r_1}. Then by 4) there is a one-to-one
correspondence f : i+ (f1(7), f2(i)) from [0 :m — 1] to [0 : m' — 1] x [0 : m” — 1] such that

Fi« =y ;) 0V, forallie[0:m—1]. (60)

Next we apply the fundamental theorem to F¢. We use the group isomorphism, in the same way,
to define two subgroups TP and T¢ with four corresponding properties:

1. Both T? and T are subgroups of F¢;
2. TP ={w e FC|(w)? =1} and T9 = {r € F|(r)? = 1};
3. m=[T?|- [T, ged(|T?|, q) = 1, ged(|T], p) = 1, and ged(|T7|, |T7]) = 1;

4. (w,r) — wor is a group isomorphism from 77 @ T9 onto F¢.
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By comparing item 3) in both lists, we have |T?| = |SP| = m/ and |T?| = |S?] = m”.
Let TP = {wo =1, wy,...,Wyy_1} and T = {ro = 1,ry,...,r;»_1}. Then by item 4), we have a
one-to-one correspondence g from [0:m — 1] to [0: m' — 1] x [0 : m” — 1] and

F.j = W (j) 0 Tgy(j), forall je[0:m—1]. (61)

Now we are ready to permute the rows and columns of F to get a new matrix G that is the tensor
product of two smaller matrices. We use (x1,x2), where z1 € [0 : m' — 1], 29 € [0 : m"” — 1], to index the
rows and columns of G. We use II(z1,72) = f~1(x1,22), from [0:m' —1] x [0: m” — 1] to [0 : m — 1],
to permute the rows of F and X(y1,2) = ¢~ ' (y1,y2) to permute the columns of F, respectively. As a
result, we get G = Fp »; where

Glar,w2),(y12) = Fll(@r,w0) S(y1,e)> f0r all 21,91 € [0:m” — 1] and 29,2 € [0: m” —1].
By (60), and using the fact that up = 1 and vo = 1, we have
G 00)s = Ga1,0)4 © Goga)er forall zy € [0:m' —1] and zp € [0:m” — 1],
Similarly by (61) and wy = 1 and ro = 1, we have

G = G 1,0) © Gy forall yy € [0:m' — 1] and yo € [0: m” —1].

Y1,Y2) 0,y2)»

Therefore, applying both relations, we have

Clar,z),w2) = Cl@1,0),1.0) " G(21,0,092) * G(0,22),31,0)  C0,.22),02)-
We claim
G(21,0),0y2) =1 and  G(gz0),(y1,0) = 1- (62)
Then we have
Gerw2),1.2) = G1.0),01.0) - C0,22),(0,32)- (63)
To prove the first equation in (62), we realize that it appears as an entry in both u,, and ry,. Then
by item 2) for SP and T, both of its pth and ¢th powers are 1. Thus it has to be 1. The other equation

in (62) can be proved the same way.
As a result, we have obtained our tensor product decomposition G = F/ @ F”, where

F' = (Fl, = Geowo) and B = (Fl, = Gom o)

The only thing left is to show that ¥’ and F” are discrete unitary, and satisfy (GC). Here we only
prove it for F/. The proof for F” is the same. To see F’ is discrete unitary, for all z £y € [0: m’ — 1],

0 = (G206 Go)) = ZG(w,O),(zl,zg)G(y,O),(zl,22)

21,22

= Y C0.0).(:1.0G0,0).0.22) G (1,0).(21.0 G (0,0).(022)
Z1,22
=m" - (F, ., F,.).

T,%)

Here we used the factorization (63) and ug = 1 and v = 1. Similarly, we can prove that ), , and F/, ,
are orthogonal for = # y. F/ also satisfies (GC) because both SP and TP are groups and thus, closed
under the Hadamard product. Finally, F’ is exactly p-discrete unitary: First, by definition, we have

pg=M = lcm{order of Ga),22),(y1,2) % y} = lcm{order of G(21,0),(41.0) * G(22,0),(42.0) * X’y};
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Second, the order of G4, 0),(y,,0) divides p and the order of G4, ¢y (y,,0) divides g. As a result, we have
p= lcm{order of G(2,0,(y,0) * T y}
and by definition, F/ is a p-discrete unitary matrix. O
Next we prove Lemma 9.5 which deals with the case when M is a prime power.

Property 9.2. Let A be an M-discrete unitary matriz that satisfies the group condition (GC). If M is
a prime power, then one of its entries is equal to wyy.

Proof. Since M is a prime power, some entry of A has order exactly M as a root of unity. Hence it has
the form wﬂ for some k relatively prime to M. Then by the group condition (GC) all powers of wﬂ
also appear as entries of A, in particular wyy. O

Lemma 9.5. Let F € C™ ™ be an M-discrete unitary matriz that satisfies (GC). Moreover, M = p*
18 a prime power for some k > 1. Then there exist two permutations II and X such that

Fnyx=Fu® F/,
where F' is an M'-discrete unitary matriz, M’ = p*' for some k' < k, and ¥’ satisfies (GC).

Proof. By Property 9.2, there exist a and b such that F}, , = wys. Thus both the order of Fy . (in FR)
and the order of F.; (in F¢) are M. Let

S1={1,Fou, (Fa.)? ..., (Fau)™ 1}

denote the subgroup of F generated by F, .. Since the order of F, . is M, we have |Si| = M.

Let Sy denote the subset of FT such that u € Sy iff its b*" entry w, = 1. It is easy to see that S
is a subgroup of F®. Moreover, one can show that (W1, Ws) — W1 0 Wy is a group isomorphism from
S1 @ Sy onto F®. As a result, |Sy| = m/M which we denote by n.

Let So = {up = 1,uy,...,u,_1}, then there exists a one-to-one correspondence f from [0 : m — 1]
to[0: M —1] x [0:n— 1], where i — f(i) = (f1(7), f2(i)), such that

Fi.= (Fa,*)fl(i) ouy,y, forallie[0:m—1]. (64)

In particular, we have f(a) = (1,0).

Similarly, we use 71 to denote the subgroup of F© generated by F,, (|T1| = M), and T5 to denote
the subgroup of FC© that contains all the v € FC such that v, = 1. (w1, wg) — wp o wo also gives us
a natural group isomorphism from 77 @ Ty onto FY, so |Ty| = m/M =n

Let Ty = {vg = 1,vy,...,V,_1}, then there exists a one-to-one correspondence g from [0 : m — 1]
to [0: M —1] x [0:n—1], where j — g(j) = (91(4),92(j)), such that

F.; = (F*’b)gl(j) 0 Vg (j), forallje[0:m—1]. (65)

In particular, we have ¢g(b) = (1,0).

Now we are ready to permute the rows and columns of F to get a new m x m matrix G. Again we
use (x1,x2), where 1 € [0: M — 1] and 22 € [0 : n — 1], to index the rows and columns of matrix G.
We use I(z1,22) = f~(z1,22), from [0: M — 1] x [0 : n— 1] to [0 : m — 1], to permute the rows and
Y(y1,v2) = g7 (y1,y2) to permute the columns of F, respectively. As a result, we get G = Fy s

By equations (64) and (65), and ug =1 and vy = 1, we have

G(m17w2)7* = (G(1,0)7*)x1 o G(O,.’Ez),* and G*v(yLyZ) = (G*7(170))y1 °© G*7(07y2)'
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Applying them in succession, we get

Gla1,22),(1,2) = (G1,0),1,82) " G0,22),(w1,32) = (G(1,0),1,0) " (G(1,0),0,82)) " (G(0,22),(1,0))” G (0,22),(0,3) -
We can check that G0y (1,0) = Fap = wum. Indeed, by f(a) = (1,0) and g(b) = (1,0), we have

G000 = Fnao.s0 = Fr1006-100 = Fap = wur
By (65), and a similar reasoning, we have
G(l,O),(O,yg) = Fa7971(07y2) = (Favb)o : Uy27a = Uy27a = 17
where vy, , denotes the a'® entry of v,,, which is 1 by the definition of T2. By (64), we also have
G0,22),10) = Fr-1(02)6 = (Fap)”  Uanp = Uy p = 1,
bth

where u,, ; denotes the entry of u,,, which is 1 by the definition of Ss.
Combining all these equations, we have

Z1Y1

Glarwo) i) = “a1 * G(0.02),(02)- (66)

As aresult, G = Fy @ F', where F' = (F, , = G(0.2),(0,9)) I8 an n x n matrix.
To see F’ is discrete unitary, by (66), we have

0={(Gu),« Gy =M (F, ., F,,), foranyz#yecl0:n—1].

x,%0

Similarly we can prove that F;x and Fﬁﬂy are orthogonal for x # y. ¥’/ also satisfies the group condition
because both Sy and T5 are groups and thus, closed under the Hadamard product. More precisely, for

(row-GC), suppose F/, , and F;* are two rows of F'. The corresponding two rows G(0,2),+ and Gg )«

in G are permuted versions of u, and u,, respectively. We have, by (60),
Foo = Fr1(02)971(0) = Uag(02) a0d Fyo = Froi(g),971(0.) = Uy (0.2
Since S5 is a group, we have some w € [0 : n — 1] such that u, o u, = u,, and thus
F;VZ ’ F;7Z = Uw7gil(07z) = FQ{UVZ.

The verification of (column-GC) is similar. Finally, it is also easy to see that F’ is p*'-discrete unitary,
for some integer k' < k. O

Theorem 5.4 then follows from Lemma 9.4 and Lemma 9.5.

10 Proof of Theorem 5.5

Let (M,N),C,®,(q,t,Q)) be a 4-tuple that satisfies condition (R). Also assume that EVAL(C,®) is
not #P-hard (since otherwise, we are done). For every r in T (recall that 7 is the set of r € [N — 1]
such A, # (), we show that A, must be a coset in Zg. Condition (£2) then follows from the following
lemma which we will prove at the end of this section. Condition (£1) about A, can be proved similarly.

Lemma 10.1. Let ® be a coset in G1 & Go, where G1 and Gy are finite Abelian groups such that
ng (|G1|, |G2|) =1.

Then for both i = 1,2, there exists a coset ®; in G; such that ® = &1 x P,.
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r edges

=+=-= N-r edges
N-1 edges

1 edge

Figure 7: The gadget for constructing graph G’ (Note that the subscript e is suppressed).

Let G = (V, E) be an undirected graph. We build a new graph G’ by replacing every e = uv € E
with the gadget as shown in Figure 7. More exactly, we define G' = (V', E') as

Vi=Vu {ae,bevi,cm,de’i,a' b'e’i,c’ d |e € Fandi € [N]}

e’ e, i) Ve
and F’ contains exactly the following edges: For each e = uv € F,

1. One edge between (u,d.,1), (v,d; 1), (u,d,;) and (v,de ;) for all i € [2: N
2. For every i € [N], one edge between (ae,bei), N — 1 edges between (be,i, de,i);
For every i € [N], N — r edges between (a, c.i), r edges between (¢ ;,dc.i);

For every i € [N], one edge between (al,b, ), N — 1 edges between (b, ,,d.,);

e’ Ve, 0 eyt

ook W

For every i € [N], N — r edges between (a.,c, ), r edges between (¢, ,,d. ).

e’ ~e,i e, e,

It is easy to check that the degree of d.; and d. ,, for all e € E,i € [N], is exactly r (mod N) while all

e,
other vertices in V' have degree 0 (mod N). It is also noted that the graph fragment which defines the

gadget is bipartite, with all u,v, b, cei, b, ;, . ; on one side and all ac, ar, de i, d, ; on the other side.

The way we construct G’ gives us a 2m X 2m matrix A such that
ZAa(G) = Zcp(G), forall G,

and thus, EVAL(A) < EVAL(C,®), and EVAL(A) is also not #P-hard. We use {0,1} x Zg to index the
rows and columns of A. Then for all u,v € Zg, we have

A,u),(1,v) = Au),(0,v) = 0.

This follows from the bipartiteness of the gadget.
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We now analyze the upper-left m x m block of A. For u,v € Zg, we have

N N N
— E E N— TET
A(Ovu)v(ovv) - Fu7d1 H Fv7di H Fb’“an’“d’L Fclv Czy 7 H (1 d
a,dy,...,dNEZg =2 i=1 \ b;EZg c;€Zo i=1
N N N
> > — N—r ]
X FV,dl H Fll,di H Fbuani,di Fq7 ci,d; H D(l,di)
a,dy,...,dNEZg =2 i=1 \ b;€Zg c;€Zo i=1

Note that in deriving this equation, we used the fact that M | N and entries of F are all powers of wyy.
Since F is discrete unitary,
Z Fbi7ani,di = <F*,a7 F*,dz>
bi€Zg
is 0 unless d; = a. When d; = a for every i € [N], the inner product (F, a,F, q,) = m, and likewise so
are the sums over ¢;. Also the product

H D(ld ( £1}3)>N =1,

i€[N]

when each d; = a € A, and 0 otherwise. This is because by (U5), DZ} a) is a power of wy when a € A,

and 0 otherwise.
As a result, we have

A (0m) = <Z FuaFua- m2N) X (Z FyaFua-m? ) =m'V| > Ry, aFva (67)
aEAr aEAr aEAT‘
By using condition (R3), we can further simplify (67) to be
2 2
A0 =M™ | Y Furval = m4N‘<x7Fu—v,*> : (68)
acA,

where x is a 0-1 characteristic vector such that yo =0ifa¢ A, and ya =1 ifa € A,, for all a € Zg.
Since F is discrete unitary, it is easy to show that

0 < Apu),0v) < miN A2 and Au),0u) = miN A2, for all u,v € Zg.

Asr € T, we have |A,| > 1 and let n denote |A,|. Using the dichotomy theorem of Bulatov and Grohe
(Corollary 11.1) together with the assumption that EVAL(A) is not #P-hard, we have

A,u),0,v) € {0,m*Nn?}, for all u,v € Zo.

As a result, we have for all u € Zg,

|0 Fun)| € 0.}, (69)

The inner product (x, Fy ) is a sum of n terms, each term a power of wy;. To sum to a complex number
of norm n, each term must have exactly the same argument; any misalignment will result in a complex
number of norm < n, which is the maximum possible. This implies that

<X7 Fu,*> € {O,n,an,nwﬁ/[, .- an } (70)
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Next, let a denote a vector in A,. We use ® to denote a + (A, — a), where
Ar—az{x—a|X€AT}

and (A, — a) is the subgroup generated by A, — a. Clearly A, C ®. We want to prove that A, is equal
to @, which by definition is a coset in Zg. This statement, together with Lemma 10.1, will finish the
proof of Theorem 5.5.

To this end we use k to denote the characteristic vector of ®: kx =0if x ¢ ® and kx =1 if x € D.
We will show for every u € Zo,

i)
<"€7 Fll,*> = |A| <X7Fu7*>' (71)
A
Since F is discrete unitary, {Fy «,u € Zg} is an orthogonal basis. From (71) we have
LN
A7

which implies x = x (since both of them are 0-1 vectors) and thus, A, = ® is a coset in Zg.
We now prove (71). We make the following Observations 1) and 2):

1. If [(x, Fux)| = n, then there exists an o € Zy such that F, x = wf; for all x € A,;

2. Otherwise, (which is equivalent to (x,Fy ) = 0 from (69)), there exist y and z in A, such
that Fyy # Fuz-

Observation 1) has already been noted when we proved (70). Observation 2) is obvious since if Fyy =
Fuz for all y,z € A,, then clearly (x,Fy.) # 0.
Equation (71) then follows from the following two lemmas.

Lemma 10.2. If there exists an o such that Fyy x = wf; for all x € A, then Fyx = wf; for all x € ®.

Proof. Let x be a vector in @, then there exist x1,...,xx € A, and hq,...,h € {1} for some k > 0,
such that x = a—l—Zf:l hi(x; —a). By using (R3) together with the assumption that Fy o = Fux, = wfy,

Fux = Fu,u+2i hi(xi—a) = Fu,a HFu,hi(xi—a) = Fua H (Fu,xiFU,a) = wiy-
i i O

Lemma 10.3. If there exist y,z € ® such that Fyy # Fuy, then erq) Fux =0.

Proof. Let [ be the smallest positive integer such that [(y — z) = 0, then [ exists because Zg is a finite
group, and [ > 1 because y # z. We use ¢ to denote mem. By using condition (R3) together with
the assumption, we have ¢ = Fui(y-z =1 but c# 1.

We define the following equivalence relation over ®: For x,x’ € @,

x ~ x' if there exists an integer k such that x — x' = k(y — z).
For every x € @, its equivalence class contains the following [ vectors:
X, x+(y—2), ..., x+ ({1 —1)(y —2),

as ® is a coset in Zg. We conclude that ) 4 Fux = 0 since for every class, we have (by using (R3))

-1 -1 ' 1— Cl
Z Fu,x+z’(y—z) = Fux Z ¢ = Fu,x: = 0.
i=0 i=0 U
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Now (71) can be proved as follows: If |(x,Fux)| = n (= |Ay|), then by Observation 1) and
Lemma 10.2
[(r Fue)| = [D].

If [(x,Fux)| #n (=|Ar]), then (x,Fy+) = 0. By Observation 2) and A, C ®, Lemma 10.3 implies
(k,Fux) =0.

This concludes that A, is a coset in Zg. To get the decomposition (Lq) for A, =]7_; A, ;, we use
Lemma 10.1.

10.1 Proof of Lemma 10.1

First, we show that if u = (u1,u2) € ® and v = (v1,v2) € @, for u;,v; € G, i = 1,2, then (uj,v9) € .
On the one hand, since ged(|G1],|G2|) = 1, there exists an integer k such that |G| |k and k = 1
(mod |G2|). On the other hand, since ® is a coset, we have u + k(v —u) € ®. Since

up + k(v —up) =u; and wug + k(ve — ug) = vg,

we conclude that (ui,v2) € ®.
This implies the existence of subsets ®; C GG; and ®5 C G5 such that ® = &1 x $5. Namely we let

d = {we G1|3y € Go, (z,y) € @} and @y = {ye Go|3x € Gy, (z,y) € (19}.

It is easy to check that both ®; and ®9 are cosets (in G; and Ga, respectively), and ® = &1 x Po.

10.2 Some Corollaries of Theorem 5.5

Now that we have proved Theorem 5.5, we know that unless the problem is #P-hard, we may assume
that condition (£) holds. Thus A, and A, are cosets.

Lemma 10.4. Let H be the m x |A,| submatriz obtained from ¥ by restricting to the columns indezed
by A,. Then for any two rows Hy and Hy ., where u,v € Zg, either there exists some o € Zps such
that Hy .« = w$; - Hy x, or (Hy ., Hy ) = 0.

Similarly we denote by G the |A,| x m submatriz obtained from F by restricting to the rows indexed
by A.. Then for any two columns G,y and Gy v, where u,v € Zg, either there exists an o € Zps such
that G,y = Wi - Guv, or (Gyu, Gyyv) =0.

Proof. The rows of H are restrictions of F. Any two rows Hy, ., Hy . satisfy
Hu,;,< o] Hv,* = Fu—v,* |AT: Hu—v,*7

which is a row in H. If this H,_y . is a constant, namely w; for some a € Zys, then Hy » = wq, Hy .
holds. Otherwise, Lemma 10.3 says (Hy «, Hy «) = 0.
The proof for G is exactly the same. O

As part of a discrete unitary matrix F, all columns {H, ,, |u € A,} of H must be orthogonal and
thus rank(H) = |A,|. We denote by n the cardinality |A,|. There must be n linearly independent rows
in H. We may start with by = 0, and assume the following n vectors bg = 0,b1,...,b,_1 € Zg are the
indices of a set of linearly independent rows. By Lemma 10.4, these must be orthogonal as row vectors
(over C). Since the rank of the matrix H is exactly n, it is clear that all other rows must be a multiple
of these rows, since the only alternative is to be orthogonal to them all, by Lemma 10.4 again, which
is absurd. A symmetric statement for G also holds.
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11 Proof of Theorem 5.6

Let (M, N),C,9,(p,t,Q)) be a tuple that satisfies both conditions (R) and (£) (including (L3)). We
also assume that EVAL(C,®) is not #P-hard. By (L), we have

A= H A,; foreveryreS, and A, = H A,; forevery re T,

i=1 =1

where both A;.; and A,; are cosets in Zg, .

Let r be an integer in S. Below we will prove (D;) and (Ds) for A,. The other parts of the theorem,
that is, (Dg) and (Dy), can be proved similarly.

Let G denote the |A,| x m submatrix of F whose row set is A, C Zgo. We start with the following
simple lemma about G. In this section we denote by n the cardinality |A,| > 1. A symmetric statement
also holds for the m x |A,| submatrix of F whose column set is A,, where we replace n = |A,| by |A,],
which could be different.

Lemma 11.1. There exist vectors by = 0,by,...,b,_1 € Zo such that
1. {Gyp, | i €[0:n—1]} forms an orthogonal basis;
2. For allb € Zg, there exist i € [0:n — 1] and o € Zpr such that Gy p = w; - Gup,; and

3. Let A; denote the set of b € Zg such that Gy, is linearly dependent with Gy ,, then
m
Ao = |A1| = ... = |Ap—1| = —.
n

Proof. By Lemma 10.4, and the discussion following Lemma 10.4 (the symmetric statements regarding

A, and G), there exist vectors by = 0,b1,...,b,_1 € Zg such that Properties 1) and 2) hold.
We now prove property 3). By condition (R3), fixing b;, for any i, there is a one-to-one correspon-
dence between A; and Ay, by b — b — b;. This is clear from Gp_p, » = Gp « © Gp, «. Hence we have
Ag={b—b;|b e A;} for all sets A;. It then follows that |Ag| = |[A1]| = ... = |Ap_1] = m/n. O

Now let G = (V, E) be an undirected graph. For every positive integer p, we can build a new graph
Gl from G by replacing every edge e = uv € E with a gadget. We will need G2 in the proof. But it
is more convenient to describe GIY first and illustrate it only with the case p = 1. (The picture for et
will be too cumbersome to draw.) The gadget for G is shown in Figure 8.

More exactly, we have Gl = (VI El) where

/

V[l] =Vu {$67yeyae,ba/e,ivb67b/e7ce,i7ce,i7de,jvd/e,j7we7w/e7ze7zé ‘ €€ E7Z € [N - 1]7] € [7" + 1]}7

and E contains exactly the following edges: For every edge e = uv € F,
1. one edge between (u,d. ;) for all j € [r + 1] — {2};

N — 1 edges between (v,d, ;) for all j € [r+1] — {1};

one edge between (de 1, we), (de2, ze), (We, Ye) and (2e, Te);

N — 1 edges between (de 1, zc), (de,2,We), (We, ) and (ze, Ye);

one edge between (ae,de ;) for all i € [N — 1] and j € [r + 1] — {2};

AR AN  C

one edge between (b, d. ;) for all j € [r + 1] — {1};
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7. N —1 edges between (ce,n—1,ae,1) and (e, Geit1) for all i € [N — 2];
8. one edge between (ac,,ce;) for all i € [N — 1];
9. N — 1 edges between (u,d., ) for all j € [r + 1] — {2};

7@]

10. one edge between (v,d. ) for all j € [r + 1] — {1};

) e ]

11. one edge between (d. . 1525), (d/e72,w’e), (wl,ze) and (21, ye);

12. N — 1 edges between (d, 1, w}), (d,2), (we,ye) and (2, zc);

e

13. one edge between (a., ,,d. ;) for all i € [N — 1] and j € [r + 1] — {1};

ez’ e,j

14. one edges between (b, d, ) for all j € [r+ 1] — {2};

e’ e]

15. N — 1 edges between (c;, y_1,0a,,) and (¢, ar, ;) for all i € [N —2];

16. one edge between (a! for all i € [N —1].

6Z7 BZ)

As indicated earlier, the graph we really need in the proof is GI2. The gadget for GI? can be built from
the one for G in Figure 8 as follows: First, we make a new copy of the subgraph spanned by vertices

{u,v,x,y,w,z,dj,ai,ci,b |ie[N—-1],7€[r+ 1]}
All vertices are new except x,y,u and v. Second, make a new copy of the subgraph spanned by

{u,v,2,y, 0", d}, a}, ¢, b | i € [N —1],j € [r+1]}.

P/ 79 “1

Again all vertices are new except x,y,u and v. In this way, we get a new gadget and we use it to build
G!? by replacing every edge e = uv € E with this gadget.
It is easy to verify that the degree of every vertex in G/ is a 0 (mod N) except both copies of ac;,

a, ;,be and b, whose degree is 7 (mod N). The construction gives us a 2m x 2m matrix A such that

Za(G) = ZCQ(GM), for any undirected graph G,

and thus, EVAL(A) (< EVAL(C,9)) (right now it is not clear whether A is a symmetric matrix, which

we will prove later) is not #P-hard. We index the rows (columns) of A in the same way as we do for

C: The first m rows (columns) are indexed by {0} x Zg and the last m rows (columns) are indexed by

{1} x Zg. Since C is the bipartisation of F, we have Ao u)1,v) = A(1,u),00,v) = 0, for all u,v € Zo.
We now analyze the upper-left m x m block of A. For u,v € Zg, we have

- E Auvxy u,v,x,y’

X,YEZo
where
N-—1
A = Dl Dl Fd, Fory Fovr ay
uvxy = (0,b) (0,a;) w,di H'wy f'w,da Fw,x
ai,..,an—1,b€Ar,d1,d2€Zg =1 WEZg
N—-2
X Z Foa, FoxFad Fay H Z FaiciFair,ei Z an_1.en—1Faren s
VAV /o) i=1 ¢;€Zg cN_1€Zg
r+1
< [ T] Y. FuaFoaFva, HFaJ, Fua, 1_[1*?%,(11 Fyd,Fba,, and
=3 d;E€Zo
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BU7V7X,y = Z [T] H D[z]ab) Z FW7d2 FWyXFW,dl Fw,y

ay,..,any_1,b€EA,,d1,d2€Zg WEZg
x E : Fodi Faylza,Fox H E : a;,c; az+1ycz § : Fan_1en 1 Faren s
z€Z9 1=1 c;EZg cCN-_1€Z¢g
r+1
X H E Fya,Fpa,Fua; HFaJ, Fyd, HFaJ,dz Fua, Foa,-
i=3 d;€Zo

We simplify Ay x,y first. Since F is discrete unitary and satisfies (R3), we have

E Fw,dl Fw,yFw,dng,x = <F*,d1+y7 F*,d2+x>
WEZQ

is zero unless d; —dy = x —y. When this equation holds, the inner product (F, q,+y, Fsd,+x) = m.
Also when d; — dy = x — y the sum ZZEZQ F, q,F, xFya,F,y = m as well. Similarly,

: : a;,Cq az+17cz = (Faiy*’Fai+17*>
ci€Zo

is zero unless a; = a; 41, for i =1,..., N — 2. Also, we have

E : FaN71,CN71Fa17CN71 = <FaN717*7Fa1,*>

CN71EZQ

is zero unless ay_1; = a;. When a; = ... = ay_1, all these inner products are equal to m. So now we
may assume d; —dz = x —y and all a;’s are equal, call it a, in the sum for Ay v xy-
Let x —y = s, then Ay v xy is equal to

mt ST ol Dl H > FuaFbaFoaFad | FudtsPoaFod Fadrs:  (72)
a,beA, ,d2€Zo =3 d;€Zg

Again,

E : Fuvdin7diFV,diFa,di = <FU+b,*7 FV+a7*> =0
d;cZ¢g

unless u+b = v +a. When u+ b = v + a, the inner product (Fyyp s, Fvia«) = m. As a result, if
v-ud¢ A= {x—x'|x,x €A},

then Au,v,x,y =0sincea,be A, andb—ac Ai«in-
For every vector h € Al (e.g., h = v — u), we define a |A,|-dimensional vector T as follows:

D (7]

(h] _ 7]
Tx'=D (0.%)?

(0,x+h) for all x € A,.

By (£), A, is a coset in Zg, so for any x € A,, we also have x + h € A,. Therefore every entry of Tk
is non-zero and is a power of wy.
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Now we use TV to express Auvx,y- Suppose v —u € Aln then

Au,v,x,y = mN—‘rr Z Dgg}yb)D%}ya)Fu7d2+st7d2FV,d2Fa,d2+S
a€A,,d2€Zg,b=a+v—u
= N+T+1 Z D[O atv—u) Eo}a)F“ SFaS = mN+T+1FU7X—Y<T[v_U]7 G*7X—Y>'
acA,

Here we used (R3) in the second equality, and we recall the definition of s = x — y.
Similarly, when v — u ¢ A" we have Byvx,y =0; and when v —u € Alin

N r r
BU,V,va = m" " Z DE] )Dgo}a)dengd2+x yFadgFud2+x y
beAr,d2€Zg,a=b+v—u

= mVtr Z DET] )Dgz]b—i-v u)Fb,x—yFu,x—y = N+T+1Fux Y<T[V_U}’G*7x_y>'

bEAr 7d2 EZQ

To summarize, when v —u ¢ Al A(0,u),(0,v) = 0; and when v —u € Alin

4 4
Apuom = m ST [TV, G| =tV ST G (1)

We now show that A is a symmetric non-negative matrix. Let a = v — u € A", Then by (R3), we
have for every b € Zo,

[r] [r]
- Z D(O,x)D(O,x—a) vab

XEAT

(T[—a],G*7_b>‘ -3 D(OX aD[r] G b

XEA,

_ I ] _ ] ] _
= |3 DDl GynFa| = |3 D Dl G| = ‘(T[a},G*,w(,
yEAr yeAT'

where the second equation is by conjugation, the third equation is by the substitution x =y + a and
the fourth equation is because Fap, is a root of unity. It then follows that A u) (0,v) = A(0,v),(0,u)- The
lower-right block can be proved similarly. Hence A is symmetric.

Next, we further simplify (73) using Lemma 11.1:

mAN+ar+6  n71 4
A(Ovu)v(ovv) = n ' Z ‘ <T[V_U]’ G*vbi> : (74)
=0

For the special case when u = v, we know exactly what A g y) (0,u) is: Since T =1 = G, gy, we have

By Lemma 11.1, {G.p,,--.,Gxp,_, } is an orthogonal basis, hence

Z‘ ]G*b
—0

4 4

=n" and Au),ou =L-n", where L = mANTATTE 1y
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Our next goal is to prove (76). Note that if [A"| = 1 then (76) is trivially true. So below we assume
T
|Ali"| > 1. Because A is symmetric and non-negative, we can apply the dichotomy theorem of Bulatov

and Grohe. For any pair u # v such that u — v € A", we consider the following 2 x 2 submatrix

(A(O,u),(O,u) A(O,u),(O,v))
Av), 01  A@v),0v)

of A. Since EVAL(A) is assumed to be not #P-hard, by Corollary 2.1, we have

4
A(o,u),0v) = Ao, 00 € {0, L1},
and thus from (74), we get

n—1

S|t G

4 :
€ {0,n*}, for all u,v such that u—v € Alin, (75)

However, the sum in (75) cannot be zero. This is because the following: By Lemma 11.1, {G., | i €
[0:7n — 1]} is an orthogonal basis, with each ||G.p,|> = n. Then by Parseval,

n—1

D

=0

2

G*vbi

Thv—ul
T G

)P =

)

n,

since each entry of TV is a root of unity. Hence, Y7 [(TIV=% G, ,)|? = n?. This shows that for
some 0 < i < n, (TV"9 G, p,)| # 0, and therefore, the sum in (75) is non-zero, and thus in fact

n—1
Z ‘<T[v_u]7 G*7bi>
1=0

4 .
=n* for all u,v such that u—v € Al,m.

If we temporarily denote x; = [(TV 4, G, p,)|, for 0 < i < n, then each z; > 0. We have both

By taking the square, we have

n—1 2 n—1

4 _ 2 _ 4 .

n- = T; = T,; + non-negative cross terms.
i=0 i=0

It follows that all cross terms must be zero. Thus, there exists a unique term x; # 0. Moreover, this x;
must equal to n while all other x; = 0. We conclude that, for all u and v € Zg such that u —v ¢ Alin,
there exists a unique ¢ € [0 : n — 1] such that

‘<T[v—u]’ G*,bi> =n.

Again apply the argument that (T[V_“}, G, p,) is a sum of n terms, each of which is a root of unity,
we can conclude the following: For all a € A", there exist b € Zg and a € Zy such that

TR =0 - G, p. (76)

Below we use (76) to prove (D3). Note that, if s = 1, then (D3) follows directly from (76). So below
we assume s > 1. First, (76) implies the following useful lemma:
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Lemma 11.2. Let a be a vector in A}}rl; for some k € [s]. Then for every c € Aﬁn, where ¢ # k,

XJFC/T[Z’I for all x € A,

is a power of wq,. (Recall we use q; to denote qg1. Also note that for every x € A, the translated point
X +¢C is in A, so TP is defined at both x and x + €. Since they are roots of unity, one can divide one
by the other.)

Proof. By (76), there exists a vector b € Zg such that

T,[:_C/Ta]— x+cb/be cb7

which, by (R3), must be a power of w,. O

Let a still denote an arbitrary vector in A}}r}g, and c € Al,“l}, where ¢ # k and ¢,k € [s]. By writing
out the definition of T[ I in term of DL }, we have

7@l plEE _ ol e

x+a x+C X

1580 = 13/

By Lemma 11.2, the left hand side of the equation is a power of w,,, while the right hand side of the
equation is a power of wg,. Since k # ¢, ged (g, q¢) = 1, we have

and thus,

xJFC/T[Z’I 1, forallce AE’% such that ¢ # k. (77)
This implies that T,[{a], as a function of x, only depends on x;, € A, . It then follows from (76) that

T)La] = Te[i]tr(xk) = wh Gextr(xk) b = O')N s F:?;Z by woc-i-ﬁ F b’ for any x € A,,

and for some constants «, f € Zy and by, € Zg, that are independent of x. This proves condition (Ds).
Finally we prove (D;) from (D3).

Recall that, in condition (L3), we have Dgg]am) = 1. Let al’l = (aj,ay,...,a,) € A,, then
[l _ plrl [r]
D(O,x) - D(O,(xl,xz,...,xs)) (0,(a1,az,...,as))

_ [r] (7]
- <D(0,(x1 ,xz,...,xs,l,xs))D(O,(xl ,xz,...,xsl,as))>

[r] [r]
x <D(o,(xl,x27...7xs1,as>)D(o,(xl,...,xsz,asLas)))

[7] [7]
X <D(0’(X1’aQ’m’aS))D(O’(al732’“.738))> , for any x € A,.

We consider the k" factor

D[T] D (7]

(0,(X1, Xk — 1, Xk Bk 15+-5A5)) T (0,(X1 0y X —1,8k,8k4-1,++,85))
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By (77) this factor is independent of all other components in the starting point (xi,...,Xg_1,ak, k11,
...,as) except the k" component ay. In particular we can replace all other components, as long as we
stay within A,. We choose to replace the first £ — 1 components x; by a;, then

pl 7

(0,(X1 vy X — 1, X ) Bl 15 ,85))  (0,(X1 400, Xg—1,8k,)415--,85))

— D[T’}

[r]
D (0,extr(x))"

_ plrl ] _ plrl
D =D (0.alr)

- (07(a17"'7ak717xk7ak+17“'7as)) (07(a17"'7ak717ak7ak+17"'7as)) (07QXt’l‘(xk))

(Dy) is proved.

12 Tractability: Proof of Theorem 5.7

Let (M,N),C,9,(p,t,Q)) be a tuple that satisfies all the three conditions (R), (£) and (D). In this
section, we reduce EVAL(C, D) to the following problem:

EVAL(q): Let g = p* be a prime power for some prime p and positive integer k. The input
of EVAL(q) is a quadratic polynomial f(z1,x2,...,2T,) = Zme[n} a; jx;xj, where a;; € Z,
for all 7, j; and the output is

Z(Hy= D wilrem),

T1,e0,n€2g

We postpone the proof of the following theorem to the end of this section.
Theorem 12.1. Problem EVAL(q) can be solved in polynomial time (in n: the number of variables).

The reduction goes as follows: First, we use conditions (R), (£), and (D) to show that EVAL(C, D)
can be decomposed into s smaller problems (recall s is the number of primes in the sequence p):

EVAL(CH o) . EVAL(Cl, Dby,

If every EVAL(Cl, ®) is tractable, then so is EVAL(C,®). Second, for each problem EVAL(C, D)
where i € [s], we reduce it to EVAL(q) for some prime power ¢ which will become clear later, and thus,
by Theorem 12.1, all EVAL(C[i], ”Dm)’s can be solved in polynomial time.

12.1 Step 1

For every integer i € [s], we define a 2m; x 2m; matrix Cl!l where m; = |Zq,|: Cl is the bipartisation
of the following m; x m; matrix FlI where (we index the rows and columns of Fl! using x € Zq; and
index the rows and columns of Cll using {0,1} x Z,)

F,[f]y = H wgi{?j, for all x = (x1,...,24,),y = (W1,.--,Yt;) € Lq,- (78)
JE[ti]

Here we use xj, where j € [t;], to denote the 4t entry of x in Zg, ;- 1t then follows from (Rj3) that
_pltlopl2 gl
Fry = Fxiy, - Fxoys - Fxoy,, forall x,y € Zo. (79)
On the other hand, for each integer i € [s], we define a sequence of N 2m; x 2m,; diagonal matrices

ol = (pb  pbN-1y.
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D[ is the 2m; x 2m; identity matrix; and for every r € [N — 1], we set

plirl — 0,ifr¢S, and plirl — plr]

(0,%) (0.%) (0,ext,(x)) for all x € Zg,, if r € S; and

Dl = 0,ifr¢ 7, and pll = pll

(1,%) (1.%) (Lext! (x)) for all X € Zq,, if r € T.

By conditions (D;) and (D3), we have

D[T] — D[LT} . D[Sﬂ’}

(bx) (bx1) (bxs)? for all b € {0,1} and x € Zg. (80)

Eq.(80) is valid for all x € Zg: For example for b = 0 and x € Zg — A,, the left-hand side is 0 because
x ¢ A;. The right-hand side is also 0, since there exists an index i € [s] such that x; ¢ A,.; and thus,
ext,(x;) ¢ A, and DEZO’:L) = 0. It then follows from (78), (80) and the following lemma that

EVAL(CH, ©l) is in polynomial time for all i € [s] = EVAL(C,®) is in polynomial time.

Lemma 12.1. Suppose we have the following: For each i € {0,1,2}, Fl is an m; x m; complex matriz,
for some positive integers m;; Cl is the bipartisation of Fll: and DU = {D[i’o],...,D[i’N_l]} s a
sequence of N 2m; X 2m; diagonal matrices for some positive integer N, where

. [3,7]
il _ (P
D = < Q[iﬂ“]>

and both P and QU are m; x m; diagonal matrices.
For each i € {0,1,2}, (CH, D) satisfies (Pinning). Moreover, mg = my - ma,

FO = Fll o B2, pls) = plirl o PRl QO = Q) 9 QP forallr e [0: N — 1),

Then if both EVAL(CY, ©1) and EVAL(CE, D)) are tractable, EVAL(C, D) is also tractable.

Proof. By the Second Pinning Lemma (Lemma 4.2), we can compute Zj; o and Zgy o, for both
i =1 and 2, in polynomial time. The lemma then follows from Lemma 2.3. 7 7 U

We now use condition (Dy) to prove the following lemma about Dgil’ri), where r € T.

Lemma 12.2. For anyr € T, i € [s] and a € A% there exist b € Zg, and o € Zy such that

ra’

Dy DUy =S Py for allx € Ay

Proof. By the definition of DI*"), we have

[i,7] [ir] _ plr]
D D =D (Lext! (x)+3a) ~ (1ext/(x))"

(Lxta) " (1x) — 7 (Lext].(xt+a)) " (Lext(x))

Recall that we use a to denote the vector x € Zg such that x; = a and x; = 0 for all other j # i.
Then by condition (Dy), we know there exist b € Zq, and o € Zy such that

pil oD~ e R

_ o gl
(1,x+a) (1,%x) b,ext! (x) — WN - Fb,x’ for all x € ATJ’

and the lemma is proven. O

[i7]

One can also prove a similar lemma for D (0%

)T E S, using condition (Ds).
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12.2 Step 2

For convenience, in this subsection we abuse the notation slightly and use EVAL(C,®) to denote one of
the subproblems we defined in the last step: EVAL(CU, ©[1) i € [s]. Then by using conditions (R), (£)
and (D), we summarize the properties of this new (C,®) that we need in the reduction as follows:

(F1) There exist a prime p and a sequence w = {7 > w3 > ... > m} of powers of the same p. F is an
m X m complex matrix, where m = mms ... 7, and C is the bipartisation of F. We let m denote
1. We use Zp = Zy, X -+ X Ly, to index the rows and columns of F, then

Fyy = H wy¥i, for all x = (21,...,2) and y = (y1,...,Yn) € Zn,
i€[h]

where we use z; to denote the i*" entry of x in Z,, i € [h].

(F2) © ={D ... DIN-1 is a sequence of N 2m x 2m diagonal matrices, for some positive integer
N with 7| N. DI is the identity matrix, and every diagonal entry of DI}, » € [N — 1], is either
0 or a power of wy. We use {0,1} X Z to index the rows and columns of matrices C and DU"].
(The condition 7| N is from the condition M | N in (U;), and the expression of M in terms of the
prime powers, stated after (R3). The 7 here is one of the ¢; = ¢; 1 there.)

(F3) For each r € [0: N — 1], we let A, and A, denote
Ar={Xx€Zp | D #0} and A, ={x€Z| D] #0}.

We let S denote the set of 7 such that A, # (), and 7 denote the set of r such that A, # (). Then
for every r € S, A, is a coset in Z,; and for every r € T, A, is a coset in Z,. Moreover, for every
r €S (and r € T, resp.), there exists a vector al’l e A, (and pll e A, resp.) such that

[r] — [r] _
D(O,u[ﬂ) =1 (and D(me) =1, resp.).

(F4) For all r € S and a € Al'", there exist b € Z, and « € Zy such that

D[’“]

]
D (0.)

(0,x-+a) =wy - Fxp, forall x €Ay

Forallr €7 and a € AE“, there exist b € Z, and o € Zy such that

plrl DK]X) =wy - Fpx, forall xeA,.

(1,x+a)
Now let G be a connected graph. Below we will reduce the computation of Z¢ o(G) to EVAL(T),
where T =7 if p#2; and 7 =27 if p = 2.

Given a € Zg, for some i € [h], we let @ denote an element in Zz such that @ = a (mod 7;). As 7|
Th—1]| ...|m = 7|7, this lifting of a is certainly feasible. For definiteness, we can choose a itself if we
consider a to be an integer between 0 and m; — 1.

First, if G is not bipartite, then Z¢ o(G) is trivially 0. So from now on in this section, we assume
G = (UUV, E) to be bipartite: every edge uv € E has one vertex in U and one vertex in V.

Let u* be a vertex in U, then we can decompose Z¢c p(G) into
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We will give a reduction from the computation of Zg 5 (G, u*) to EVAL(7). The other part concerning
Z% can be proved similarly.

We use U,, where r € [0: N — 1], to denote the set of vertices in U whose degree is r (mod N), and
V, to denote the set of vertices in V' whose degree is p (mod N). We further decompose E into U B j
where E; ; contains the edges between U; and V.

It is clear that if U, # () for some r ¢ S or if V,, # () for some p ¢ T, then Zg o(G) = 0. Therefore
we assume U, = () for all r ¢ S and V, = ) for all p ¢ 7. In this case, we have 7

Zea(Gu) = Y H(HD[OXU)-H Moo )| T T mew| o0

(f,9) |reS \ueU, peT \veV, (r,p)ESXT wvekr p

Here the sum ranges over all pairs (f, g), where

f=UnreS) e[ —A) and g=(gipeT)e [[V, =4,
res pET

such that f(u) = x, and g(v) = y,.
The following lemma gives us a convenient way to do summation over a coset.

Lemma 12.3. Let ® be a coset in Zy and ¢ = (c1,...,cp) be a vector in ®, then there exist a positive
integer s and an s X h matriz A over Zz such that the following map 7 : (Zz)° — Ly, X -+ X L,

T(x) = (Tl(x), .. ,Th(X)), where T;(x) = (XA*,]- +¢; (mod 7Tj)) € Ly, for all j € [h], (82)

is a uniform map from Z& onto ®. This uniformity means that for all b,b’ € ®, the number of x € 72
such that 7(x) = b is the same as the number of x such that 7(x) =b’.

Proof. By the fundamental theorem of finite Abelian groups, there is a group isomorphism f from Zg
onto ®™ where g = (g1,...,gs) is a sequence of powers of p and satisfies 7 > 7 =71 > g1 > ... > gs,
for some s > 1. Zg = Zg, X ... X Zg, is a Zz-module. This is clear, since as a Z-module, any multiple
of @ annihilates Zg. Thus f is also a Zz-module isomorphism.

Let a; = f(e;) € ®, for each i € [s], where e; € Zg is the vector whose " entry is 1 and all other
entries are 0. Let a; = (ai;1,...,a;n) € Zx where a;j € Zy,, i € [s], j € [h]. Let @; = (@;1,...,0;,n) €
(Z )h be a lifting of a; component-wise. Similarly let € be a hftlng of ¢ component-wise. Then we claim
that A = (@;;) and ¢ together give us a uniform map 7 from Z2 to ® defined in (82).

To prove that 7 is uniform, we consider the linear part of the map 7' : Z% — Plin,

7' (x) = (1(x), ..., 74,(x)), Where 7/(x) = (xA.; (mod 7})) € Zg,, for all j € [h].
Clearly we only need to show that 7/ is a uniform map.
Let o be the natural projection from Z2 to Zg:

x = (21,...,25) — (21 (mod ¢1),...,zs (mod gs)).

o is certainly a uniform map, being a surjective homomorphism. Thus every vector b € Zg has exactly
|ker o| = 7 /(g1 - - - gs) many preimages. We show that the map 7’ factors through o and f: 7/ = foo.
Since f is an isomorphism, this implies that 7/ is also a uniform map.

Since g;e; = 0 in Zg, the following is a valid expression in the Zz-module for o(x)

(ml (mod ¢1),...,zs (mod gs)) =0 ze.
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Apply f as a Zz-module homomorphism
flo(x)) = Z!Eif(ei),
i=1

which has its j** entry >, wia; ;. This is an expression in the Zz-module Z, ;» Which is the same as

> (xi (mod 7)) < a;; = Y wids; (mod ;) = 7(x).

=1 =1 0

By applying Lemma 12.3 to coset A,., we know for every r € S, there exist a positive integer s, and
an s, x h matrix Al"l over Z= which give us a uniform map Al (x) from ZZ" to A,, where

+ﬁlm (mod 7;)), for all i € [h] and x € ZZ'. (83)

EX)

AET] (X) — (XA[T}

Similarly for every r € T, there exist a positive integer ¢, and an ¢, x h matrix BI"l over Z= which give
us a uniform map 6" from Zf{ to A,, where

5Z[T] (y) = (yB T}i + Elm (mod m)), foralli € [h] and y € Zf{. (84)
Using (F3), we have

D[T]

(0AFI(0)) = 1, when r € S; and plr! =1, whenr e T. (85)

(1,6071(0))

Because both A"l and 6] are uniform, and we know the multiplicity of each map (cardinality of inverse
images), to compute (81), it suffices to compute the following

> I <H D%{M(xm) 11 <H D Z},M(yv))) 11 II Brigosog, |- 66

(xu),(yv) TES \u€Ur r€T \veVr r1E€S,m2€T \weEr ry

where the sum is over pairs of sequences

<xu;u € U Ur) S H (Z%T)IU"I and (yv;v € U Vr) € H (Z%T)WT'.

resS res reT reT
If we can show for all r € S, there is a quadratic polynomial fI" over Z- such that
DU = w%m (x), for all x € Z'; (87)
and for all » € T, there is a quadratic polynomial gm over Zz such that
D =wf"0) forall y €zt (88)
and for all 7; € S and r9 € T, there is a quadratic polynomial fI't72 over Z= such that
Ey\ir) ()61 () = w?{[rll’flz](x’w, for all x € Zf{l and y € Zf{?, (89)

then we can reduce the computation of the summation in (86) to problem EVAL(T).
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We start by proving the existence of the quadratic polynomial fI'"2l. Let r € S and ro € T then
by (F1), the following map 2l satisfies (89):

~

Frrtey) = 30 (Z) A o) = 3 () (xal) +al) (vBi +5).

i T
i€[h) i€[h]

Note that the presence of the integer 7/m; is crucial to be able to substitute the mod 7; expressions for
)\Z[-Tﬂ(x) in (83) and 5Z[T2](y) in (84) respectively, as if they were mod 7 expressions. Now it is clear that
f r1r2] ig indeed a quadratic polynomial over Z.

Next, we prove the existence of a quadratic polynomial fI" for A,, r € S, in (87), which is a little
more complicated. One can prove the same result for (88) similarly.

Let 7 € S and e; denote the vector in Z2" whose i*" entry is 1 and all other entries are 0. Then by
(Fu), for each i € [s,], there exist o; € Zy and b; = (bi1,..., ;) € Zx, where b; j € Zy,, such that

Dy D = wy wbi'j.ky] %) forall x € Z (90)
(O (x+€;)) 7 (0,A["(x)) N Lyl ) = -
JE(R]

We have this equation because A\"l(x + ;) — Al"l(x) is indeed a vector in Z, that is independent of x.
To see this, its j entry in A (x + e;) — Al(x) is

e,-AEZ}j = AZ[TJ] (mod 75),

and thus the displacement vector A"l(x + e;) — A"l(x) is independent of x, and is in A by definition.
This is the a € A" in the statement of (F;) which we applied.

Before moving forward, we show that wy/ must be a power of wz. This is because

T—1

_ 7] 7] _( ainE b A (0e)) 4. A (F-1)er)
1= H D (&M(jﬂ)ei))D (O (jey)) — (W) H wr § : (91)
J=0 kelh]

For each k € [h], the exponent of wx, is b; ;Qk € Zx, where @y, is the following summation:

-1 7-1 -1
SN G =D ((Ge)All + 8 (mod m)) = [ - jei | AL, (mod m) =0 (92)
j=0 7=0 j=1

%_11 j =0 (mod m), and this is due to our definition of 7. When

The last equality comes from J = ) i
| 7; When p = 2, J is a multiple of 7/2. However in this case, we

p is odd, J is a multiple of 7 and m,
have 77/2 = w1 and 7y | .
As a result, (wy)™ =1 and wy is a power of wz. So there exists 3; € Zz for each i € [s,] such that

i ] _ B bij A ()
D(o,,\[r-l (x-‘rei))D(O,)\[T] x) ~ Y= H wr, 7, forallx € Z (93)
j€lh]

]

It follows that every non-zero entry of D"l is a power of wz. This uses (F3): the (0, al"”))"" entry of DI
is 1, and the fact that A" is surjective to A,: any point in A, is connected to the normalizing point al”’
by a sequence of moves Al"l(x) — A"(x + e;), for i € [s,].

Now we know there is a function f[: 72 — Lz satisfying (87). We want to show that we can take
a quadratic polynomial fI"} for this purpose. To see this, by (93), we have for every i € [s,],
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f(x + ) — f(x) /BZ+Z<< > ) )\[r] ﬁﬁZ( ) xAH [?“]). (94)

J€Elh]

We should remark that, originally b; ; is in Z;; however with the integer multiplier (7/7;), the quantity
(w/mj) - b; ; is now considered in Zz. Furthermore,

~

gi,j =b;; (mod 7;) implies that (;) 8” = <7T1> b;j (mod 7).
j j

Thus the expression in (94) happens in Zz. It means for any ¢ € [s,], there exist ¢;0,¢i1,...,¢i s, € Zz,
F(x +e) — fI(x) = ¢i0 + Z Ci jT. (95)
J€lsr]
Since D! =1, fI"1(0) is 0. The case when the prime p is odd follows from the lemma below.

(0,71 (0))

Lemma 12.4. Let f be a map from Z3., for some positive integer s > 1, to Zr, and 7 is a power of an
odd prime. Suppose for every i € [s], there exist ¢i0,¢i1,...,Cis € Ly such that

f(x+e)—f(x)=cio+ Z cijrj, for allx € 77,
JEls]
and f(0) = 0. Then there exist a; j,a; € Zx such that
Z a; jxic; + Z a;z;, forallx € Z;.
1<j€ls] i€]s]

Proof. First note that f is uniquely determined by the conditions on f(x+e;) — f(x) and f(0). Second
we show that ¢; ; = ¢;; for all 4,5 € [s]; otherwise f does not exist, contradicting the assumption.
On the one hand, we have

flei+ej) = f(ei+e;) — f(e;) + f(e;) — f(0) =cio+cij + cjo-
On the other hand,
flei+e;) = f(ei+ej)— fle)+ fle) — f(0) =cjo+cji+cip

As a result, we have ¢; ; = ¢j;.
Finally, we set a; ; = ¢;; for all i < j € [s];

a;; = ci7,~/2, for all i € [s];

(Here ¢;,;/2 is well defined because 7 is odd) and a; = ¢; 0 — a;; for all ¢ € [s]. We now claim that

E Q4 i T x]+§ a;T;

1<j€ls] 1€[s]

satisfies both conditions and thus, f = g. To see this, we check the case when ¢ = 1 and the other cases
are similar:

g(X + e1) — g(X) = 2a1,1a:1 + Zaw—xj + (CL171 + CL1) =c1,121 + Z C1,;T5 + €10
j>1 Jj>1 O
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The case when p = 2 is a little more complicated. We first claim for every i € [s], the constant ¢; ;
in (95) must be even. This is because

0= f@e) — fI(@ —e) + ...+ fll(e) = fIO) =F - cio+cis(@—1+F—2+...+140).

This equality happens in Zz. So

~

cmg(% ~1)=0 (mod 7).
When 7 — 1 is odd we have 2|¢; ;. It follows from the lemma below that f "} is a quadratic polynomial.

Lemma 12.5. Let w be a power of 2 and f be a map from Z: to Zy, for some positive integer s > 1.
Suppose for every i € [s], there exist ¢;,¢in,-..,Cis € Lx, where 2| ¢;;, such that

fx+e)—f(x)=co+ Z cijxj, forallx e Z;,
J€ls]
and f(0) = 0. Then there exist a; j,a; € Zr such that
flx) = Z a; jxic; + Z a;z;, forallx € Z;.
1<j€ls] 1€]s]

Proof. The proof of Lemma 12.5 is essentially the same as in Lemma 12.4. The only thing to notice is
that, because 2| ¢;;, a;; = ¢;;/2 is well defined (in particular, when ¢; ; = 0, we set a;; = 0). O

12.3 Proof of Theorem 12.1

Now we turn to the proof of Theorem 12.1: EVAL(q) is tractable for any prime power q.

Actually, there is a well-known polynomial-time algorithm for EVAL(q) when ¢ is a prime (see [24].
The algorithm works for any finite field). In this section we present a polynomial-time algorithm that
works for any prime power q. We start with the easier case when ¢ is odd.

Lemma 12.6. Let p be an odd prime, and g = p* for some positive integer k. Let f € Lglzy, ... y] be
a quadratic polynomial over n variables x1,...,x,. Then the following sum

Zif) = 3w

T1,..,Tn€Zq

can be evaluated in polynomial time (in n). Here by a quadratic polynomial over n variables we mean
a polynomial where every monomial term has degree at most 2.

Proof. In the proof, we assume f(x1,x2,...,x,) has the following form:
f(xy,..2n) = Z Ci jTiT5 + Z CiT;i + Cp. (96)
1<j€[n] 1€[n]

where all the ¢; ; and ¢; are elements in Z,.

First, as a warm up, we give an algorithm and prove its correctness for the case £ = 1. In this case
q = p is an odd prime. Note that if f is an affine linear function, then the evaluation can be trivially
done in polynomial time. In fact the sum simply decouples into a product of n sums

n
1
E wl @1z, an) § quzﬂ CiTitco WO x H E WCiti
q q q :

T1,22,...,LnELq T1,T2,0.,TnE€2Lg 1=1 x;E€%q
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This sum is equal to 0 if any ¢; € Z, is non-zero, and is equal to ¢"wg® otherwise.

Now assume f(z1,...,xy) is not affine linear. Then in each round (which we will describe below),
the algorithm will decrease the number of variables by at least one, in polynomial time.

Assume f contains some quadratic terms. There are two cases: f has at least one square term; or f
does not have any square term. In the first case, without loss of generality, we assume that c; 1 € Z is

non-zero. Then there exist an affine linear function g € Z4[z2, x3,. .., 2], and a quadratic polynomial
'€ Lylxo, x3, ..., z,], both over n — 1 variables xg,x3, ..., 2y,, such that
2
f(!l?l,ﬂfg, s 7xn) =C1,1 (:El + g(ﬂ?g,:ﬂg, s 7xn)) + f/(ﬂj‘Q,ZEg, s 7$n)-

Here we used the fact that both 2 and c¢;; € Z, are invertible in the field Z, (Recall we assumed that
g = p is an odd prime). Thus we can factor out a coefficient 2¢; ; from the cross term zz;, for every

i > 1, and from the linear term z1, to get the expression ¢; 1 (z1 + g(z2,. .. ,Tn))2.
For any fixed x9,...,z, € Z;, when x; goes over Zg, x1 + g(z2,...,xy) also goes over Z,. Thus,
T1,22,Tn) _ "(z2,....T c11(z1+g(x2,..mn))? c1,12? /
S ufmem Y ) ¥ = S0,
T1,T2,...,nE€ELg 2,...,knE€2Lq T1€Zq TEZLq

The first factor can be evaluated in constant time (which is independent of n) and the computation of
Z4(f) is reduced to the computation of Z,(f’) in which f" has at most n — 1 variables.

Remark: The claim of ) ngz being “computable in constant time” is a trivial statement,
since we consider ¢ = p to be a fixed constant. However, for a general prime p, we remark
that the sum is the famous Gauss quadratic sum, and has the closed formula

2 c x
w* =p, if ¢c=0, and it is <—> -G, if ¢ # 0, where G = <—> w”.
> ) Gite > (2

T E€Lp T E€Lp

Here <I—C)> is the Legendre symbol, which can be computed in polynomial time in the binary

length of ¢ and p, and G has the closed form G'= +,/p if p = 1 mod 4 and G = +i/p if
p=3mod4*?

The second case is that all the quadratic terms in f are cross terms (in particular this implies that
n > 2). In this case we assume, without loss of generality, that ¢; 2 is non-zero. We apply the following
transformation: z; = 2} 4+ 2% and xy = 2} — x%. As 2 is invertible in Z,, when 2 and % go over Z2, x;
and x9 also go over Zg. Therefore, we have

! ! ! !
E flz1,@2,.xn) _ () +ag,0) —a5,..,2n)
wq b b b — wq .
1,22, TnE€Lg &) ,xh e X €Lg
If we view f(a} 4+ ab, 2 — 2, ..., z,) as a new quadratic polynomial f" of ), 25, ..., z,, its coefficient

of 27 is exactly c1,2 # 0, so f’ contains at least one square term. This reduces our problem back to the
first case, and we can use the method above to reduce the number of variables.
By repeating this process, we get a polynomial-time algorithm for computing Z,(f) when ¢ = p is

an odd prime. Now we consider the case when ¢ = p.

4Tt had been known to Gauss since 1801 that G = (%1) p. Thus G = +/pif p=1(mod 4) and G = +i,/pif p=3
(mod 4). The fact that G always takes the sign + was conjectured by Gauss in his diary in May 1801. Four years later,
on Sept 3, 1805, he wrote, ... Seldom had a week passed for four years that he had not tried in vein to prove this very
elegant theorem mentioned in 1801 ... “Wie der Blitz einschlégt, hat sich das Réthsel gelost ...” (“as lightning strikes was
the puzzle solved ...”).
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For any non-zero a € Z4, we can write it as a = pta’, where t is a unique non-negative integer, such
that pta’. We call ¢ the order of a (with respect to p). Again, if f is an affine linear function, Z,(f) is
easy to compute, as the sum factors into n sums as before. Now we assume f has non-zero quadratic
terms. Let ¢y be the smallest order of all the non-zero quadratic coefficients ¢; ; of f. We consider the
following two cases: there exists at least one square term with coefficient of order ¢y or not.

In the first case, without loss of generality, we assume ¢;,; = pc and pt ¢ (so c is invertible in Zqg).
Then by the minimality of ¢g, every non-zero coefficient of a quadratic term has a factor p'®. Now we
factor out c¢1 1 from every quadratic term involving z1, namely from x%, 129, ..., 212, (clearly it does
not matter if the coefficient of a term xyz;, i # 1, is 0). We can write

2 . -
f(z1,22,...,2n) = c11 (ml + g(xa,. .. ,:En)) + c1x1 + a quadratic polynomial in (zo, ..., x,),

where g is a linear form over zs,...,z,. By adding and then subtracting cyg(x2,...,z,), we get

2
flxy, o, ... xy) = 0171(x1 +g(x2,...,:17n)) —1—01(:171 +g(m2,...,xn)) + fl(x9,. .., 1),

where f'(z2,...,2n) € Zglxa, ..., xy] is a quadratic polynomial over g, ... 2.
For any fixed xo,...,z, € Z;, when x; goes over Zg, x1 + g(z2,...,xy) also goes over Z,. Thus,

2 2
flx1,....n) _ ci1x”+teix f(xa,...,x _ c1,1x”+c1e /
E wq( n) = Wy w; ( n | = Wy “Zg(f).

Z1,..Zn€Zq T€ZLq T2,...,Zn€2lq T€ZLq

The first term can be evaluated in constant time and the problem is reduced to Z,(f’) in which f’ has
at most n — 1 variables.

In the second case, all the square terms of f are either 0 or have orders larger than ty. Then we
assume, without loss of generality, that ci 2 = pc and p t c. We apply the following transformation:
xy = 2} + 2% and 9 = x| — . Since 2 is invertible in Zg, when 2} and x go over Z2, z1 and z also
go over Zg. After the transformation, we get a new quadratic polynomial over x}, 2%, z3,...,z, such
that Z,(f') = Z,(f). It is easy to check that t is still the smallest order of all the quadratic terms of
f": The terms x? and 23 (in f) produce terms with coefficients divisible by p®*1 the term z;z5 (in f)
produces terms x’12 and :E’22 with coefficients of order exactly tg, and terms xyx; or xox;, for i # 1,2,
produce terms x}z; and zha; with coefficients divisible by p'e. In particular, the coefficient of (w’1)2 in
/' has order exactly tg, so we can reduce the problem to the first case.

To sum up, we have a polynomial-time algorithm for every ¢ = p¥, when p # 2. O

Now we deal with the more difficult case when ¢ = 2% is a power of 2, for some k > 1. We note that
the property of an element ¢ € Zqr being even or odd is well-defined. We will use the following simple
but important observation, the proof of which is straightforward:

Lemma 12.7. For any integer x and integer k > 1, (x 4+ 2F"1)2 = 22 (mod 2F).

Lemma 12.8. Let ¢ = 2% for some positive integer k. Let f € Zqlx1, ..., Ty) be a quadratic polynomial
over n variables x1,...,x,. Then Zy(f) can be evaluated in polynomial time (in n).

Proof. If k=1, Z,(f) is computable in polynomial time according to [24] so we assume k£ > 1. We also
assume f has the form as in (96).
The algorithm goes as follows: For each round, we can, in polynomial time, either

1. output the correct value of Z,(f); or
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2. construct a new quadratic polynomial g € Z, /2[331, ..., Zp] and reduce the computation
of Z,(f) to the computation of Z,5(g); or

3. construct a new quadratic polynomial g € Z,[z1,...,z,—1], and reduce the computation
of Z,(f) to the computation of Z,(g).

This gives us a polynomial-time algorithm for EVAL(q) since we know how to solve the two base cases
when k =1 or n = 1 efficiently.

Suppose we have a quadratic polynomial f € Z,[z1,...,xy]. Our first step is to transform f so that
all the coefficients of its cross terms (c; j, where ¢ # j) and linear terms (¢;) are divisible by 2. Assume
f does not yet have this property. We let t be the smallest index in [n] such that one of {c;, ¢, ;:7 > t}
is not divisible by 2. By separating out the terms involving x;, we rewrite f as follows

f - ct,t ‘Tt2 +‘Tt : fl(xlu"' 7@7"' 7‘Tn) +f2($1,... 7@7"'7'1'71)7 (97)
where f7 is an affine linear function and f, is a quadratic polynomial. Both f; and f5 are over variables
{z1,...,2,} — {x¢}. Here the notation Z; means that x; does not appear in the polynomial. Moreover,

fl(ml, e ,Li'\t, e ,a;n) = Z Ci tT5 + Z Ct jTj + ¢ (98)
i<t >t

By the minimality of ¢, ¢;; is even for all i < ¢, and at least one of {¢; j,¢; : j > t} is odd.
We claim that

2= Yl = ) fereman) (99)

T1,...,Tn€Lq T1ye.sTnE€Lq
f1(z1,..,Tt,e..;n) =0 mod 2

This is because

2
Z Z Z +ze fi+
wl{(xl,...,xn) — w;’;tmt xt f1 f2.

Z1,..,Tn€Lq T1yes Bt gy En€Lq TtELg
f1=1mod 2 fi=1mod 2
—~ Ct7t$?+xtf1+f2 . f2 .
However, for any fixed x1,...,Z¢,..., %y, thezq W is equal to wy;, times

Z w;,txf-i-xtfl +w;;,t($t+2k*1)2+(mt+2k*1)fl _ (1 n (_1)f1> Z w;gtl‘%‘f‘ﬂftfl -0,

x4 €[0:2k—1 1] x4 €[0:2k—1 1]

since f; = 1 mod 2, and 1 + (—1)/1 = 0. Note that we used Lemma 12.7 in the first equation.

Recall f; (see (98)) is an affine linear form of {z1,...,Z,...,2,}. Also note that ¢;; is even for all
i < t, and one of {¢;j,c¢:j >t} is odd. We consider the following two cases.
In the first case, ¢ ; is even for all j > t and ¢; is odd. Then for any assignment (x1,...,Z,...,2y)

in Z;‘_l, f1is odd. As a result, by (99), Z,(f) is trivially zero.

In the second case, there exists at least one j >t such that ¢; ; is odd. Let £ > t be the smallest of
such j's. Then we substitute the variable z, in f with a new variable x over Z,, where (since ¢ ¢ is
odd, ¢ ¢ is invertible in Zg)

Ty = cgzl 21} — ZCLt-’I’i + Z Ct T+ ¢ ) (100)
i<t G>t,#£L
and let f’ denote the new quadratic polynomial in Zg[x1,...,2),...,2y].
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We claim that
Zo(f)=2-Z(f)=2- Y wflereen),

X150, €2g

f1=0mod 2

To see this, we define the following map from Zy to Zj:

(T15 s Xy ey ) > (X1, Ty, X)),
where xy satisfies (100). It is easy to show that the range of the map is the set of (z1,...,2¢,...,2,) in
Zy such that f1 is even. Moreover, for every such tuple (z1,...,%y,...,z,) the number of its preimages

in Zg is exactly two. The claim then follows.
So to compute Zy(f), we only need to compute Z,(f’). The advantage of f’ € Zg[x1,...,2),...,xy]
over f is the following property that we are going to prove:

(Even): For every cross term and linear term that involves x1, ...,y its coefficient in f’ is even.

To prove this, we divide the terms of f’ (that we are interested in) into three groups: Cross and linear
terms that involve z;; linear terms x4, s < t; and cross terms of the form z,xy, where s < s',s < t.
Firstly, we consider the expression (97) of f after the substitution. The first term ¢t 27 remains the
same; The second term z;f; becomes 2z,x, by (100); and z; does not appear in the third term, even
after the substitution. Therefore, condition (Even) holds for z;.
Secondly, we consider the coefficient ¢ of the linear term z, in f/, where s < t. Only the following
terms in f can possibly contribute to ¢:

2
CsTs, CoyTy, CsoTsTy, and cpxyp.

By the minimality of ¢, both ¢, and ¢, ¢ are even. For cux% and cyxp, although we do not know whether
cge and ¢ are even or odd, we know that the coefficient —ct_zlcs,t of s in (100) is even since cg; is even.
As a result, for every term in the list above, its contribution to . is even and thus, ¢, is even.

Finally, we consider the coefficient ¢, , of the term xsxsr in f/, where s < s’ and s < t. Similarly,
only the following terms in f can pOSSlbly contribute to c o (Here we consider the general case when
s' # L. The special case when s’ = { is easier)

2
Cs,s'Lssy Cpyly, CsfLsly, and Cp,s' Ty st (Or cs’,fxs’wé)-

Again, by the minimality of ¢, ¢; ¢ and c¢s are even. Moreover, the coefficient —¢ glcst of x5 in (100)
is even. As a result, for every term listed above, its contribution to ¢, , is even and thus, ¢, ., is even.

To summarize, after substituting x, with =), using (100), we get a new quadratic polynomlal f! such
that Z,(f") = 2- Z,(f), and for every cross term and linear term that involves x1, ..., xy, its coefficient
in f’ is even. We can repeat this substitution procedure on f’: Either we show that Z,(f’) is trivially 0,
or we get a quadratic polynomial f” such that Z,(f”) =2 - Z,(f’) and the parameter ¢ increases by at
least one. As a result, given any quadratic polynomial f, we can, in polynomial time, either show that
Z,(f) is zero, or construct a new quadratic polynomial g € Z,[21, . .., x,] such that Z,(f) = 2¥ - Z,(g),
for some known integer k' € [0 : n|, and every cross term and linear term has an even coefficient in g.

Now we only need to compute Z;(g). We will show that, given such a polynomial g in n variables,
we can reduce it to either EVAL(2¥~1) = EVAL(q/2), or to the computation of Z,(g'), in which ¢’ is a
quadratic polynomial in n — 1 variables.

Let
Z Q; jT; X5 + Z a;x; + a,

1<j€[n] i€[n]
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then we consider the following two cases: a;; is even for all i € [n]; or at least one of the a;;’s is odd.
In the first case, we know a; ; and a; are even for all ¢ < j € [n]. We let o] ; and al; denote integers
n [0: 2871 — 1] such that a; ; = 2a; ; (mod ¢) and a; = 2a; (mod g), respectlvely Then,

2 it i€[n ; i
Zq(g) — e Z wq(Z'L<J€[n] a} T+ e ]a:c) _on ‘wg ' sz,l(g/%

where
g a”xx]—l— E aml

1<j€[n] 1€[n]

is a quadratic polynomial over Z, o = Zgk-1. This reduces the computation of Z,(g) to Z,/2(g .
In the second case, without loss of generality, we assume a; ; is odd. Then we have

f= al,l(ﬂf% +2x191) + 92 = a1 (r1 + 9)’+d,

where g is an affine linear form, and g9, ¢’ are quadratic polynomials, all of which are over o, ..., x,.
We are able to do this because a1 ; and ay, for all j > 2, are even. Now we have

2, , 2 2
Zy(g) = Z w21,1(x1+91) +9' _ Z wg - Z w;1,1(w1+91) _ Z R - Z4(d).

$17---7InEZq 5027-..,1'”62(1 Z‘lEZq Z‘EZCI

The last equation is because the sum over x; € Z, is independent of the value of g;. This reduces the
computation of Z,(g) to Z,(¢') in which ¢’ is a quadratic polynomial in n — 1 variables.

To sum up, given any quadratic polynomial f, we can, in polynomial time, either output the correct
value of Z,(f); or reduce one of the two parameters, k or n, by at lease one. This gives us a polynomial
time algorithm to evaluate Z,(f). O

Remark: We remark that back in Section 1 Introduction we mentioned that Holant(€2) for =
(G, F1 U Fy U F3) are all tractable, and the tractability boils down to the exponential sum in (3) is
computable in polynomial time. This can also be derived from Theorem 12.1.

First, each mod 2 sum L; in (3) can be replaced by its square (L;)%. We note that L; = 0,1 (mod 2)
if and only if (L;)? = 0,1 (mod 4), respectively. Hence

Z jLitLot - +Ls
9y

50175027---75(7”6{0,1}

can be expressed as a sum of the form i9@1-%n) where Q is an (ordinary) sum of squares of affine
linear forms with integer coeflicients, in particular a quadratic polynomial with integer coeflicients. For
a sum of squares of affine linear forms @, if we evaluate each x; € {0,1,2,3}, we may take x; mod 2,
and therefore

Z Z’Q(J/‘L---,In) = on Z ,l‘Q(Scl,---,xn).

Z1,22,,Tn€ZL4 ZB],ZEQ,...,ZEnE{O,l}

It can also be seen easily that in the sum 296179627 ane{01} iQE1tn) g quadratic polynomial @
with integer coefficients can be expressed as a sum of squares of affine linear forms iff all cross terms
x;xj, where i # j, have even coefficients. Thus, this is exactly the same class of sums considered in (3).
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13 Proof of Theorem 6.2

Let A be a symmetric, non-bipartite and purified matrix. After collecting its entries of equal norm in
decreasing order (by permuting the rows and columns of A), there exist a positive integer N, and two
sequences k and m such that (A, (N, k, m)) satisfies the following condition:

(87) Matrix A is an m x m symmetric matrix. K = {k1,K2,...,Ks} is a sequence of positive rational
numbers of length s > 1 such that k1 > k2 > ... > kg > 0. m = {my,...,ms} is a sequence of
positive integers such that m = > m;. The rows (and columns) of A are indexed by x = (x1,x2)
where z; € [s] and z3 € [mg,]. For all x,y, we have

Axy = Alay 22),(y1.02) = Far Ky Sx,ys

where S = {Sxy} is an m x m symmetric matrix in which every entry is a power of wy:

k1l S1,e),(15) S1),2%) -0 S(14),(s,%) k1L,
A Kolm, S2),(16) S, 25 - S(@),(s.%) Kolm,
Kshing ) \S(s),(15)  S(s,0),20) ==+ S(sx),(s,%) Kslm,

where I,,,, is the m; X m; identity matrix.

We use [ to denote

The proof of Theorem 6.2, just like the one of Theorem 5.2, consists of five steps. All the proofs, as
one will see, use the following strategy: We construct, from the m x m matrix A, its bipartisation A’
(which is a 2m X 2m symmetric matrix). Then we just apply the lemmas for the bipartite case to A’,
and show that A’ is either #P-hard or has certain properties. Finally, we use these properties of A’ to
derive properties of A.

We need the following lemma:

Lemma 13.1. Let A be a symmetric matriz, and A’ be its bipartisation, then EVAL(A') < EVAL(A).

Proof. Suppose A is an m X m matrix. Let G be a connected undirected graph. If G is not bipartite,
then Za/(G) is trivially 0, since A’ is the bipartisation of A. Otherwise, we assume G = (UUV, E) to
be a bipartite and connected graph, and u* be a vertex in U. It is easy to show that

Za(G,u*,i) = Za/(G,u*, i) = Za/(G,u*,m +1), for any i € [m].
It then follows that Za/(G) =2 - Za(G), and EVAL(A') < EVAL(A). O

13.1 Step 2.1

Lemma 13.2. Suppose (A, (N, k,m)) satisfies (S}), then either EVAL(A) is #P-hard or (A, (N, Kk, m))
satisfies the following condition:

(S}) For all x,x' € I, either there exists an integer k such that Sx . = wk; - Sy «; or for every j € [s],

(Sx,(j,)> Sx,(j,4)) = 0-
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Proof. Suppose EVAL(A) is not #P-hard.

Let A’ denote the bipartisation of A. Then by Lemma 13.1, EVAL(A’) < EVAL(A), and EVAL(A’)
is also not #P-hard. It is easy to check that (A’, (V, k, k, m, m)) satisfies condition (S1), so by Lemma
8.2 together with the assumption that A’ is not #P-hard (also note that the S matrix in Lemma 8.2 is
exactly the same S we have here), S satisfies (S2) which is exactly the same as (S}) here (note that in
Lemma 8.2, S also need to satisfy (S3), but since S is symmetric here, (S3) is the same as (Ss)). O

We also have the following corollary. The proof is exactly the same as the one of Corollary 8.3.
Corollary 13.1. For alli,j € [s], the (i,)" block matriz S(i%),(j,x) has the same rank as S.
Next, we apply the Cyclotomic Reduction Lemma on A to build a pair (F,®) such that
EVAL(A) = EVAL(F, D).

Let h = rank(S). By Corollary 13.1, it can be easily proved that there exist 1 <i; < ... <ip < my
such that, the {(1,41),...,(1,9n)} x {(1,41),...,(1,i,)} submatrix of S has full rank h (using the fact
that S is symmetric). Without loss of generality (if this is not the case, we can apply an appropriate
permutation IT to the rows and columns of A so that the new S has this property), we assume i, = k
for all £ € [h]. We use H to denote this h x h symmetric matrix: H;; = S14).1,)-

By Corollary 13.1 and Lemma 13.2, for any index x € I, there exist two unique integers j € [h] and
k €]0: N — 1] such that
Sx =wh Sy and  Sex =wk S, (1) (101)

This gives us a partition of the index set [
#={Rujrliclsl,jelhl,kel0: N—-1]},
as follows: For every x € I, x € R(; ;) iff i = 21 and x, j, k satisfy (101). By Corollary 13.1, we have

U Rk #0, forallic[s]and j € [h].
ke[0:N—1]

Now we define (F,®) and use the Cyclotomic Reduction Lemma together with % to show that
EVAL(F,®) = EVAL(A).
First, F is an sh x sh matrix. We use I’ = [s] x [h] to index the rows and columns of F. Then
Fyy = Ky Ky, Hey gy = By Ky S(1,00), (1), for all x,y € I'.

or equivalently,

I{ll HH .. H I{ll
HQI HH ... H HQI
F= . . )
Ksl HH ... H Ksl
where I is the h x h identity matrix.
Second, ® = {D[O], ...,DIV _1}} is a sequence of N diagonal matrices of the same size as F. We use
I’ to index its diagonal entries. The x* entries of © are generated by (B2 22).00 5 [ R(@y z0),N—1]):
N-1
pll = Z ‘R(mwz)ﬂ Wk forallre0:N—1),xel’.
k=0
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The following lemma is a direct application of the Cyclotomic Reduction Lemma (Lemma 8.1).
Lemma 13.3. EVAL(A) = EVAL(F, D).

Proof. First we show that matrix A can be generated from F using #Z. Let x,y € I, x € R(
y € Ry, jnw for some j, &, j', k', then by (101),

Il,j),k and
y1,3’

_ _ k _ k+k" k+k'
Axy = Ko Ky Sxy = Ko By S(1j)y - WN = KoKy S15), (1570 " WN = Flayg).(n.g) " ON -

On the other hand, the construction of © implies that ® can be generated from the partition Z.
The lemma then follows directly from the Cyclotomic Reduction Lemma. O
13.2 Steps 2.2 and 2.3
Now we get a pair (F,D) that satisfies the following condition (Shape'):

Shapé)): F € C™*™ (note that this m is different from the m used in Step 2.1) is a symmetric s X s
1
block matrix and we use I = [s] x [h] to index its rows and columns.

(Shapé,): There is a sequence kK = {k1 > ... > ks > 0} of rational numbers together with an h x h
matrix H of full rank, whose entries are all powers of wy, for some positive integer N. We have

Fyy = kg by Hyy o, forall x,y € 1.

(Shapéh): © = {D[O]7 .. ,D[N_H} is a sequence of N m x m diagonal matrices. © satisfies (73), so
DYV =D forallr € [N —1], andx € I.

Now suppose EVAL(F,®) is not #P:hard. R R R
We build the following pair (C,®): C is the bipartisation of F and © = {DI% ... DIN=1} where

~

]
DIl — (D DW> , forallre[0: N —1].

The proof of the following lemma is the same as the one of Lemma 13.1.
Lemma 13.4. EVAL(C,®) < EVAL(F,®).

By Lemma 13.4 above, we have EVAL(C,@) < EVAL(F,®), and EVAL(C,@) is also not #P-hard.
Using (Shape, )-(Shape}), one can check that (C,®) satisfies (Shape; )-(Shapes). Therefore, by Lemma
8.4 and Lemma 8.7, (C,®) must also satisfy (Shapey)-(Shapeg). Since (C,D) is built from (F,D), we
have the latter must satisfy the following conditions:

(Shapé,): % -H is unitary: (H; ., H;,) = (H,;, H, ;) =0 for all i # j € [h];
(Shapék): DY = Dghl) for all x € I;

(Shapel;): For every r € [N — 1], there exist two diagonal matrices: KI"J € C*** and L'l € Ch*,
The norm of every diagonal entry in LI is either 0 or 1. We have

DM =K gL for any r € [N —1].
Moreover, for any r € [N — 1],
K=0 < LM=0 and LVM#0 = Jie), L' =1
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In particular, (Shapel) means by setting

KZ-[O]:DE?,]H and LI =1, forallie[s]and j € [].

we have DI% = K% @ L%, where L% is the h x h identity matrix. By (73) in (Shape}), every entry of
K is a positive integer.
13.3 Step 2.4

Suppose (F,®) satisfies conditions (Shape,)-(Shapej;). By (Shapé,), we have F = M ® H, where M is
the s x s matrix of rank 1: M; ; = k;k; for all 4,5 € [s].
We now decompose EVAL(F,®) into two problems EVAL(M, R) and EVAL(H, £), where

R = {K[O]7 e 7I{[N—l}}7 and £ = {L[O]7 o ,L[N_l}},

The proof of the following lemma is essentially the same as the one of Lemma 8.10:

Lemma 13.5. EVAL(F,®) = EVAL(H, £).

13.4 Step 2.5

We normalize the matrix H in the same way we did for the bipartite case and obtain a new pair that
1). satisfies conditions (U])—(U}); and 2). is polynomial-time equivalent to EVAL(H, £).

14 Proofs of Theorem 6.3 and Theorem 6.4

Let (M,N),F,D) be a triple that satisfies (U] )-(U}). We prove Theorem 6.3 and 6.4 in this section.
We first prove that, if F does not satisfy the group condition (GC), then EVAL(F,®) is #P-hard.
This is done by applying Lemma 9.1 (for the bipartite case) to the bipartisation C of F:

Lemma 14.1. Let (M, N),F,®) be a triple that satisfies conditions (Uj)-(U}), then either the matriz
F satisfies the group condition (GC), or EVAL(F,®) is #P-hard.

Proof. Suppose EVAL(F,®) is not #P-hard.
Let C and € = {E[m7 ...,EINV _1]} denote the bipartisations of F' and ®, respectively:

o 0 F m_ D[T] 0 . -
C—<F 0>, and E _<O Dl ) - forall 7€ [0: N —1].

By using (Uj)-(U}), one can show that ((M,N), C, €) satisfies (U )-(Uy). Furthermore, by Lemma 13.4,
we have EVAL(C, &) < EVAL(F,®) and thus, EVAL(C, €) is also not #P-hard. It then follows from
Lemma 9.1 that F satisfies the group condition (GC). O

14.1 Proof of Theorem 6.3

We prove Theorem 6.3, again, by using C and €: the bipartisations of F and ©, respectively.

Suppose EVAL(F,®) is not #P-hard. On the one hand, EVAL(C, €) < EVAL(F,®) and EVAL(C, €)
is also not #P-hard. On the other hand, ((M, N), C, &) satisfies conditions (U )-(Uy). As a result, by
Theorem 5.3, € must satisfy (Us): Every entry of EI'l| r € [N — 1], is either 0 or a power of wy. It then
follows directly that every entry of D", » € [N — 1], is either 0 or a power of wy.
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14.2 Proof of Theorem 6.4

In this section, we prove Theorem 6.4.

However, we can not simply reduce it, using pair (C, €), to the bipartite case (Theorem 5.4). The
reason is because, in Theorem 6.4, we are only allowed to permute the rows and columns symmetrically,
while in Theorem 5.4, one can use two different permutations to permute the rows and columns. But
as we will see below, for most of the lemmas we need here, their proofs are exactly the same as those
for the bipartite case. The only exception is the counterpart of Lemma 9.5, in which we have to bring
in the generalized Fourier matrices (see Definitions 5.3 and 6.2).

Suppose F satisfies (GC) (otherwise we already know that EVAL(F, D) is #P-hard).

We let F'F denote the set of row vectors {F; .} of F and F'© denote the set of column vectors {F, ;}
of F. Since F satisfies (GC), by Property 9.1, both F and F¢ are finite Abelian groups of order m,
under the Hadamard product.

We start the proof by proving a symmetric version of Lemma 9.4, stating that when M = pq and
ged(p,q) = 1 (note that p and ¢ are not necessarily primes), F (after an appropriate permutation) is
the tensor product of two smaller discrete unitary matrices, both of which satisfy the group condition.

Lemma 14.2. Let F € C"™*™ be a symmetric M -discrete unitary matriz that satisfies (GC). Moreover,
M =pq, p,q > 1 and ged(p,q) = 1. Then there is a permutation IL: [0 : m — 1] — [0 : m — 1] such that

Fun=F @F",

where F' is a symmetric p-discrete unitary matriz, F" is a symmetric q-discrete unitary matriz, and
both of them satisfy (GC).

Proof. The proof is almost the same as the one of Lemma 9.4. The only thing to notice is that, as F is
symmetric, the two correspondences f, g that we defined in the proof of Lemma 9.4, from [0 : m — 1] to
[0:m' —1] x [0:m"” — 1], are exactly the same. As a result, the row permutation II and the column
permutation ¥ that we apply on F are the same. O

As a result, we only need to deal with the case when M = p” is a prime power.

Lemma 14.3. Let F € C"™*"™ be a symmetric M -discrete unitary matriz that satisfies (GC). Moreover
M = p? is a prime power, p # 2, and 8 > 1. Then there must exist an integer k € [0:m — 1] such that
Fir= w?\[j’k and p { oy -

Q5

Proof. For i,j € [0:m — 1], we let a; ; denote the integer in [0 : M — 1] such that F;; = w,,”.
Assume the lemma is not true, that is, p|ay s for all k. Since F is M-discrete unitary, there must
exist ¢ # j € [0 : m — 1] such that p{ a; ;. Without loss of generality, we assume p{as1 = aq 2.
As F satisfies (GC), there must exist a k € [0 : m — 1] such that Fy, , = Fy , o Fy .. However,

Qg k a1, 1ta2 2+2a0 2
Wyt = Fep=Fipbog = Fp1Fpo = Frilbo1Fi1olbhe = wy, ,

and oy = 1,1 + @22 + 201 2 (mod M) implies that 0 = 0+ 0+ 2 2 (mod p). Since p # 2 and p 1 a2
we get a contradiction. O

The next lemma is the symmetric version of Lemma 9.5 showing that when there exists a diagonal
entry Fjj such that p { ajk, then F is the tensor product of a Fourier matrix and a discrete unitary
matrix. Note that this lemma also applies to the case when p = 2. So the only case left is when p = 2
but 2|a;; for all i € [0:m —1].
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Lemma 14.4. Let F € C"™*™ be a symmetric M -discrete unitary matriz that satisfies (GC). Moreover,
M = p? is a prime power. If there exists a k € [0:m — 1] such that Fy, , = wq; and pt«, then one can
find a permutation II such that

Frn=Fua®F,

where F' is a symmetric M'-discrete unitary matriz, M’ = p® for some 8’ < B, and ¥’ satisfies (GC).

Proof. The proof is exactly the same as the one of Lemma 9.5 by setting a = k and b = k. The only
thing to notice is that, as F is symmetric, the two correspondences f and g that we defined in the proof
of Lemma 9.5 are the same. As a result, the row permutation II and the column permutation X that
we apply on F are the same. Also note that, since F, j, = wf;, (66) becomes

G(x1,x2)7(y1,y2) = w?\{/flyl : G(O,xg),(o,yz)'

This explains why we need to use Fourier matrix F s, here. O
Finally, we deal with the case when p =2 and 2|q;; for all i € [0 : m — 1].

Lemma 14.5. Let F € C"™*"™ be a symmetric M -discrete unitary matriz that satisfies condition (GC).
Moreover, M = 2° and 2| ;; for alli € [0 : m — 1]. Then one can find a permutation 11 together with
a symmetric non-degenerate matric W in Zﬁ;z (see Section 6.3.2 and Definition 6.2) such that

Fuin=Fuw®F,
where F' is a symmetric M'-discrete unitary matriz, M’ = 25 for some 8’ < B, and ¥’ satisfies (GC).

Proof. By Property 9.2, there exist two integers a # b such that F,, = F}, , = wy. Let F, , = w® and
Fyp = w®. The assumption of the lemma implies that 2| o, ap.
We let S%* denote the following subset of F:

S“’b:{uEFR|ua:ub:1}.

It is easy to see that S®’ is a subgroup of F. On the other hand, let S¢ denote the subgroup of FF
that is generated by F, ., and St denote the subgroup generated by Fy .

S = {(Fu)’ (Fo)ty .o, (Fa)™™1} and  S° = {(Fp.)%, (Fp.)ts .o, (Fp) M1

We have |S%| = |S®| = M, because Fop = wy. It is clear that (uj,uz,u3) — u; oup o ug is a group
homomorphism from S* @ S® @ S%° to FE. We now prove that it is a surjective group isomorphism.
Toward this end, we first note that the matrix W, where

(ag 1
W= < 1 ab> ’
is non-degenerate. This follows from Lemma 6.1, since det(W) = a,ap — 1 is odd.

First, we show that (uj,us,us3) — u; o ug o ug is surjective. This is because for any u € FE there
exist integers ki and ko such that (since W is non-degenerate, by Lemma 6.1, x — Wx is a bijection)

k k aok1+k k k ki1+apk
Ug = Foly - Fyo =wip™ 7 and wy = Fy - By = w00,

and thus, uo F'jl* o FI;Q* € 8%t Tt then follows that u = Ffjl* o Ffi o ug for some uz € S°.
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Second, we show that it is injective. Suppose this is not true. Then there exist ki, ko, k], kb € Zs,
and u,u’ € S such that (ki, k2,u) # (k}, k5, u’) but

(Fae) 0 (Fy.)" ou = (Fau)¥ o (Fy.)*2 o,

If k) = k] and ko = kb, then u = u’, which contradicts with our assumption. Therefore, we may assume
that £ = (¢1,02)" = (k1 — ki, ko — k5)T # 0. By restricting on the a'* and b'" entries, we get W£ = 0.
This contradicts with the fact that W is non-degenerate.

Now we know that (uy,u, uz) — u; o up o u3 is a group isomorphism from S @ S° @ S%* to FE.
As a result, |S*?| = m/M? which we denote by n. Let S** = {vy = 1,v1,...,v,_1}, then there exists
a one-to-one correspondence f from [0:m —1]to [0: M —1] x [0: M —1] x [0:n —1], f(z) = (f1(i),
fa(7), f3(i)), such that

Fi.= (Fo.)1Wo (Fb7*)f2(i) ovyi), forallie[0:m—1]. (102)
Since F is symmetric, this also implies that
F. ;= (F.o)"W o (F, ;)20 0 Vi), forallje[0:m—1]. (103)

Note that f(a) = (1,0,0) and f(b) = (0,1,0).

Finally we permute the rows and columns of F to obtain a new matrix G. For convenience, we use
(1,22, 23) and (y1,y2,y3), where x1,22,y1,y2 € [0 : M — 1] and x3,y3 € [0 : n — 1], to index the rows
and columns of G, respectively. We permute F using II(z1, 7o, 23) = f~ (21, 72, 23):

G(r1,$2,$3)7(y1,y27y3) = FH(ml,902,903)7H(y1,y27y3)’ (104)

Then by (102) and (103),
G (21,22,25) = (G(1,00),4)"" ©(G(0,1,0)4) © G005+  and
G y1,020) = (G (1,0,0))”" © (G (0,1,0))” © G (0,0,9)-
As a result,
Gar225), n02.5) = (G(10.0),0192.09)" (G010, w1.02.9))" ~ G0.0,25),(61,92.9):

We analyze the three factors. First, we have G ) is equal to

Y1,Y2,Y3)

2 _ 1 Y2 _,,@aY1ty2
(G(1,0,0),(1,00))"" * (G(1,0,0),00,1,0))” * G(1,0,0),0.0,5) = Fove " F " Vyg,a = Wiy ;

th St _ Y1t opy2
where vy, , denotes the a™ entry of vy,. Similarly, G 1,0),(y1,y2,45) = Wr . Second,

G (0,0,23),(y1,02.93) = (G(0,0,23),(1,0,0))"" * (G (0,0,03),(0,1,0))* * G(0,0,23),(0,0,53)-
By (104) and (103) we have
G(0,0,2),(1,0,0) = F11(0,0,2),11(1,0,0) = F11(0,0,2),a -

Then by (102), F1(0,0,0),a = Vz,e = 1. Similarly, we have G g,0.4),(0,1,0) = Ve = 1. Therefore,

_ ,QaT1Y1+T1Y2+T2y1+opT2y2 |
G($17m27m3)7(y17y2793) =Wy G(0,07r3)7(070,y3)'
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In other words, we have
G =Fyw ®@F, where W is non-degenerate and F' = (FZ-’J- = G(0707i)7(0707]~)) is symmetric.

The only thing left is to show F’ is discrete unitary and satisfies (GC). F’ satisfies (GC) because S*?
is a group and thus, closed under the Hadamard product. To see F’ is discrete unitary, we have

0 = (G(0,0,i),» G(0,0,)),%) = M?. (F; ., F;,), foranyi#je[0:n—1].
Since F’ is symmetric, columns F ; and F, ; are also orthogonal. O

Theorem 6.4 then follows from Lemma 14.3, Lemma 14.4, and Lemma 14.5.

15 Proofs of Theorem 6.5 and Theorem 6.6

Suppose (M, N),F,D,(d, W, p, t, Q,K)) satisfies (R). We first prove Theorem 6.5: either EVAL(F,D)
is #P-hard or © satisfies conditions (£}) and (L£5).

Suppose EVAL(F, D) is not #P-hard. We use (C, €) to denote the bipartisation of (F,®). The plan
is to show that (C, €) (together with appropriate p’,t’ and Q') satisfies condition (R).

To see this is the case we permute C and € using the following permutation . We index the rows
(and columns) of C and ElI"l using {0,1} x Z x Zg. We set X(1,y) = (1,y) for all y € Z% x Zg (that
is, 3 fixes pointwise the second half of the rows and columns), and ¥(0,x) = (0,x’), where x’ satisfies

] i s ] [i] ./ ;
20,01 = Wi1%01 + Woi%o,0,  To42 = Wi5Z0,;1 + Wa oo 0, for all i € [g],

and
T145 = kij-ay,;, forallic[s]and je [t].
See (R') for definition of these symbols.

Before proving properties of Cx 5 and €y, we need to verify that ¥ is indeed a permutation. This
follows from the fact that Wl for every i € [g], is non-degenerate over Zg,, and k; ;, for all i € [s] and
J € [ti], satisfies gcd (ki j,¢i;) = 1 (so the x" above is unique). We use Xy to denote the (0, *)-part of ¥
and I to denote the identity map:

¥(0,x) = (0,%0(x)) = (0,x), forall x € Z4 x Zg.

Now we can write Cy y; and €y = {E[O}7 o 7E[2]JV_1}} as
0 F , prl o
Cyy = (Fmo %ovf> and EI = < o DM> , forallre[0: N —1]. (105)

We make the following observations:
Observation 1: EVAL(Cy x, €y) = EVAL(C, €) < EVAL(F,®), thus EVAL(Cy 3y, €x) is not #P-hard;
Observation 2: Fsy, ; satisfies (letting x" = ¥o(x))

(@51 %.5.2) W (yo,i,1 v0,1,2) T i@ i Y1,
(FZ:O’I)X,y - FEO(X)vy - Fx,7y - H wdl H wqivj

iclg] i€[s],j€lti]
o 0,:,1Y0,i,11T20,:,2Y0,i,2 T1,i,jY1,4,5
= ][ wa [T wa.
iclg] i€[s],j€lti]
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By Observation 2, it is easy to show that Cx 5 and €5 (together with appropriate o', t’, Q") satisfy
condition (R). Since EVAL(Cy 3, €y;), by Observation 1, is not #P-hard, it follows from Theorem 5.5
and (105) that DU, for all 7, satisfy conditions (£2) and (£3). This proves Theorem 6.5 since (£}) and
(L£h) follow directly from (L3) and (L3), respectively.

We continue to prove Theorem 6.6. Suppose EVAL(F, D) is not #P-hard, then the argument above
shows that (Cy x, €x) (with appropriate p’, t’, Q') satisfies both (R) and (£). Since by Observation 1,
EVAL(Csx 5, €x) is not #P-hard, by Theorem 5.6 and (105), DI"] satisfies (Dy) and (Dy) for all 7 € Z.

Condition (D]) follows directly from (D3). To prove (Dj), we let F/ denote Fy, 1.

By (Dy), for any r € Z, k € [s] and a € I‘Eﬁ;, there exist b € qu and « € Zy such that

-D,[:}, for all x € T',,, where Fx

w?\[f : Fé,x = D[T} b,

x+a

* = FEQ(B),*'

Also note that X works within each prime factor, so there exists a b’ € qu such that EO(B) = b , and
(DY) follows.

16 Tractability: Proof of Theorem 6.7

In this section, we prove Theorem 6.7. The proof is almost the same as the one of Theorem 5.7 for the
bipartite case.

Let ((M,N),F,D,(d, W,p,t,Q,K)) be a tuple that satisfies (R'),(£’) and (D’). The proof has the
following two steps. In the first step, we use (R’), (£’) and (D’) to decompose the problem EVAL(F, D)
into a collection of s subproblems (Recall s is the length of the sequence p):

EVAL(FU o EVAL(FE, ),

such that, if every EVAL(FU!, ©l1), i € [s], is tractable, then EVAL(F,®) is also tractable. In the second
step, we reduce EVAL(F[i],CD[i]), for every i € [s], to problem EVAL(7) for some prime power 7. Recall
that EVAL(7) is the following problem: Given a quadratic polynomial f(x1,...,x,) over Z,, compute

Zif)= Y wle)
L1,y €Ln

By Theorem 12.1, we have for any prime power 7, problem EVAL(7) can be solved in polynomial time.
As a result, EVAL(F, ®U) is tractable for all i € [s], and so is EVAL(F, D).

16.1 Step 1

Fix i to be any index in [s]. We start by defining FIl and ©U1. First recall the definition of Zg, from
Section 6.3.3.
For any x € Zq,, we use X to denote the vector y € Za X Lo = szl Zq; such that

yi=xand y; =0 for all j #4, wherey = (yi,...,ys) and y; Equ.

Then we define FUI. Fll is an m; x m; symmetric matrix, where m; = |Zqi|. We use Zqi to index the
rows and columns of Fll. Then

F,[f]y = Fyy, forallx,y € Zg,.

X,y
By condition (R}), it is easy to see that F,F[ ... Fll satisty
F=Flg. oFbk. (106)
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Next, we define 1. © = {D[i’o], ..., DN _1}} is a sequence of m; X m; diagogal matrices: D0
is the m; x m; identity matrix; and for every r € [N — 1], the xt" entry, where x € Zq;, of DUl ig

D)[Zﬂ“] — D[T’}

ext,(x)”
By condition (Dj), we have
D' =DM g . . @DF forallref0: N—1]. (107)
It then follows from (106) and (107) that
Zv 2(G) = Zpn o (G) X ... X Zpp o (G),  for all undirected graphs G.
As a result, we have the following lemma:

Lemma 16.1. If EVAL(F DU is tractable for all i € [s], then EVAL(F, D) is also tractable.

We can use condition (Dj) to prove the following lemma about the matrix DU (recall Z is the set
of r € [N — 1] such that DIl # 0, and T,.; is a coset in Zg, for every i € [s], such that, T, = [Licpg Iri):

Lemma 16.2. Let r € Z. Then for any i € [s], a € T2 there exist b € Zqi and o« € Z such that

e

plirl . D)[{m] =W - Fg}x’ forallx € T';.

X+a

Proof. By the definition of D"l we have

D[Lr] ) D)[(i,r} _ D[r] . D[T] — D[T’} . D[T’}

x+a ext,(x+a) ext,(x) ext,(x)+a ext,(x)°

Then by condition (D}), we know there exist b € Zg, and a € Zy such that

Dyt DX = By a9 = R P forall x €T
and the lemma is proven. O

16.2 Step 2

Now we let EVAL(F,®) denote one of the subproblems EVAL(F[!, ©[]) we defined in the last step. By
conditions (R'), (£'), (D’) and Lemma 16.2, we summarize the properties of (F,®) as follows. We will
use these properties to show that EVAL(F,®) is tractable.

(F{) There exist a prime p and a sequence w = (m > mg > ... > 7p) of powers of p. F is an m x m
symmetric matrix, where m = mymo...m,. We let m denote m; and use Zyx = Zy, X ... X Zg, to
index the rows and columns of F. We also let 7 denote the set of pairs (i, ) € [h] x [h] such that
m; = m;. Then there exist ¢; j € Zy, = Zy, for all (i,j) € T such that ¢; ; = ¢;; and

Fyy = H w0 for all x = (x1,...,2,), Y = (W15 Yn) € L,
(1,0)€T

where we use z; € Z,, to denote the i’ entry of x (The reason we express F in this very general
form is to unify the proofs for the two slightly different cases: (F[U, ®M) and (Fl ®U), i > 2);
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(Fh) © = (DI ... DIN-1} is a sequence of N m x m diagonal matrices, for some positive integer N
with 7| N. DI is the identity matrix; and every diagonal entry of DU, 7 € [N — 1], is either 0 or
a power of wy. We also use Z, to index the diagonal entries of DIl

(F3) For every r € [0: N — 1], we let I, denote the set of x € Z, such that il # 0, and let Z denote
the set of 7 such that ', # (). For every r € Z, I, is a coset in Z,. Moreover, for every r € Z,
there exists a vector al’l € I, such that D:[T] =1

(F}) For all r € Z and a € I'ii* there exist b € Z, and a € Zy such that

pll 'D,[:} =wy - Fpx, forallxel,.

x-+a

Now let G be an undirected graph. Below we will reduce the computation of Zg 5(G) to EVAL(T),
where T=7mif p#£2, and 7 =27 if p=2.

Given a € Zy, for some i € [h], we use a to denote an element in Zz such that @ = a (mod m;). For
definiteness we can choose a itself if we consider a to be an integer between 0 and m; — 1.

Let G = (V,E). Welet V,., r € [0 : N — 1], denote the set of vertices in V' whose degree is r mod N.
We further decompose E into U;<jc(o.n—1)Eij, where E; ; contains the edges between V; and V;.

It is clear that if V;. # () for some r ¢ Z, then Zg p(G) is trivially 0. As a result, we assume V,. = ()
for all » ¢ Z. In this case, we have

Zpo(G) =Y [H (H Di?l)

£ reZ \wevV,

11 I Box ||

r<r'€eZ \wek, .

where the sum ranges over all assignments { = (&, : V;, — I', | € Z) such that {(v) = x,.
Next by using Lemma 12.3, we know for every r € Z, there exist a positive integer s, and an s, X h
matrix A"l over Z= which gives us a uniform map ~!") (see Lemma 12.3 for definition) from ZZ" to T',.:

%m (x) = <XA>[:]Z —I—EZW (mod m)) , for all i € [h].

Recall that for every r € Z, al'l is a vector in T, such that prl—1. Thus,

al?l —

[r] -
Dw](o) =1.

Since 4" is uniform, and we know the multiplicity of this map, in order to compute Zr »(G), it suffices
to compute

2 [H<HDLZ]T}(X’”))] 11 Fnea atioe) | |
(x0) LreZ \weV; r<r'€Z \wvEE, s

where the sum is over
(xp€ZY :veV,,rez)= H(Z%T')IVTI.
rez

If we can show for every r € Z, there is a quadratic polynomial fI"! over Z-, such that,

) Sr
Dw,](x) = wx , forall x € ZZ, (108)
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and for all » <1’ € Z, there is a quadratic polynomial f 7T over Zz, such that,

[7“»7“/] ’
Fopontig) = @h Y, forall x € Z and y € ZY', (109)

then we can reduce the computation of Zg o(G) to EVAL(7) and finish the proof.
First, we prove the existence of the quadratic polynomial fI""l. By condition (F7), the following
function fI"'] satisfies (109):

i y) = >0 (;) g @)y = Y @y (;) (XAEZ}Z-JraET]) (yAL’:;-] +3£-T/]>-

(i)eT ~* (i)ET '
Note that (i,7) € T implies that m; = 7; and thus,

W), 7 y) € Zn, = 2,

The presence of 7/m; is crucial to be able to substitute the mod 7; expressions for ’yim (x) and ’yj[-rl] (y),
as if they were mod 7 expressions. It is clear that f""'] is a quadratic polynomial over Z-.

Next we prove the existence of the quadratic polynomial f "], Let us fix r to be an index in Z. We
use e;, i € [s;], to denote the vector in ZZ" whose it" entry is 1 and all other entries are 0. By (F}), we
know for every i € [s;], there exist a; € Zy and b; = (bi1,...,b;,1) € Zg, where b; j € Z;, such that

[r]
=wy - wfijf"” (X), for all x € ZZ.
j€ln]

i G
Dliiperen  Pain)

We have this equation because "(x + e;) — ~4I"l(x) is a vector in Z, that is independent of x.

By the same argument we used in the proof of Theorem 5.7 ((91) and (92), more exactly), one can

show that w}/ must be a power of wz, for all i € [s,]. As a result, there exists 3; € Zz such that

S NG
D%J (x+ei) DLT[}TJ (x) wi - I1 wfr?] P forall x e L3 . (110)
Jelh]

Again, by the argument we used in the proof of Theorem 5.7, every non-zero entry of DIl must be a
power of wx. Therefore, there does exist a function fI"l from ZZ to Zz that satisfies (108). To see f [r]
is a quadratic polynomial, by (110), we have for every i € [s,],

fm(x +e;) — fm(x) =i + Z <Ej : <7T1> (XALT}J —i—ﬁg-ﬂ)) , forallie[s,]and x € Z,
jeln] g
which is an affine linear form of x with all coefficients from Zz.

By using Lemma 12.4 and Lemma 12.5, we can prove that ' is a quadratic polynomial over Zs,
and this finishes the reduction from EVAL(F,®) to EVAL(T).

17 Decidability in Polynomial Time: Proof of Theorem 1.2

Finally, we prove Theorem 1.2, i.e., the following decision problem is computable in polynomial time:
Given a symmetric matrix A € C™*™ where all the entries A4; ; in A are algebraic numbers, decide if
EVAL(A) is tractable or is #P-hard. We follow the model of computation discussed in Section 2.2. Let

of = {Az,] : Z,j S [m]} = {aj ,7 € [TL]},

and let o be a primitive element of Q(/) and thus, Q(«) = Q(«). The input of the problem consists
of the following three parts:
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1. A minimal polynomial F(x) € Q[z] of «;
2. A rational approximation & of a, which uniquely determines a as a root of F'(x); and

3. The standard representation, with respect to a and F(z), of A; ;, for all 4,5 € [m)].

The input size is then the length of the binary string needed to describe all these three parts.

Given A, we follow the proof of Theorem 1.1. First by Lemma 4.3, we can assume without loss of
generality that A is connected. Then we follow the proof sketch described in Section 5 and Section 6,
depending on whether the matrix A is bipartite or non-bipartite. We assume that A is connected and
bipartite. The proof for the non-bipartite case is similar.

17.1 Step 1
In Step 1, we either conclude that EVAL(A) is #P-hard or construct a purified matrix A’ such that
EVAL(A) = EVAL(A)

and then pass A’ down to Step 2. We follow the proof of Theorem 5.1. First, we show that given ./
= {a; : j € [n]}, a generating set ¥ = {g1,...,94} C Q(&7) of &/ can be computed in polynomial time.
Recall the definition of a generating set from Section 7.2. We denote the input size as m. Thus m > m.

Theorem 17.1. Given a finite set of non-zero algebraic numbers </ (under the model of computation

described in Section 2.2), one can in polynomial time (in m) find a generating set {q1,...,g94} of <.
Moreover, for each a € o7, one can in polynomial time find the unique tuple (ki,...,kq) € 74 such that
a _ .
Ty s root of unity.

We start with the following Lemma.
Lemma 17.1. Let

L:{(xl,...,a:n) ez a?fl---ai’;":l}.
Let S be the Q-span of L, and let L' = Z" N S, then
L'= {(ml,...,a:n) €Z" | ai---ay" = a root of um'ty}. (111)

Proof. Clearly L is a lattice, being a discrete subgroup of Z". Also L’ is a lattice, and L C L'.
Suppose (21,...,2,) € Z™ is in the lattice in (111). Then there exists some non-zero integer ¢ such

that (a7 -a®)" = 1. As aresult, {(x1,...,z,) € L and thus, (z1,...,2,) € S, the Q-span of L.
Conversely, if dim(L) = 0, then clearly L = {(0,...,0)} =S = L’. Suppose dim(L) > 0, and we let

by,...,b; be a basis for L, where 1 <t < n. Let (z1,...,2,) € Z" NS, then there exists some rational
numbers 71, ..., 7 such that (z1,...,z,) = Zzzl r;b;. Then
n t
a9161 . afzn — a_jX:i_l 7ibi,j
j=1

t n Nri
(@' a) =TI ([T ) =1
=1 \j=1
Thus aj' - --al" is a root of unity and (x1,...,2,) is in the lattice in (111). O
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To prove Theorem 17.1, we will also need the following theorem by Ge [16, 17]:

Theorem 17.2 ([16, 17]). Given a finite set of non-zero algebraic numbers of = {ay,...,a,} (under
the model of computation described in Section 2.2), one can in polynomial time find a lattice basis for
the lattice L given by

L:{x:(xl,...,:nn) ez

1 Tn __
ay ---an”—l}.

Proof of Theorem 17.1. We prove Theorem 17.1. Conceptually this is what we will do: We first use
Ge’s algorithm to compute a basis for L. Then we show how to compute a basis for L’ efficiently.
Finally, we compute a basis for Z"/L’. This basis for Z" /L’ will define our generating set for <.

More precisely, given the set & = {ay,...,a,}, we use kK = {ky,...,k;} to denote the lattice basis
for L found by Ge’s algorithm [16, 17] where 0 < ¢ < n. This basis has polynomially many bits in each
integer entry k; ;. The following two cases are easy to deal with:

1. If £ = 0, then we can take g; = a; as the generators, 1 < i < mn. There is no non-trivial relation
alfl e af{‘ = a root of unity,
for any (k1,...,ky,) € Z™ other than 0, otherwise a suitable non-zero integer power gives a
non-trivial lattice point in L.

2. If t = n, then S = Q" and L’ = Z", hence every a; is a root of unity. In this case, the empty set
() is a generating set for .

Now we suppose 0 < t < n. We will compute from the basis x a basis 3 for L' = Z" NS where S is
the Q-span of L. Then we compute a basis « for the quotient lattice Z"/L’. Both lattice bases v and
B will have polynomially many bits in each integer entry.

Before showing how to compute S and 7, it is clear that

dmL' =dimL=¢ and dim(Z"/L') =n—t.

Let
Vz{xlv"'vxn—t} and ﬁ:{y17"'7yt}-

We define the following set {g1,...,gn—t} from ~ as follows:

Tl T2 Tjn _
gi =a;" ay”” - --ay’”",  where x; = (z1,%j2,...,Tjn)-

We check that {g1,...,9n—t} is a generating set of &7. Clearly, being exponentials, all g; # 0. Suppose

n—t c1 en—t : :
for some (c1,...,¢cn—t) € Z"", ¢* -+ g, is a root of unity. Since
—t —t —t
1 co Cnet D=1 CiTi1 D7) €Ty 22021 CiTin
gl g2 .. gn—t fr— a/l a2 ... a/n )

we have
n—t n—t n—t n—t
E CjTj1, E CjTj2y .-y E CjTin | = E cjxj € L.
j=1 j=1 j=1 j=1

It follows that ¢; = 0, for all 1 < j < n —t. On the other hand, by the definition of Z" /L', notice that
for every (ki,...,k,) € Z", there exists a unique sequence of integers ci,...,c,—¢ € Z such that

n—t
(k’l, ce ,k‘n) — ZCij el
j=1
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In particular for e; = (0,...,1,...,0), where there is a single 1 in the ith position, there exist integers
¢ij, 1 <i<mand1l<j<n-—t, such that

n—t
€e; — E CijX; € L.
Jj=1

As a result, we have

a; i a;
n—t . .. n—t . o n—t. ...~ Cil Ci,n—t
D oGSt €Ty DOTI CiTy2 2250 €T g1 9l
a a s n
1 2 n

is a root of unity.

This completes the construction of the generating set {g1,...,gn—¢t} for & = {aq,...,a,}. In the
following we describe how we compute the bases v and § in polynomial time, given k.

Firstly, we may change the first vector k1 = (k1,1,...,k1,) in K to be a primitive vector, meaning
that ged(k11,...,k1n) =1, by factoring out the ged. If the ged is greater than 1 then this changes the
lattice L, but it does not change the Q-span S, and thus no change to L’.

In addition, there exists a unimodular matrix M; such that

(k171,... 7kl,n) M, = (1,0,... ,O) ez".

This is just the extended Euclidean algorithm. (An integer matrix M is unimodular if and only if its
determinant is +1, or equivalently it has an integral inverse matrix.) Now consider the ¢ x n matrix

u171 e ulm ]{71’1 e kl,n
U1 ... Utn kul . kt,n
This is also an integral matrix since M; is integral. Moreover its first row is (1,0,...,0). Now we may
perform row transformations to make ua1 =0, ..., us1 = 0. Performing the same transformations on
the RHS replaces the basis x by another basis for the same lattice, and thus L’ is unchanged. We still
use k = {ki,...,k¢} to denote this new basis.
Next, we consider the entries us 9, ..., ug . If ged(ugy,. .., u2,) > 1, we may divide out this ged.

Since the second row satisfies
-1
(k‘271, k’g,g, e ,k’g’n) == (0, 'LL2,2, e ,u27n) Ml 5

this ged must also divide kg1,k22,. .., k2. (In fact, this is also the ged of (ka1,k22,...,k2y).) This
division updates the basis k by another basis, which changes the lattice L, but still it does not change
the Q-span S, and thus the lattice L’ remains unchanged. We continue to use the same s to denote this
updated basis.

For the same reason, there exists an (n — 1) X (n — 1) unimodular matrix M’ such that

(UZQ, . ,u2,n) M = (1,0, cee ,0) S /A

Append a 1 at the (1,1) position, this defines a second n x n unimodular matrix My such that we may
update the matrix equation as follows

1 0 0o ... 0

0 1 0 ... 0 kit ... kin

0 wgp w3z ... uzn|=1| : . | MM,
Do D : ki1 Kt n

0 Ut,2 ut73 cee Utp

117



Now we may kill off the entries u3 2, ..., us 2, accomplished by row transformations which do not change
L nor L. Tt follows that we can finally find a unimodular matrix M* such that the updated & satisfies

10 ... 00 ... 0
k171 “e . k17n 0 1 0 0 0
: oM=L (112)
L A U B S

where the RHS is the ¢ x ¢ identity matrix I; appended by an all zero ¢ x (n — t) matrix. The updated
% here is a lattice basis for a lattice L which has the same Q-span S as L. It is also a full dimensional
sublattice of (the unchanged) L'. R

We claim this updated x = {kq,...,k;} is actually a lattice basis for L' and thus, L = L'. Assume
for some rational numbers r1, ..., s, the vector 22:1 r;k; € Z", then multiplying (r1,...,7:) to the left
in (112) impies that all 1,...,r; are integers. This completes the computation of a basis for L’. Since
the only operations we perform are Gaussian eliminations and ged computations, this is in polynomial
time, and the number of bits in every entry is always polynomially bounded.

Finally we describe the computation of a basis for the quotient lattice Z"/L’. We start with a basis
k for L' as computed above, and extend it to a basis for Z". The extended part will then be a basis for
Z"/L'. Suppose that we are given the basis x for L’ together with a unimodular matrix M* satisfying
(112). Then consider the n x n matrix (M*)~!. As

(M)~ =L, (M),

the first ¢ rows of (M*)~! is precisely the x matrix. We define the basis for Z"/L’ to be the last n —t
row vectors of (M*)~!. It can be easily verified that this is a lattice basis for Z"/L’. O

With Theorem 17.1, we can now follow the proof of Theorem 5.1. First, by using the generating set,
we construct the matrix B as in Section 7.2. Every entry of B is the product of a non-negative integer
and a root of unity, and it satisfies EVAL(A) = EVAL(B).

We then check whether B’, where B; ;= |B; ;| for all i and j, satisfies the conditions imposed by the
dichotomy theorem of Bulatov and Grohe. (Note that every entry of B’ is a non-negative integer.) If
B’ does not satisfy, then EVAL(B’) is #P-hard, and so is EVAL(A) by Lemma 7.4. Otherwise, B must
be a purified matrix and we pass it down to the next step.

17.2  Step 2

In Step 2, we follow closely the proof of Theorem 6.2. After rearranging the rows and columns of the
purified matrix B, we check the orthogonality condition as imposed by Lemma 8.2. If B satisfies the
orthogonality condition, we can use the cyclotomic reduction to construct efficiently a pair (C,®) from
B, which satisfies the conditions (Shapey), (Shapes), (Shapes) and

EVAL(B) = EVAL(C, D).

Next, we check whether the pair (C,®) satisfies (Shapes) and (Shapes). If any of these two conditions
is not satisfied, we know that EVAL(C,®) is #P-hard and so is EVAL(B). Finally, we check the rank-1
condition (which implies (Shapeg)) as imposed by Lemma 8.8 on (C,®). With (Shape;)—(Shapeg), we
can finally follow Section 8.6 to construct a tuple ((M,2N),X,9)’) that satisfies (U;)—(Uy) and

EVAL(C,®) = EVAL(X,Y)).
We then pass the tuple ((M,2N),X,9)’) down to Step 3.
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17.3 Step 3

In Step 3, we follow Theorem 5.3, 5.4, 5.5, and 5.6. First it is clear that the condition (U5) in Theorem
5.3 can be verified efficiently. Then in Theorem 5.4 we need to check whether the matrix F has a Fourier
decomposition after an appropriate permutation of its rows and columns. This decomposition, if F' has
one, can be computed efficiently by first checking the group condition in Lemma 9.1 and then following
the proof of both Lemma 9.4 and Lemma 9.5. Finally it is easy to see that all the conditions imposed
by Theorem 5.5 and Theorem 5.6 can be checked in polynomial time.

If A and other matrices/pairs /tuples derived from A satisfy all the conditions in these three steps,
then by the tractability part of the dichotomy theorem, we immediately know that EVAL(A) is solvable
in polynomial time. From this, we obtain the polynomial-time decidability of the complexity dichotomy
and Theorem 1.2 is proven.
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