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Abstract

We show that the classS) is cortained in ZPP"P | The proof usesuniversal hashing,
approximate courting and witness sampling. As a consequencea collapse rst noticed
by Samik Sengupta that the assumption NP has small circuits collapsesPH to S
becomesthe strongest versionto date of the Karp-Lipton Theorem. We also discuss
the problem of nding irrefutable proofs for S5 in ZPPF .

1 Intro duction

The classsg wasintro ducedindependertly by Canetti [C96]and Russelland Sundaram[RS95
in the mid 1990's. Supposethere are two competing all powerful proversY and Z. A string

X is given, Y wishesto corvince usthat x 2 L, and Z wishesto cornvince us the opposite

X 62L. Welthe verierlha ve only deterministic polynomial time computing power. A

languagel is in Sg i there is a P-time predicate P sud that the following holds:

If x 2 L then there existsa y, sud that for all z, P(x; y; z) holds;
If x 62 then there exists a z, suc that for all y, : P(X;y;z) holds, where both
y and z are polynomially boundedin the length of x.

In other words, if x 2 L then Y hasirrefutable proof y which can withstand any challenge
z from Z; and if x 62 then Z hasirrefutable proof z which can withstand any challengey
from Y.

The motivation by both Canetti [C96] and Russelland Sundaram [RS99 wasto provide a
re nement of the Sipser-LautemannTheorem (with contribution by Gacs)that BPP 2\

P [Si83 L83]. Indeed, Canetti [C96] extended Lautemann's proof to show that BPP S,
whereasRusselland Sundaram[RS99 shaved further that MA S5, Note that BPP  MA
is direct from de nition (the two-sidederror version) of MA, thus BPP  MA S‘z’ Also
it is known that PN? S [RS95].

As to upper bound of S, the only known cortainment is by de nition S5 v b
(seeSection 2). Goldreich and Zuckerman [GZ97] surveyed a number of interesting classes
betweenP and the secondlevel of the Polynomial-time Hierarchy 5 and 5. Theseclasses

Computer SciencesDepartment, University of Wisconsin, Madison, WI 53706. Researd supported in
part by NSF CCR-0196197, CCR-0208013 and a Guggenheim Fellowship. A preliminary version appeared
in FOCS 2001 [C01]. Email: jyc@cs.wisc.edu



include ZPP; RP; BPP;NP; PNP;MA; AM; ZPPNP and S). They called the classeslisted
here up to PNP \T raditional classes|classes of the 1970's", the class Arth ur-Merlin \a
classof the 1980's", and the classS) \a classof the 1990's", underscoring that not much
is yet known about this classsg. In their paper [GZ97] Goldreich and Zuckerman gave a
number of elegan proofs of known results with the strikingly sharp ampli cation technique
due to Zuckerman [Z96]. They also prove an interesting result MA  ZPPNP . This last
result was new in 1997 when [GZ97] appeared; it was independertly obtained by Arvind
and Kobler [AK97]. In summarizing the known facts about all these classesbetween P
and 5 and it was obsened that both S5 and ZPPNP appear to share all the known
containment properties both below and above [GZ97]. How these two classesare related
was unknown.

The main result of this paper is
Theorem 1 S ZzPPNP,

The proof usesuniversal hashing, approximate counting and witness sampling. We also
discussthe problem of nding irrefutable proofsin ZPPNP.

There is an interesting consequenceof this result with respect to the well known Karp-
Lipton Theorem concerningsparsesets(with cortribution by Sipser) [KL80]. This theorem
says, if NP is Cook-reducible ( .‘}) to sparsesets,or equivalertly, if SAT haspolynomial size
circuits, then the Polynomial-time Hierarchy collapsesto its secondlevel: PH = 5\ 5.
Many researters have sincetried to improve on this signature theorem|T o simplify the
proof and to strengthen the collapse. On the one hand, there emergedwhat | considerto
be the \b ook" proof (as Erdes would say) of the theorem (as far as| know John Hopcroft
[H81] wasthe rst to give essetially this proof):

To simulate 5 by 5, guessa poly-size circuit C for SAT, modify C via self-
reducibility sothat whenewer C( ) = 1it also producesa satisfying assignmem
to , then ched all universal paths of the 5 computation lead to a satis able
formula.

Samik Sengupta[Se0Q rst noticed that this \b ook" proof actually gave the collapseto Sg
(SeeSection6.)

While the proof of Karp-Lipton Theorem becomesextremely transparert, more researd
e ort went into trying to extend this beautiful result. Much work was done on the general
theme (we mention somein Section6). Over the yearsthere have beensteadyimprovemerts
on the exact level of collapse of PH, assuming SAT has small circuits. In this regard,
the best result so far is due to Bshouty et. al. [BCGKT94] and Kobler and Watanabe
[KW9O5]. Their result statesthat if NP has polynomial size circuits, then the Polynomial-
time Hierarchy collapsesto ZPPNP. Admittedly the proofs of the theorem of Bshouty et.
al. and Kobler-Watanabe are more involved than the \b ook" proof of the basic version of
the Karp-Lipton Theorem and depend on previous interesting results by Jerrum, Valiant
and V. Vazirani [JVV86] and others.

By the newtheoremS)  ZPPNP (unconditionally), the (currently) strongestKarp-Lipton
Theorem becomesthe following Theorem 2. (SeeSection6.)
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Theorem 2 (Sengupta) If SAT has polynomial size circuits, then the Polynomial-time
Hierarchy collapsesto Sb.

Theorem 1 also subsumesthe result MA  ZPPNP by Goldreich-Zuckerman [GZ97] and
Arvind-Keobler [AK97], aswe know from Russelland Sundaram [RS93 that MA Sg

2 Preliminaries

The class$ was de ned by Russelland Sundaram [RS99 asfollows: L 2 Sg i thereis a
P-time computable 0-1 function P on three argumerts, sud that

x2L =) (9P)(82)[P(xy;2) = 1] 1)
x62L =) (9Pz)(8Ry)[P(x;y;2) = O] 2

where as usual \ 9Py" stands for \9y 2 f0;1gP ()" for some polynomial p1(). Similarly
\8Pz" standsfor \ 8z 2 f0; 1gP2(x))" for somepolynomial po( ). By padding we can suitably
extend the length of both y and z, and henceforth we can assumethey both vary over the
samelength n which is a power of 2, and n is polynomially boundedin the length of x.

Given x, for convenience,for a pair (y;z) wesay y beatsz if P(x;y;z) = 1, and z beatsy
if P(x;y;z) = 0.

It isimmediately clearthat both implications \=) " canbereplacedby the if and only if rela-
tion \( ) " without changingthe classﬁ. For instance, suppose(9Py)(8Pz)[P(x; y; z) = 1],
let yo besuchay. Then certainly x 2 L, elsewewould have a zg sud that (8Py)[P (X; y; zg) =
0], which is clearly a contradiction to P(X; Yyo;zo) = 1. Similarly (9Pz)(8Py)[P(x;y;z) = 0]
implies x 624.. Thus

x2L () (9°y)(8P2)[P(xy;2) = 1]
x62L () (9Pz2)(8°y)[P(xy;2)= 0]

It follows from this if and only if condition that S5 5\ 5. In fact S} consistsof precisely
those languagesin 5\ 5 where membershipin both 5 and % is demonstrated by the
samepredicate P.

Canetti [C96] de ned the class$ as follows: L 2 Sg i there is a P-time computable 0-1
function P on three argumerts, suc that for all x,

(9Py)(8P)[P(x;y;2) = L(X)]
and

(P2)(8PY)P(xy;2) = L(X);
where | is the characteristic function of L.

Clearly the Canetti de nition implies the Russell-Sundaramde nition. The reverseimpli-
cation also holds. For completenesswe sketch a simple proof (see[RS95 C96] for more
details.) Supposea predicate P is given in the Russell-Sundaramde nition. We de ne an



extended predicate P to satisfy the Canetti de nition. For X, supposey and z vary over
f0;1g". Then P is de ned over f0;1g* f0;1g"*! f0;1g"*!:

P(x;1ly;1z) = 1
P(x;1y;0z) = P(xy;2)
P(x;0y;1z) = P(xzy)
P(x;0y;0z) = 0

This can berephrasedin the languageof booleanmatrices. Thus, for the Russell-Sundaram
de nition, the predicate P, for a given x, correspondsto a boolean matrix M whoserows
and columns are indexed by y and z 2 f0;1g" respectively. When x 2 L, there exists
an all-1 row; and when x 62L, there exists an all-0O column. In this language,the Canetti

de nition requiresthat, whenx 2 L, there exist both an all-1 row aswell asan all-1 column;

and when x 62, there exist both an all-0 row aswell as an all-O column.

To go from the Russell-Sundaramde nition to the Canetti de nition, we simply take the
matrix M from the Russell-Sundaramde nition, and form the new matrix

0o MT
M J

where J denotesthe all-1 matrix, and M T denotesthe transposeof M .

ZPP denoteszero-error probabilistic polynomial time. ZPPNP is the classacceptedby zero-
error probabilistic polynomial time oracle Turing machines using an NP oracle. By Cook's
Theorem, we can assumewithout loss of generality that this oracleis the set of satis able
boolean formulae SAT .

3 Main Theorem

To prove the main Theorem 1, we proceedas follows. Let x be given. Let f0;1g" be the
witness sets for both provers Y and Z. Here n is polynomially bounded by jxj, and is a
power of 2.

We will grow alist Yy f0;1g" of y's, whereYxj = k, and k = 1;2;:::; no@: initially Y7
can be arbitrarily given, for exampleY; = f0"g. In the k-th stage,with Yy in hand, we ask
the SAT oraclewhether there existsa z 2 f0; 1g" such that P(x;y;z) = Ofor everyy 2 Y,
i.e., azthat beatseveryy 2 Y. Let

Z(Yx) = fz210,1g9" j (8y 2 Yi)[P(x;y;2) = 0g:

Then the question we askthe SAT oracleis whether Z(Yy) 6 ;.

SincejYyj = k is polynomially bounded, this is clearly a SAT query by Cook's Theorem. If
the answer is No, i.e., Z(Yx) = ;, then we can already concludethat x 2 L and halt. This
is becauseif it were the casethat x 62, by de nition it is guaranteed that somezy exists
beats all y, which certainly include all y 2 Yi. Note that in this casewe concludedx 2 L,
even though we may not have found a witness yo which beats every z as promised in the
de nition.



Hencelet's assumethe answer to the SAT query is Yes,i.e., Z(Yx) 6 ;.

Next we would like to append Yy to Yi+1. Our goalis, either to nd conclusiwely that
X 62, o0rto nd anewy to beappendedto the list Yi sothat the corresponding Z (Yg+1)
is shrunk signi cantly.

More precisely we would like either to nd conclusively x 62, or to nd with high proba-
bility anewy sud that jZ(Ye+1)j JjZ(Yk)j=2, where Yx+1 = Y[ fy g. If so, we would
guarantee that the sizejZ(Yx)j shrinks geometrically every step by a constart fraction with
high probability, and thusin polynomial time with high probability we either nd out x 62_,
or we end up in the casewith Z(Yy) = ;, in which casewe can concludethat x 2 L as
discussedearlier.

Lemma 1 For everysetSin P, thereis a probabilistic sampling procedure A usinga SAT

oracle, such that for every n, and for every0 < " < 1, A(n;") samplesat most O(n=")

elementsS® S = S\ f0;1g" in such a way that, for every subsetT  S™", with
iTi > s,

0 _ . .

Pr(S°\ T = ;] Son

The algorithm runs in time (n=")°®,

We will discussLemma 1 in the next section. For now we assumeLemma 1.

For any witnessy®2 f0; 1g", considerthe set
Tyo:= Z(V [ fy%) =22 Z(W) j P(x;y%2) = Og:
We say that ay®2 f0;1g" is a \bad witness" with respect to Z (V) if

iZ (Y]

Ty = ffz2 Z(Y&) j P(x y%2) = Ogj > 5

That is, y%is a\bad witness"i morethan 1/2 of Z(Yy) beat this y° Thusfor any xed bad
witness y° by Lemma 1 with " = 1=2, we can sample a polynomial number of z 2 Z(Yy),
call the set Z° sudh that the probability

1 .

Prz%\ Tyo=;] >

Sincethere are at most 2" bad witnesses,

Pr(9 a bad witnessy°2 £0;1g")[Z%\ Tyo=;]] Zin:

Supposenow for every bad witnessy®2 f0;1g", the sample set Z° has a non-empty inter-
sectionwith Tyo= Z (Y« [ fy%). That meansthat for every bad witnessy® y° cannot beat
all of Z% With the polynomial sizedset Z°%in hand, we ask the SAT oracle once again
whether there is a y which beats all thesez 2 Z° Again this is a SAT query by Cook's
Theorem. If the answer is No, then we know x 62 sinceotherwisethere is a y which beats
all z2 f0;1g", and certainly y beatsall thesez 2 Z°% Sowe reject x and halt.



If the answer is Yes,we useself-reducibility of the SAT oracleto obtain onesuchy . Notice
that by now there is no bad witness y® which can beat all of Z% Thus this y is not a bad
witness. This is true with probability 1 1=2". Wethen dene Yx+1 = Yk [ fy g. Then

with high probability we have

. CiZMY)i
iZ (Y] J(zk)l

As remarked earlier this givesour ZPPNP algorithm.

4 A Sampling Lemma

The Sampling Lemma 1 follows from the work of Jerrum, Valiant and V. Vazirani [JVV86].
However Lemma 1 has a relatively simple proof based on universal hashing. We give a
self-cortained accourt in this section using the notion of isolation of Sipser[Si83 (seealso
[St83)).

Consider a family of hash functions:
fhs:f0;1g" ! f0;19%gs2s

Recall that a family of hash functions is 2-universal if for every pair of distinct x 6 y in
f0;1g", and for every ; 2 f0;10%, Preos[hs(x) =  ~ hg(y) = 1= 1=2% i.e., hg(x) and
hs(y) are pair-wise independert and uniformly distributed whens 2r S. It is well known
sudh a family of 2-universal hash functions exists and can be easily constructed with small
samplespace,e.g., hap(X) = ax+ band then truncate to k bits, wherea;band x range over
a nite eld GF[2"].

Hereis an outline of the proof of Lemma 1. First we will usehash functions and the SAT
oracleto get an approximate count of the subsetS=". We will usethe notion of isolation of
Sipser[Si83 for this. Using the SAT oraclewe can decideif S™" = ;. If sothen Lemma 1
is vacuously true (no subsetT existswith jTj > "jS™"j). SupposeS~" 6 ;. Then we will
devisea simple sampling strategy basedon an estimate of the number of points with unique
inverseimagesfrom S™" under a random hash function. The details follow.

Givenx 6 y, we sa x collides with y under hs if hg(x) = hs(y). For asubsetE  f0; 19",
we sa that hg isolates x 2 E i x doesnot collide under hg with any other elemer of
E. The following lemma of Sipseris well known and follows from a simple probability
estimate [Si83.

Lemma 2 LetE f0;1g", andletfhg:f0;1g" ! f0;1gXgsrs be a family of 2-universal
hashfunctions of cardinality 2" with 1 k n. Then for all m Kk,

1. if JEj 2% !then

1

Prs,.::sm2:s[8x 2 E somehg, isolatesx] 1 om KL

.....

Prs;::sm2rs[8X 2 E somehg; isolatesx ] = 0O:



For our set E = S™", there is someke, Wwherel ke N, such that 2k 1 jEj 2k,
If wetake every k in therangel k n+ 1, and randomly pick m = 4n hash functions
hs,;:::;hs, :T0;1g" ! f0;1g¥, with probability 1 531? at leastfor k = ke+ 1, we would

has the property that \8x 2 E, one of h; isolatesx". Sincethere are only m = 4n hash
functions this is a SAT query. We pick the least kg such that the oracle con rms isolation.
We abort if for no k the chosenhashfunctions achieve isolation. With probability 1 53%
we do not abort, and we getkg ke+ 1. Also by the secondpart of the Lemma 2, we know
de nitely jEj 4n2. Denoteby U = 4n2ke. This is de ned with probability 1 .
Whenewer kg is de ned, U is an upper bound of JE|j. Also, with probability 1 53% Uis
de ned and it is not too far from a lower bound of jEj,

U .
— E U:

en

Letr = 2d0021="¢ gothat 1=" r < 2=". Alsor 2as" < 1. Let R = f0; 1gko+log 2 n+diog, 1="e+4
Then jRj = 4rU.

The sampling procedure can be summarized as follows: First we get an estimate U as
described above. Then, for each 1 i  3n, uniformly and independertly choosea hash
function h; : f0;1g" ! R. Now repeat the following 2'°r2n? times for ead h;: Uniformly
and independertly pick a target 2 R. Ask the SAT oracle whether it has an inverse
image from the setE = S™". SinceS is in P, this is a SAT query. If 2 h;(E), we use
self-reducibility to get oneinverseimage. This inverseimageis a samplepoint. We exit the
\rep eat" loop as soon as we obtain 4rn samples.

1. Get estimate U = 4n2ko

2. For i=1;:::;3n
3 Randomly pick hg : f0;1g" ! R with jRj = 4ruU
4. Repeat 2'%2n? times steps 5 and 6
5 Randomly pick 2 R
6 Try to find an x2 E s.t. hg(x)= using SAT
7 if found 4rn points, Goto 3 with i:= i+ 1.
Consider 3n hash functions h; hy;:::;hs, uniformly and independertly chosen. For any
suc h, de ne the random variable C to be the number of colliding pairs,
X
C= h(x)= h(y)]
fxyyg Ex6y

The expectation of C is

_ _ _ JEj 1 _JEj,
E[C] = Prih(x) = h(y)] = 2 iR < g
fxyyg Ex8y

Henceby Markov's inequality

PriC "jEj=4] %: 3



We say a point 2 R is a unique image if there is a unique x 2 E sud that h(x) =
SupposeC  "jEj=4, then there can be at most "jEj=2 many x 2 E involvedin a collision,
i.e., such that there existssomey 6 x,y 2 E, h(x) = h(y). At least(1 "=2)JE] |JEj=2
elemens of E are mapped to a unique image. Also by assumption jTj > "jEj, at least
"JEj=2 many elemerns from T are mapped to a unique image.

For eat h;, the sampling procedure will produce O(n=") points in time (n=")°®. The
probability that the procedurefails to produce any point from T is bounded by the sum of
probabilities of the following everts: (E1) One did not get a good estimate U; or else,(E2)
81 i 3n, the collision setfor h; is large: jCij "jEj=4; or else,(E3) the rst i for which
the C; is small, yet lessthan 4rn points from h;(E) are picked; or else,(E4) for this i the
rst 4rn points from h;(E) all do not produce points from T.

We have seenPr[E1] 2 3". Also, Pr[E2] 2 3" by (3).
For E3, we usethe following version of Cherno Bound:

Cherno Bound : Forany 0< p< land0< pl p), if Xi;i = 21;:::;" areiid
Bernoulli 0-1 variableswith Pr[X; = 1] = p, then
" #
X 2.
Pr Xi p : 2e 0 P ; 4)
i=1
If jCij "jEj=4, then jh;(E)j] jEj=2 U=32n, thus a target belongsto h;(E) has
probability at least jhi(E)j5jRj  za—. Thusin our case,p -, * = 29r?n2, and let

= p=2. Then a simple calculation gives

Pr[E3] 2 '™ 2e 2":

Finally for E4, for this h;, "JEj=2 many elemerns from T are mapped to unique images,
thus eat time arandom 2 h;(E) is picked, it has probability at least "jEj=(2jh; (E)j)
"=2  1=2r to give a sample point from T. (If 2 h;(T) is a unique image, then the
self-reducibility procedure with  SAT will produce a pre-image from T.) It follows that
PrlE4] (1 1=2r)*"< e 2",

Adding up all the error probabilities, we get

Pr[SO\ T = ;] 2%:
The procedureas stated will produce O(n?=") points. (This is su cien t for our Theorem1.)
Howewer, for ead hash function h; one can chedk whether the collision set C; is approx-
imately small probabilistically using SAT, and proceedto produce 4rn samplesonly for
the rst h; for which the C; is found small. The modi ed procedure producesonly O(n=")
points in (n=")°W time. This completesthe proof of Lemma 1.

5 In Search of Irrefutable Pro ofs

Let L 2 S5 bedened asin (1)(2). If x 2 L, then there exists y that beatsall z. We call
such ay anirr efutableproof w.r.t. P. Similarly if x 62 there are irr efutableproofsw.r.t. P,
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namely any z which beats all y. We have shavn that membership x 2 L is decidablein
ZPPNP  However in neither casehave we produced, in general, an irrefutable proof.

Say x 2 L, then onesimple caseis already problematic when we have a polynomial humber
of yi's and accordingto SAT there are no z that beat all thesey;'s. While this is su cien t
to concludethat x 2 L (and hencean irrefutable proofy exists), it doesnot help in locating
one such. Moreover, supposeit happensto be that mosty 2 f0;1g" beats most but not all
z 2 f0;1g" w.r.t. P, then our proof of Theorem 1 in fact will not nd an irrefutable proof
with high probability.

However, for any L 2 S5, wecan nd anirrefutable proof w.r.t. somepredicate alsode ning
L.

Theorem 3 For everyL 2 $ there is a P-time predicate Q de ning L, such that ir-
refutable proof w.r.t. Q can be found in ZPPNP 1

Given L de ned via P, de ne Q asfollows:
s - . m?
QOysittiymiziiiisizm) = 1() (1)1 Bj mPyiz) = 191> —
where x is the input to L, yi;z 2 f0;19", the length n = ixj°® is determined by P, and
m = 7n or 7n + 1, whichewver is odd.

It is clearthat Q is de ned symmetrically. Also Q denes L: if x 2 L, one can take all y;
to be an irrefutable proofy w.r.t. P. The casex 6. is symmetric.

We claim that in ZPPNP we can nd an irrefutable proof w.r.t. Q in the following strong

fijP(yi;z)= L1 i mgj> m=2 (%)

and symmetrically if x 62L.

PNP

By symmetry, we assumex 2 L, and have found out this is soin ZP . The sequence

Fork 1,Z¢isdened as:8z2 Z, let
&(2) = Gy (2) = JF IP(XY;52) = 1 ] Kkgj;
thenfor0 i Kk,
Zvi =122 Zja(2) = ig

2, =122 Zy; jP(Xy;z) = g, for = 0;1. We want to choosey = yi+1, SO that
jZ&;ij %jzk;ij, forall 0 i k. Our yk+1 will be chosenprobabilistically, and we will

Tednically ZPP"P is a language class, and thus not for searc problems. However the slight abuse of
notation is harmlesshere. The theorem says that a probabilistic P-time algorithm using SAT can nd some
irrefutable proof w.h.p. and it never producesa non-irrefutable proof.



. . . " iZL |
arguethat it satis es this condition w.h.p. In other words, let py;; = jz';:j

let px; = 1), then we require that

(if jZk;ij = 0, we

Pc;i 34 (6)

forallk Oand0 i k. Notethat Zys1;iv1 = Zi [ Z2441, i Y = Yics1-

Lemma 3 LetfZ (g« o be any sequene of partitions of Z, where each Zy; is divided into
a disjoint union Zy; = Z2; [ Z¢; and Zgsaj41 = Z4 [ Z24,,. Supmsepg; as de ned
alove satisfy (6), then

Zmo=Zm1=::= Zm;b%c: 1

where m = 7n or 7n + 1, whicheveris odd.

We will prove Lemma 3 after we complete the proof of Theorem 3 assumingthe lemma.

to eath Zy;, 0 i Kk, and probabilistically produce samplesZE;i Zyi, whereead jZE;ij
is polynomially bounded, and such that

Pr[(9y 2 f0; 1g") y beatsall Zg;i, 0 i k,yet9i,y beatsat most % of Zyi]

1

2 (k+1)

For polynomially boundedk, this is exponertially small.

Assume such y does not exist, then we can ask our SAT oracleto nd a yg+1, via self-
reducibility, that beatsall ZE;i, 0 i K. Sud yks+1 certainly existssincex 2 L, and, since
all sudh y beat at least 3=4 of Zy;, (6) is satis ed with this yx+1 forall 0 1 k. Now it

strong senseof (5). Thus exceptwith exponertially small probability O(n?=2") we nd an
irrefutable proof w.r.t. Q. One more query to SAT con rms this.

This completesthe proof of Theorem 3 modulo Lemma 3, to which we turn next. Our
proof of Lemma 3 will be probabilistic in nature. It should be pointed out that this use
of probability has nothing to do with the probabilistic construction of Zy in the proof of
Theorem 3. The statemert of Lemma 3 is completely deterministic.

We de ne an ensenble of r.v. feg(z) : 22 Zgk o wherefor each k 0, the family fe(z) :
Zz2 Zgisi.i.d. andde ned asfollows: 8z 2 Z, ep(z) = 0,andif e(z) = i theneg+1(2) = i1+ 1

asfollows: For0O i Kk,
Zii=1z22Zje(2) = ig
We can shaow that
Claim: The expectation EjZy.ij = jZyj, forallk OandO0 i k.

To prove this claim, we induct on k, the casek = 0 being trivial. Supposethe claim holds
forkandforall 0 i k. Considerk+1andl i k+ 1. The caseEjZy+1:0] = jZk+1 0]
follows from the rest, and the fact that the total cardinality is 2".
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P
Denoteby E | the expectation takenw.r.t. stagesup to k. SincejZi+1:ij = 7 (2271001 4]
it followsthat, for 1 i k+ 1, ’

X
EiZk+;il = E[ [222k+1;i]]
227 .
X h i
= B 2241 22zuail T 1222 1] [22Zi ]
%‘n  h i h i 0
= Ex oz @ PaidtE w oz, g (Pai 1)
227

= (1 pci)E «Zkij* pci 1E kjZki 1)
= @ pei)iZiil *+ Pei 102k 1
= JZxs1l

We next de ne a secondensenble of r.v. f¢(z) : z2 Zgk o, where again, for xed k O,
the family fc.(z) : z2 Zgisi.i.d. and de ned simply ¢§the sum of k Bernoulli independert
0-1 variables with p = 3=4. More formally, ¢ (z) = jkzl lj(z), wherel(z) arei.i.d. 0-1
variableswith Pr[l;(z) = 1]= 3=4. Then Z = fZy¢;:::;Zy9 is de ned:

Z=1222jg(2) = ig

We can \realize" Zy via Z, by a \nibbling" process. Note that cy(z) = 0, and ¢4 (2) =
C(z) + 1(z). Dene athird ensenble fc, (z) :z2 Zgk o via g (z) asfollows: cy(z) = O,
and ¢, (2) = ¢(2) + Ik(z) + , wherethe \nibble" isa 0-1r.v. dependert on ¢, (z) and
lk(z): If Ix(z) = 1then = 0,if Ix(z) = 0, andi = ¢ (z), then = 1 with probability
4p;;  3,and = Owith probability 4(1 py;). Notethat 0 4pc; 3 1. Givenc(2),
the combined e ect of I (z) + is a Bernoulli 0-1 variable taking value 1 with probability
exactly py.i, independert for every z.

Thus ¢, (z) has exactly the samedistribution as €(z). While &(z) is independert from
¢(2), ¢.(2) is highly correlated with ¢,(z): 8z; 8k,
%« (2)  «(2):
Thus, 8z;k; ",
Priec(z) 1= Pric(z) 1 Pric(z) I
For ¢, (z), the Cherno bound (4) appliesdirectly. Thusif m  7n and odd, wetakep = 3=4
and = 1=4 then a short calculation gives,

(82) Pr{c.,(2) b%c] 2e &N

Thus,
K © % © X %° X m ,
iZmij= EjZmij = Pr{z2 Zmil= Priem(z) bic] "tle &N < 1:
i=0 i=0 227 i=0 227

But the cardinalities of the setsZy,;; are all non-negative integers, we must concludethat

Zmo= Zm1= 0= Zmppe = 5
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6 An Implication for Karp-Lipton

There has beena lot of work on the generaltheme inspired by the Karp-Lipton Theorem.
For example, Mahaney [M80] showed that if the sparseoracle is itself in NP (i.e., NP has

?—complete, not just ?—hard sparseset) then PH collapsesto 2 Long [L082] extended
this to co-sparseoracles. Arvind et. al. [AKSS95] showved that under the sameassumption
asin Karp-Lipton that SAT hassmall circuits then MA = AM. (See[HMO92] for a survey.)

SupposeNP haspolynomial sizecircuits. The Karp-Lipton Theoremsaysthat the Polynomial-
time Hierarchy collapsesto 2\ g Sengupta[Se0Q pointed out that the sameproof col-
lapsesthe Polynomial-time Hierarchy to S). To seethis we recourt the \b ook" proof, but
this time phraseit in terms of proversY and Z. We only needto show that ‘2’ $ then
it followsthat 5 S 5 and hencethey are all equal.

Let L beany languagein 5. Thereis anormal form L = fx j (8Py)(9P2)[P(x; Y; 2)]g, where
P is a P-time predicate. By Cook's Theorem, without lossof generality we can assumethat
it takesthe form

L=1fx]j(8Ps) xs 2 SATIg;

where s is a booleanformula computable in P-time from x and s. Let the sizeof .5 be
bounded by p(jxj) for somepolynomial p( ).

Now to shav membership in Sg we receive two strings y and z, from provers Y and Z
respectively. We expect the string y to be a poly-size circuit for formulae of size up to
p(jxj). For a pair (y;z) we acceptif and only if the circuit y says the booleanformula .,
is satis able and by self-reducibility produced a satisfying assignmem which satis ed it.

We note that there exists a relativized world where the Karp-Lipton Theorem cannot be
improved to PNP [H86, W85].

If one substitutes the predicate P in the de nition (1)(2) of S5 by a predicate computable
in NP\ co-NP, we get the class S;[NP \ co-NP], and we can still prove the inclusion
SIINP\ co-NP]  zPPNP. Clearly S5  S;[NP\ coNP]. It is open whether any of the
following containments

S SJ[NP\ coNP] zpPPWP

is a proper corntainment. We note that under suitable hardnessassumptionsone can prove
PNP = BPPNP (see [KvM99]) and thus under these assumptions the above classesall
collapseto PNP.
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