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Abstract

We investigate a natural combinatorial optimization probl em called the Label Cut problem.
Given an input graph G with a sources and a sinkt, the edges ofG are classi ed into di erent
categories, represented by a set dhbels The labels may also have weights. We want to pick
a subset of labels of minimum cardinality (or minimum total weight), such that the removal
of all edges with these labels disconnects and t. We give the rst non-triﬁial approximation
and hardness results for the Label Cut problem. Firstly, we gpesent anO(" m)-approximation
algorithm for the Label Cut problem, where m is the number of edges in the input graph.

Secondly, we show that it is NP -hard to approximate Label Cut within 218" =" “"n oy
any constant ¢ < 1=2, wheren is the input length of the problem. Thirdly, our techniques can
be applied to other previously considered optimization prdlems. In particular we show that
the Minimum Label Path problem has the same approximation hadness as that of Label Cut,
simultaneously improving and unifying two known hardness esults for this problem which were
previously the best (but incomparable due to di erent complexity assumptions).

1 Introduction

In many graph optimization problems, it is natural to associate edges withlabels(or colors) which
partition the set of edges into categories. There are severa&lassical optimization problems consid-
ered under this model, such as the Minimum Label Spanning Tre problem [3, 6, 14, 19] and the
Minimum Label s-t Path problem (Label Path, for short) [4, 14]. In this paper we consider the
Minimum Label s-t Cut problem (Label Cut, for short), in which we are asked to pick labels at
minimum total cost to disconnect a sources and a sinkt by removing edges from the graph whose
labels are picked. The Label Cut problem is a natural generdtation of the classical Minimum
s-t Cut problem, in the sense that every edge in the latter has a umue label. We give the rst
non-trivial approximation algorithm as well as prove hardness results for the Label Cut problem.
This problem is also a generalization of the Minimum Set Cove or Minimum Hitting Set problems.
In fact it can be considered as a version of the Minimum Hitting Set problem where the collection
of sets to be \hit" is implicitly represented (and could be exponentially many).

This problem is su ciently natural that it can appear in many contexts. We came across this
problem from the work of Jha, Sheyner and Wing [15], and of Shger, Haines, Jha, Lippmann,
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and Wing [23, 22] in computer security, in particular on intrusion detection and on generation
and analysis of Attack Graphst. In this application, an attack graph G has nodes representing
various states, and directed edges representing state traitions and are labeled by possible \atomic
attacks". A pair of special nodess andt are also given representing the initial state and the succes
state (for the intruder). To disable an \atomic attack” incu rs some cost (a unit or a wighted cost).
Then the computational task is to nd a subset of \atomic atta cks" of minimum cardinality (or
of minimum total weight), such that the removal of all edges labeled by these \atomic attacks"
disconnectss and t. This is precisely the Minimum Label Cut problem.

Formally, an instance of the Minimum Label Cut problem consists of a graph G = (V;E)
(directed or undirected) with one source nodes 2 V and one sink nodet 2 V, and a label (or color)
setL = f1;2;:::;09. Each edgee 2 E has a unique labell(e) 2 L, but di erent edges may have
the same label. Each label 2 L has a nonnegative weightw(l). A subsetL? L of labels is called
a label cutif the removal of all edges of labels in_° disconnectss and t. The problem asks to nd
a label cut L%such that the total weight of L%is minimized.

1.1 Related Works

In [15] it was observed that Label Cut is NP -hard by reducing Minimum Hitting Set to it.

There is a simple duality between Minimum Hitting Set and Minimum Set Cover. It is well
known that Minimum Set Cover has a greedy polynomial time (1 + log,jUj)-approximation al-
gorithm, where jUj is the size of the underlying set. The same algorithm can be tnslated
to Hitting Set by duality. In [15] the authors express the Label Cut problem as an implicit
Minimum Hitting Set problem, and then translate the Set Cover algorithm to get an approx-
imation algorithm. This implicit Minimum Hitting Set probl em is as follows: LetD = fLO j
LOis the set of labels appearing on a path frons and tg. This is the set to hit. A set of labels is
a label cut i it intersects every L°2 D. The approximation algorithm for Set Cover translates to
an approximation algorithm for Label Cut with approximatio n guarantee of 1 +InjDj.

However, as observed by Jha, Sheyner and Wing [15[j is typically exponentially larger than
the input size (number of edges inG). Since the removal ofall edges is certainly a feasible solution
to Label Cut, the worst-case approximation ratio 1 + In jDj is useless. (There is an additional
problem. This concerns the need to compute in polynomial tine the next \greedy" step in the
approximation algorithm for Set Cover. For implicit Minimu m Hitting Set, we would need to nd
the next label which \hits" the most remaining paths from s to t, and it is not known how to do
this in general. The authors in [15] consider special caseshare this is feasible.)

We mention another problem, dual to Label Cut, called the Label Path problem. Given an
edge-labeled graph, the Label Path problem nds ans-t path with minimum total number of labels
on the path. Label Path is NP -hard by a reduction from 3SAT. Broersma et. al. [4] devised wo
exact exponential-time algorithms for the Label Path problem, with respective running times of
O(n minfg®; 29g) and O(n?q!), where d is the s-t distance. Through an approximation preserving
reduction from the Red-Blue Set Cover problem [5], Wirth [24, Theorem 2.16] proved that unless
NP  DTIME (nPoY°a(M) | abel Path can not bepapproximated within ratio O(2'°9" M). Very
recently, Hassin, Monnot and Segev [14] gave a®(" n)-approximation algorithm for the weighted
Label Path problem, and an approximation hardness resultO(log* n) (for any xed k 1) for the
problem assumingP 6 NP . Notice that the two hardness results for Label Path are inconparable.

Minimum s-t Cut is solvable in polynomial time. On the other hand, a genearlization called
the Multicut problem, asks for edge removals to disconnect agiven set of source-sink pairs at

{We are indebted to Jeannette Wing who gave an overview talk on their interesting work at Tsinghua University.



minimum cost, is NP -hard even for trees [13]. The relationship between the Muitut problem and
the Shortest Path problem is very sim&lar to that between Label Cut and Label Path. Multicut can
be approximated within a factor of O(" n) in directed graphs [11], a factor ofO(log k) in undirected
graphs [12] (wherek is the number of source-sink pairs), and a factor of 2 in treeg13]. It seems
that to prove approximation hardness of Multicut is di cult , and the only known hardness results

of Multicut are logarithmic in directed graphs [8] and a congant factor in undirected graphs [7, 17].

1.2 Our Results

In this paper, we give the rst n8n-trivial approximation an d hardness results for Label Cut. Firstly,
we give a polynomial time O(" m)-approximation algorithm, where m is the number of edges in
the input graph. The idea of the algorithm is that we rst make the graph sparse by picking labels
at appropriately inexpensivecost, and when the graph is su ciently sparse we directly conpute
a minimum s-t cut in the resulting graph. The solution to the problem is then the set of labels
picked in the rst stage and the labels in the minimum s-t cut computed in the second stage. We
use ideas and results of [14, 18]. We also extend the algorith to deal with related cut problems
in edge-classi ed graphs, such as Label Multicut, Label Muliway Cut, and Label k-Cut.

Secondly, on approximation hardness, we show that Label Cutan not be approximated within

glogh =190 "M n o any constant ¢ < 1=2 unlessP = NP, where n is the input length of the
problem. We prove this by a gap-preserving reduction from the Label Cover problem, for which
Dinur and Safra [10] proved such a hardness result. The proak ultimately based on a reduction
from the PCP theorem. Our method of the reduction also gives he same approximation hardness
for the Minimum Label Path problem as that of Label Cut, thus simultaneously improving and
unifying two known hardness results [14, 24] for this problen which were previously the best (but
incomparable due to di erent complexity assumptions as disussed in Section 1.1).

The proof of hardness for Label Cut and Label Path relies on @ ingredients. Firstly we

show that the approximation hardness 229" =" " n (under complexity assumption P 6 NP ) is
preserved even for a special type of instances of Label Coyein which the two parts of an input

bipartite graph have the same number of vertices. Secondlywe show that the mapping relation
between labels in the Label Cover problem can be representdany some sub-structures in the Label
Cut (resp. Label Path) problems, and thus the cut requiremert in Label Cut (resp. the connectivity

requirement in Label Path) is equivalent to the edge-covemg requirement in Label Cover.

2 An O(p m)-Approximation Algorithm for Label Cut

Minimum s-t Cut can be solved in P. If a graphG does not have many edges, it also has ast cut
without many edges. Consequently it also has a small label du Our plan is to successively remove
edge sets which are relatively large, yet de ned by small lakl sets. When the graph becomes
su ciently sparse we can directly remove the minimum s-t cut and its corresponding label set.

To do this we consider the Budgeted Maximum Coverage problen{BMCP, for short). We are
given a ground setU, a collection S of subsets ofU, and a budgetB. Each subsetS; 2 S has a
nonnegative weight. The problem is to nd a sub-collection S° S such that the total weight of
S%is at most B and the number of elements inU covered by S%is maximized. This problem can
be approximated in polynomial time within a factor of 1 % [18].

Now we give a detailed outline of our approximation algorithm for Label Cut. Denote by
w(L9 =" |, ow(l) the total weight of labels from a label subsetL® L. Let m = jEj andL L
be an optimal solution to Label Cut. We aim for an m1=2-approximation of the optimal solution,



i.e., we want to output a label cut L® L such that w(L%) m™¥™ w(L ).

We start with an estimate on the optimum OPT = w(L ) of the Label Cut instance, such
that OPT < 2 OPT. We try a sequence of as guesses (see Theorem 2.1). Suppe we have
a correct . Starting with Hg = G, we will perform a sequence of edge removal operations. This

edges. Each step also produces a subset of labels;. The nal output is the union of all these L;.
At step i, we are givenH;. Keeping only edges inH; with label weight > (and delete
others) de nes a subgraphH?. Suppose thatG is undirected, then we nd connected components
of H® For directed G we nd strongly connected components ofH2 Then we merge the nodes

from H; within each (strongly) connected component de ned above toobtain H; . Edges within a
component disappear. Other edges remain; in particular betreen the merged nodes there may be
multiple edges inH; . All edges retain their labels, and all label weights inH; are

If OPT , then vertices s andt remain distinct in H; ; otherwise ans-t path using only edges
of weight > exists which has no intersection with the cut of total weigh t OPT

Now we use a Max ow-Mincut algorithm to nd the minimum cut si ze ¢ = jmincuty, (s;t)j of

H; . Here each edge irH; counts as one, and multiple edges count with multiplicity. If ¢~ m¥2,
then we nd a minimum cut of H;, and use all labels on this cut. This is ourL;, and with this
we terminate with m®= i. Note that all edges ofH; of labels in L; also form a cut in H;. Now
supposec; > m 12, We consider the following instance of BMCP where the groundset is the
set of all edgesk (H;) of the graph H;, and the collection of subsetsS in BMCP consists of all
S =fe2 E(Hj)jl(e)= Igforl 2 L, and where the weight ofS; is w(l). We apply the polynomial
time approximation algorithm [18] on this instance for budget to get a sub-collection S° S .
Then we use all labels coming fromS®as ourL; in this case. We claim that the edge set 2L, S
corresponding toL; has cardinality at least %mlzz (see Lemma 2.1).

This gives the approximation algorithm for Label Cut, as presented by Algorithm A below. For
any subsetE? E, let L(E9 denote the set of all labels inE°

Algorithm A
leti 0,Ho G. Dene HJandH, as described above.
2. while jmincuty. (s;t)j > m 1=
a. Construct a BMCP instance | ° as follows: the ground setU = E(H;), the collection S
consists ofS; = fe2 E(H;) j I(e) = Ig with weight w(l) for every | 2 L, and the budget
B=.
b. Approximately solve | %and let E; be the set of covered edges.
c.let Ly L(Ej), Hisa HinE;. Dene HY; and H,,, as described above.

=

d. leti i+1.
3. endwhile
4. let L; L(rrgncutHi (s;1)).
5. return L%= 7, L;.

Let m®be the number of iterations of step 2, i.e.m%equals the value ofi when step 2 terminates.
Lemma 2.1 For Algorithm A, if OPT . then m%< 2m1=2,

Proof: Suppose that an optimal solution to the Label Cut instancel is L L with total weight

OPT= w(L) ,andthat E E(G) is the set of edges corresponding to the label subsét .
In each iteration of step 2, E \ E(H,) is a feasible solution to the BMCP instancel ¢ since the
total weight of labels in E \ E(H; ) is at most w(L ),

W(L(E \ E(H))) w(L)
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A crucial observation isthat E \ E(H;) E \ E(H;)is also ans-t cutin H;. This is because
any s-t path in H; can be extended to ans-t path in H; by appending only edges of label weight
> . The path in H; must intersect E \ E(H;), but all edges in E have label weight
therefore the s-t path in H; must intersect E \ E(H,).

So, we know that

JE \E(H;)j j mincuty (s;t)j >m '

By the work of [18], we know that E; from 2.b. covers at least (1 %)OPT emce (19 edges,
where OPTgucp (19 is the optimum of instance | © So in each iteration of step 2 at least

1 1. . 1 .-
(1 E)OPTBMCP(I% (1 E)JE \ E(H;)j> Eml_z

edges are removed fronH;. Since there are at mostm edges in total in graph Hg, it follows that
the number of iterations m®< 2m1=2, g

Theorem 2.1 The Label Cut problem can be approximated within a factor o©(m*2) in polyno-
mial time, where m is the number of edges in the input graph of the problem.

Proof. Let wni, denote the minimum (nonzero) label weight. Then we knowwni, OPT  w(L).
We try Algorithm A with =2 ¥ wy, for every k = 0;:::;dog, %e, where is used as an
estimate of OPT. Let k be such that

21 Wpin < OPT 25 Wpin:
Then for the guess =2 K wmin, we have
OPT < 2 OPT:

With this , we know that the number of iterations m%< 2m'2 by Lemma 2.1. Moreover,
when step 2 terminates,jmincuty _ (s;t)j is at most m*=2, implying that

w(Lmo) | mincutho(s;t)j maxfw(l):1 2 L(E(H0))9 m1?

Thus the total weight of the output LC%is at most

1=2

m®+ w(Lgmo) 2m + m¥¥? = o(m¥?) OPT:

We note that, from the label set L o derived from mincuthO(s;t), all edges of labels fromL 0
in Hmo do constitute an s-t cut in Hyo, and therefore the output L%is an s-t cut in G.

Finally, for every k, we run Algorithm A. (We never run beyondm® 2m¥2, and verify each
time s and t remain distinct in the merging operations; if these are unsés ed then we go to the
next .) Among all tries with di erent we pick the label subs et with minimum total weight as
our nal solution. g

Our method here can be extended to deal with other cut problers in the edge-classi ed graph
model, such as Label Multicut, Label Multiway Cut and Label k-Cut e.t.c. (we call them generally
Label -Cut problems below). Algorithm A can be generalized to deal with each of them by
replacing the minimum s-t cut computation in step 2 with a known approximation algorit hm for
the corresponding (NP -hard) unlabeled problem. If the approximation ratio of the algorithm for
the unlabeled problem is , we can show that the approximation ratio of the modi ed algorithm
A is O((m )¥2). For the problems Multicut, Multiway Cut and k-Cut in undirected graphs, we
know that are O(log k) [12], 1.3438 [16], and 2 [21], respectively. The proof of Tédorem 2.2 is
omitted here due to space limit and is given in the Appendix.
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Theorem 2.2 The Label -Cut problem can be approximated within factor ofO((m )¥) in poly-
nomial time, where m is the number of edges in the input graph and is the approximation ratio
of the existing approximation algorithm for -Cut.

3 Approximation Hardness for Label Cut

In this section we prove that it is NP -hard to approximate the Minimum Label Cut problem
to within 209" *” " We do this by reducing the Minimum Label Cover problem to Label Cut.
The Minimum Label Cover problem (Label Cover, for short) was implicit in [20] and rst formally
de nedin [1]. Label Cover is one of the six canonical intracable problems in terms of approximation
introduced by Arora and Lund [2]. The current best known approximation hardness result for Label
Cover is due to Dinur and Safra [10], which states that the prdolem is NP -hard to approximate
within 2108" 7" n tor any constant ¢ < 1=2.

In the Minimum Label Cover problem, we are given a bipartite graph G = (U;V;E) where
E U V, two sets of possible labelB; and B, for vertices in U and V respectively, and a
relation E B;1 By that consists of admissible pairs of labels for each edge2 E. A labeling
is a pair of functions (P1;P») that assigns a non-empty set of labels to every vertex inU [ V,
where P:U ! 281 and Po:V I 282 |t is said to cover an edgee = (u;V) (where u 2 U and
v 2 V) if for every label b 2 P,(v) there is some labela 2 P(u) such that (e;a;h 2 . The
b—cost of a labeling is thel; norm of the vector (jP1(u1)j;:::;jP1(uUjuj)j), that is, the total number

aw2u JP1(u)j of labels assigned to vertices inU by function P; counted with multiplicities. A

total-cover (a solution) of G is a labeling that covers all the edges inG. The problem is to nd
a total-cover with minimal |;-cost. We always implicitly assume that the only instances ve shall
consider for Minimum Label Cover are such that a total-cover exists (see [2], p403, line 8).

Dinur and Safra [10] proved the approximation hardness resi 2l0g" °@n for | abel Cover via a
reduction from the following version of the PCP Theorem.

Theorem 3.1 ([9]) Let = f 1;:::; nhgbe asystem of local-tests over variable$ = fXy;:::;Xnog
such that each local-test depends ob = loglog®n variables (for any constantc < 1=2), and each
variable ranges over a eldF wherejFj = O(2/°9" *°®®'my |t js NP -hard to distinguish between
the following two cases:

Yes: There is an assignment to the variables such that all;;:::;  are satis ed.

No: No assignment can satisfy more thanjFij fraction of the j's.

1 1=loglog ¢ n

De ne gc(n) = 209 " Dinur and Safra proved that

Theorem 3.2 ([10]) Let be a local-test system de ned in Theorem 3.1. Then an instarel =
((U;V;E);B1;B»; ) of Label Cover can be constructed from in polynomial time such that for
any constantc < 1=2,

(Soundness) is satised =) OPT(Il) = jUj, and
(Completeness) No assignment can satisfy more thalﬂzz—j fraction of =) OPT(Il) > gjUj;
where g = gc(jl j) and OPT(1) denotes the optimum of Label Cover on the instance.

We shall prove the approximation hardness of Label Cut via a @p-preserving reduction from
Label Cover. For succinctness, denote byE(v) E all edges that are incident to v, and by
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N(v) U all endpoints of edges inE(v) that lie in U, i.e., N(v) is the neighborhood of vertex
v. Without loss of generality e assumejN (v)j 1 for all v2 V. Similarly every u is in some
neighborhoodN (v), i.e., U= 5y N(v). Let us begin with a simple lemma about labels inB.

Lemma 3.1 For any vertexv 2 V and labelb2 By, if there is a vertexu 2 N (v) such that for all
a2 B, ((u;v);a;b) 62 , then vertexv can not be assigned with labeb by any solution.

Proof:  The proof is straightforward. If vertex v is associated with labelb by some solution
(P1;P>), since (P1; P2) must be a total-cover, we know that every vertexu 2 N (v) has a mapping
((u;v);a;b 2 for some a2 Bi by the cover condition, contradicting the condition in the | emma.
[

If a label b 2 B, satis es the condition in Lemma 3.1, we say this labelb is excluded(by the
vertex v). A label bis non-excluded(by the vertex v) i for all u 2 N (v) there exists some label
a2 By, such that ((u;v);a;b 2 . Since we only consider instances where a total-cover exis, we
must have for everyv, it has a non-empty set of non-excluded labels.

The following lemma gives a transformation on the instancesof Label Cover, which is useful
for the gap-preserving reduction from Label Cover to Label Git.

Lemma 3.2 Without loss of generality, we may assume that instances ofdbel Cover satisfyjUj =
jVi.

Proof: Take any instancel = ((U;V;E);B1;B>; ) of Label Cover. We apply a transformation
on |, which was originally introduced in [2, p. 413] (for the maximum version of Label Cover), to
obtain an instancel %= ((U%VCE9;B1;B,; 9 of Label Cover. U%consists ofjV| copies ofU, and
VO consists ofjUj copies ofV. It is obvious that jUY = jVv§ for the new instancel © The edge set
E%in 19 consists of copies o between each new pair of copies of) and V. The relation Cis
constructed by duplicating accordingly.

If | has a labeling @1;P2) with 1;-cost equal to jUj, then | ° has a labeling with I1-cost jUY,
since we can get a labeling fol © by duplicating (P1;P»). Conversely, if every labeling forl has
l1-cost > gjUj, then every labeling for 19 has I;-cost > gjUY. Suppose not. Ifl1°has a labeling
(PP P9) with I1-cost  gjUY, then we can get a labeling for each copy ob) and V by restricting
(P$; PY) on that copy. Picking the copy of U with the minimum |;-cost, together with any copy of
V gives us a solution tol with I;-cost  gjUj. That is, for instances | and | °we have

OPT(1) = jUj
OPT(1) > gjUj

)  OPT(19=jus;
)  OPT(19 > gjus:

By adjusting the arbitrary constant ¢ < 1=2, g = g.(n) can absorb any polynomial increase in
n. The Lemma follows. g

Lemma 3.3 There is a polynomial-time gap-preserving reduction from Label Cover to Label
Cut that transforms any instance | = ((U;V;E);B1;B»; ) of Label Cover to an instancel® =
(VOEY;s;t;L) of Label Cut, such that,

OPTcover (1) = jUj =)  OPTcur (19 j Uj+jVij;
OPTcover (1) >gjUj =) OPTcur (19 >gjuj+ jVj;

where OPT cover () (resp. OPTcut () returns the optimum of any instance of Label Cover (resp.
Label Cut).



Figure 1: GadgetG,., for vertex v2 V and labelb2 B

Figure 2: GadgetG, for vertex v2 V

Proof:  Given an instancel = ((U;V;E);B1;B>; ) of Label Cover, the instance 1°= (G%s;t;L)
of Label Cut is constructed as follows. For every vertexv and non-excluded labeb, there is a gadget
Gy:p, as shown in Figure 1.G,., consists of a series of parallel chains, each of which corpsnds to
an edge (1;v) 2 E(v). For such an edge (; V), suppose that the set of labels mapped td 2 B, by

bis a non-excluded label byv, for every neighboru 2 N (v), this number p 1. This p depends on
v;band u. Note also that jN(v)] 1 as noted earlier.) Then inG,, the chain corresponding to
edge ({1;v) contains p consecutive diamonds, with theith diamond (1 i p) having label (u; &)

for its two top edges, and label {; b) for its two bottom edges (see Figure 1). All other chains are
constructed in the same manner, one chain for eaclh 2 N (v). The dashed lines (hot belonging to
the graph) at the two ends of G,.;, mean that the ends of each chain are merged.

Next, a gadgetG, for every vertexv 2 V is constructed by linking several gadgetsG, ., together,
where each gadgeG,., corresponds to a non-excluded labeb by v (see Figure 2.) Note that only
Gy:p for non-excluded labelsb for the vertex v appear in Gy. Its number is at least one but j Bjj.
(In Figure 2 for notational simplicity we assume that for the given example ofG,, all jB,j labels are

a series of parallel gadget$s, for every vertex v 2 V. All the heads of gadgetsG, are merged into
one vertex, that is, the source vertexs, meanwhile all the tails of gadgetsG, are merged into one
vertex, that is, the sink vertex t. The label setL contains all labels of the forms (1;a) and (v;b)
used in the construction. Every label in L has unit weight. Since each diamond ofG° corresponds
to a tuple of , we know that 1°can be constructed in polynomial time.

Suppose P;;P,) is an optimal solution to the Label Cover instance | whosel;-cost is jUj.



For any v 2 V, since P,(v) is non-empty, there exists someb 2 P,(v). This b is obviously a
non-excluded label, by the de nition of a solution in Label Cover. So {;b) is a label in L. Now
we pick the label (v;b). Next, for all u 2 U, pick all labels (u;a) for a 2 P ;(u). Since thel;-cost
of (P4;P5) is jUj, this counts jP, (u)j for dierent u 2 U with multiplicity, it follows that we have
picked a total of jUj + jVj labels from L. We claim that removing all edges with the picked labels
disconnectss andt in G% This is equivalent to disconnecting everyG,. Fix any v 2 V. We consider
the picked label (v;b), and show that the gadget G,., is disconnected. This in turn is equivalent
to disconnecting every chain inG,.p, one chain for eachu 2 N (v). Consider such a chain de ned
by a particular u 2 N (v). Since all edges labeled\(; b have been removed, we just need to prove
that at least one diamond has been completely removed. Supe there arep diamonds, where the

Figure 1). Since P;;P,) is a total-cover, forsome 1 i p, & 2 P;(u). But we did pick labels
(u;a), for all a2 P, (u). It follows that OPT cyr (19 j Uj+ jVj.

Now we prove the second part of the lemma by its contrapositie. Suppose the optimum of
the Label Cut instance | %is  gjUj + jVj, and an optimal solution is L L. For clarity let us
call a label in L of the form (u;a) a u-label, and a label of the form (v;b) a v-label Denote by ny
(resp. ny;) the number of u-labels (resp. v-labels) in L . Since G® consists ofjV| subgraphsG, in
parallel, the removal of edges with labels inL must disconnect eachG,. By construction of Gy
as a chain ofG,, it must disconnect someG,., and therefore must pick at least onev-label (v;b)
for every v 2 V. This de nes our assignmentP, onV, andn,; j Vj. Next we de ne P, on U as
follows: P1(u) = faj (u;a) is a picked u-label in L g. Sincen,; | Vj, it follows that ny,  gjUj.
SinceL disconnectsGy., for every u 2 N(v), L must include a%least oneu-label (u;a) such
that ((u;v);a;b) 2 . In particular P1(u) is non-empty. SinceU =,y N (v), this is true for all
u 2 U. This also shows that (P1;P>) is a solution to the Label Cover instancel . Sinceny  gjUj,
we know that the |;-cost of (P1;P2) is gjUj. This completes the proof of the contrapositive. g

Theorem 3.3 For any constant ¢ < 1=2, the Label Cut problem can not be approximated within
2logh 17%9%¢ "M n iy holynomial time unless P = NP, where n is the input length of the problem.

Proof. Given any Label Cover instancel, rst we apply the transformation presented in Lemma

3.2 to get an instance P = ((U;V;E);B1;B>; ) of Label Cover such that jUj = jVj. Denote
by m the length of the Label Cover instancel, and by nm the length of the Label Cut instance
19= (G%s;t;L) generated by the reduction in Lemma 3.3 on instanceP. By Lemma 3.3, the
gap between the two cases in the lemma is at leagy=2, whereg = g.(m). By Theorems 3.1 and
3.2, it is NP -hard to approximate Label Cover within ratio g.(m) for any constant ¢ < 1=2. Since
essentially the edges (together with their labels) inG°re ect the relation , we know that m m¥

for some positive constantk, i.e., m 7. So we have that it is NP -hard to approximate Label

Cut (instances generated by the reduction of Lemma 3.3) within ratio g.(m)=2 for any constant
c < 1=2. This implies the approximation hardnessgw(m) of Label Cut for any constant c® < 1=2

under the complexity assumptionP 6 NP (the coe cient 1 =2 and exponential =k can be absorbed
in the exponent of the hardnessgeo(m)). g

4 Approximation Hardness for Label Path

The Minimum Label Path problem has been well studied before 24, 14]. The instance of the
problem is the same as that of Label Cut. The goal of the problen is to nd an s-t path P with
minimum total weight of labels that appear on P. We show that the approximation hardness of

Label Path is 209" ' “"n for any constant ¢ < 1=2 under the complexity assumptionP & NP .
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This simultaneously improves and uni es two known hardnessresults for this problem which were
previously the best (but incomparable due to di erent complexity assumptions). The previous
results were (a) it is NP -hard to approximate Label Path within factor log “n for any xed k 1
[14], and (b) Label Path can not be approximated within O(2'Ogl M) for any constant > 0O unless
NP  DTIME (nP°Yd(n)) [24]. In both of these two hardness resultsn denotes the number of
vertices in the input graph.

We prove the approximation hardness for Label Path via a gappreserving reduction from Label
Cover that is similar to that from Label Cover to Label Cut giv en in Section 3. The reduction
uses two types of gadgets’js;b and G9, which are transformations of the two gadgetsG,., and Gy
(see Figures 1 and 2) used for Label Cut. According to the conguction of the gadgets GS;b and
GY and the designation method of labels to edges in the gadgetshe connectivity requirement in
the Label Path instance generated by the reduction is equivient to the edge-covering requirement
of the given Label Cover instance. Again, the proof (includng the reduction and the gadgetst};b
and GO) of Theorem 4.1 is omitted here and is given in the Appendix.

Theorem 4.1 For any constant ¢ < 1=2, the Label Path problem can not be approximated within
glogh 17%9% "M n iy holynomial time unless P = NP , where n is the input length of the problem.

5 Conclusions

We introduce and study the Minimum Label Cut problem in the edge-classied graph model,
which is the labeled (or colored) version of the classical mmimum s-t cut problem. We present a
polynomial time approximation algorithm for Label Cut with performance ratio O(" m), wherem
is the number of edges in the input graph. We show that unles® = NP Label Cut can not be
approximated in polynomial time within a factor of 299" =" n for any constant ¢ < 1=2, where
n is the length of the instance of Label Cut, via a gap-preservig reduction from the Minimum Label
Cover problem. Our method of the reduction also gives a stroger approximation hardness result
for the Minimum Label Path problem, improving and unifying t he best previously known hardness
results [14, 24] for this problem. It remains an interestingproblem to improve the approximation
algorithm as well as to improve approximation hardness reslis (say, n -hardness) for Label Cut
and the related problems.
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Appendix

Proof of Theorem 2.2

Proof: We modify Algorithm A such that it is suitable to deal with Label -Cut by replacing the
minimum s-t cut computation in step 2 by an existing -approximation algorithm (call it algorithm
B), for the corresponding unlabeled -Cut problem. Denote by ¢ the capacity (i.e., the number of
edges in our setting) of the -cut returned by algorithm B on graph H; . Step 2 of Algorithm A is
replaced by

2. while 6 = jB(H;)j > (m )¥2.

Denote by ¢ the optimum of -Cut on the instance H;. Since algorithm B returns a -
approximation on H; , we know that ¢ ¢ > (m ), i.e., we have

G > (m= )"

Recall that E E(G) is the set of edges corresponding to an optimum solutiorL L of
Label -Cut. SinceE \ E(H;)isa -cutfor H; ,we havejE \ E(H;)j ¢ > (m= )2, Moreover,
sinceE \ E(H,;) is also a feasible solution to the BMCP instancel 0 for the edge subsetE; we
have

Ej (L DOPTeuce (19 (L DJE \ E(H)i> 2(m=)*>

So we know that the number of iterations of step 2 of the modi ed Algorithm A is at most

m

K=y =AM

By the guess technique used in Theorem 2.1, there is a try of #h modi ed Algorithm A whose
output satis es that

W([ Li) 2m ) +( m)*? = O(m )?) OPT;

completing the proof of the theorem. g
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Figure 3: GadgetGJ,, for vertex v 2 V and label b2 B>

Proof of Theorem 4.1

Proof: We prove the theorem via a gap-preserving reduction °which transforms any Label Cover
instance | = ((U;V;E);B1;B>; ) to a Label Path instance 1°= ((V2E9;s;t;L) in polynomial
time. First we give the reduction °

Given an instancel = ((U;V;E);B1;B>; ) of Label Cover, the instance 1= (G%s;t;L) of
Label Path is constructed as follows. For every vertexv 2 V and non-excluded labelb, there is a
gadget GS;b (see Figure 3). GS;b consists of a series of consecutive subgraphs, with each dfem
corresponding to an edge ({;v) 2 E(v). For such an edge (;v) 2 E(v), suppose that the set of
labels mapped tob2 B, by is faj;ap;::i;a,g Bi. (Sincebis a non-excluded label byv, we
know that for every neighbor u 2 N (v), this number p (depends onv;b and u) is at least 1. Note
also that jN(v)] 1 as discussed in Section 3.) Then the subgraph correspondjrto edge (;Vv)
contains p parallel paths of length 2 (for clarity, we call each such pah a rung), with the ith rung
(3 i p)having labels (u;a;) and (v; b) for its two consecutive edges (see Figure 3). All other
subgraphs are constructed in the same manner, one subgrapbrfeachu 2 N (v). The dashed lines
(not belonging to the graph) at the two ends of the paths mean hat for each subgraph the ends of
the paths are merged.

Next, a gadget G0 for every vertex v 2 V is constructed by stacking up several gadget@f,’;b
with each of them corresponding to a non-excluded labeb by v (see Figure 4). Note that only
GS;b for non-excluded labelsb for the vertex v appear in GO. Its number is at least one but j Bjj.
(For notational simplicity we assume that for the given example of G0 in Figure 4 all jB,j labels
are non-excluded labels forv.) Finally, the graph G%= (V®E9 consists of a series of consecutive
gadgets G (in arbitrary order) for every vertex v 2 V. The left end of the rst gadget GO in G°
denotes the source vertexs, meanwhile the right end of the last gadgetG? in G° denotes the sink
vertex t. The label setL contains all u-labels andv-labels used in the construction. Every label
in L has unit weight. Since each rung ofG° corresponds to a tuple of , |°can be constructed in
polynomial time.

For the Label Cover instancel and the Label Path instance | ® generated by the reduction ©
we claim that

) OPTpatn (19 j Uj+jVj;
) OPTparn (19 >gjUj+ jVj;

OPTcover (1) = jUj
OPTcover (1) > gjUj

where OPTpatH () returns the optimum of any instance of Label Path.

Suppose that P; P,) is an optimal solution to the Label Cover instancel with I;-costjUj. We
de ne a label subsetL °for the Label Path instance | °as follows. For everyv 2 V, sinceP,(v) 6 ;,
we pick someb 2 P, (v) to include (v;b) in L% These are all thev-labels in L% For u-labels we
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Figure 4. Gadget G for vertex v 2 V

include all (u;a) in L%for everyu 2 U and a 2 P,(u). Since the l;-cost of labeling P,;P,) is
jUj, P, assigns only one label to every vertexu 2 U, (as everyu is in someN (v), P, assigns at
least one, and hence, exactly one label ta), and we have picked also one label\:b) in L° for
every v 2 V. Note also that for any v 2 V, the label b we picked forv is obviously a non-excluded
label, by the de nition of a solution in Label Cover, and hence (v;b) is a label in L. Consider any
vertex v 2 V and a non-excluded labelb by v. For every u 2 N (v) and label a 2 B; such that
((u;v);a;b 2 , the label ( u;a) is assigned to some edge in the gadg@f,’;b by its construction. So
we know that every u-label we put in L%is actually also in the label setL. That is, L%is a subset
of L with size of jUj + jVj.

Then x any vertex v 2 V. We consider the picked label ¢;b), and show that L9 contains a
path passing through the gadgetGS;b. (Note that we view a path as the set of edges that appear
on it, and we say that L°contains an edge subseE°if L°contains L(E9.) Recall that GJ,, consists
of a series of consecutive subgraphs, one subgraph for eagt2 N (v). Consider the subgraph for a
particular u 2 N (v). Suppose that there arep rungs in the subgraph, where the rst edges of all

(see Figure 3). Since P,;P,) is a total-cover, for some 1 i p, & 2 Py(u). But we did
pick labels (u;a) for all a2 P, (u). So L?must contain a whole rung for the considered subgraph
corresponding tou for Gs;b. Since this holds for every subgraph corresponding to 2 N (v) in Gf,’;b,
we know that L°contains a path in GS;b from its left end to its right end. This gives a path passing
through G (See Figure 4). These paths for every gadge®? constitute an s-t path of G that is, L°
is a feasible solution to instancel © SincejLY = jUj+ jVj, we know that OPTpary (19 | Uj+ jVj.

For the second part of the claim we prove its contrapositive. Suppose thatP is an optimal s-t
path of GPwith L(P )= L andjL j gjUj+ jVj. Denote byn, (resp. ny;) the number of u-labels
(resp. v-labels) in L . Since G° consists ofjV]j consecutive subgraphsG?, P must traverse each
GJ. By the construction of G as a stack ofG0,, it must traverse at least one G0, and therefore
L must pick at least onev-label (v;b) for every v 2 V. This de nes our assignmentP, on V, and
ny j Vj. Next we de ne P; on U as follows: P1(u) = faj (u;a) is a picked u-label in L g. Since
ny j Vj, it follows that n,  gjUj. Since for everyv, P traverses someGS.b of GO, for every
u2 N(v), L mustinclude at lgast oneu-label (u;a) such that ((u;v);a;b 2 . In particular
P1(u) is non-empty. SinceU =,y N(v), this is true for all u 2 U. It follows that ( P1;P>) is a
solution to the Label Cover instancel. Sinceny  gjUj, we know that the |;-cost of (Pq1;P>) is

giUj. This completes the proof of the contrapositive.

we know that it By an argument similar to that of Theorem 3.3, we know that it is NP -hard

to approximate Label Path within ratio g.(m) for any constant ¢ < 1=2, wheren denotes the input
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length of Label Path. The proof of the theorem is concluded.g
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