
Why men (and o
topuses) 
annot juggle a fourball 
as
adeA. Engels, S. MauwDepartment of Mathemati
s and Computing S
ien
e,Eindhoven University of Te
hnology,P.O. Box 513, NL{5600 MB Eindhoven, The Netherlands.engels�win.tue.nl, sjouke�win.tue.nlAbstra
tThe most 
ommon juggling pattern is the three ball 
as
ade. A four ball
as
ade seems to be infeasible, but why? We formalize the notion of a
as
ade and the de
omposition of juggling patterns in order to give ananswer to this question.1 Introdu
tionIt is not diÆ
ult to learn how to juggle. One only needs a few hours of pra
ti
eand some perseveran
e in order to master the most 
ommon pattern, the threeball 
as
ade (see Figure 1). This 
as
ade is the most symmetri
 and regularpattern that 
an be thrown with three balls. The two hands move in alternationand the balls are also thrown in a �xed alternating order.
Figure 1: A three ball 
as
adeAfter having mastered a three ball 
as
ade, the novi
e juggler asks himselfthe question how to juggle four balls. One would think that juggling four ballsis qualitatively the same as juggling three balls, be it with harder 
onstraints ontiming and a

ura
y. But however far a person's physi
al skills may progress, a1



four ball 
as
ade does not seem to be possible. One will 
ome up with less sym-metri
 patterns, su
h as the shower (see Figure 1) or with 
ompound patternssu
h as two 
olumns (see Figure 1).
Figure 2: A shower

Figure 3: Two 
olumnsJuggling a four ball 
as
ade with two hands seems to be impossible, butwhy? It is 
ertainly not due to a la
k of skills, be
ause experien
ed jugglershave the same problem. Experien
e shows that it is possible to juggle a 
as
adewith every odd number of balls (up to 11, whi
h is the 
urrent world re
ord), buta 
as
ade with an even number of balls remains impossible. There is probablya more fundamental reason. In this paper we will formulate an answer.Thereto, we will give a formal de�nition of the notion of a 
as
ade and usingsimple number theory, we will show that two hands 
annot throw a four ball
as
ade.Be
ause we do not �x the number of hands in our de�nitions, our result willbe more general. The main theorem that we will derive is the following. It isonly possible to juggle a 
as
ade if the number of hands and the number of ballsare relatively prime, i.e. have no 
ommon divisors larger than 1. This theoremhas already been stated (without a proof) as a proposition a

ompanying thePH.D-thesis of one of the authors (see [1℄).2



The extension to more than two hands is not purely arti�
ial; there existadvan
ed juggling patterns involving more than one juggler.In the remainder of this paper we �rst de�ne a notation for juggling patternsand the notion of a 
as
ade. By introdu
ing partitions of a juggling pattern, we
an make a distin
tion between a real 
as
ade and a 
ompound 
as
ade.Thanks are due to all members of the Department of Pure Juggling in theWatergraafsmeer (Amsterdam) for the fruitful dis
ussions during the pra
ti
aland theoreti
al juggling sessions, and to Tijn Borghuis whose 
omments helpedmu
h in improving this paper.2 NotationIt has been re
ognized by the juggling 
ommunity that some notation for 
om-muni
ating juggling patterns is needed. A variety of notations are used, rangingfrom 
ompletely informal 
artoons to a 
ompa
t and formal notation su
h assite swaps (see [2, 3℄).Sin
e we intend to use mathemati
al methods for analyzing juggling pat-terns, we need a formal notation. Unfortunately, none of the existing notationsused lines up neatly with our purposes. Therefore, we introdu
e a simple andad-ho
 notation for expressing juggling patterns.In order to 
apture the essen
e of a juggling pattern, we have to abstra
taway physi
al properties, su
h as size and speed of the balls, dire
tion of thethrows, et
. The only essential information is the order in whi
h the handsthrow the balls. Thus we will des
ribe a juggling pattern as a sequen
e ofball/hand-
ombinations.De�nition 1 (juggling patterns) A juggling pattern J is a (possibly in�nite)sequen
e of pairs (h1b1)(h2b2)(h3b3) : : : , where the hi are 
hosen from some �niteset of hands H and the bi from some �nite set of balls B, su
h that ea
h h 2 Hand ea
h b 2 B is part of a pair in J . This sequen
e means that �rst ball b1 isthrown from hand h1, then b2 from h2, et
.For example, the 3-ball 
as
ade in Figures 1 is the pattern (L1)(R2)(L3)
(R1)(L2)(R3)(L1)(R2)(L3)(R1)(L2)(R3) : : : , where the dots stand for arepetition of the shown order of pairs (using the hands L and R for obviousreasons).Several observations 
an be made about this notation. First, we did notin
lude the 
at
hing of a ball as a separate event. Although the timing of the
at
hes in
uen
es the taste of the pattern, we do not think it is essential to thepattern. As a 
onsequen
e, we are not able to express the di�eren
e betweenhot potato juggling, in whi
h the balls stay as short as possible in the hands, andlazy juggling, whi
h is the opposite. The only requirement that is present is the3



pra
ti
al requirement that a ball is 
aught somewhere between two su

essivethrowings of that ball. Se
ondly, we 
annot des
ribe patterns with syn
hronousthrows, whi
h is the 
ase if two throws o

ur at the same time. Neither is thenotation suited to express multiplexing, whi
h means that at 
ertain times morethan one ball is in the same hand. Thirdly, we did not in
lude a possibility forexpli
itly stating that some pattern is exe
uted repeatedly.However, for many basi
 patterns, and 
ertainly for a 
as
ade, this notationis all we need.If J = (h1b1)(h2b2)(h3b3) : : : , we 
all h1h2h3 : : : its hand pattern and b1b2b3 : : :its ball pattern. For example, the 3-ball 
as
ade(L1)(R2)(L3)(R1)(L2)(R3)
(L1)(R2)(L3)(R1)(L2)(R3) : : : has hand pattern LRLRLRLR: : : and ballpattern 123123123 : : : .In pra
ti
e only periodi
 juggling patterns are really interesting. This peri-odi
ity 
an easily be found ba
k in the hand and ball patterns, as 
an be seenin the Theorem below:Theorem 2 (periodi
ity of juggling patterns) Let a juggling pattern J besu
h that its hand pattern is periodi
 with period pH and its ball pattern is peri-odi
 with period pB. Then the pattern itself is periodi
 with period s
m(pH ; pB)(where s
m stands for smallest 
ommon multiple). Furthermore, if the periodspH and pB are both prime periods (that is, the patterns are not periodi
 withany smaller period), then s
m(pH ; pB) is the prime period of J .Proof This follows from the following basi
 observation. The juggling pat-tern is periodi
 with some period p if and only if both the hand and the ballpattern are periodi
 with that same period p. �3 The 
as
adeAs stated in the introdu
tion, a 
as
ade is a pattern in whi
h the hands throwalternately and the balls are thrown in a �xed order. This observation leads tothe following de�nition.De�nition 3 (
as
ade) A 
as
ade is a juggling pattern in whi
h both thehand pattern and the ball pattern are 
y
li
 (that is, the hand pattern is periodi
and ea
h hand shows up exa
tly on
e in ea
h prime period, and likewise for theball pattern).Under this de�nition there is exa
tly one 
as
ade for ea
h given number of handsand balls. But if we look at the 2-hand, 4-ball 
as
ade, we see the followingjuggling pattern: 4



(L1)(R2)(L3)(R4)(L1)(R2)(L3)(R4) : : :Looking at the pattern 
losely, one noti
es that it is in fa
t a superpositionof two separate patterns: the L-hand is throwing and 
at
hing balls 1 and 3,and the R-hand is throwing and 
at
hing balls 2 and 4, without any intera
tionbetween the two. The 2-hand, 4-ball 
as
ade is just two 1-hand, 2-ball 
as
adesin parallel (see the two 
olumns pattern from Figure 1). Be
ause of this, it doesnot 
ount as a real 
as
ade. So now the question be
omes: Whi
h 
as
ades(and other juggling patterns) are real in the sense that they are not 
omposedfrom simpler patterns, and whi
h are not? To answer this question, we must�rst formally de�ne what a real juggling pattern is. For reasons whi
h will soonbe
ome 
lear, we will 
all these prime patterns.4 Closed partitions and prime patternsFor a juggling pattern to be real, we want it to be impossible to divide its eventsinto two or more groups, in su
h a way that these groups are not inter
onne
tedby sharing a hand or ball.De�nition 4 (
losed partition) Let J = (h1b1)(h2b2) : : : be a juggling pat-tern. A 
losed partition of J is a set J1; : : : ; Jn (n 2 N) of subsequen
es of J ,su
h that (let Ji = (hni1bni1)(hni2bni2) : : : ):1. The Ji form a partition of J , that is, ea
h Ji is nonempty, and for ea
hk 2 N there is exa
tly one i and one j su
h that nij = k.2. If either hi = hj or bi = bj , then the pairs (hibi) and (hjbj) are in thesame subsequen
e.A juggling pattern is 
alled prime if and only if its only 
losed partition isthe trivial partition, i.e. n = 1 and J1 = J .Now we have the material to distinguish the 'real' 
as
ades from the 'false'ones. A juggling pattern is 'real' if and only if it is prime. For example, the 4-ball
as
ade (L1)(R2)(L3)(R4)(L1)(R2)(L3)(R4) : : : is not prime, as it 
an bepartitioned in the subsequen
es (L1)(L3)(L1)(L3) : : : and (R2)(R4)(R2)
(R4) : : : . On the other hand, the 3-ball 
as
ade(L1)(R2)(L3)(R1)(L2)(R3)
(L1)(R2)(L3)(R1)(L2)(R3) : : : is prime.The term 'prime patterns' has been 
hosen be
ause they 
an be used to buildup all other patterns, as spe
i�ed in the following theorem:5



Theorem 5 Ea
h juggling pattern J has a unique 
losed partition J1; : : : ; Jnsu
h that ea
h Ji is a prime pattern.Proof If J1; : : : ; Jm and J 01; : : : ; J 0n are both 
losed partitions of J , then anew partition, whi
h partitions all subsequen
es Ji and J 0i , 
an be obtained bylooking at the subsequen
es Ji \ J 0j , and dis
arding those that are empty. Itis not hard to see that this will lead to a 
losed partition again. Taking su
han interse
tion over all possible 
losed partitions will give the unique 
losedpartition into prime patterns. As no 
losed partition 
an 
onsist of more thanmin(pH ; pB) di�erent subsequen
es, their number is �nite, so the interse
tion is�nite as well. �Next, our aim is to �nd some ne
essary and/or suÆ
ient 
ondition on whena juggling pattern is prime. For this we will use the following basi
 numbertheoreti
 result:Theorem 6 (Chinese remainder theorem) Letm, n, x and y be four num-bers su
h that m and n are relatively prime. Then there exists a number z su
hthat z � x mod m and z � y mod n.Proof Can be found in any book on number theory, see for example [4℄. �For periodi
 patterns this leads to the following suÆ
ient 
ondition for ajuggling pattern to be prime.Theorem 7 Let J be a juggling pattern of whi
h the hand pattern is periodi
with period pH and the ball pattern is periodi
 with period pB , where pH andpB are relatively prime. Then J is a prime pattern.Proof We will prove that for every pair h 2 H and b 2 B there is a pair
(hb) in the sequen
e J . From this it 
an easily be seen that J has no 
losedpartition but the trivial one, and thus is prime.Let h be any element of H , and let b be any element of B. Let J be
(h1b1)(h2b2) : : : , and let m and n be 
hosen su
h that hm = h and bn = b. Now�nd a number k su
h that k � m mod pH and k � n mod pB . That su
h anumber exists, follows from the Chinese Remainder Theorem. Be
ause k � mmod pH we have hk = hm = h, likewise bk = b, so (hkbk) = (hb). �5 Ba
k to the 
as
adeIn the last theorem we saw that all juggling patterns where the periods of handsand balls are relatively prime are prime patterns, and thus are real patterns,whi
h 
annot be subdivided into separate independent patterns. In general the6



reverse is not true. The simplest 
ounterexample is the 2-ball shower, whi
h 
anbe found by removing the two dark balls in Figure 1. This has a juggling pattern,
onsisting of a 
onstant repetition of the sequen
e (L1)(R1)(L2)(R2). Thisis 
learly a prime pattern, although the hand pattern has prime period 2 andthe ball pattern has prime period 4, so these prime periods are not relativelyprime. However, as we shall see in the next theorem, the reverse of Theorem 7is true if we restri
t ourselves to 
as
ades only:Theorem 8 Let J be a 
as
ade with pH hands and pB balls. Then J 
an bepartitioned in exa
tly g
d(pH ; pB) prime patterns (where g
d stands for greatest
ommon divisor). Furthermore, ea
h of these prime patterns is a 
as
ade withpHg
d(pH ;pB) hands and pBg
d(pH ;pB) balls.Proof We will prove this by 
onstru
ting the prime patterns Ji.Let J = (h1b1)(h2b2) : : : . We de�ne Ji, for i ranging from 1 to g
d(pH ; pB)by (hkbk) 2 Ji , i � k mod g
d(pH ; pB). We 
laim that this is a 
losedpartition of J , and that ea
h Ji is prime.It is easy to see that this is indeed a partition of J . To see that it is a
losed partition, let h 2 H be any hand, and let the numbers m and n besu
h that hn = hm = h. Then, as the hand pattern is 
y
li
 with period pH ,and every hand o

urs exa
tly on
e in ea
h 
y
le, n � m mod pH , and thusn � m mod g
d(pH ; pB) as well. Therefore, (hmbm) and (hnbn) are in the samesubsequen
e Ji. Of 
ourse, the proof for balls is analogous, from whi
h it 
anbe seen that this partition is indeed 
losed.Next we prove that every pattern Ji is prime. To do so, take h and b su
h,that there are, for some h0 and b0, pairs (hb0) and (h0b) in some given Ji. Wewill prove that there is a pair (hb) in Ji, from whi
h we 
an 
on
lude that Ji isprime.As there are pairs (hb0) and (h0b) in Ji, there must be some numbers mand n, su
h that hm: g
d(pH ;pB)+i = h and bn: g
d(pH ;pB)+i = b. By de�nitionof g
d, pHg
d(pH ;pB) and pBg
d(pH ;pB) are relatively prime, and be
ause m � n � imod g
d(pH ; pB), m� i and n� i are both divisible by g
d(pH ; pB). Thus we
an use the Chinese Remainder Theorem to �nd an l su
h that l � m�ig
d(pH ;pB)mod pHg
d(pH ;pB) and l � n�ig
d(pH ;pB) mod pBg
d(pH ;pB) . From this we 
an 
on
ludethat l: g
d(pH ; pB) � m � i mod pH , so l: g
d(pH ; pB) + i � m mod pH , sohl: g
d(pH ;pB)+i = hm = h. Likewise bl: g
d(pH ;pB)+i = b, so there is a pair (hb)in Ji. As this holds for ea
h h and b, we 
an 
on
lude that Ji is prime.7



Let the hand pattern going with the juggling pattern Ji be denoted by Hi,and its ball pattern by Bi. It 
an easily be seen that Hi is a restri
tion ofthe hand pattern H to a subset of hands. As su
h, it 
an be seen to be 
y
li
as well. Furthermore, ea
h Hi has an equal part of the set of hands, and asthere are g
d(pH ; pB) su
h subsequen
es, dividing pH in equal parts, ea
h su
hHi 
ontains exa
tly pHg
d(pH ;pB) hands. Analogously, the ball pattern Bi is 
y
li
with pBg
d(pH ;pB) balls. Thus, the patterns Ji are 
as
ade patterns with pHg
d(pH ;pB)balls and pBg
d(pH ;pB) balls. �Con
luding, we get to our main result:Corollary 9 A true (that is, prime) 
as
ade with h hands and b balls exists ifand only if h and b are relatively prime.6 Con
lusionsThe purpose of this paper was to use mathemati
al te
hniques to get insightin the properties of juggling patterns. We studied the most 
ommon pattern,the 
as
ade. Our de�nitions are based on the assumption that a 
as
ade isa pattern with maximal symmetry. Of 
ourse, sin
e the notion of a 
as
adehas never been de�ned unambiguously before, there 
annot be a proof that ourde�nition is 
orre
t. However, most of the jugglers that we have dis
ussed thisde�nition with seem to agree that this is a reasonable de�nition. Nevertheless,it is not to every juggler evident how to generalize the notion of a 
as
ade tomore than two hands. Our de�nition 
an be used in su
h a way that for everynumber of hands and for every number of balls a unique juggling pattern 
anbe derived whi
h is fully symmetri
 (but possibly not prime) by simply lettingthe balls 
y
le through the hands in a �xed order.Furthermore, we de�ned the notion of a 
omposed pattern. The smallestpatterns that 
annot be 
omposed into even smaller patterns are 
alled primepatterns. Using simple mathemati
al reasoning and elementary number theorywe obtained our main result. It is 
onsidered 
ommon sense among jugglersthat one is only able to throw a 
as
ade if the number of balls is odd. We haveproven this observation formally and have also derived its generalizations thatthe number of hands and the number of balls should be relatively prime.Our results are based on a very simple model of juggling patterns. Theonly stru
ture needed for deriving our results is the order in whi
h the handsthrow the balls. We have abstra
ted away from all other properties of a jugglingpattern.An interesting question is whether there are other 
ommon juggling patterns,su
h as a shower or typi
al 
lub passing patterns whi
h 
an be 
hara
terized inthe same easy way as the 
as
ade. Having a 
olle
tion of formal de�nitions of
ommon patterns would help to 
lassify juggling tri
ks and study their proper-ties. 8



In this paper one su
h property has been de�ned, namely the primality ofa juggling pattern, whi
h means that the pattern is not 
omposed of simplerpatterns. Other interesting properties that might lend themselves for formal-ization might for example be symmetry (when is a pattern symmetri
?) andfor
ed moves (some or all hands are sometimes or always for
ed to throw a ballbe
ause the ball to be 
aught next is already airborne).An interesting property of the 
lass of 
as
ade patterns is that it is 
losedunder taking the dual of a pattern. By this we mean that we 
hange the rolesof the 
arrier sets for hands and balls, thus 
onsidering the balls as if theywere the throwing a
tors and the hands as if they are being thrown. From amathemati
al point of view the dual of a pattern is not mu
h di�erent fromthe pattern itself, but in pra
ti
e the dual of a pattern 
an be some orders ofmagnitude harder (or easier) to master. Likewise, the aestheti
al appre
iationmay also be very di�erent. Consider for example the di�eren
e between a verydiÆ
ult 
as
ade with one hand and �ve balls and its dual, the trivial 
as
adewith �ve hands and one ball. Su
h a duality might be an interesting subje
t infurther juggling resear
h.In our de�nitions we made use of an ad-ho
 notation for juggling patterns.For several reasons as explained before, we did not use the more generally a
-
epted site swap notation, as has for example been done by [3℄ and [5℄. Therelation between our notation (and our results) and the site swap notation isworth investigating. Whi
h 
lass of site swap patterns is 
onsidered a 
as
ade?Does this 
lass 
oin
ide with our notion of 
as
ade? How 
an one de�ne theprimality of a pattern in site swap notation? What is the most 
onvenientextension of the site swap notation for denoting patterns with more than twohands?We 
an think of several extensions of our notation in order to be able touse it for a larger 
lass of juggling patterns. We mention syn
hronized throws(two or more throws exa
tly at the same time) and multiplexing of balls (twoor more balls at the same moment in the same hand).Our notation 
ould quite easily be 
hanged to get 
loser to the normal siteswap notation. In the siteswap the left and right hands always inter
hange, whilea series of numbers gives the amount of time that passes until the same ball is
aught again. Our notation 
ould readily be 
hanged into a kind of 'double siteswap'-notation, in whi
h two sets of numbers give the delay until the next throwof the same ball respe
tively the next throw with the same hand. Compared tothe 'normal' site swap, this notation is more 
umbersome for simple patterns,but easier for patterns with irregular hand patterns, and more easily adaptedto patterns with more than two hands.Referen
es[1℄ S. Mauw. PSF - A pro
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i�
ation formalism. PhD thesis, ProgrammingResear
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