
Last lecture

ÅPassive Stereo

ÅSpacetime Stereo



Today

ÅStructure from Motion: 

Given pixel correspondences, 

how to compute 3D structure and camera motion?

Slides stolen from Prof Yungyu Chuang



Epipolar geometry & 

fundamental matrix



The epipolar geometry

C,Cô,x,xôand X are coplanar

epipolar geometry demo

http://www.ai.sri.com/~luong/research/Meta3DViewer/EpipolarGeo.html


The epipolar geometry

What if only C,Cô,xare known?



The epipolar geometry

All points on pproject on l and lô



The epipolar geometry

Family of planes pand lines l and lôintersect at e and eô



The epipolar geometry

epipolar plane = plane containing baseline

epipolar line = intersection of epipolar plane with image

epipolar pole

= intersection of baseline with image plane 

= projection of projection center in other image

epipolar geometry demo

http://www.ai.sri.com/~luong/research/Meta3DViewer/EpipolarGeo.html


The fundamental matrix F

C Cô

T=Cô-C

R
p pô

T)-R(p'p=

Two reference frames are related via the extrinsic parameters
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The equation of the epipolar plane through X is 
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The fundamental matrix F
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The fundamental matrix F

C Cô

T=Cô-C

R
p pô

0' =T
Epp



The fundamental matrix F

0' =T
Epp

Let M and Mõ be the intrinsic matrices, then
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0' =TFxx fundamental matrix



The fundamental matrix F

C Cô

T=Cô-C

R
p pô

0' =T
Epp

0' =TFxx



The fundamental matrix F

ÅThe fundamental matrix is the algebraic representation 

of epipolar geometry

ÅThe fundamental matrix satisfies the condition that for 

any pair of corresponding points xźxô in the two images

0Fxx'T = ( )0l'x'T =



F is the unique 3x3 rank 2 matrix that satisfies xõTFx=0 

for all xźxõ

1. Transpose: if F is fundamental matrix for (P,Põ), then FT

is fundamental matrix for (Põ,P)

2. Epipolar lines: lõ=Fx & l=FTxõ

3. Epipoles: on all epipolar lines, thus eõTFx=0, "x 

ÝeõTF=0, similarly Fe=0

4. F has 7 d.o.f. , i.e. 3x3 -1(homogeneous)-1(rank2)

5. F is a correlation, projective mapping from a point x to 

a line lõ=Fx (not a proper correlation, i.e. not invertible)

The fundamental matrix F



The fundamental matrix F

ÅIt can be used for 

ðSimplifies matching

ðAllows to detect wrong matches



Estimation of F ð 8-point algorithm

ÅThe fundamental matrix F is defined by

0=TFxx'
for any pair of matches x and xô in two images.

ÅLet x=(u,v,1)Tand xô=(uô,vô,1)T,
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each match gives a linear equation

0'''''' 333231232221131211 =++++++++ fvfuffvfvvfuvfufvufuu



8-point algorithm
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ÅIn reality, instead of solving            , we seek f to 

minimize         , least eigenvector of         . 

0=Af

Af AA
T



8-point algorithm

ÅTo enforce that F is of rank 2, F is replaced by Fô that 

minimizes              subject to                . 'FF- 0'det =F

ÅIt is achieved by SVD. Let                , where 

, let 

then                    is the solution. 
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8-point algorithm

% Build the constraint matrix

A = [x2(1,:)ó.*x1(1,:)'   x2(1,:)'.*x1(2,:)'  x2(1,:)' ...

x2(2,:)'.*x1(1,:)'   x2(2,:)'.*x1(2,:)'  x2(2,:)' ...

x1(1,:)'             x1(2,:)'            ones(npts,1) ];       

[U,D,V] = svd(A);

% Extract fundamental matrix from the column of V 

% corresponding to the smallest singular value.

F = reshape(V(:,9),3,3)';

% Enforce rank2 constraint 

[U,D,V] = svd(F);

F = U*diag([D(1,1) D(2,2) 0])*V';



8-point algorithm

ÅPros: it is linear, easy to implement and fast

ÅCons: susceptible to noise
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Problem with 8-point algorithm

~10000 ~10000 ~10000 ~10000~100 ~100 1~100 ~100

!

Orders of magnitude difference

between column of data matrix

­ least-squares yields poor results



Normalized 8-point algorithm
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Transform image to ~[-1,1]x[-1,1]



Normalized 8-point algorithm

1. Transform input by                ,

2. Call 8-point on           to obtain

3.

ii Txx =Ĕ '

i

'

i Txx =Ĕ
'

ii xx Ĕ,Ĕ

TFTF Ĕɇ'=
FĔ

0=TFxx'

0Ĕ'Ĕ 1 =-T-T xFTTx'

FĔ



Normalized 8-point algorithm

A = [x2(1,:)ó.*x1(1,:)'   x2(1,:)'.*x1(2,:)'  x2(1,:)' ...

x2(2,:)'.*x1(1,:)'   x2(2,:)'.*x1(2,:)'  x2(2,:)' ...

x1(1,:)'             x1(2,:)'            ones(npts,1) ];       

[U,D,V] = svd(A);

F = reshape(V(:,9),3,3)';

[U,D,V] = svd(F);

F = U*diag([D(1,1) D(2,2) 0])*V';

% Denormalise

F = T2'*F*T1;

[x1, T1] = normalise2dpts(x1);

[x2, T2] = normalise2dpts(x2);



Normalization

function [newpts, T] = normalise2dpts(pts)

c = mean(pts(1:2,:)')';   % Centroid

newp(1,:) = pts(1,:)-c(1); % Shift origin to centroid.

newp(2,:) = pts(2,:)-c(2);

meandist = mean(sqrt(newp(1,:).^2 + newp(2,:).^2));

scale = sqrt(2)/meandist;

T = [scale      0    -scale*c(1)

0     scale  -scale*c(2)

0         0            1      ];

newpts = T*pts;



RANSAC

repeat

select minimal sample (8 matches)

compute solution(s) for F

determine inliers

until G(#inliers,#samples)>95% or too many times

compute F based on all inliers



Results (ground truth)



Results (8-point algorithm)


